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Interaction between superconducting films and magnetic nanostructures

Lars Egil Helseth
Department of Physics, University of Oslo, P.O. Box 1048 Blindern, N-0316 Oslo, Norway

~Received 26 May 2002; published 11 September 2002!

The interplay between a superconducting film and a magnetic nanostructure is studied. The generalized
London equation for this system is solved, and the magnetic fields, the energy, and the interaction forces are
computed. In particular, we focus on how to manipulate vortices using magnetic nanostructures.
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I. INTRODUCTION

The structure of vortices in thin films was first inves
gated in detail by Pearl.1 He found that such vortices intera
mainly via their stray field, which extends far into the no
superconducting medium. Later, this theory was extende
thin-film systems with and without anisotropy.2–4 It has also
been of considerable interest to understand Josephson v
ces in thin-film junctions. To this end, a very interesting
sult was obtained by Koganet al.,5 who found that the field
from a Josephson junction is a superposition of fields fr
Pearl vortices along the junction with a certain line dens
This result was derived by noting that the Pearl solution
the Green’s function for arbitrary sources.

The possibility of enhancing the critical currents by ma
netic nanostructures has been studied by many researche6,7

In particular, Bulaevskiiet al. showed that magnetic domai
structures in a magnetic film in close contact with a sup
conducting film may enhance pinning of vortices, since t
gives an opportunity to pin the magnetic flux of the vort
rather than its core.7 It was suggested that the pinning
vortices in superconductor/ferromagnetic multilayers can
many times greater than the pinning by columnar defect

In general, the interaction between superconductivity a
magnetism has been studied for several decades. Sys
composed of magnetic and superconducting materials ar
interest not only because they are model systems for
interplay of competing superconducting and magnetic or
parameters, but also because of numerous possible app
tions. Recently, the development of magnetic thin-film te
nology has triggered a lot of interest in this field. Of partic
lar importance has been the possibility of examining
interaction between superconductivity and magnetism
high-temperature superconductors.6–15

In a recent paper we estimated the interaction betwee
bulk superconductor and a Bloch wall.16 It was shown that
the Bloch wall shrinks on cooling through the supercondu
ing transition temperature. Furthermore, we suggested th
the magnetization of the Bloch wall is strong enough, it m
capture and move the vortices.

The aim of the current paper is to study the interact
between Pearl vortices and magnetic nanostructures in m
detail. We solve the generalized London equation and c
pute the magnetic fields, the energy, and the interac
forces. In the case of a movable magnetic nanostruc
~e.g., a domain wall!, one may be able to manipulate th
static as well as the dynamic behavior of the vortic
0163-1829/2002/66~10!/104508~6!/$20.00 66 1045
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Thus, tunable and movable nanomagnets may be use
vortex manipulators.

II. THIN-FILM SYSTEM

Consider a thin superconducting film located atz50 with
thickness much smaller than the penetration depth of
superconductor; see Fig. 1. The surface is covered by a m
netic structure with thickness much smaller than that of
superconducting film. That is, we assume that the magn
structure consists of surface charges separated from the
perconductor by a very thin oxide layer~of thicknesst) to
avoid spin diffusion and proximity effects~which may su-
press the superconducting and magnetic order paramete!.17

In general, the current density is a sum of the supercurre
and magnetically induced currents, which can be expres
through the generalized London equation as

“3J52
1

l2
H1

1

l2
V~r!êz1“3“3M v , ~1!

whereJ is the current density,l is the penetration depth,H
is the magnetic field, and“3M v is the magnetically induced
current. The vortex is aligned in thez direction, and its
source functionV(r) is assumed to be rotational symmetri
In the case of a Pearl vortex we may setV(r)
5(F0 /m0)d(r), whereF0 is the flux quantum andm0 the
permeability of vacuum. The requirement of rotational sy
metry should be relaxed when dealing with certain types
anisotropic superconductors, which are known to have
muthal corrections to the vortex core.18 In this case one
should also use the anisotropic version of Eq.~1!.

Recently, the Ginzburg-Landau theory was used to ca
late the vortex states in a thin mesoscopic disk in the p
ence of a steplike external magnetic field.19 Naturally, one
may expect more accurate results from the Ginzburg-Lan
theory, in particular when the dimensions are small. On
other hand, the generalized London theory considered h
gives a significant reduction in computational efforts, a
some important points could be deduced without numer
analysis. Moreover, the inherent shortcomings of the Lond
model can be relaxed by introducing corrections to the v
tex core. Thus, we believe that the generalized Lond
model adopted in this paper is a reasonable first approa

We solve the current London equation by adopting a g
eralization of the very useful approach of Refs. 5 and 20. T
current can only flow in a thin layer of thicknessd (d!l),
©2002 The American Physical Society08-1
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and it is therefore necessary to average over this thickn
and consider thez component only

Hz1leS ]Jy
s

]x
2

]Jx
s

]y D 5V~r!1le~“3“3M!z , ~2!

where le5l2/d is the effective penetration depth andM
5dM v . The sheet current flowing in the thin layer is no
given byJs5dJ. The Maxwell equation“3H5J gives

Jx5
]Hz

]y
2

]Hy

]z
, Jy5

]Hx

]z
2

]Hz

]x
. ~3!

Since all derivatives]/]z are large compared to the tange
tial ]/]r, we may set

Jx
s'Hy

22Hy
1 , Jy

s'Hx
12Hx

2 , ~4!

whereHi
1 andHi

2 ( i 5x, y) are the components at the upp
and lower surfaces, respectively. Since the environment
the upper and lower half-spaces are identical, we have
boundary conditionHi

152Hi
2 , which results in

Jx
s'22Hy

1 , Jy
s'2Hx

1 . ~5!

Here we will only consider the upper half-space. Using“

•H50, Eq. ~2! becomes

Hz22le

]Hz

]z
5V~r!1le~“3“3M !z . ~6!

We now apply the superposition principle to separate
contributions from the vortex and the magnetic nanostr
ture. The vortex part of Eq.~6! can be written as

Hvz22le

]Hvz

]z
5V~r!, ~7!

whereas the magnetic part is

Hmz22le

]Hmz

]z
5le~“3“3M !z . ~8!

A. Vortex solution

In order to solve Eq.~7!, it is useful to note that“3H
5“•H50 outside the system. Therefore, we can introduc
scalar potentialf which vanishes atz→`,

FIG. 1. The system under study. The thin oxide layer separa
the superconducting film and magnetic nanostructure is not sho
10450
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fv~r,z!5
1

~2p!2E2`

` E
2`

`

f~k!exp~ ik•r2kuzu!d2k,

~9!

where k5Akx
21ky

2 and H5“f. It is helpful to note that
Hz(k)52kf(k) for the upper half-space.

Applying the two-dimensional~2D! Fourier transform to
Eq. ~7! we obtain

fv~k!52
V~k!

~112lek!k
. ~10!

In the case that the vortex is displaced a distancer0 from the
origin we may set

fv~k,r0!52
V~k!exp~2 ik•r0!

~112lek!k
. ~11!

However, for the moment we assume that the vortex is
cated at the origin, and therefore the resulting scalar poten
is

fv~r,z!52
1

~2p!2E2`

` E
2`

` V~k!exp~ ik•r2kuzu!
k~112lek!

d2k.

~12!

Due to the rotational symmetry, the potential is found to

fv~r,z!52
1

2pE0

`

V~k!
J0~kr!

112lek
exp~2kuzu!dk, ~13!

where we have used that

E
0

2p

exp~ ikr cosf!df52pJ0~kr!. ~14!

To obtain the magnetic field components~in the radial andz
directions!, we apply the formula

d

dr
J0~kr!52kJ1~kr! ~15!

and find

Hvz~r,z!5
1

2pE0

`

kV~k!
J0~kr!

112lek
exp~2kuzu!dk, ~16!

Hvr~r,z!5
1

2pE0

`

kV~k!
J1~kr!

112lek
exp~2kuzu!dk.

~17!

In the case of a Pearl vortex the magnetic potential a
fields reduce to

fv~r,z!52
F0

2pm0
E

0

` J0~kr!

112lek
exp~2kuzu!dk, ~18!

Hvz~r,z!5
F0

2pm0
E

0

`

k
J0~kr!

112lek
exp~2kuzu!dk, ~19!

g
n.
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Hvr~r,z!5
F0

2pm0
E

0

`

k
J1~kr!

112lek
exp~2kuzu!dk. ~20!

B. Magnetic solution

In general, Eq.~8! can be solved for arbitrary magnetiz
tion distributions. For simplicity, we will here consider on
magnetization distributions which are directed in thez direc-
tion and have no volume charges,“•M50. Inserted in Eq.
~8! this gives

Hz22le

]Hz

]z
52le~“

2M !z . ~21!

The potential from the magnetic nanostructure can be
tained in the same way as for the vortices. We will here o
work out explicitly the solution for 2D magnetic distribu
tions, but the 1D solution is found in a similar manner. A
plying the 2D Fourier transform to Eq.~9! results in

fm~k!52le

kM~k!

112lek
, ~22!

which gives the following magnetic potential:

fm~r,z!52
le

~2p!2E2`

` E
2`

` kM~k!

112lek
exp~ ik•r!

3exp~2kuzu!d2k. ~23!

In the case of a rotational symmetric magnetization distri
tion, we may write

fm~r,z!52
le

2pE0

`

J0~kr!
k2M ~k!

112lek
exp~2kuzu!dk.

~24!

Using thatH5“f, we can calculate the radial and vertic
field components to be

Hmz~r,z!5
le

2pE0

`

J0~kr!
k3M ~k!

112lek
exp~2kuzu!dk

~25!

and

Hmr~r,z!5
le

2pE0

`

J1~kr!
k3M ~k!

112lek
exp~2kuzu!dk.

~26!

So far we have neglected the thickness of the oxide la
However, to a first approximation, it is easy to show that
only effect of this layer is to shift thez coordinate,z→z
2t.

C. Energies and forces

We now work out the energies and forces in the case
circular symmetric 2D magnetization distribution, but w
later also discuss briefly a 1D distribution as well. Conside
vortex located a distancer0 from the origin and a magneti
zation distribution centered at the origin. The three contri
10450
b-
y

-

r.
e

a

a

-

tions to the energy are the magnetic self-energy, the di
interaction energy, and the energy associated with the vor

The magnetic self-energy is given by

Em52
1

2
m0E

2`

` E
2`

`

M•Hmd2r. ~27!

This expression can be transformed by using the follow
formula:

E
2`

` E
2`

`

A~r!B~r!d2r5
1

~2p!2E2`

` E
2`

`

A~2k!B~k!d2k.

~28!

Thus, in the case of a circular symmetric magnetization d
tribution we have

Em52
m0le

4p E
0

`

k3
M ~k!M ~k!

112lek
dk, ~29!

where we have used thatM (2k)5M (k) and also thatd2k
→kdkdf ~and integrated over the azimuthal angle!.

The direct interaction energy between the vortex and
magnetization is given by

Evm52m0E
2`

` E
2`

`

M•Hvd
2r, ~30!

where the vortex is assumed to be displaced a distancr0
from the origin. Then, in the cylindrical symmetric situatio
one finds

Evm52
m0

2pE0

`

kV~k!
M ~k!J0~kr0!

112lek
dk. ~31!

The associated force can be found by taking the deriva
with respect tor0, resulting in

Fvm52
m0

2pE0

`

k2V~k!
M ~k!J1~kr0!

112lek
dk. ~32!

The energy associated with vortex field is expressed a

Ev5E
V
S 1

2
m0Hv

21
1

2
nsmvs

2DdV, ~33!

wherens is the density of superconducting electrons andvs
is their velocity. This expression is most easily transform
by applying the formalism of Ref. 20. In particular, the e
ergy associated with a Pearl vortex can be evaluated to lo
rithmic accuracy as

Ev'
F0

2

4pm0le
lnS 4ple

j D , ~34!

wherej is the coherence length. More accurate expressi
are obtained by introducing the appropriate vortex sou
function, but this will not be considered here.
8-3
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III. INTERACTION WITH A BUBBLE

Consider first a magnetic bubble that can be moved, g
erated, or annihilated by external stress patterns or magn
fields.21 Let the vortex be separated a distancer0 from the
magnetic bubble located at the origin. The system has cy
drical symmetry, and the magnetic bubble has a magne
tion vector pointing in thez direction given by

M5H M0êz if r<W,

0 if r.W.

The Fourier transform of this distribution is

M ~k!52pM0W
J1~kW!

k
, ~35!

which generates the following magnetic field component

Hz
b~r,z!5leWM0E

0

`

J0~kr!
k2J1~kW!

112lek
exp~2kuzu!dk,

~36!

Hr
b~r,z!5leWM0E

0

`

J1~kr!
k2J1~kW!

112lek
exp~2kuzu!dk.

~37!

These components were also found in Refs. 13 and 14 u
a different method. To obtain the total field one should a
the vortex contribution. The energy is found to be

Eb5
F0

2

4pm0le
lnS 4ple

j D2M0F0WE
0

`J1~kW!J0~kr0!

112lek
dk

2lem0M0
2pW2E

0

`

k
J1

2~kW!

112lek
dk, ~38!

and the direct force between the bubble and vortex is gi
by

Fvm52M0WF0E
0

`

k
J1~kW!J1~kr0!

112lek
dk. ~39!

Figure 2 shows the force whenW5le , and we see that i
falls off rather quickly. Moreover, we note that there a
peaks at the maximum magnetization gradients. A vortex
the vicinity of the bubble will be either repelled or attract
to the center of the bubble, where it eventually comes to r
The vortex-bubble system may still attract more vortices,
now vortex-vortex repulsion must be taken into accou
which is outside the scope of the current study.

Consider now an annular structure as illustrated in Fig
where the inner dot has magnetizationM1 and the outer an-
nulusM2. Then the force becomes

Fvm52M1W1F0E
0

`FJ1~kW1!1
M2W3

M1W1
J1~kW3!

2
M2W2

M1W1
J1~kW2!G kJ1~kr0!

112lek
dk. ~40!
10450
n-
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t

t,

3

As an example, Fig. 4 shows the force whenM15uM2u,
W150.5le , W352W1, and W251.5W1. The solid line
shows the case of a positiveM2, whereas the dashed lin
corresponds to negativeM2. A slowly moving vortex ap-
proaching the annular structure from the outside will expe
ence attraction ifM2.0, and its equilibrium position is di-
rectly under the annulus. IfM2 suddenly switches sign, the
the vortex is attracted to the center of the annular struc
~i.e., directly under the dot! and kept there. Thus, this annula
structure could be used to catch and trap vortices by swi
ing the sign of the outer annulus. This could in principle
done by using a soft magnetic material at the outer annu
whereas the inner dot consists of a hard magnetic mate
Naturally, the magnetic forces must overcome the Lore
forces generated by the external magnetic field. Moreove
is probably not so easy to fabricate such a structure. Th
fore, it is doubtful whether this circuit could find any pract
cal realization, although it is a nice example of a vort
manipulation structure.

IV. INTERACTION WITH A 1D MAGNETIZATION

Most domains and walls are not cylindrical symmetric.
fact, they are more often 1D, and therefore the correspond

FIG. 2. The force~divided byF0M0W) between a vortex and a
bubble whenW5le .

FIG. 3. An annular structure for manipulating of vortices.
8-4
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London equation should be solved for this symmetry. C
sider a 1D magnetization distribution with the vector poi
ing in thez direction. Then we may apply the methods pr
sented in this article~using the 1D Fourier transform! and
find the following expression for the scalar potential:

fm~x,z!52
le

p E
0

`kxM ~kx!cos~kxx!

112lekx
exp~2kxuzu!dkx ,

~41!

where we have assumed that the Fourier transform of
magnetization is real. The magnetic field components
given by

Hmz~x,z!5
le

p E
0

`

kx
2M ~kx!cos~kxx!

112lekx
exp~2kxuzu!dkx ,

~42!

Hmx~x,z!5
le

p E
0

`

kx
2M ~kx!sin~kxx!

112lekx
exp~2kxuzu!dkx .

~43!

The energy of the system is found to be

E5
F0

2

4pm0le
lnS 4ple

j D2
F0

p E
0

`M ~kx!cos~kxx0!

112lekx
dkx

2
lem0

2p E
0

`

kx
2 M2~kx!

112lekx
dkx . ~44!

To find the interaction force between the magnetization d
tribution and the vortex, we simply take the negative deri
tive of the interaction energy and obtain

FIG. 4. The force~divided by F0M1W1) on a vortex near the
annular structure of Fig. 3.
10450
-
-
-

e
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-

F~x0!52
F0

p E
0

`

kx

M ~kx!sin~kxx0!

112lekx
dkx . ~45!

As an example, Fig. 5 shows thez component of the mag
netic field generated by the following magnetization dist
bution ~which is looks like a Bloch wall separated by in
plane magnetized domains!:

M5H M0d~z!êz if 2W<x<W,

0 if uxu>W.

Here we have chosen W5le/50, z50, and t5le/2000.
Note in particular the peaks near the edges of the Bloch w
In general, it is also seen that there is a small field direc
above the magnetization distribution which is not screen
by the superconductor. It can be shown that the correspo
ing force on the vortex has a shape similar to that of Fig
with its maximum near the edges of the magnetization d
tribution.

V. CONCLUSION

The interplay between a superconducting film and a m
netic nanostructure is studied. The generalized London eq
tion for this system is solved, and the magnetic fields,
energy, and the interaction forces are computed. In particu
we focus on how to manipulate vortices using magne
nanostructures. The formalism presented here could be
eralized to arbitrary magnetization vectors, and we theref
hope that it will be useful in future studies.

FIG. 5. The magnetic field~divided by leM0) generated by a
Bloch wall with width 0.02le . Here we have assumed thatz
50.0005le .
8-5
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