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The Vision  

CMA is an international research centre in mathematics where top class scientists from different 
areas work together with common goals. The focus of the research is mathematics motivated from 
applications, with emphasis on problems arising from modern scientific computing. Ground-
breaking research in mathematics for applications depends on strong links between theory and 
applications. Classical pure mathematicians and numerical analysts with a strong commitment to 
theory are merged in the centre. The link to applications is ensured by including physicists and 
astrophysicists as members, and by building a strong partnership with SINTEF ICT. 

The activity at CMA is built upon four pillars represented by different research areas – geometry, 
stochastic analysis, differential equations, and applications in the physical sciences; the latter group 
mainly focuses on computational problems in quantum mechanics and astrophysics. These areas all 
represent strong activities at the University of Oslo. During the first five years of existence the 
CMA has proven that strong interactions between these fields have created a leading international 
research group in mathematics for applications. Numerous results were achieved, and the following 
vision for the activity still stands: 

To create significant development in modern mathematics based on an interplay between 
theory, computations, and applications. 

Quantitative and justified goals for the CMA output 

During the first five years, CMA exceeded its goals. These results show high productivity, with 
CMA’s group of adjunct researchers, postdoctoral and PhD fellows contributing significantly to the 
high level of production of the senior scientists. During the first five years (up to Dec 31, 2007), 
CMA achieved the following results:  
 
• Presented 23 PhD defenses 
• Provided residence for 17 postdoctoral fellows spending at least two years at CMA 
• Published 493 papers (co-)authored in internationally reviewed journals 
• Published 21 books, monographs, and anthologies 
• Published 72 book chapters 
• Presented 594 invited scientific talks outside CMA 
• Hosted 53 long term visitors for one month or more 
• Received 540 short term (less than one month) international visitors 
• Arranged 46 workshops / conferences, with 1514 participants, presenting 626 talks 
• Co-arranged and/or sponsored 82 external workshops and conferences 
 
These numbers reflect the high level of activity which has been achieved as a result of the Centre of 
Excellence award. We see no reason to set new goals that would indicate a growth of the Centre or 
an increased output rate, but we do not expect to slow down! In the coming years, the real value of 
the CoE funding will decrease as a result of inflation and increased personnel costs. The goals will 
be challenging to meet, and will require that the Centre obtains alternative sources of funding. 
Towards the end of the second five year period, many aspects of CMA’s existence will have to be 



rethought in order to maintain the activities at the same level as today. The table below presents the 
complete list of goals for 10 year duration, i.e. the complete output of CMA as a CoE: 
 
• 60 PhD defenses. * 
• 40 postdoctoral fellowships of at least two year’s duration 
• 1000 papers (co-)authored in internationally reviewed journals. ** 
• 45 books and anthologies 
• 150 book chapters 
• 100 long term research visitors (more than 1 month) 
• 1100 short term international visitors 
• 1200 invited talks outside the CMA 
• 90 workshops and conferences organized at CMA 
• 160 co-arranged workshops and conferences 

* This goal was presented in our mid-term evaluation, and the number is based on the increased 
level of funding and activity that was achieved during the first years, compared to the expected 
results at the start of the project. (The original goal, presented five years ago, was 25 for the 10-year 
period). 

** With an average of 20 active senior researchers, an alternative measure is to reach for five papers 
per senior researcher per year. Or: With approximately 50 person-years annually, and aiming at 100 
papers per year, two papers per person-year per year. The referees of the mid-term evaluation were 
focusing on exactly this measure when assessing the CMA output. All the latter bullet points reflect 
the ambition of keeping the activity at the present level throughout the full second period. 

Main focus areas  

The activity at CMA has been through a thorough evaluation process following the first four years 
of existence as a Centre of Excellence. Both CMA’s Scientific Advisory Board and a number of 
unknown referees appointed by the Research Council of Norway have given valuable feedback and 
have made suggestions for improvements. The revised research plan presented in this document is a 
result of this process. 

During the second five year period we will, in particular, focus on the following issues: 

• Strengthen CMA as an international research centre in mathematics for applications, in which 
the participants do first rate research in geometry, stochastic analysis, differential equations, 
and applications in physical sciences, and encourage all participants to bridge scientific borders 
when utilizing each other’s competence. 

• Develop further the activity in geometric modelling based on a combination of mesh based 
modelling, algebraic methods and differential equation methods, and strengthen the link to 
applications in medicine. 

• Maintain the stochastic analysis group as a leading international research group in 
mathematical finance, and to increase the activity in other areas of applications like electricity 
markets and insurance mathematics. 

• Strengthen the basic activity in mathematical and numerical analysis of partial differential 
equations, and use this foundation as a basis for increased focus on industrial projects and on 
scientific problems arising outside mathematics. 

• Stimulate further the ongoing interdisciplinary activity engaged in developing new numerical 
schemes for radiation magneto-hydrodynamics, as motivated from the modelling of the outer 
solar atmosphere. 



• Develop further a research group at the interface between computational mathematics and 
quantum mechanics, in order to construct improved codes to study nuclear many-body 
problems. 

• Continue: to organize workshops and conferences focusing on the various parts of the research 
plan, to invite guests, both prominent international experts and promising young research 
talents, and to send our own researchers out to present their and CMA’s recent results and 
achievements 

• Strengthen and extend the cooperation with SINTEF ICT. The aim is to bridge the gap between 
recent results in basic research and their potential use in technological innovations. We also 
hope to expose essential new research directions in close collaboration with other industry 
partners, for example with the finance industry, the oil and gas industry, the medical industry, 
and others. 

• Seek new opportunities to extend our international network, both by partnerships with relevant 
institutions, as well as through joint proposals for EU- and other international funding 

• Maintain a well-functioning national Research School in mathematics for applications, where a 
number of PhD and postdoc fellows work with related problems in a stimulating environment. 

• Continue to provide a top quality scientific environment for the teaching project “Computers in 
Science Education.” The existence of cross disciplinary research at CMA has made it possible 
to believe that similar achievements in teaching are possible. The CSE has already proven itself 
as an internationally recognized innovator for rethinking the teaching of modern computational 
mathematics at all levels, especially at the undergraduate level (Bachelor degree courses.) 

• Prepare to continue these vigorous research efforts after the funding from the Research Council 
has ended. 

Geometric Modelling 

The main research in the group will continue to be in (i) splines and mesh-based modelling, and (ii) 
applied algebraic geometry, with activity also in optimization and linear algebra. However, we do 
want to adjust our research plan slightly by focusing on (1) a particular application area and (2) 
development of algorithms suited for implementation on the GPU (Graphics Processing Unit) and 
other accelerator units. 

We will continue to pursue broad research in the area of splines and mesh-based modelling. The 
main goal is to create and improve methods, and extend mathematical theory for curve and surface 
representations. We will seek to improve modelling, interpretation, and visualization of structured 
and unstructured 3D data sets, and time-varying 4D data sets, such as in medical imaging and large 
simulation grids. 

Topics of particular interest will be continuation of work on transfinite interpolation and barycentric 
coordinates; further research on the close link between a spline and its control polygon, and more 
generally multiresolution representations; investigation of new surface formats; as well as a general 
interest in the development of discrete (numerical) differential geometry. 

During the first three years of the CMA, the main activity concerning algebraic geometry and 
geometric modelling centred around the EU project GAIA II, which ended in 2005. Now SINTEF 
and CMA, together with eight European academic and industrial partners, have succeeded in 
obtaining the EU FP7 ITN project ShApes, Geometry and Algebra (SAGA), which will start in 
September 2008 and last for four years, thus permitting the continuation of work started in the 
GAIA project as well as new initiatives. 

The SAGA project will focus on four research areas: 1) Change of representations, 2) Geometric 
computing - algebraic tools, 3) Algebraic geometry for CAD applications, 4) Practical industrial 



problems. Two examples of topics within these areas that will be studied by CMA geometers are 
the following. 

Algebraic spline geometry: Approximation of larger regions of a CAD-model using multivariate 
algebraic spline surfaces, will keep the polynomial degree lower, and allow for flexible 
approximations. The aim is to develop a new theory, “algebraic spline geometry,” by replacing 
polynomial functions with algebraic spline functions. This could lead to the development and 
understanding of certain aspects of classical real (semi-)algebraic geometry so that it can extend to 
the theory of multivariate algebraic splines. CAD applications: For applications of algebraic 
geometry in CAD, the theory of classical projective algebraic geometry of curves and surfaces 
needs to be extended and developed in the real, affine, and bounded cases. Some aspects are: 
enumerative geometry of real curves and surfaces; singularity theory: existence and description of 
real surface singularities; the theory of polar and dual varieties, related to Sturm-Habicht methods 
for determining the topology of real curves and surfaces, and applied to finding efficient ways of 
computing points on the components of real algebraic varieties; the theory of moduli spaces of 
varieties and of parameterized varieties and the study of the semi algebraicstratification of these 
moduli spaces; the design of catalogues of surfaces (parametric or not) that can be used in CAD. 

In optimization and linear algebra the focus will continue to be on combinatorial and geometrical 
problems in matrix theory, as well as optimization problems motivated by applications in fields like 
networks, transportation, and image analysis. These problems are studied both with a theoretical 
focus and a constructive/algorithmic focus where the goal is to develop efficient 
numerical/combinatorial algorithms for specific problem classes. 

An application area of particular interest will be Mathematical methods in image processing, with 
special emphasis on 3D medical image processing. This is an active field driven not least by 
developments in medical imaging (ultrasound, x-ray, CT, MR, PET). There are obvious links to 
geometric modelling, but also to partial differential equations, optimization/linear algebra and other 
fields. This area should therefore be a good basis for cross-disciplinary work. A particularly 
interesting topic is the so-called image fusion problem. A trend in modern surgery is for the surgeon 
to be guided not by direct view of the operation area, but by an indirect view from a video camera. 
By combining the video stream with data from other imaging techniques, the surgeon can be given 
a much better view, where information that is hidden from the video camera (e.g., a tumour) can 
become visible. This image fusion problem is extremely challenging both mathematically and 
computationally as it should ultimately be solved in (close to) real time. The research will be based 
on cooperation with the Interventional Centre at the National Hospital in Oslo, in particular with the 
technical director Eigil Samset who is an adjunct professor at the Department of Informatics and 
CMA. The expertise of Xue Cheng Tai (PDE-group) on PDE-based methods in image processing, 
and Geir Dahl in optimization, will be important in this context. It should also be pointed out that 
3D image processing is closely related to processing of scanned 3D data, which is a central topic in 
geometric modelling 

There is already activity geared towards exploiting the GPU for computational purposes in 
cooperation with SINTEF (CMA partner). Staff members from both the Geometry and PDE groups 
at CMA are involved and we view this as a good framework for cross-disciplinary work. The GPU 
is just one of several low-cost but high-performance accelerator units that have been developed for 
computer gaming and other entertainment purposes; such accelerators may also beutilized for 
scientific computing. At the same time the performance of traditional CPUs has reached a level 
where further gains are difficult without excessive demands on energy. Because of the momentum 
behind the entertainment industry, we anticipate that the development of high-performance 
accelerators will continue and lead to new types of supercomputers with an unprecedented 



price/performance ratio. We therefore expect an increasing focus on parallel algorithms for these 
kinds of hardware in all the major activities in geometry. 

Stochastic Analysis and Finance  

A further development of the theory on integro-partial differential equations will be pursued in 
close cooperation with the PDE group. In portfolio optimization and/or in connection with option 
pricing when the risky assets are modelled by using jump processes, one can associate partial 
differential equations with integral terms (integro-PDE). There has been a great effort in analyzing 
integro-PDEs using viscosity solution techniques, and we aim at further developing the theory in 
this area. We have in mind of going in the direction of infinite-dimensional theory which is of 
interest in certain areas of finance. For example, in many markets there is a trade in forward 
contracts, which price dynamics is modelled as a stochastic process parametrized by delivery time. 
Further, in weather markets one may find examples where dynamics are dependent on space 
location. Thus, infinite-dimensional stochastic processes may be a natural framework to consider 
these. Questions one may study include pricing of options and stochastic control problems. These 
lead to the analysis of PDEs in infinite dimensions. The complexity can further be increased with 
jump processes, leading to integral terms. 

We plan to extend our research portfolio with several new projects in the application of stochastic 
analysis in finance. The concept of risk or risk measure is crucial in mathematical finance and 
insurance, and recently there has been much research activity linked to this concept and its 
applications. It turns out that a dynamic risk measure can be represented by a kind of generalized 
conditional expectation called a G expectation, which again can be obtained as the solution of a 
backward stochastic differential equation (BSDE). This gives an interesting link between risk 
measures and BSDEs. Moreover, in view of another representation of risk measures, there is also a 
link to stochastic differential games. We want to study the stochastic control problems and 
stochastic differential games that arise in risk-related problems in finance and insurance. Moreover, 
the risk measure of a given random variable X can also be represented as the supremum of the Q-
expectation of -X, minus a penalty term p(Q), the supremum being taken over all Q belonging to a 
certain family M of probability measures. Therefore the problem, say, of finding the portfolio which 
minimizes the risk of the terminal wealth can be viewed as a zero-sum stochastic differential game 
problem (an infsup problem.) This gives an interesting link between problems related to risk in 
finance and stochastic differential games. We will explore these links in future research. Our group 
has already written one paper on this, and another one is in preparation. 

The group would like to extend further its activities in the modelling and analysis of electricity 
markets. The issue of linking the forward price dynamics with the electricity spot price is a major 
issue and open problem. In the electricity market this connection is not as obvious as in other 
commodity markets due to the non-storability of electricity. In energy markets there are several 
complicated crosscommodity derivatives which we want to analyse further. For instance, swing 
options are options which give the owner the right to exercise several times, and also to decide the 
volume at exercise. To study such contracts, one needs to combine methods for stochastic control 
with option pricing theory. The markets are incomplete. Natural models for the underlying 
processes will be mean-reverting, seasonal, and must include jump processes to take care of the 
spikes, which are distinct features of electricity markets. It seems reasonable to use time-
inhomogeneous jump processes to model such spikes, which usually are more frequent in the winter 
period. A natural class of such models may be the independent increment processes. Our aims 
include both theoretical analysis and development of numerical schemes for practical solution. 
Infinite dimensional theory (see above) appears naturally since the forward/futures markets here are 
huge and derivatives written on them are complicated. Certain problems in electricity markets, like 
complicated bids involving, e.g., fixed prices and volumes, lead to interesting mathematical 



optimization problems. We want to investigate such problems, theoretically and computationally, 
using ideas and techniques from linear and combinatorial optimization. 

The group would like to create an activity in insurance mathematics, in particular in problems 
related to life and pension insurance. Internationally there is already considerable activity in 
applying mathematical finance and stochastic analysis to problems in life and pension insurance. 
Our interest in entering this field is motivated by the large change in the regulation of the 
Norwegian life and pension industry, where in particular interest-rate guarantees need to be 
explicitly priced. A problem we would like to study more closely is management of pension funds, 
which have theirspecific regulations and compositions introducing complicated constraints on the 
optimization. Also, the fund managers want to reduce risk of returns below the guarantee, a desire 
which adds further to the complexity. An interesting area is portfolio optimization, where 
discretization and scenario-based modelling of the uncertainty allow for efficient numerical 
optimization algorithms. In this area some new measures of risk have been introduced (e.g., 
"conditional-value-at-risk") and wewould like to study some of these models theoretically and 
computationally. On the other hand, the guarantee is in effect a put option sold to the insured, and 
this needs to be priced and hedged. The pension funds may be controlled by the company, leading 
to a combined control and options pricing problem. The pension funds are usually so big that full 
hedging is not feasible since the market impact of such transactions affect prices. Most financial 
theory concentrates on small actors who do not influence market prices by their operations. 
Furthermore, some assets may not be possible to hedge efficiently, leading us to incomplete option 
pricing theory. Our focus will be both on theoretical problems and practical issues. One paper has 
already been written on applying indifference pricing of interest-rate guarantees. Other questions 
that will be investigated further by the group include optimal dividend allocation (stochastic control 
theory) and equivalent martingale measures and risk distribution in insurance. (A Ph.D. student is 
already working on the last of these problems.) 

Nonlinear Partial Differential Equations - Theory and Numerics  

The core activity in this area will still be on analysis of nonlinear PDEs and on numerical methods 
for PDEs. However, PDEs are central to many of the interdisciplinary projects, and an increasing 
focus on such research will have the effect that the activity will partly drift in that direction. On the 
other hand, it is still vital that the group maintains its image as a high-profile research group in the 
international PDE community. Therefore, a continued effort to pursue activities on more 
fundamental problems related to PDEs and their numerical discretizations is also necessary. 

Many fundamental models in physics and applications have the form of conservation laws. The 
PDE group has a strong research record in this area, and aims to contribute to the further study of 
hyperbolic conservation laws and the numerical solutions of these. The initial value problem for 
conservation laws is not necessarily well posed, and one needs to augment the model with so called 
entropy conditions. These depend on the underlying physics, and recently there has been a renewed 
interest in studying non classical entropy criteria, which result in under-compressive shocks. Such 
shocks have been observed experimentally in various settings, and we aim to develop further the 
mathematical framework, which is still in its infancy. Conservation laws with a flux function 
depending discontinuously on the spatial variables have been studied by members of the PDE 
group. We aim to continue this study, and to extend previous results, focusing on several spatial 
dimensions and systems of equations. Furthermore, we also plan to design numerical schemes for 
such equations and to use these schemes as building blocks for numerical schemes for the MHD 
equation. 

Another class of nonlinear PDEs related to conservation laws is systems of mixed hyperbolic and 
(degenerate) parabolic equations. An example of such a model is the compressible Navier-Stokes 



equations. Within this type of model, we aim to make a contribution to the theoretical study of 
numerical schemes for multidimensional problems. The mathematical understanding of numerical 
schemes often lags behind their practical implementation. We will study issues related to 
convergence, and aim to develop methods that are guaranteed to converge. Mixed-type models also 
occur when modelling solid-liquid separation processes. Therefore numerical methods for such 
processes are of industrial importance. These models are often very complex, and their 
mathematical properties are largely unexplored. We plan to study numerical and theoretical 
problems for these models, with emphasis on convergence and efficiency. 

Recently, several members of the PDE group have studied nonlinear variational wave equations. 
These equations frequently arise as the Euler-Lagrange equations in a variational principle. Among 
such models are general relativity and waves in liquid crystals. In one spatial dimension, the initial 
value problem for some of these equations has been partially resolved, but many problems still 
remain unsolved. Concerning computations, there has been little activity, especially with regard to 
convergence of numerical schemes, although recently CMA members have proved convergence 
results for the variational wave, Hunter Saxton, Degasperis-Procesi and the Camassa-Holm 
equations. We aim to continue the study of numerical schemes for these types of equations, both 
theoretically and numerically. Another important issue arising in computations based on 
conservation laws is that of boundary values. For scalar equations there exists a recent, but well 
developed, theory regarding well posedness, but for systems of equations this is not so. We aim to 
study this problem, starting with linear systems, such as the induction equation (which plays an 
important part in MHD,) and to develop methods for assigning boundary values in practical 
computations. 

The well-posedness of many PDE problems reflects geometrical, algebraic, and topological 
structures underlying the problem. In recent years, there has been a growing realization that stability 
of numerical methods, a key property for useful numerical approximations of any PDE problem, 
can be obtained by constructing discrete schemes which are compatible with these structures. CMA 
members have contributed to several “break-through” results on for compatible discretization 
methods for PDEs. This includes the construction by S. Christiansen of new smoothed interpolation 
operators which commute with the exterior derivative, the development by D. Arnold, R. Falk and 
R. Winther on the construction of basis functions and degrees of freedom of general piecewise 
polynomial differential forms of arbitrary order, degree, and dimension, and their use of the 
Berstein-Gelfand-Gelfand resolution as a design principle for stable mixed finite elements of 
elasticity. Building on CMA's early leading involvement in this field, the group will pursue a 
number of follow-up projects which are necessary to utilize the full potential contained in these 
early papers. Parts of this activity will be related to various improvements of the theory, while there 
are also a number of possibilities for more applied projects. An example is to develop further the 
recently proposed elasticity elements into practical computational tools for the challenging 
problems arising in viscoelasticity and plasticity, where the stress-strain relation is nonlocal. 
Furthermore, as a part of S. Christiansen's EURYI project, we will have an increased focus on 
numerical methods for geometric wave equations. There is a need for compatible discretization 
techniques to overcome parts of difficulties in designing numerical methods for these nonlinear 
problems, and the newly gained insight on such discretization techniques will benefit this project 
substantially. The long-term goal of this project is to develop a theoretical foundation on the 
construction of stable numerical method for geometric wave equations, and as by product, to be 
able to design effective discretization schemes for the Einstein equation of general relativity in the 
regime of colliding black holes. 

Finally, we will give priority to extended cooperation with CIPR (Centre for Integrated Petroleum 
Research) at the University of Bergen on mathematical problems arising in the petroleum industry. 
In particular, we will focus on problems arising from the newly developed industrial technique of 



using electromagnetic signals to improve the a priori characterizations of oil reservoirs, so called 
electromagnetic seabed logging. The use of this approach for potential oil reservoirs has been 
pioneered by the Norwegian oil industry, and the technique is already used world wide as a 
supplement to the more traditional seismic investigations. However, there is substantial room for 
improvement in the analysis of the data. The two Norwegian Centres of Excellence, CIPR and 
CMA, have decided to cooperate on these problems. 

Applications for Physical Sciences  

From the beginning of the planning process for the CMA, it has been our strong belief that a Centre 
devoted to applications of mathematics would benefit substantially by including some activity on 
advanced scientific computing. Astrophysics and Computational Quantum Mechanics are strong 
research groups at The University of Oslo, both depending heavily on computations, and 
representing research areas where new mathematical tools are necessary for further progress. The 
participation of these groups has therefore been vital for the research profile of the CMA, and we 
will continue to UiO / CMA Winther 146077/V30 Page 9 strengthen the interactions between 
mathematics and these areas of physical science in the next five year period. 

Astrophysics 

The activity in modelling the solar outer atmosphere has followed the research plan closely. The 
goal of completing a 3D Radiation-Magneto-HydroDynamic code with non-restrictive boundary 
conditions has been achieved. A number of significant problems in solar/stellar astrophysics are 
now within reach using these tools. We plan to use the code to study the excitation of waves of 
different types (slow and fast mode magneto-acoustic waves, Alfvén waves) in the convection zone. 
How much power that is generated in these wave modes is not known, especially not at high 
frequencies. The methods developed make it possible to run simulations at sufficiently high 
resolution to answer several of the outstanding problems. The possible mode-coupling of these 
waves when they propagate through the upper atmosphere will also be studied. In this matter, it is 
crucial to have a code with minimal reflections from the upper boundary and our new code is 
world-leading in this respect. Joint work with the PDE group is planned to further improve the 
boundary conditions. We will also look at the fully coupled system extending from the convection 
zone to the corona, building on the pioneering work by B. Gudiksen and V. Hansteen. A new 
postdoc researcher will be hired on a RCN grant to further strengthen this activity. Specific 
problems that will be addressed include the structure, dynamics and energy balance of the 
chromosphere and corona. We will here work on new methods to describe the radiation coupling in 
the chromosphere, again in collaboration with the PDE group.  

Within cosmology, we have, in accordance with the research plan, developed new methods for 
estimating real-space higher-order correlation functions, that have enabled the application of these 
to current Wilkinson Microwave Anisotropy Probe (WMAP) and future Planck experiments. We 
have also devised new, mostly real-space, methods for testing the signals for deviation from 
Gaussianity. These will be developed further, especially for application to polarization data, and 
applied to the three-year WMAP data released March 2006 and to the Planck data when we get 
access to this during 2009 – 2010. In addition to the research mentioned in the research plan, we 
have started a major effort on improving estimation techniques for the Cosmic Microwave 
Background (CMB) power spectrum and the cosmological parameters from the CMB maps. These 
techniques are all based on modern methods of computational Bayesian statistics, e.g., methods 
building upon the Metropolis-Hastings algorithm, like Gibbs sampling. The preliminary results are 
extremely promising, and may point towards the methods that will eventually be used to analyse the 
Planck data. Very recently, we have also started implementing similar methods to the problem of 
separating the different diffuse components in the CMB maps, i.e., the real CMB signal and the 



different contributions from gas and dust in the Galaxy. Our aim is to utilise these Bayesian 
methods as much as possible in the process of getting from the raw data to the final results. This 
will enable much better control on errors and the probability distributions (i.e., significance limits) 
of the final results. However, the methods need very substantial further refinements, and 
collaboration with experts in the research front of modern Monte Carlo methods is necessary, 
something that is sought in collaboration with the stochastic analysis group. 

Computational quantum mechanics 

Based on our newly developed diffusion and variational Monte Carlo code, we plan to build a 
Green's function Monte Carlo program and allow for the implementation of fermionic wave 
functions for our diffusion Monte Carlo codes. We also plan studies of quasi Monte Carlo methods, 
used in computational finance to sample points in a deterministic way. These are techniques which 
reduce the variance and are useful in the Monte Carlo optimization part. Within the framework of 
stochastic partial differential equations we will study the numerical stability and convergence 
properties of stochastic partial differential equations. We will generalize these numerical results for 
other dimensions, domains and for SPDE's with nonlinear and integral terms, and to other types of 
PDEs, for example the heat equation. 

For the nuclear many-body problem our next plans will focus especially on extending the coupled 
cluster methods to include three-body forces, expected to be crucial for our understanding of shell 
closures. Parts of this have already been achieved by Hagen and Dean and are expected to be 
published in Physical Review Letters. Moreover, since a major breakthrough was made recently by 
Hagen and Hjorth-Jensen on studies of the coupling to weakly bound systems and resonances, we 
are now able to compute effective interactions for nuclear systems which include weakly-bound 
states and resonances starting from realistic nucleon-nucleon interaction models. These interactions 
will in turn be included in our coupled-cluster and shell-model studies. We plan also to extend the 
coupled-cluster methods to studies of infinite matter such as neutron star matter. 

Interdisciplinary Projects  

We believe that initiating new research projects at the interface between different disciplines within 
mathematics, and encouraging mathematical research motivated from various applications outside 
mathematics, will be vital to the further development of mathematics itself. Furthermore, we are 
convinced that cooperation with a mathematical centre like the CMA can lead to substantial 
progress in many important research areas in engineering, medicine, physical sciences, geosciences, 
biology, and so on. This belief is the main motivation for our strong commitment to 
interdisciplinary projects. During the first three years of the CMA we have built several research 
activities which we will characterize as interdisciplinary. In addition to the six research areas 
described below, the CMA-research on algebraic methods in computational geometry, which can be 
seen as an activity at the interface between algebraic and computational geometry, should also been 
seen as an interdisciplinary project. The same is true for the activity on the use of PDE methods, in 
particular level-set methods, for image processing. However, both these activities are already 
described above in the geometry section. Also, Snorre Christiansen's EURYI project on numerical 
methods for geometric wave equations is an activity in the intersection between PDEs and physics, 
but this research is described in the PDE section. 

PDEs and stochastic analysis 

The collaboration between the PDE-group and the stochasticians will be continued into the next five 
year period. We have focused on the analysis of different types of linear and non-linear partial 
differential equations appearing in financial applications like option pricing and portfolio 



optimization, involving developing a viscosity theory for integro-PDEs. We plan to extend this 
collaboration to consider problems involving infinite dimensional analysis, in particular developing 
an infinite dimensional viscosity theory applicable to relevant financial problems. Interesting areas 
include the interest-rate market and electricity market, where infinite dimensional dynamical 
models find a natural context (see Stochastic Analysis above). Particular attention will be paid to 
jump processes and integro-PDEs, and work in this field has already been started by one of the Ph. 
D. students. Furthermore, we want to continue the activity in numerical analysis of partial (integro-
)differential equations. There is also a focus on numerical methods for stochastic partial differential 
equations, an activity which also has links to physics (see below). 

PDEs and quantum mechanics 

Computational quantum mechanics will play a major role in growing fields like nano-technology 
and quantum computation. Deep mathematical analysis and sophisticated algorithms are required 
for this development. Research on the interface between PDEs and computational quantum 
mechanics will therefore continue to be a central research area for CMA. In particular, we plan to 
investigate further the role of compatible spatial discretization and symplectic time integrators for 
quantum mechanical systems and to relate these concepts to central questions on invariance 
properties such as gauge invariance for discrete schemes. Applications to rotating Bose-Einstein 
condesates of atoms are planned, with a particular emphasis on the treatment of vortices. The 
stability of double quantized vortices forms also an interesting research area for applications of 
partial differential equations to nonlinear systems of equations. 

Furthermore, systems of great current experimental and industrial interest are so-called quantum 
dots, electrons confined to small almost two-dimensional regions. There is considerable 
experimental and theoretical activity on manipulation and control of such quantum mechanical 
systems. Nowadays it is possible to construct quantum circuits based on two dimensional systems 
(Nature Physics,Vol 1 (2005) pp. 177 – 183.) These are extremely promising candidates for 
building quantum computers. This needs to be accompanied by a theoretical understanding of the 
dynamics of these systems. The development of stable numerical schemes is crucial to this. In this 
connection, we have worked on finite element methods with time development of low-dimensional 
quantum mechanical systems such as quantum dots. The systems we will study first are two-particle 
systems in (4+1) dimensions and (6+1) dimensions and their time evolution under the influence of a 
time-dependent and spatially varying electromagnetic field. 

PDEs and astrophysics 

The modelling of the outer solar atmosphere is a challenging PDE problem based on an MHD 
system, including radiation and thermal effects. By now, CMA has developed a numerical code for 
MHD, using a finite volume approach. We will continue to develop and extend this code. In 
connection with this we aim to utilize results from both the study of boundary values for systems of 
equations, and from the study of conservation laws with discontinuous flux functions. Presently our 
code is first order, but we plan to use an ENO/WENO approach to extend it to higher order. We 
anticipate that this will lead to several research problems at the interface between PDEs and 
astrophysics, and that we will make a substantial improvement, both with regard to accuracy and 
efficiency, to existing codes. 

Stochastic analysis and physics 

Markov Chain Monte Carlo (MCMC) methods play an important role in the activities of both the 
Quantum Mechanics group and the Cosmology group at the Centre. The Cosmology group has 
recently achieved remarkable results in the research based on Gibbs sampling, while the research in 



quantum theory performed in the Physics group relies on advanced MCMC methods. To strengthen 
further the bounds between these two groups, and also create more activity on the analysis and 
development of MCMC methods in general, the Centre plans to hire a postdoctoral researcher 
during the next five year period. MCMC methods are also important in estimating the parameters of 
stochastic volatility and related processes appearing in mathematical finance, so such a 
postdoctorate position will pave the way for further collaboration between physics, cosmology, and 
stochastic analysis (extending the already started activity mentioned above). 

PDEs and computational geometry 

Many problems in computational geometry can be characterized as computational differential 
geometry. However, many well-known algorithms are derived and analyzed in a discrete setting, 
without reference to continuous objects and PDEs. In this project ideas from continuous differential 
geometry and PDEs will be systematically introduced in an attempt to improve the algorithms used 
in computational geometry today. As a starting point we are investigating methods for dealing with 
poorly parametrized surfaces, which frequently arise in CAD models. Many methods are based on 
sampling the given surface with a mesh, and then minimizing some discrete measure of metric 
distortion in order to create a new, improved mesh – so-called re-meshing. Instead, we are 
formulating measures of distortion directly on the smooth surface and following classical finite 
element methods to minimize these. We will also develop a framework for comparing continuous 
methods with the existing discrete ones. 

 

 


