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This note addresses a question originating from the analyses of minke whale body condi-
tion data collected under the JARPA program. Two teams investigated the hypothesis of
yearly decline in body condition and found somewhat conflicting result (see the reports
de la Mare et al. (2017a) and McKinlay et al. (2017) from the first team, and Cunen
et al. (2017) from the second). A key disagreement concerns whether total weight (suit-
ably standardised) is an equally good (or better) proxy for body condition than measures
directly related to blubber (fat weight, blubber thickness and half girth). We will not
discuss this biological question here, but strive to explain how the two types of measure
may give conflicting results.

In de la Mare et al. (2017b) several comments to our main report (Cunen et al., 2017)
are made. Their primary concern seem to lie in the apparent paradox that the total
weight of the minke whales appears to be constant over the JARPA period, while other
response variables (here we will concentrate on fat weight) experience significant decline.
As de la Mare et al. (2017b) write “how can standardised total weight remain unchanged
[...], yet primary blubber related measurements decrease over the same period? Clearly,
understanding the cause of these conflicting results – be they sampling design, statistical
or biological in nature – will be necessary before any firm conclusion on changes in body
condition can be drawn from these data.”

This note aims at explaining that the seemingly conflicting behaviour of fat weight and
total weight is not necessarily a paradox. The disagreeing results can be explained by the
increased residual variance when using total weight compared to using fat weight. The
increase in residual variance is due to the fact that the observed variation in lean weight
(LW = BWt−FatWeight) among the JARPA whales is less well explained by the body
condition model than the variation in fat weight. Most likely this reflects that there
are factors influencing lean weight which we have not measured (and that are probably
very hard to measure). These factors could relate to systematic differences in long-time
body condition between the whales, i.e. that whales of similar length, sex or age could
nonetheless have invested in their lean body weight to a different degree in the times
prior to the period of assumed lower food availability (which we are studying). Since we
cannot control for all of these prior differences, their existence may obscure any pattern
present in the data.

1 An apparent paradox

We will start by illustrating the apparent paradox present in the JARPA analyses in
more detail. Throughout this note we will use our original wide model (from Cunen et al.
(2017), with the small alteration that the variable LatNum is scaled). We claim that the
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insights we will present here are however not (to a large extent) dependent on the choice
of model. Our original model:

Y ∼Y ear +BLm+ Sex+Diatom+ Ice+DateNum+DateNum2 + LatNum

+ Sex : FetusLength+ Sex : Diatom+Diatom : DateNum

+Diatom : DateNum2 + LatNum : DateNum+ LatNum : DateNum2 (1)

+Region+ Y ear : Region+ LatNum : Region+ Sex : Region+Diatom : Region

+ (1 +DateNum+DateNum2|Y earCat).

When using fat weight as the response we have 750 observations over 18 years. We get
an estimated linear effect of year of -0.008 (with t = −3.013) and an estimated residual
variance of 0.172. All the remaining estimated coefficients and variance components are
presented in Cunen et al. (2017). With total weight (BWt) as the response we have 4584
observations over 17 years (since total weight was not measured the first year). We get
the following estimates for the variance components and the fixed effects.

StdDev Corr

(Intercept) 0.146
DateNum 0.0617 0.16
DateNum2 0.0314 -0.24 -0.25

σ̂ 0.645

Estimate t

(Intercept) -10.02
Y ear -0.0031 -0.38
BLm 2.01 83.32
Sex -0.1857 -4.69

Diatom 0.0799 5.96
Ice -0.0226 -0.741

DateNum 0.2058 8.14
DateNum2 0.0498 2.45
LatNum 0.0594 1.57
Region1 0.0004 0.01
Region2 -0.0513 0.57

Sex : FetusLength 0.0068 14.94
Sex : Diatom -0.0436 -2.12

Estimate t

DateNum : Diatom 0.0128 1.51
DateNum2 : Diatom -0.0087 -1.08
DateNum : LatNum 0.0390 2.03
DateNum2 : LatNum 0.0229 1.49

Y ear : Region1 0.0001 0.02
Y ear : Region2 -0.0010 -0.16

LatNum : Region1 0.0765 1.88
LatNum : Region2 -0.0709 -1.18
Sex : Region1 0.0682 1.95
Sex : Region2 -0.0059 -0.14

Diatom : Region1 0.0021 0.16
Diatom : Region2 -0.0016 -0.10

When using total weight instead of fat weight the estimated year effect decreases in size
from -0.0080 to -0.0031. The t statistic also decreases in size, from −3.01 to −0.38;
i.e. from indicating a significant effect to a clearly non-significant effect. This is what
de la Mare et al. (2017b) call a paradox. Labelling this situation a paradox would appear
to imply that the authors of de la Mare et al. (2017b) found one or both of the two
following phenomena to be surprising:
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1. that β̂year is diminished in size, i.e. approaches zero;

2. that the linear effect of year becomes statistically non-significant.

In the following developments we will present some simplified examples and a small
simulation experiment. We will attempt to clarify what these two statements entail, and
argue that neither of them are necessarily surprising.

2 Two simple examples

Assume we have two different response variables YF and YL, and we may also be interested
in their sum YT = YF + YL. We have an explanatory variable X, which may influence
both YF and YL in the following fashion,

yF,i = αF + βFxi + εF,i εF,i ∼ N(0, σ2
F )

yL,i = αL + βLxi + εL,i εL,i ∼ N(0, σ2
L).

Naturally it follows that

yT,i = αF + αL + (βF + βL)xi + εF,i + εL,i

= αT + βTxi + εT,i εT,i ∼ N(0, σ2
F + σ2

L). (2)

Assume we have observations of YT , YF and X for i = 1, . . . , n and that we wish to carry
out inference. From (2) it is immediately clear that the relationship between YF and X
on the one hand and YT and X on the other hand will be the approximately the same
(βF ≈ βT ) if βL is close to zero. If βL has the same sign as βF , the relationship between
YT and X will be even stronger/clearer than the one between YF and X. However, it is
also apparent that even if the true effect size (βT ) increases, the estimated coefficient may
become more variable when analysing (YT , X) instead of (YF , X). The standard errors
of the estimated coefficients will depend on the (estimated) residual variances, and thus
the width of confidence intervals (and results of tests) will be dependent on the size of
σL.

We can translate this first example to our JARPA setting. In this very simplified example
we have assumed that fat weight and lean weight are governed by the same variables, in
this case they depend only on year (X). If (in reality) the lean weight is either constant
or declining over the years, one should expect the true relationship between total weight
and year to be the same or even more negative than the relationship between fat weight
and year. However, inference on this true relationship can be obscured if the residual
variance of lean weight is large.

In the next and also simplified example, we will assume that lean weight is constant over
the years (X), but depends on some explanatory variable Z, which does not influence fat
weight and which has not been measured:

yF,i = αF + βFxi + εF,i εF,i ∼ N(0, σ2
F )

yL,i = αL + βLzi + εL,i εL,i ∼ N(0, σ2
L).
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In this case, the consequent model for the YT becomes

yT,i = αF + αL + βFxi + βLzi + εT,i εT,i ∼ N(0, σ2
F + σ2

L),

while the model we are trying to fit is

yT,i = αT + βTxi + εT,i εT,i ∼ N(0, σ2
F + σ2

L).

Thus, since we have not measured Z we are using a misspecified model, and β̂T will be
different from β̂F , unless X and Z are completely independent.

Again, translating this to the JARPA setting, we learn that even if lean weight is constant
over the years, the relationship between YF and X may be different from the relationship
between YT and X if the lean weight is influenced by some unobserved or latent explana-
tory variable that is dependent on any of the explanatory variables we have included in
the model.

The two examples we have presented here illustrate that the question of the paradox can
be translated into two specific questions concerning the lean weight of minke whales:

1. Is there large enough un-explained variation in our model of the lean weight to
cause the standard error of the estimated year effect to increase sufficiently so that
the year effect appears un-significant when using total weight?

2. Could there be other factors governing lean weight than the ones governing fat
weight?

The first question can be investigated directly (but will of course depend on our choice
of model); see below. The second question is more biological in nature.

3 Investigating the lean weight

We can compute the lean weight for those whales where we have measurements of both
fat weight and total weight. This allows us to study how the measured lean weights
actually vary over the years, and to what extent the model used for fat weight and
total weight explains the observed lean weights. We have 711 observations over 17 years
and we fitted the original wide model with lean weight as the response. This gave an
estimated linear effect of year equal to 0.00038 (with t = 0.06) and a residual variance
of 0.532. So according to the data the lean weight appears to be (close to) constant
over the JARPA period. Also, even with this large model (with several interactions
and random effects), there appears to be substantial un-explained variation (which can
explain why the estimated residual variance increased quite a lot when using total weight
as the response, compared to fat weight: from 0.172 to 0.652).

For the sake of the simulations in the next section we would like to construct a simple,
but sufficiently plausible model for the lean weights. We assume that the lean weight
should be more constant in time and especially space compared to fat weight. We thus
propose the following simple linear model for the lean weight LW

LW ∼BLm+ Sex+ Age+DateNum+ Sex : FetusLength. (3)
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We looked into the option of including Y ear as well, but this variable was clearly not
significant. We obtained the following estimated model:

Estimate t

(Intercept) 8.321
BLm 1.629 27.7
Sex −0.256 -3.3
Age 0.0120 5.5

DateNum 0.142 6.5
Sex : FetusLength 0.0022 2.8

σ̂ 0.56

The variable Age was not used in the original wide model. Interestingly, it has a positive
effect. Indicating that even when they have similar length, older whales will have larger
lean weight. Thus, age could potentially be correlated with long-term body condition
(i.e. long-term investments in the lean body weight).

4 A small simulation study

The following study illustrates how the relationship between year and the response vari-
able can differ when using total weight instead of fat weight. Specifically, we investigated
the change in both the estimated year effect and the corresponding test statistic when
using the two different response variables. We followed the following procedure (with 103

iterations):

• Generate 4773 fat weight observations using the fitted wide model from (1) (with
fat weight as the response) and the covariates given in the JARPA dataset. Note
that new random effects and error terms are drawn in each iteration.

• Fit the same wide model on this large dataset (again with fat weight as the response)
and collect β̂year,FW and tyear,FW (the test statistic).

• Generate 4321 total weight measurements by taking the fat weight observations
generated above and adding lean weights. The lean weights are generated from the
fitted model from (3) (this gave slightly less observations than for fat weight, since
age has not been measured for all whales).

• Fit the wide model from (1) on this large dataset (this time with BWt as the
response) and collect β̂year,BW and tyear,BW (the test statistic).

We took care to check that the mean and variance of the fat weights and total weights
for each generated datasets approximately corresponded to the mean and variance of the
observed fat weights and total weights. The observed fat weights and total weights were
highly correlated (about 0.89). In order to achieve such a high correlation in the generated
datasets we had to draw correlated residual error terms (we used cor(εF , εL) ≈ 0.6).
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Figure 1: Results from simulations. A: histogram of the differences between β̂year,FW and

β̂year,BW , red line is the observed difference with the real dataset (Section 1). B: histogram
of the differences between tyear,FW and tyear,BW , red line is the observed difference with the real
dataset (Section 1).

The simulations reveal that both the estimated coefficient and the test statistic can
change substantially when using total weight rather than fat weight. The mean change
in estimated coefficients was -0.002 and the mean change in t statistic was -2.2. Compared
with the changes in the simulated datasets, the observed change in both β̂year and the
corresponding t statistic does not seem highly unusual. The current simulation must not
be interpreted as a statistical test of the degree of change, but merely as an illustration
of possible consequences of using total weight rather than fat weight.

In the simulations, the degree of change of the estimated coefficient is highly dependent on
the inclusion of “unobserved” variables in the lean weight model. If we had not included
age in the lean weight model there would be no mean change in β̂year (since all variables
in the lean weight model would then be present in the wide model), but there would still
be substantial spread among the simulated β̂year,FW − β̂year,BW . Naturally, the extent of
unobserved/latent variables influencing the lean weight exclusively is unknown. However,
we find it more likely that there exist such unobserved variables than not.
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5 Conclusion

The total weight of a minke whale is the sum its fat weight and its lean weight. One
may thus intuitively expect that using total weight as the response should yield similar
results as using fat weight. In this note we have demonstrated that this is not necessarily
the case. The main reason is the increased residual variance when using total weight
compared to using fat weight, which is due to the lean weight being less well explained
by our proposed body condition models than the fat weight. One may discuss to what
extent there is fat stored in the “lean weight” (LW as we defined it here) (this is discussed
to some extent in de la Mare et al. (2017a) ) or how the lean weight is expected to change
during the seasons and over the years, but we claim that there is no reason to a priori
assume that the lean weight and the fat weight should be governed by precisely the same
explanatory variables.

Note that we have not directly addressed the question on which response variable is the
most appropriate proxy for body condition. That is mostly a biological question. How-
ever, the observed increase in residual variance indicates that the available explanatory
variables are not sufficient to explain the variation present in the lean weights. From that
point of view direct measurements of blubber seem more appropriate.
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