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Abstract

Using multi-phase field models, we study the collective emergent
behavior of a monolayer of active, deformable interacting cells, with
an emphasis on neighbour exchange process involving four cells called
T1 transition, also known as cell intercalation. The cells undergo
drastic shape deformations during T1 transitions, leading to a buildup
of energy prior to the T1 transitions and a subsequent release of
energy post T1 transitions near the sites where junctions remodel.
These deformations have a dual impact: cells losing neighbours
relax their shapes, while cells gaining neighbours elongate. T1
transitions contribute to a transient quadrupolar flow field where the
cells undergoing these transitions acquire high speeds. The relative
dispersion of cells within a monolayer is solely determined by the
cumulative number of T1 transitions, highlighting the importance of
T1 transitions in mixing of cells. By analyzing the spatial relationships
between successive T1 transitions undergone by a cell, we observe an
emergent directional migration of cells that depends on the underlying
topological changes in the neighborhood. Lastly, we utilize Minkowski
Tensor-based p-atic order parameters as robust shape descriptors to
describe cell shape rotational symmetries in both experimental and
simulated monolayers.
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Sammendrag

Vi benytter multifasefeltmodeller til å studere emergente fenomener i
et aktivt monolag bestående av deformerbare celler som interagerer
med hverandre. Her har vi særlig fokus på en prosess kjent som
T1-transisjon hvor to cellepar utveksler naboer. I løpet av disse
transisjonene blir celleformene kraftig deformert. Dette fører til en
opphopning av energi i områdene hvor cellekontakten deformeres før et
nabobytte, og deretter en energifrigjøring. Disse celledeformasjonene
har to konsekvenser: i) celler som mister en nabo relakserer formen
sin, ii) mens celler som får en ekstra nabo forlenges. T1-transisjonene
bidrar til et bevegelsesmønster med fire virvler, hvor cellene som
utveksler naboer oppnår høyere hastigheter. Den relative spredningen
av cellene i monolaget avhenger kun av antall T1-transisjoner. Dette
viser at T1-transisjoner er nøkkelen til celleblanding og relative
cellebevegelser i vevet. Vi observerer at cellene begynner å bevege
seg på en målrettet måte, avhengig av på hvordan påfølgende T1-
transisjoner er plassert i forhold til hverandre. Til slutt bruker vi p-
atiske ordensparametere basert på Minkowski-tensorer som en robust
beskrivelse av celleformsymmetrier i eksperimentelle og simulerte
monolag.

v



vi



Preface

This thesis is submitted in partial fulfillment of the requirements for the degree
Philosophiae Doctor at the University of Oslo, Norway. The research presented
here was conducted at Njord Centre for Studies of the Physics of the Earth,
University of Oslo. The research has been undertaken under the supervison of
Professor Luiza Angheluta. The thesis is a collection of four papers discussing
collective emergent behavior of a monolayer of active, deformable interacting cells.
Large language models available at https://gpt.uio.no were used to correct some
grammatical errors. This thesis is my original work and I take full responsibility
for its content.
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Chapter 1

Introduction

The key to every biological
problem must finally be sought in
the cell; for every living organism
is, or at some time has been, a cell

E. B. Wilson

How can things so small be so
important?

Isaac Asimov

1.1 Cell-based life

Cells are the simplest entities that can be considered alive. Life as we know it
cannot be described without cells. The word cell is derived from the latin word
for a small room, cellula. Just like a room consists of myriads of objects, a cell is
filled with numerous subcellular components that are specialised in their function.
The hallmark behavior of cells is their ability to self-replicate, which results in the
prolonged survival of the genes inside the cells. Once in a while, the genes undergo
mutation which may or may not affect the observed characteristics (phenotype) of
the cells. Evolution by natural selection results in prolonged survival of genes with
better survival and reproductive potential. The rich biodiversity of our planet has
developed due to the emergence of a vast variety of cells that interact with each
other and their environment, modifying and reacting to their surroundings, and
adapting to all sorts of ecological niches thanks to evolution by natural selection.

Marvelously, two living organisms, however different—such as an elephant and
a tomato plant—are made up of cells whose functionality is encoded in a chemical
structure known as DNA [8]. The information encoded within the DNA, along
with the conditions of the external environment, together define the development
and function of all living creatures. Cells can function as "alive" organisms by
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Chapter 1. Introduction

Figure 1: Inaccurate drawings of embryonic development of several organisms by George
Romanes, 1892 Adapted from Ref [7], Public Domain

themselves, like most single cellular organisms including bacteria and archaea.
Additionally, cells can form collections of similar or dissimilar cell types to create
more complex multicellular organisms, such as animals, plants, and fungi, which
are considered "alive" only as a collective. As the opening quote suggests, all
multicellular organisms were once just a single cell. This single cell undergoes
division and specialization in subsequent generations to form complex multicellular
organisms. In its DNA, this single cell contains all the information necessary to
form a complex, functional organism such as a human, which comprises over 1013

cells of over 200 types [8]. In fact, this thesis is written by a collection of cells that
possesses the mysterious emergent property of consciousness that thinks about
itself and the universe in which it resides.

Every multicellular living creature is a pattern, and not a random collection
of cells lumped together. In fact, they are multi-scale spatiotemporal patterns. A
DNA molecule is not a random structure made up of nucleotides; rather, its specific
pattern encodes all the information necessary for the functioning of an organism.
Cells are fluid and organelle-filled bodies that perform a specific set of roles thanks
to their distinct structural and biochemical patterns. A large collection of cells of
different types coordinate in a specific pattern to make the heart beat the way it
does. Human beings are patterned structures who can be individually identified
based on their visual appearance. Living organisms also form temporal patterns;
The proper functioning of the heart relies on the timing of opening of the valves
of the heart.

The marvelous robustness in the formation of these patterns has enabled
complex life to flourish on this planet. Collective behaviour renders formation of
complex migration patterns at scales larger than those of individual cells. Every
multi-cellular organism is a pattern formed from the collective emergent behavior of
cells in a process called morphogenesis. The most drastic form of collective cellular
behavior is encountered in the early development of a multi-cellular organism.
Most multi-cellular organisms develop from a sexually fertilized single-cell zygote
and undergo significant changes to become full-fledged organisms.

2



1.2. Epithelial monolayers

Figure 2: (a) Single epithelial cell migrates by crawling on a substrate. (b) Collection of
cells linked together by Cadherin bonds exert traction force on a substrate. (c) Modes
of migration within a monolayer, and at the invading front. Adapted from Ref [11] with
permissions from Springer Nature.

As illustrated in Figure 1, drawings of embryonic development of various
organisms were made by George Romanes but were incorrectly attributed to
Ernst Haeckel, who presented them as his own creations. Although these
drawings were found to be fraudulent [9], they depict the idea that different
organisms start very similarly in their early stages of development. Over time,
these organisms accumulate several small changes leading to various distinct
morphologies. While the drawings are inaccurate, the underlying concept of small
differences accumulating to create rich variations has been observed at several
stages of developmental biology [10].

1.2 Epithelial monolayers

Tackling the formation of patterns at different length and time scales across various
cell types and organisms is far beyond the scope of this thesis. Instead, we will
restrict our focus to the emergent patterns that result from the collective active
behavior of cells that form a confluent monolayer. A confluent monolayer consists
of a single layer of tightly packed cells, with dynamics mostly restricted to a
two-dimensional (2D) layer, which can either be flat or curved. Specifically, we
will consider confluent monolayers of epithelial cells. Epithelial tissues are one
of the four most simple types of animal tissues along with connective tissue,

3



Chapter 1. Introduction

nervous tissue and muscle tissue. They form the outer surface of the skin and
line the surface of several organs. They play a crucial role in protection, secretion,
absorption and transport, and usually form different types of structures such as
flat or curved sheets, and tubes [8].

Epithelial cells migrate during several key processes pertaining to morphogen-
esis, wound healing and cancer metastasis [12, 13]. The migration of single epi-
thelial cells, shown in Figure 2a, relies on elaborate cellular machinery involving the
cytoskeleton, adhesive molecular complexes, and substrate characteristics. Actin
filaments, one of the primary structures that make up the cytoskeleton, are poly-
merized at the leading edge of the cell, creating a protrusion at the front called the
lamellipodia [8, 11]. The actin filaments are disassembled at the rear of the cell,
giving the appearance that the cytoskeleton is moving from the rear to the front.
This process is known as actin treadmilling. At the same time, cells form attach-
ments called focal adhesions with the underlying substrate through integrin-based
complexes. Myosin II, a molecular motor, binds to the actin filaments mostly
in the middle and rear of the cell, creating structures known as actomyosin net-
works. The Myosin II motors generate contractile forces through ATP (Adenosine
Triphosphate) hydrolysis, which are transmitted to the substrate through focal
adhesions. This process coordinates with actin treadmilling to generate traction
forces that move the cell, making it appear as if the cell is crawling.

Epithelial cells are not only mechanically coupled to the substrate; they are
also mechanically coupled to other epithelial cells. The intercellular coupling
between epithelial cells is primarily mediated through E-Cadherin-based adherens
junctions, as shown in Figure 2b. Forces are transmitted across cells through
cytoskeletal filaments like actin, linking cell-cell adhesion junctions and cell-
substrate adhesion junctions with one another [14]. These junctions dynamically
remodel themselves to change the topology of the epithelial cell cluster, which
allows for emergent flow behavior in the cell layer. This remodeling of cell junctions
enables epithelial monolayers to adapt their shape and function in response to
biochemical, mechanical and environmental cues.

A remarkable feature of epithelial cells is their ability to form sheets of tightly
packed cells. These sheets are ubiquitous in many animals, such as in the lining
of our guts or the epidermis layer of our skin [8]. When epithelial sheets form a
single layer of tightly packed cells, it is termed a confluent epithelial monolayer.

Confluent epithelial monolayers bear a striking resemblance to other cellular
structures. Cellular structures are primarily defined by two phases: one phase
forms a thin boundary enclosing the other bulk phase, which constitutes the
cells. These cells, which are primarily polygonal in 2D or polyhedral in 3D, form
a tessellation known as cellular structures. [15]. There are several examples of
cellular structures in nature at various length scales, see Figure 3. For instance,
soap bubbles confined between two plates self-organize into structures called
foams [16]. Similarly, columnar basalts comprise rocks separated by fractures
that are organized as polygonal prisms [17]. Cellular patterns also arise after the
dewetting of polymer films when annealed above glass transition temperatures [18].

Epithelial cells form active cellular structures in which individual cells are
active. These cells are self-propelled particles that convert energy from ATP

4



1.2. Epithelial monolayers

Figure 3: (left) Confocal section of embryonic tissue within zebrafish embryo. Adapted
from Reference [20] with permissions from Springer Nature. (middle) Basalt columns at
Giant’s Causeway, Northern Ireland. Adapted from Wikipedia, Public domain. (right)
Soap bubbles. CC0 License.

hydrolysis to reorganize their cytoskeleton and adhesive junctions, enabling them
to migrate and change shape [19]. In contrast to passive systems, energy transition
happens locally within a cell. Due to their resemblance to foams, they are also
referred to as active foams [20].

As epithelial cells are active, they undergo complex emergent collective motion,
which is essential for the early development of an organism, wound healing, and
cancer metastasis [12, 21]. In epithelial sheets exposed to a free surface, the cells
at the leading edge are polarized, meaning they have a directional orientation, and
exhibit stronger traction forces than the cells in the bulk, as shown in Figure 2c.
The cells at the leading edge are linked together through a thick actin belt that
spans across multiple cells, connecting the leader cells to their followers [11]. In
the context of wound healing, the leader cells are polarized and migrate to close
the wound, effectively pulling the trailing cells along with them. [13, 21, 22].

However, away from the free edge, within the bulk, cells exhibit coordinated
migration in the apparent absence of any free space. Figure 2c shows different
forms of collective migrations within the bulk of a confluent epithelial monolayer.
Cells can form small clusters that polarize and move collectively in the same
direction. Alternatively, cells can exhibit migration patterns that change the
neighbourhood topology of the monolayer. The neighbourhood topology changes
when the neighbours of the cells change, and this is mediated through three
elementary types of topological transitions called T1 (junction remodelling without
change in cell number), T2 (cell death), and T3 transitions (cell division) [11, 15].

T1 transitions, also called cell intercalations, are neighbour exchange events
that involve two neighbouring cells breaking contact and two of their neighbours
making contact. T1 transitions alter the neighbourhood topology of the monolayer
without changing the total number of cells. In passive systems such as foams,
T1 transitions occur either due to external forces or when the system relaxes to
an equilibrium [15]. In a system of active self propelled deformable particles,
T1 transitions could arise as a result of shape deformations arising due to the
interplay between activity and interactions with neighbours [1]. Also, in biological
systems, apart from activity due to self propulsion, additional activity that
changes the structural properties of cells could also give rise to T1 transitions.
In some situations, the molecular motor Myosin II is enriched between two cell
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Chapter 1. Introduction

junctions [23, 24]. Localization of Myosin II, along with its activity, causes
remodeling of adherens junctions, leading to junction shrinkage. The exact
biochemical mechanisms of this process is still unknown [25]. In such situations, T1
transitions can also be polarised, i.e., the cell junction that shrinks/expands has a
fixed orientation, as observed during the convergence-extension of the Drosophila
germband during gastrulation [23, 26]. T1 transitions also induce morphological
changes of flat sheets in three dimensions through folding such as archenetron
elongation in sea urchin embryos and tube formations in Drosophila embryos [27,
28]. Several examples of T1 transitions among biological cells are discussed in the
Review [29]. In some tissues, higher order junctions known as rosettes(where 4 or
more cells meet) can be stable, as cells can regulate their rigidity by controlling
their cytoskeletal structures and adhesive complexes [29].

T2 transitions, also known as apoptosis or cell death, occur when a cell is
either extruded out of the monolayer by its neighbours or when the cell shrinks
and vanishes [30]. Epithelial monolayers often function as tight barriers to protect
other tissues, and cell apoptosis could potentially cause a rupture in this barrier.
However, cells undergoing apoptosis coordinate their death with the help of
their neighbours. As the apoptotic cell shrinks or is extruded, the neighbouring
cells flow into the vacated space, ensuring that the barrier remains intact and
functional [31]. T2 transitions are also observed within passive systems such
as foams [15]. Furthermore, T2 transitions are linked to nematic defects within
the epithelial monolayer. Due to their shape anisotropy, epithelial cells align to
collectively exhibit nematic order. At sites of ( +1/2 ) topological defects, stresses
generated result in the extrusion of cells [30].

T3 transitions involve the division of cellular units and are observed only within
active systems. The most important characteristic of life is the ability of cells
to self-replicate, making T3 transitions fundamental to all forms of life, whether
single-celled or multicellular. In epithelial monolayers, T3 transitions contribute to
dipolar flow [32]. T3 transitions also play significant role in tissue development [33]
and cancer formation [34].

T2 and T3 transitions in tissues are interrelated as their balance is essential for
maintaining cell number dependent tissue homeostasis. Excessive T3 transitions
can lead to the crowding of cells, necessitating T2 transitions (apoptosis) to extrude
cells and maintain homeostasis [35]. Disruptions in this balance between T2 and
T3 transition rates occur during cancer, where mutant cells either fail to undergo
apoptosis at the appropriate time, undergo uncontrolled cell division, or induce
apoptosis in healthy cells [36].

Collective migration in epithelial cells is also affected by the geometry of their
confinements. Collective directed migration is induced in neural crest cells through
geometrical constraints [37]. In vitro, cells that were restricted to a circular
geometry exhibited persistent rotational movement that was dependant on cell
density and confinement sizes [38]. Cells that were confined to rectangular shaped
confinements exhibited different modes of migration depending on the width of
the confinement [39].

A key phenomenon essential to functioning of epithelial monolayers is the
jamming transition. Cell motion is arrested in some epithelial monolayers when
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1.3. Models

cell density increases due to crowding [40]. The appearance of a wound results in
reduction of density, and cells unjam to fill in the wound [21]. Epithelial cells can
also unjam at high densities. For instance, in asthmatic airway epithelium, cells
fluidise by modifying their shape [41].

The rich variety of collective behaviour due to self-organisation of cells
in epithelial monolayers, and their important role in morphogenesis, cancer
migration and wound healing, merits studying them through multi-disciplinary
approaches involving biology, physics, mathematics, chemistry, and computation.
An important approach to study these tissues is by using mathematical and
computational models as elucidated in the next section.

1.3 Models

To begin understanding cells and their collective behaviour, we have to first make
a representation of the cells. This is achieved through models. The first model
of a cell emerged in the mind of Robert Hooke when he first saw cells through
a microscope. Over the years with advances in microscopy techniques, several
aspects of cells were highlighted. Illustrators would also combine the knowledge
to create visual cellular models to represent cells, such as one in Figure 2. Such
visual models allows us to develop an intuitive feel of the cellular behaviour.

We would like the models to help us predict cellular behaviour and understand
the fundamentals of biological pattern formation. To aid with this, mathematical
models, some of which deeply rooted in physics have proved to be tremendously
beneficial [42]. As mathematical models of biological systems are approximate
representations of much more complex reality, extreme care must be taken while
choosing the underlying assumptions and in generalising the observed behaviour.
If the theory proposed in the form of the model is based on experimental evidence,
then it is likely to predict experimental observations with a higher accuracy.
Additionally, use of models allow for studying some aspects about animals without
explicit animal testing making them ethically relevant.

We will outline three classes of models used extensively to study epithelial
monolayers namely the Vertex model, Cellular Potts model and Multi-phase field
model. For comprehensive reviews on different classes of models including the 3
models discussed here, see References [43–46]

1.3.1 Vertex model

Vertex models are among the most popular models for representing epithelial
tissue. The earliest of these models were not only used to describe epithelial
monolayers [48], but also other cellular structures such as soap bubbles [49],
foams [50], and grain growth [51]. In vertex models, cells are represented as
polygons or polyhedrons that share junctions and vertices. The Figure 4 shows
some variants of vertex models for epithelial monolayers.

The dynamics of these models are defined in terms of the equations of motion
of the vertices [47]. Vertices are points that are common to three or more cells.
The shape of each cell is described by the set of vertices that form its boundaries.
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Figure 4: Variants of vertex models differentiated based on the dimension of space or
the portion of epithelial monolayer. Reproduced from the Ref [47], Creative Common
Attribution License

Typically, first-order dynamics are assumed by ignoring inertia. The external and
internal forces that develop are balanced by the drag force. If the viscous drag
coefficient is η and Fi is the total force on vertex i, the vertex dynamics can be
described as follows

η
dxi

dt
= Fi (1.1)

Forces can be directly defined or arise as a result of energy minimization, such
that given an energy E, the forces can be determined as F = −∇E. Typically, this
energy consists of terms related to surface and line tension. The surface tension
term is minimized at a given target cell area, while the line tension is minimized
at a given target cell perimeter.

Vertex models have successfully reproduced several experimentally observed
behaviors, such as tissue elongation during amphibian gastrulation and Drosophila
germ-band extension [52], solid-fluid transitions in tissues [53], and three-
dimensional morphological changes such as invagination and evagination [54],
among others. T1 transitions involve the annihilation and creation of vertices and
are usually introduced through ad-hoc methods [55, 56]. When a cell-cell junction
falls below a certain threshold length, the junction is removed between the two
cells, and a new junction is created between two of their neighbours. T1 transitions
with biochemical couplings to simulate planar polarized T1 transitions have also
been explored and modeled [57–59]. Additionally, T1 transitions of finite duration
with intermediate extracellular gap have been modeled using vertex models [20].

Vertex models are computationally efficient compared to other models, such as
multi-phase field models, and allow for the easy incorporation of a large number of
cells [44]. However, the restriction to polygonal shapes is a notable disadvantage.
This geometric limitation can impact the accuracy of simulations when cells
undergo significant shape changes during developmental processes. Despite this,
vertex models remain a powerful tool due to their balance of computational
efficiency and the ability to capture essential cell-cell interactions in both 2D and
3D contexts. For reviews on vertex models applied to biological systems, see
References [47, 60, 61]
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Figure 5: Cellular Potts Model. A cell is a collection of pixels with the same value. The
value 0 denotes the extracellular matrix. Pixels marked with asterisk are selected for
state update. Adapted from Ref. [62], Creative Commons Attribution License

1.3.2 Cellular Potts model

Cellular Potts Model (CPM) was first used to model cell sorting emerging due
to mismatched interactions between cells [63, 64]. In CPM, cells are represented
as a collection of pixels with a particular index value on a discrete lattice (See
References [65, 66] for reviews). Figure 5 shows a lattice state for a cellular Potts
model. Three cells are marked with the indices 1, 2, and 3, while the extracellular
matrix is marked with 0. This description allows for non-polygonal cell shapes. In
CPM models, a Hamiltonian (H) is defined to model cellular phenomena including
cell-cell interactions, cell-extracellular matrix interactions, cell activity, growth,
division, and apoptosis. An example of an Hamiltonian in CPM is given as

H =
∑
i̸=j

J(σi, σj) +
∑

i

λ(Ai − A0)2 +
∑

i

γ(Pi − P 0)2 (1.2)

where σi and σj are the states of neighbouring lattice sites i and j, J(σi, σj) is the
interaction energy between these sites. Ai and Pi is the area and perimeter of cell
i, respectively. A0 and P 0 are the target area and perimeter, respectively.

In each time step, a random collection of lattice sites is chosen, marked by an
asterisk in Figure 5. The change in the Hamiltonian when the lattice site swap
its state with one of its randomly chosen neighbour is calculated. The lattice
sites are updated according to the Metropolis algorithm [67]. If the Hamiltonian
reduces then the change is accepted. If the Hamiltonian increases then the change
is accepted with a probability that is inversely proportional to the magnitude of
the change in Hamiltonian, according to

P (∆H) = exp
(

−∆H
T

)
(1.3)

where ∆H is the change in Hamiltonian, and T is an effective temperature that
tendency to accept positive changes in Hamiltonian. This probabilistic acceptance
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Chapter 1. Introduction

of state change which increase the Hamiltonian can aid is escaping local minima
of the Hamiltonian.

In the context of collective cell behaviours, CPM have been used to model
cancer migration and growth [62, 65], convergent-extension of the frog Xenopus
laevis’ embryo [68], morphogenetic development such as tube formations [66] glassy
dynamics of biological tissues [69], epithelial-mesenchymal transitions [70], and
wound closure in epithelia [71].

One key disadvantage of the CPM is that the states of cells are updated through
Monte Carlo steps, making physical time ill-defined [44]. This limitation prevents
interpreting the results in terms of physical laws that depend on continuous
time representation. However, CPMs are easy to implement and computationally
inexpensive, allowing for the modeling of a large number of cells. One advantage
of CPMs is their high accuracy in resolving cell shapes compared to vertex models

1.3.3 Multi-Phase field model

Several systems involve an inhomogeneity of phases separated by an interface.
Examples include oil droplets immersed in water, subcellular vesicles within the
cytoplasm of cells, and cells amidst their extracellular environments. Gibbs
introduced the concept of a diffuse interface separating two phases such that the
concentration of each phase varies continuously across the interface between where
it is abundant and where it is scarce [72].

In phase field methods, an order parameter field called the phase field ϕ is used
to differentiate the different phases in space and time [73]. The phase field has a
specific value in each of the two bulk phases and varies continuously across the thin
diffuse interface between the two phases. The values of either ϕ = 0 and ϕ = 1,
or ϕ = −1 and ϕ = 1 are used to represent the two bulk phases. The dynamical
equations, based on a free energy approach, govern the evolution of the interface
between the two phases. The continuous field description allows for the flexible
representation of arbitrary shapes. The shape is inferred indirectly from the shape
of the diffuse interface that separates the two phases.

Phase field methods have been used to model microstructure evolution in
contexts such as solidification, grain growth, dislocation microstructures, and
dendritic growth [73, 74]. Fluid flow can be incorporated with additional fields to
model flowing multi-phase systems [75]. Recently, several advances have been made
to model biological soft matter systems, detailed in the reviews [44, 73, 76, 77].
In a biological context, phase field models have been used to model vesicles [78],
amoeboid migration [79], collisions of deformable cells [80], and active deforming
organisms such as Hydra [81].

In order to model a confluent epithelial monolayer, multiple phase fields
need to be defined, and interactions between them are introduced through an
appropriate free energy description [82]. Using the multi-phase field approach,
several collective phenomena of confluent cells have been studied. It has been found
that differences in the elasticity of cells can enhance the motility of cancer cells [83].
Phase field models have reproduced several topological features of active epithelial
monolayers [84], including Lewis’ law [85] and the Aboav-Weaire Law [86]. Unlike
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in vertex models, T1 transitions occur spontaneously within these models [1,
2, 84]. Colonies of epithelial cells that grow and divide have been modeled in
agreement with several experimentally observed behaviors [5, 82]. In the context
of considering epithelial tissues as active p-atic systems, phase field models have
been used to study the emergence of nematic order [87, 88] and hexatic order [89].
Cell extrusion events have been known to occur at the location of (+1/2) nematic
defects, and these results have been reproduced by phase field models [90, 91].
There are also several realizations of phase field models with 3D cells, which is an
essential step towards more realistic simulations of morphogenesis [82, 91, 92].

It is also possible to introduce other auxiliary fields that can be coupled to the
phase field, such as flow fields to study immersion of cells in fluid [93, 94], nematic
fields, polarization fields to include subcellular details [84, 88, 93], and tensor fields
such as nematic order fields to include nematodynamics [95–97].

Multi-phase field models are our choice of modeling approach to study the
collective behavior of deformable cells with high shape resolution. The high shape
resolution allows to capture intricate details of cell morphology, providing deeper
insights into how cell shape and deformability influence collective dynamics and
cell-cell interactions. The spontaneous generation of T1 transitions simplifies
the modeling of dynamic tissue rearrangements, capturing essential processes of
morphogenesis and tissue remodeling without the need for ad-hoc methods.

However, due to the high shape resolution, these models are computationally
expensive, and large datasets arising from simulations need to be post-processed.
The models are defined in terms of coupled, nonlinear systems of partial differential
equations, posing significant challenges for analysis. Advanced numerical methods
and substantial computational resources are required to solve these equations
effectively.

1.4 Thesis structure

This thesis is composed of two parts. In the first part, background information
related to the methods used in the articles is provided along with the summaries
of the articles. The background information contains relevant information about
the methods used by the author of this thesis, and excludes methods used by the
co-authors where the author of the thesis did not contribute primarily.

In the Chapter 2, we describe the multi-phase field models used in the articles.
This includes definition of the system of partial differential equation in terms of
phase fields used to model the confluent monolayer along with the boundary and
initial conditions. The Chapter 3 includes the description of the finite element
method applied to our model along with computational details. The Chapter 4
provides some additional results that supplements the results from our papers.
Finally, in Chapter 5, we summarise the papers and provide an outlook. The
Papers I, II, III, and IV are appended after the Chapter 5.

The recommended reading order is to read the Chapters 2 and 3, followed by
the Papers I, II, III and IV, and then the Chapters 4 and 5.

11



Chapter 1. Introduction

1.5 Notation

The notation is different across the papers as they were prepared at different times
with a different set of collaborators. However, the notation from Chapter 2-4 is as
described here.

The subscript i is always used to indicate a cell with index i. Vectors are written
in boldface such as u. Matrices or second order tensors are either written in capital
boldface such as A or in blackboard bold such as a. The vector components are
indexed with characters other than i such as uj represents the j-th component of
the vector u.

The component j of a vector ui associated with cell i is indexed as

(ui)j

Einstein summation convention is used for every index other than the cell index
i. The dot product a · b or Au is a contraction over the last two indices using
Einstein summation convention such that a · b = ajbj and Au = Ajkuk.

Derivative of a function f with respect to x are either written as df
dx

or in
shorthand as f ′. Likewise, higher order derivatives in shorthand are written as
f ′′, f ′′′, . . .

The spatial coordinate vector x consists of the horizontal component x1 and
vertical component x2. The gradient operator denoted by ∇ is defined as

∇ = ∂

∂x1
x̂1 + ∂

∂x2
x̂2,

where x̂1 and x̂2 are unit vectors in the horizontal and vertical direction.
The divergence operator, denoted by ∇· applied to a vector field a is defined

as:
∇ · a = ∂a1

∂x1
+ ∂a2

∂x2
,

where a1 and a2 are the components of a in the x1 and x2 directions, respectively.
The Laplacian operator, denoted by ∆, is the divergence of the gradient and

is defined as:
∆ = ∇ · ∇ = ∂2

∂x2
1

+ ∂2

∂x2
2

δjk is the kronecker delta function such that δjk = 1 if j = k and δjk = 0 otherwise.
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Chapter 2

Multi-phase field model

Only when you can be extremely
pliable and soft, can you be
extremely hard and strong.

Zen Proverb

If you do not change direction, you
may end up where you are
heading.

Siddhartha Gautama, The Buddha

2.1 Cell as a phase field

We consider the analogy of a binary mixture to represent a cell and its
surroundings, ignoring its intercellular and extracellular machinery. Consider a
binary mixture of two types of particles: interior and exterior particles of a cell,
whose local concentrations are given by cint(x, t) and cext(x, t), respectively. The
cell interior and exterior are homogenous such that

cext ≈ 0 : inside the cell
cint ≈ 0 : outside the cell (2.1)

The binary mixture resides in a square two dimensional domain Ω ⊂ R2 of side
length L, and is modeled for the time duration t = [0, T ]. We introduce an order
parameter field called the phase field ϕ(x, t) : Ω × [0, T ] → [−1, 1] such that

ϕ = cint − cext

cint + cext

. (2.2)

The cell is implicitly represented by ϕ such that the interior of the cell is
represented by the region of Ω where ϕ ≈ 1, see Figure 6. The phase field value
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Chapter 2. Multi-phase field model

Figure 6: Phase field description of an arbitrary cell. ϕ ≈ 1 (blue) and ϕ ≈ −1 (red)
represents the interior and exterior of the cell, respectively. The cell membrane is
represented by the thin transition region between the two phases, also known as the
diffuse interface.

ϕ ≈ −1 represents the exterior of the cell. The cell boundary is demarcated by
the transition region [−1 + ν, 1 − ν], where ν is a small number (empirically, we
use ν = 0.05). The width of this transition region is about O(ϵ), where ϵ ∈ R is
a parameter that will be described in Section 2.2. As the cell is represented by a
continuous field variable, cell shape is resolved at a very high resolution, allowing
the modeling of curved cells.

Let, ϕ̂ = 0.5ϕ+0.5 be the rescaled phase field which is analogous to an indicator
function, then the cell volume(or area) V is defined as

V =
∫

Ω
ϕ̂dx. (2.3)

Alternatively, the volume can be described by replacing ϕ̂ by ϕ̂2. To model the
cell’s evolution in time, along with various cellular properties, we utilize a partial
differential equation (PDE) description. Throughout this text, we consider that
cell growth is arrested and cell volume is conserved.

To evolve the phase field in time while conserving its volume, we use the
continuity equation

∂ϕ

∂t
+ ∇ · Jm = 0, (2.4)

where Jm is the mass flux. Cell growth (or shrinking) can be included through an
additional reactive term to the above equation [5, 82].

The mass flux Jm is governed by a free energy, F [ϕ]. The chemical potential
µ is given by the variational derivative of the free energy with respect to ϕ as

µ = δF
δϕ
. (2.5)

Essentially, the chemical potential at a given location is the change in free
energy resulting from a local change in the relative concentration of the particles
that constitute the interior and exterior of the cell. Suppose, the free energy F is
a function of both ϕ and its gradient ∇ϕ, and can be written in the form

F [ϕ,∇ϕ] =
∫

Ω
f(ϕ,∇ϕ)dx, (2.6)
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where f is the free energy density. Following variational calculus, the variational
derivative of F with respect to ϕ is given as

δF
δϕ

= ∂f

∂ϕ
− ∇ · ∂f

∂(∇ϕ) . (2.7)

Assuming that the mass flux is driven by local differences in the chemical
potential,

Jm = −Mb∇µ = −Mb∇
δF
δϕ
, (2.8)

where Mb is the mobility that controls the timescale of energy relaxation.
Essentially, Jm is a vector field that locally points in the direction of greatest
decrease in the chemical potential. For simplicity, we will consider Mb = 1 from
hereon. For more complicated representations that involve additional intercellular
machinery, Mb could vary both spatially and temporally.

Introducing Equation 2.8 into Equation 2.4 with Mb = 1, we arrive at

∂ϕ

∂t
= ∆µ. (2.9)

Equation 2.9 is commonly referred to as Model B of the Hohenberg-Halperin
classification [98]. Model B evolution equation is a PDE that models the evolution
of a conserved order parameter such as ϕ. Evolving the phase field ϕ as per
Equation 2.9 ensures that the cell area (2D volume) V remains constant.

The time rate of change of the free energy is given as

dF
dt

=
∫

Ω

δF
δϕ

dϕ

dt
dx. (2.10)

Using the definition of µ from Equation 2.5 and Equation 2.9, we get

dF
dt

=
∫

Ω
µ∆µdx. (2.11)

Integrating by parts (there are no boundary terms as periodic boundary
conditions are considered, see Section 2.6),

dF
dt

= −
∫

Ω
(∇µ)2dx. (2.12)

As the term inside the integral is always positive, the free energy has a tendency
to reduce over time.

Self propulsion(activity) of cells is introduced through an advective flux Ja

within Equation 2.4 as
∂ϕ

∂t
+ ∇ · Ja + ∇ · Jm = 0. (2.13)

Let, Ja = vϕ, where v = v(x, t) is the advection velocity field. Assuming
incompressibility ∇ · v = 0, we have

∂ϕ

∂t
+ v · ∇ϕ = ∆µ. (2.14)
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Figure 7: Double well potential, W (ϕ) = (ϕ2−1)2

4 with minima at ϕ = −1 and ϕ = 1.

Figure 8: Cross section of frames of a two-phase system evolving from random initial
conditions. First, the system phase separates into tiny droplets of dispersed phase
within the other phase. Eventually, the droplets coalesce in a process known as Ostwald
Ripening. Adapted from Wikipedia article titled Cahn–Hilliard equation, Creative
Commons Attribution License

The phase field model is constructed by appropriately defining the free energy
F [ϕ] and an advection field v in the above equation, followed by boundary and
initial conditions. The free energy F includes two terms: An energy of surface
called Cahn Hilliard Energy, and an energy of interaction between cells. These
two energies are defined in the Section 2.2 and Section 2.3

2.2 Cahn Hilliard energy

We introduce a surface energy in the form of the Cahn Hilliard energy [99] given
as

FCH [ϕ] = 1
Ca

∫
Ω

W (ϕ)
ϵ

+ ϵ|∇ϕ|2

2 dx, (2.15)

where W (ϕ) = 0.25(ϕ2 − 1)2 is the double well potential as shown in the Figure 7,
and ϵ is a parameter that controls the interfacial width. Ca is the capillarity
number, which is used to tune the relative contribution of the Cahn Hilliard
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energy. The term with the double well potential is the energy of demixing. The
homogenous well mixed state is unstable due to the concativity of W (ϕ) between
ϕ = −1 and ϕ = 1. Maxwell tangent construction can be used to show that the
heterogenous phase separated state has a lower energy than the homogenous mixed
state [100]. The second term penalises gradients in the phase field. Cahn Hilliard
energy can be derived by considering a system of binary particles on a lattice
such that the interactions between particles of the same kind are energetically
favourable over interactions between particles of different kinds [101].

The chemical potential associated with the Cahn Hilliard energy is computed
using the Equation 2.7, and is given as

µCH = δFCH

δϕ
= 1
Ca

(
W ′(ϕ)
ϵ

− ϵ∆ϕ
)
, (2.16)

where W ′(ϕ) = ϕ3 − ϕ. Inserting Equation 2.16 in the Model B order parameter
evolution equation (Equation 2.9), we get

∂ϕ

∂t
= − 1

Ca
∆
(
W ′(ϕ)
ϵ

− ϵ∆ϕ
)
. (2.17)

Figure 8 shows snapshots from the evolution of a randomly initialized phase
field governed by the Cahn Hilliard energy. Immediately, due to the demixing
energy, the system phase separates into two bulk phases to minimize the demixing
free energy [101]. Over longer time scales, due to the penalization of the gradients,
the small droplets of the dispersed phase coalesce together in a process called
Ostwald ripening. Eventually, only a single connected subregion of circular shape
of one phase within the other will remain. Throughout this process, the total
concentration of each of the bulk phases remains constant. This equilibrium
configuration has the lowest Cahn Hilliard energy. The width of the interface
that separates the two phases is of the length scale O(ϵ).

In our simulations, we always start with an initial condition where each cell is
represented by a phase field, which comprises a connected region of ϕ ≈ 1 enclosed
in a single closed curve. In absence of other effects such as cell-cell interactions
or activity, a cell of arbitrary shape would become circular to minimise the Cahn
Hilliard energy.

In arbitrary dimensions, the zero-level set of a phase field ϕ is given as
Zϕ = {x ∈ Ω | ϕ(x) = 0}. For a phase field ϕ of an arbitrary cell as shown
in Figure 6, where the cell interior is completely enclosed by exterior with a diffuse
interface separating the two phases, we can define the signed distance function
d(x) as

d(x) = − ϕ(x)
|ϕ(x)| min

{
|x − xZϕ|| xZϕ ∈ Zϕ

}
, (2.18)

such that d(x) is negative inside the cell and positive outside, with its absolute
value being the minimum distance to a point on the zero level set.

For a one dimensional domain of infinite length, at equilibrium, the closed
form solution to the Equation 2.17 with boundary conditions ϕ(−∞) = −1 and
ϕ(∞) = 1 is known [99]. The phase field at equilibrium can be written in terms
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of the signed distance function d(x) = x− x0 from the zero-level i.e. ϕ(x0) = 0 as
a tanh profile given as

ϕ(x) = tanh
(
d(x)√

2ϵ

)
. (2.19)

For a circle with radius r and center c, the signed distance function is given by

dcircle(x) = |x − c|−r.

Assuming a tanh profile for a circular cell, we can define a phase field ϕcircle of
a circular cell with diffuse interface of thickness ϵ as

ϕcircle = − tanh dcircle(x)√
2ϵ

. (2.20)

An example of a phase field of a circular cell, ϕcircle is plotted in the Figure 9a
along with the corresponding signed distance function dcircle(x) in the Figure 9b.
The Figures 9c and 9d show the free energy density of the demixing and gradient
penalisation component of the Cahn Hilliard energy for the circular cell. The
energy is nonzero only at the interface, whose cross section has a tanh profile.

The polynomial demixing term in the Cahn Hilliard energy that comprises of
the double well potential given in Equation 2.15 is an approximation of a more
general form of surface energy that can be phenomelogically derived by a lattice
based model of phase separation of a binary mixture due to thermal quenching
[100]. The demixing part of the Cahn Hilliard energy comprising the double well
potential is an approximation of a form that is proportional to

ξ ((1 + ϕ) ln(1 + ϕ) + (1 − ϕ) ln(1 − ϕ)) + (1 − ϕ2)
2 ,

where, ξ is the Flory-Huggins parameter related to the temperature of the
mixture and interaction energies between the particles of the binary mixture.
The inaccuracies due to this approximation, and inherent numerical inaccuracies
involved in solving the discretised form of Equation 2.17, lead to additional
diffusion contributions in the bulk along with the diffusion in the interface [102].
To counteract this, a diffusion restriction function g(ϕ) given as

g(ϕ) = 2
3(1 + ϕi)(1 − ϕi)

, (2.21)

is introduced in the Cahn Hilliard energy. g(ϕ) is singular in the bulk phases i.e.
the interior and the exterior of the cell. The modified Cahn Hilliard energy is
defined as

FCHmod[ϕ] = 1
Ca

∫
Ω
g(ϕ)

(
W (ϕ)
ϵ

+ ϵ|∇ϕ|2

2

)
dx. (2.22)

Evolving Equation 2.17 with this modified energy does not alter the asymptotic
limit and allows for more accurate solutions [102]. Within the bulk, a small value
ζϵ, where ζ ≪ 1, is added to the numerator to prevent numerical blowup.
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Figure 9: A circular cell: (a) Phase field ϕ = ϕcircle, (b) the signed distance function
dcircle(x), (c) the demixing free energy density W (ϕ)

ϵ , (d) the gradient free energy density
ϵ|∇ϕ|2

2 , (e) the difference of demixing and gradient free energy, and (f) the reciprocal of
diffusion restriction function g(ϕ)) are plotted.
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Given the free energy density, fCHmod = 1
Ca

(
g(ϕ)

(
W (ϕ)

ϵ
+ ϵ|∇ϕ|2

2

))
,

∂fCHmod

∂ϕ
= 1
Ca

(
g(ϕ)W ′(ϕ)

ϵ
+ g′(ϕ)

(
W (ϕ)
ϵ

+ ϵ|∇ϕ|2

2

))
(2.23)

and
∂fCHmod

∂(∇ϕ) = ϵ

Ca
g(ϕ)∇ϕ, (2.24)

the chemical potential corresponding to the modified Cahn Hilliard energy is

µCHmod = 1
Ca

(
g(ϕ)W ′(ϕ)

ϵ
+ g′(ϕ)

(
W (ϕ)
ϵ

+ ϵ|∇ϕ|2

2

)
− ∇ · (ϵg(ϕ)∇ϕ)

)
. (2.25)

As ∇ · (ϵg(ϕ)∇ϕ) = ϵg(ϕ)∆ϕ+ ϵg′(ϕ)|∇ϕ|2, we arrive at

µCHmod = 1
Ca

(
g(ϕ)

(
W ′(ϕ)
ϵ

− ϵ∆ϕ
)

+ g′(ϕ)
(
W (ϕ)
ϵ

− ϵ|∇ϕ|2

2

))
. (2.26)

At equilibrium, W (ϕ)
ϵ

≈ ϵ|∇ϕ|2
2 (see Figures 9c-9e)[102], we can write

µCHmod = 1
Ca

(
g(ϕ)

(
W ′(ϕ)
ϵ

− ϵ∆ϕ
))

. (2.27)

We will drop the mod suffix and refer to the above chemical potential as µCH .
Figure 9f shows the term 1

g(ϕ) . g(ϕ) is essentially a mobility restriction function as
it prevents diffusion into the bulk.

2.3 Interaction energy

In epithelial tissues, cells form strong connections with each other through
Cadherin-based adherens junctions [11]. These interactions between cells play
a critical role in the transmission of stresses and in collective behaviour [103, 104].
These junctions continuously remodel themselves based on different mechanical
and biochemical cues through topological transitions [11].

We introduce cellular interactions through a contribution to the free energy
such that cell-cell adhesion occurs by allowing overlap of cell interfaces to be
energetically favourable. Also, cells do not overlap their interiors due to steric
repulsion, and this has to be appropriately included in our model as cell-cell
repulsion. This would also allow us to simulate situations where cell-cell adhesion
is restricted by knocking out E-Cadherin.

There are two general methods which we use to model cell interactions. The
first one, used in Paper 1, is inspired by distance-based potential methods used
in [84, 93, 105] and first introduced in [5]. Consider two cells represented by
the phase fields ϕ1 and ϕ2, and let d1 and d2 be their signed distance functions,
respectively. The distance based approaches are typically of the form where energy
of interaction of cell ϕ1 in presence of cell ϕ2 is proportional to∫

Ω
B(ϕ1)w(d2(x)).
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Figure 10: (a) Interaction potential w(ϕ) plotted as function of ϕ for different values of
a. The interaction free energy densities: (b) fINT 1 for a = 1, (c) fINT 1 for a = 2, (d)
−fADH for aa = 1, (e) fREP for ar = 1 and (f) fREP − fADH for aa = 1 and ar = 1 are
plotted as function of values of the phase fields ϕ1 and ϕ2. The symbol f corresponds
to free energy density of the free energy given by F .
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Figure 11: (a) Phase field of two cells in blue (ϕ1) and red (ϕ2). The interaction free
energy densities: (b) fINT 1 for a = 1, (c) fINT 1 for a = 2, (d) −fADH for aa = 1, (e)
fREP for ar = 1, and (f) fREP − fADH for aa = 1 and ar = 1 are plotted as function of
spatial coordinates. The symbol f corresponds to free energy density of the free energy
given by F .
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Here, B(ϕ1) could be thought of as a field equipped with cell ϕ1 that senses a
potential w(d2) of cell ϕ2. The potential here is described in terms of the signed
distance from the cell interface. In [5], instead of representing w in terms of signed
distance d2, it is formulated in terms of a polynomial of ϕ2. Let, B(ϕ) = ϕ̂ and

w(ϕ) = 1 − (a+ 1)
(
ϕ− 1

2

)2

+ a

(
ϕ− 1

2

)4

. (2.28)

The interaction energy between two cells ϕ1 and ϕ2 is then defined as

FINT 1[ϕ1, ϕ2] = 1
In

∫
Ω

(
ϕ̂1w(ϕ2) + ϕ̂2w(ϕ1)

)
dx. (2.29)

The parameter In is used to scale the interaction energy. As epithelial cell-cell
adhesion bonds are symmetrical [8], Equation 2.29 includes the appropriate two
terms. Figure 10a shows the plot of w(ϕ) for different values of a. The parameter
a is used to tune between two different modes of cell interactions. Cells repel
each other if a = 1 since w(ϕ) > 0 and the interaction energy is always positive,
being zero only if either ϕ1 or ϕ2 are 0, so any overlap between the two cells is
energetically unfavourable. To include both repulsion and adhesion, we use a > 1,
as w(ϕ) is negative for some values of ϕ corresponding to cell interface. Increasing
a increases the range of ϕ for which w(ϕ) is negative.

The Figures 10b and 10c show the free energy density corresponding to FINT 1
as a function of ϕ1 and ϕ2 for a = 1 and a = 2, respectively. The free energy
density is always positive for a = 1 and is minimum when either ϕ1 or ϕ2 are
equal to -1. This situation models cell-cell repulsion as both overlap of interface
and interior is penalised. For a = 2, the free energy density is negative when the
interfaces of the two cells overlap and positive when the interiors overlap. This
situation models cell-cell adhesion by promoting overlap of the interface while still
allowing repulsion between cell interiors.

An alternative method to allow for cell adhesion by promoting overlap of cell
interfaces relies on the fact that the interface is characterised by the region where
the gradients ∇ϕi and ∇ϕj are nonzero. Naturally, this allows us to define an
energy which is proportional to

−
∫

Ω
|∇ϕi||∇ϕj|dx,

which promotes overlap of cell interfaces [82, 106]. We can use the approximation
ϵ
2 |∇ϕ|2≈ W (ϕ)

ϵ
to define the an adhesion energy as

FADH [ϕ1, ϕ2] = aa

In

∫
Ω

2(ϕ2
1 − 1)2(ϕ2

2 − 1)2dx. (2.30)

The parameter aa is used to scale the contribution of the adhesion energy.
FADH [ϕ1, ϕ2] is zero if either of the two phase fields is 1 or -1 and thus nonzero if
the cell interfaces overlap. Likewise, the repulsion energy is given as

FREP [ϕ1, ϕ2] = ar

In

∫
Ω

2((ϕ1 + 1)2(ϕ2 + 1)2)dx, (2.31)
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Chapter 2. Multi-phase field model

Figure 12: (left) A phase field of a cell with the advection velocity field marked with
arrows. (right) The corresponding advective term of phase field evolution equation.

which prevents overlap of cell interiors. The parameter ar is used to scale the
contribution of the repulsion energy. FREP [ϕ1, ϕ2] is nonzero if both ϕ1 and ϕ2 are
greater than -1. Combining these to define an alternative interaction energy as

FINT 2[ϕ1, ϕ2] = FREP [ϕ1, ϕ2] − FADH [ϕ1, ϕ2]. (2.32)
This form was first introduced in [94] and has been explored further in [2, 107].

Figure 10d shows the free energy density corresponding to the negative of FADH

as a function of ϕ1 and ϕ2 . The energy density is minimum at the overlap of zero
level sets of ϕ1 and ϕ2. Figure 10e shows the free energy density corresponding to
FREP which has a peak when the interior of the cells overlap. Figure 10f shows
the free energy density corresponding to FREP −FADH . The figure is qualitatively
similar to Figure 10c such that in both situations the minima lies at phase values
where the cell boundaries overlap. Albeit, the phase values corresponding to the
minima are different.

To further illustrate the effect of both these interaction energies, we consider
two circular cells as shown in Figure 11a. The free energy densities for this state
corresponding to energies FINT 1 for a = 1, FINT 1 for a = 1.5, FADH , FREP ,
and FINT 2 = FREP − FADH are plotted in the Figures 11b-1f. The repulsion free
energy density in both the interaction energies are similar, however, when adhesion
is included, the free energy densities exbibit different patterns.

2.4 Activity

Epithelial cells are deformable active matter that converts stored chemical energy
through ATP hydrolysis to migrate alone or in collectives [8, 108]. The direction
of their self propulsion (activity) is defined through various cell polarities [109–
111] mechanical stresses from neighbouring cells [11], geometry and topology [39,
112]. We introduce cell activity through an advection term v · ∇ϕ, where v is the
advection field defined as

v(x, t) = v0e(t)ϕ̂(x, t). (2.33)
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2.4. Activity

Figure 13: (a) For different orientations, the phase fields of an elliptical cell are plotted
in the leftmost columns. The pink bar is parallel to the elongation axis of the cell. In
the middle and right column, the corresponding fields s1 and s2 are plotted, respectively.
(b) For cells in (a), the two independent values of the S are plotted as function of ellipse
orientation. (c) For an elliptical cell of varying ratio of major axis to minor axis length,
the largest eigenvalue of the shape deformation tensor S is plotted. The minor axis
length is equal to 10 and ϵ = 1 for (a-c). The major axis length in (a) is 15.
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Chapter 2. Multi-phase field model

The advection field points in the direction e(t) = [cos(θ(t)), sin(θ(t))], where
θ(t) is self propulsion orientation. v0 is the parameter used to tune the magnitude
of activity. A higher value of v0 leads to faster cells. The only spatially dependent
term in the advection field is ϕ̂. This means that the advection field is 0 outside
of a cell, and has a magnitude equal to v0 inside the cell. The magnitude of the
advection field at the zero level set is v0/2. The left panel of Figure 12 shows the
advection field with an arbitrary orientation is plotted for a arbitrary cell, whose
phase field is also shown. The corresponding advection component v ·∇ϕ is shown
in the right panel.

The orientation of activity evolves as per the stochastic differential equation

dθ =
√

2DrdW (t) + α(β(t) − θ(t))dt. (2.34)

The first term is a rotational diffusivity component with diffusion coefficient Dr,
and the second term aligns the orientation of activity with the orientation of
the polarity of the cell defined by β. α controls the timescale of this alignment.
Cells exhibit vastly different migration behaviours depending upon the timescale of
observation [113, 114]. For instance, if a tissue is imaged with very short intervals
between images, then the cell would appear to undergo ballistic motion, whereas
for larger intervals the cell might be diffusive. The values of Dr, α and dt indirectly
control the relative timescale of such behaviour in our model.

There are myriads of polarities that are associated with epithelial cells. In an
epithelial monolayer, the apical-basal polarity characterises the top and bottom
of the monolayer. The apical layer is the ’top’ layer where most of the cell-cell
adherens junctions are located [11], while the basal layer is attached to a substrate
through integrin, and provides friction to cell movement [8]. Here, the polarity
vector can be defined to be pointing from the basal to the apical layer. Epithelial
cells also possess planar cell polarity, wherein a set of proteins called PCP proteins
localise in the cell such as to define a front and a back [110]. These proteins
help define the direction of surface features such as scales, hairs, and bristles,
and also help in morphological alignments [111]. Here, the polarity vector can
be defined based on the chemical concentration of PCP proteins. The cells also
possess polarity described by their shape as a result of structural features such as
orientations of actin filaments and lamellopodia [8]. The polarity vector here is
parallel to the principal axis of cell elongation. Often a migrating epithelial cluster
consists of leader cells whose migration direction defines the polarity orientation
for the whole monolayer such that it appears as if the whole monolayer acts as
a single large cell. These leader cells guide the flow of the rest of the tissue (See
Figure 2). The polarity vector points from the bulk of the monolayer to the leader
cells.

We assume that the cell in our model has the tendency to align with its shape
polarity, i.e. principal axis of elongation of a cell. To quantify the elongation of the
cell, we consider the shape deformation tensor of the phase field [87, 115], which
is a 2 × 2 symmetric traceless tensor given as

S(ϕ) = S =
[
S1 S2
S2 −S1

]
(2.35)
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2.4. Activity

Figure 14: A tissue snapshot with the axis of elongation marked with a black bar
positioned at cell center. The orientation of activity is marked with blue arrows.

where,

S1 =
∫

Ω
s1 = 1

8

∫
Ω

( ∂ϕ
∂x2

)2

−
(
∂ϕ

∂x1

)2
 (2.36)

and
S2 =

∫
Ω
s1 = −1

4

∫
Ω

(
∂ϕ

∂x1

∂ϕ

∂x2

)
(2.37)

The eigenvalues of the S are real, equal and opposite in sign and are given as
λ± = ±

√
S2

1 + S2
2 . The corresponding eigen vectors of S are given as

η± =
(
S1 + λ±

S2
, 1
)
. (2.38)

Figure 13a shows elliptical cells which are oriented at different angles. The
pink bar represents the primary axis of elongation of the cell and is parallel (or
antiparallel) to η+. For each case, the corresponding integrand fields s1 and s2 are
also plotted. The values of S1 and S2 are plotted in Figure 13b. S1 and S2 are
dependent on the orientation of the ellipse, however the largest eigenvalue which we
will denote by |S|=

√
S2

1 + S2
2 is rotationally invariant. |S| increases with increase

in the shape anisotropy, i.e., ratio of major axis to minor axis length of the ellipse,
see Figure 13c. |S| can thus also be used as a measure for cell elongation. The
elongation axis of the cell is oriented along the direction η+, or −η+. The polarity
orientation β is chosen as the orientation of either η+ or −η+ depending upon
which of the two is the closest to θ as

β(t) =
{

arg(η+(t)) : e(t) · η+(t) > 0
arg(−η+(t)) : e(t) · η+(t) < 0 (2.39)
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Figure 15: (left) A cell initialised with a velocity in the vertical direction collides with
a wall ϕc = 1 with which it has repulsive interactions. The cell undergoes deformation
such that it elongates along the wall and its direction of self propulsion realigns to the
direction of its elongation. (right) More frames corresponding to the time of impact of
the cell phase field shown in the left panel.

Figure 14 shows a tissue snapshot from one of our simulations with black lines
at the center of mass of the cells indicating the elongation axis of the cell, which is
parallel to η+

i . The orientation of the advection field is indicated with blue arrows.
The form of activity chosen bears some similarity to that of the Vicsek

model [116]. Rather than the orientation of activity being dependent on that
of their neighbours as in the Vicsek model, the orientation of activity depends on
the cell’s shape which is influenced by the interaction with their neighbours.

To illustrate the polarity alignment, we consider a circular cell as shown in
Figure 15, initialised with a velocity pointing vertically upwards and Dr = 0
colliding with a static phase field ϕc, i.e., ∂ϕc

∂t
= 0, representing a wall. We consider

repulsive interactions between the cell and the wall. Upon collision with the wall,
the cell deforms and elongates along the edge of the wall. This results in the
change in orientation of its activity such that the continues to glide along the wall.

Some models also include a passive thermodynamical stress [117] that affects
the advection fields such as in the References [83, 87]. Passive stresses have been
shown to increase the range of parameters for which a tissue is jammed [118]

2.5 Multicellularity

To represent a confluent monolayer, we first consider a set of N cells each
represented by a phase field ϕi, where i = 1, 2, 3, . . . N . The total Cahn-Hilliard
energy of the system is the sum of the Cahn Hilliard energy of each cell such that

FCH [{ϕi}] = 1
Ca

N∑
i=1

∫
Ω
g(ϕi)

(
W (ϕi)
ϵ

+ ϵ|∇ϕi|2

2

)
dx. (2.40)
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2.5. Multicellularity

The chemical potential corresponding to the Cahn-Hilliard energy of the system
with respect to cell ϕi is given as

µCHi = g(ϕi)
Ca

(
W ′(ϕi)
ϵ

− ϵ∆ϕi

)
. (2.41)

The total interaction energy for the monolayer consists of the sum of interaction
energies between every pair of cells. One form of total interaction energy used in
Paper I is given as

FINT 1[{ϕi}] = 1
In

N∑
i=1

∫
Ω
ϕ̂i

∑
j ̸=i

w(ϕj)dx. (2.42)

and the interaction chemical potential corresponding to cell i is given as

µINT 1,i = 1
In

∑
j ̸=i

(
w(ϕj)

2 + ϕ̂jw
′(ϕi)

)
. (2.43)

The other form of total interaction energy used in Paper II, III and IV is given
as FINT 2[{ϕi}] = FREP [{ϕi}] − FADH [{ϕi}]

FREP [{ϕi}] = ar

2In

N∑
i=1

∫
Ω

∑
j ̸=i

(ϕi + 1)2(ϕj + 1)2dx (2.44)

FADH [{ϕi}] = aa

2In

N∑
i=1

∫
Ω

∑
j ̸=i

(ϕ2
i − 1)2(ϕ2

j − 1)2dx (2.45)

The repulsion chemical potential corresponding to cell i is given as

µREP i = ar

In
(ϕi + 1)

∑
j ̸=i

(ϕj + 1)2, (2.46)

and the adhesion chemical potential corresponding to cell i is given as

µADHi = 2aa

In
(ϕ3

i − ϕi)
∑
j ̸=i

(ϕ2
j − 1)2, (2.47)

and therefore µINT i,2 = µREP i − µADHi. The total interaction potential, µINT i is
either µINT i,1 or µINT i,2 depending on the interaction energy used.

The evolution of the confluent monolayer is then described by the system of N
equations given as

∂ϕi

∂t
+ v0i

· ∇(ϕi) = ∆δF [{ϕi}]
δϕi

. (2.48)

Equation 2.48 is a set of N-coupled, non-linear fourth order partial differential
equations. The system can be decomposed further into a set of 2N-coupled non-
linear second order PDEs such that

∂ϕi

∂t
+ v · ∇ϕi = ∆µi

µi = µCHi + µINT i

(2.49)

Equations 2.49 along with boundary conditions (see Section 2.6) and initial
conditions (see Section 2.7) complete our multi-phase field model description for
an active confluent layer of interacting, deformable cells.
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Chapter 2. Multi-phase field model

Figure 16: Periodic boundary conditions. The computational domain is represented in
brown. The domain is repeated and stacked to highlight the periodicity along both axes.

2.6 Boundary conditions

In vivo, epithelial tissues are either surrounded by other tissues, folded into tubes,
or are exposed to a free surface as in wounds [8]. In vitro, epithelial monolayers
are either exposed to a free surface, or confined to a specific geometry [38, 39,
119]. Multi-phase field models incorporating confined geometry are explored in
[5] and cells on a sphere and torus are explored in [107, 120]. In our study, we
wish to probe the behaviour far from the boundary. This step is a simplification
as boundaries have significant impact on cellular behaviour. To achieve this, we
consider periodic boundary conditions along both axes, as shown in Figure 16.
This representation of the domain is topologically equivalent to a donut. If the
domain is sufficiently large, periodic boundary conditions allows to represent a
psuedoinfinite domain. As the dynamical behaviour of the model at every point
in the domain Ω is same, numerically, having periodic boundary conditions has no
spatial influence.

2.7 Initial conditions

As our model is volume preserving, we need to initialise the cells with the
appropriate volume. Generating a confluent tissue with a randomised distribution
of cell shapes is tricky as closed form equations for such a collection of phase fields
do not exist. We can however generate a regular phase field as shown in the left
panel of Figure 17 comprising of a grid of square cells. The signed distance function
for a square phase field is given as

dsquare(x) = |x − c|∞−0.5l (2.50)

30



2.7. Initial conditions

Figure 17: Initial Conditions: (left) a grid of 100 square phase fields are initialised in a
simulation for a short time period until cells appear sufficiently random. The end state
of the simulation (right) is then used as an initial condition.

where, c is the center of the square, l is its side length and ||∞ denotes the infinite
norm i.e. the maximum value of the enclosed vector. A square phase field is then
generated as

ϕsquare = − tanh
(
dsquare√

2ϵ

)
. (2.51)

An initial condition prepared as shown in the left panel of Fig 17 is then evolved
with our model to generate a state of cells of arbitrary shape as shown in the right
panel of Figure 17. This well mixed state serves as an initial condition for our
experiments.
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Chapter 3

Numerical Methods

The question is not what you look
at, but what you see.

Henry David Thoreau

Truth is stranger than fiction, but
it is because fiction is obliged to
stick to possibilities; Truth isn’t.

Mark Twain

3.1 Introduction

The closed-form analytical solution of System of Equations 2.49, i.e., {ϕi(t)}
is unknown. However, we can instead find a numerical approximation to the
solution, denoted by {ϕ̃i(t)}, to the system. Our chosen method to find the
numerical solution is the Finite Element Method (FEM). In FEM, the set of
partial differential equations is written in an integral form, the notion of its
derivatives is weakened, a set of basis functions in a finite dimensional vector space,
is used to construct an approximation to the solution. This approach eventually
leads to a matrix-vector product form Akj(ϕ̃i)j = bk. The numerical solution
ϕ̃i is then obtained at discrete locations indexed by j. We will briefly detail
the journey from the set of partial differential equations to obtaining the form
Akj(ϕ̃i)j = bk. The method we will describe is specific to our model and boundary
conditions. For mathematical details and the theory about FEM, textbooks such
as References [121, 122] can be consulted. Once we arrive at the description of the
numerical solution, we will discuss its implementation.
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Chapter 3. Numerical Methods

3.2 The notion of weak derivatives

First, we introduce some function spaces defined over our domain Ω. These
functions spaces help us narrow down the choice of functions with which we
will approximate our solution and to aid with other steps in defining our FEM
procedure.

Cp(Ω) are functions that are differential p times.
The Lebesque space, Lp(Ω), is the set of all functions that are integrable upto

p-th power. Essentially,

Lp(Ω) = {f(x) : Ω → R |
∫

Ω
|f(x)|pdx < ∞}.

The Hilbert space, H1(Ω) is the set of all functions defined over Ω such that
the functions and their first derivatives are square integrable. Essentially,

H1(Ω) = {f(x) : Ω → R | f(x) ∈ L2(Ω), f ′(x) ∈ L2(Ω)}.

The Hilbert space, H1(Ω) is also equipped with a scalar product such that for
f, g ∈ H1(Ω), the scalar product is defined as

< f, g >:=
∫

Ω
fgdx+

∫
Ω

∇f∇gdx

We will now introduce the concept of a weak derivative of a function which
will prove to be tremendously useful in redefining our model into a form suitable
for FEM.

Consider a function f(x) : Ω → R such that f(x) ∈ L1(Ω), and a test function
ϑ ∈ C1(Ω), then if there exists a function g(x) such that∫

Ω
gϑdx = −

∫
Ω
fϑ′dx (3.1)

is true ∀ϑ ∈ C1(Ω), then g(x) is the weak derivative of f .
The above definition of a derivative doesn’t rely on the classical differentiability

of f(x). Even if the classical derivative of f , i.e., f ′ doesn’t exist, in some situations,
we can find its weak derivative.

To illustrate with an example, let us briefly assume a one-dimensional domain
and the function f(x) = |x|. f(x) is not differentiable at x = 0. However, the
piecewise function

g(x) =


−1 : x < 0
Cg : x = 0

1 : x > 0
is the weak derivative of f(x) as it satisfies Equation 3.1. Cg ∈ R is a constant,
and hence there are infinitely many weak derivatives for f(x) = |x|. The classical
derivative is also a weak derivative, but the opposite is not true. In two dimensions,
we will use the so called "hat" functions as a basis with which we construct our
approximate solution ϕ̃i. The hat functions are not classically differentiable but
are rather piecewise differentiable and their weak derivatives exist. The notion
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3.3. Weak formulation of a partial differential equation

of weak derivatives help us describe the differential operators like the gradient or
laplacian of hat functions.

To further generalise the concept of weak derivatives to higher dimensions,
consider Ω ∈ Rn and L1(Ω) = {f : Ω → R | |f |< ∞}. Let ϑ(x) be test functions
that are infinitely differentiable and let f ∈ L1(Ω). If∫

Ω
g(x)ϑ(x)dx = −

∫
Ω
f(x)∇ϑ(x)dx (3.2)

then g(x) is the weak derivative of f.
In this chapter, from here on we will drop the term "dx" within the integrals

for the sake of conciseness.

3.3 Weak formulation of a partial differential equa-
tion

Consider, a scalar field u(x) over periodic domain Ω. The general form of reaction-
diffusion-convection equation with respect to u(x) is given as

−a(x)∆u+ (b(x) · ∇u) + c(x)u = f(x), (3.3)

where a, b, c, f are the diffusion coefficient field, advection coefficient field, reaction
coefficient field and force field, respectively. This form of reaction-diffusion-
convection equation is termed as a strong form. Multiplying the above equation
with test function ϑ(x) ∈ H1(Ω) and integrating over the domain, we get

−
∫

Ω
a∆uϑ+

∫
Ω
(b · ∇u)ϑ+

∫
Ω
cuϑ =

∫
Ω
fϑ. (3.4)

As we are restricting ourselved to domains with periodic boundary conditions,
which essentially means having no boundary at all, the first term above can be
integrated by parts and the boundary terms are 0, such as

−
∫

Ω
a∆uϑ = −

∫
∂Ω
a(∇ϕ · n)ϑ︸ ︷︷ ︸

=0

+
∫

Ω
a∇ϕ · ∇ϑ.

With this, we get the so called weak formulation of the general reaction diffusion
equation given as ∫

Ω
a∇u∇ϑ+

∫
Ω
(b · ∇u)ϑ+

∫
Ω
cuϑ =

∫
Ω
fϑ. (3.5)

The solution of the weak form does not have to solve the strong form. In
contrast to the strong form, the requirements of differentiability on u are weaker.
u only needs to be differentiable once, i.e., u ∈ H1(Ω). As both u and ϑ are in
H1(Ω), all integrals in Equation 3.5 are bounded.
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Figure 18: A triangulated grid for a square domain. The hat function corresponding to
the yellow point is plotted.

3.4 Spatial discretisation of the weak form

Despite the possibility that Equation 3.5 has many more solutions than the strong
form of the reaction diffusion convection system, arriving at a closed-form solution
given a test function, ϑ, can remain extremely complicated. In many problems,
numerical methods have proven very successful in determining the solution at a
finite number of points in Ω, with some error depending on the numerical method
used and its hyperparameters.

We wish to compute the numerical solution ũ that satisfies the weak form at a
finite set of Np points called as nodes, in the domain Ω, denoted by the set {x̃j},
where j = 1, 2, . . . , Np. We tile our two dimensional domain Ω with Ne triangular
elements given by the set {Tk}, where k = 1, 2, . . . , Ne, whose vertices are chosen
from node set {x̃j}. Since Ω is a square domain, we can tile it with triangles
that fill the whole domain. If Ω were non polygonal, it could not be tiled with a
finite set of triangles, and we would rather have to approximate the domain. The
members of the set {Tk} are all disjoint in Ω, i.e., they do not overlap. There are
numerous ways to create a triangulation for a given set of points. Figure 18 shows
an example of a square grid discretised using triangles.

The choice of Np, Ne, and vertices of the triangles have significant impact
on the numerical solution ũ. A larger number of Np and Ne generally increases
numerical accuracy, provided the triangulation is appropriate for a given problem,
but also increases computational overhead. The relative sizes of the sides of the
triangle could also affect the solution depending on the problem being solved.

Before we proceed to represent the numerical solution on the grid, we introduce
the function space of all piecewise polynomials defined over the set {Tk} as

Ṽ = { v : Ω → R︸ ︷︷ ︸
globally defined

| v|T ∈ P1(T ) ∀ T ∈ {Tk}︸ ︷︷ ︸
locally a polynomial on each element

}.
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Note that, Ṽ ⊂ H1(Ω).
Similar to how every vector r ∈ Rn can be described as linear products of n

coefficients {rj} and a set of n basis vectors {ej} in Rn, each function in Ṽ can
be described as a linear product of set of Np coefficients and a set of Np basis
functions {ψj}, i.e. for every v ∈ Ṽ , if vj = v(xj) we can write v = ∑

Np
ṽjψj.

There are infinitely many set of basis to choose from Ṽ . We consider the set of
basis {ψj} as per the lagrange basis condition given by

ψj(xk) = δjk,

and ψj ∈ Ṽ to obtain a unique set of basis. We can link each point in the domain
to a basis function such that the basis function is 1 at that point and 0 at every
other point. These basis functions are sometimes also called hat functions. See
Figure 18, which shows the hat (basis) function corresponding to the point marked
in yellow. The hat function is a piecewise linear polynomial in each of the elements
and is non-zero only within the elements adjacent to the node to which it belongs.
The hat function is 1 at the corresponding node and zero at every other node.

As previously mentioned, we require the approximate solution to satisfy the
weak form such that∫

Ω
a∇ũ∇ϑ+

∫
Ω
(b · ∇ũ)ϑ+

∫
Ω
cũϑ =

∫
Ω
fϑ. (3.6)

Now, we are ready to represent our approximate solution such that

ũ =
∑
Np

ujψj, (3.7)

where uj = ũ(xj) ∈ R are the values of the approximate solution at nodes, and are
referred to as degrees of freedom. We now define the degree of freedom vector as
u = [ũ1, ũ2, . . . , ũNp]. Now we insert the approximate solution, which is obtained
through our linear polynomial constraints into the weak form in a so called Ritz-
Galerkin approximation to obtain

∫
Ω
a
∑
Np

uj∇ψj∇ϑ+
∫

Ω
(b ·

∑
Np

uj∇ψj)ϑ+
∫

Ω
c
∑
Np

ujψjϑ =
∫

Ω
fϑ. (3.8)

The above equation has Np unknowns: uj. To be able to solve for Np unknowns,
we need Np equations. We can arrive at Np equations, by substituting the test
function ϑ for each of the basis functions {ψk}. This results in system of Np

equation given by∫
Ω
a
∑
Np

uj∇ψj∇ψk +
∫

Ω
(b ·

∑
Np

uj∇ψj)ψk +
∫

Ω
c
∑
Np

ujψjψk =
∫

Ω
fψk, (3.9)

where k = 1, 2, . . . , Np. The above equation can be represented in matrix-vector
product form as

su = l, (3.10)
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where s is Np ×Np matrix called the stiffness matrix, and is given as

skj =
∫

Ω
a∇ψj∇ψk +

∫
Ω
(b · ∇ψj)ψk +

∫
Ω
cψjψk, (3.11)

and l is a vector of length Np called the load vector, and is given as

l =
∫

Ω
fψk. (3.12)

The use of the words stiffness and load has its origin in continuum mechanics
where FEM is widely used. The degrees of freedom of the solution can then be
obtained as u = s

−1
l.

Next, to study non-stationary problems, we consider a time-varying reaction
diffusion and advection equation given by

m
∂u

∂t
− a(x)∆u+ (b(x) · ∇u) + c(x)u = f(x). (3.13)

The weak form of above equation is written as∫
Ω
m
∂u

∂t
ϑ+

∫
Ω
a∇u∇ϑ+

∫
Ω
(b · ∇u)ϑ+

∫
Ω
cuϑ =

∫
Ω
fϑ. (3.14)

Inserting the approximate form of u and using the hat functions as test
functions, and expressing it in the matrix-vector form, we get

m
∂u

∂t
+ su = l. (3.15)

M is conventionally called the mass matrix and is given as

mkj =
∫

Ω
mψjψk. (3.16)

The solution u can then be obtained by choosing appropriate methods to
discretise in time, and iterating over finite time steps. See Section 3.6 for details
on time discretisation.

3.5 Discretisation of the weak form of the multi-
phase field model

We now derive the weak form and apply the Ritz-Galerkin approximation to our
model. Consider again the system of equations

∂ϕi

∂t
+ v · ∇ϕi = ∆µi (3.17)

and
µi = − ϵ

Ca
∆ϕi + W ′(ϕi)

ϵCa
+ µINT i[{ϕi}]. (3.18)
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The above system can be written as[
1 0
0 0

] [
∂ϕi

∂t
∂µi

∂t

]
+
[
v · ∇ −∆

ϵ
Ca

∆ 1

] [
ϕi

µi

]
=
[

0
W ′(ϕi)

ϵCa
+ µINT i[{ϕi}]

]
. (3.19)

Considering ui = [ϕi, µi]T which we will call the solution vector. This allows
us to write our system in the form

Mi
∂ui

∂t
− Ai∆ui + Bi · ∇ui + Cui = fi, (3.20)

where

Mi =
[
1 0
0 0

]
,Ai =

[
0 1

− ϵ
Ca

0

]
,Bi =

[
vi

0

]
,Ci =

[
0 0
0 1

]
, fi =

[
0

W ′(ϕi)
ϵCa

+ µINT i[{ϕi}]

]
(3.21)

As previously mentioned in Section 1.5, Einstein summation convention is not
applicable for the index i. We multiply the system by the test function ϑ and
integrate to get∫

Ω
Mi

∂ui

∂t
ϑ+

∫
Ω

Ai∇ui · ∇ϑ+
∫

Ω
(Bi · ∇ui)ϑ+

∫
Ω

Cuiϑ =
∫

Ω
fiϑ, (3.22)

which is the weak form of our multi-phase field model. As each cell has a distinct
shape and location, it is appropriate to define a unique triangular grid for each
cell. For each cell i, let {(xi)j} be the set of Npi nodes and {(Ti)k} be the set of
Nei elements that together define the grid for cell i. Figure 19 shows two nearby
cells with their unique grid.

For the cell i, the function space of all piecewise polynomials over the set
{(Ti)k} is given as

Ṽi = { v : Ω → R︸ ︷︷ ︸
globally defined

| v|T ∈ P1(T ) ∀T ∈ {(Ti)k}︸ ︷︷ ︸
locally a polynomial on each element

}.

Restricting ourselves to a unique basis based on the lagrange basis conditions,
we arrive at the set of basis {(ψi)j} such that (ψi)j((xi)k) = δjk. Let, (ϕ̃i)j =
ϕ̃i((xi)j) and (µ̃i)j = µ̃i((xi)j) be the values of the approximate solution at the
nodes of the grid (xi)j of cell i, then the approximate solution can be described in
terms of the basis as

ϕ̃i =
∑
Npi

(ϕ̃i)j(ψi)j,

and
µ̃i =

∑
Npi

(µ̃i)j(ψi)j.

Let ui = [(ϕ̃i)1, (µ̃i)1, (ϕ̃i)2, (µ̃i)2, . . . , (ϕ̃i)Npi
, (µ̃i)Npi

] be defined as the degree
of freedom vector of cell i, we can write

mi
∂ui

∂t
+ siui = li, (3.23)
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Chapter 3. Numerical Methods

Figure 19: (a) Two highlighted neighbouring cells within a confluent monolayer are shown
in (b-e) without visualising other cells. (c) and (d) shows the triangulated mesh of each
cell, with (e) showing the zoomed mesh in (d)
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3.6. Time discretisation

where mi is a 2Npi × 2Npi matrix such that

mi =


(mi)11 (mi)12 · · · (mi)1Npi

(mi)21
. . . ...

...
(mi)Npi1 · · · (mi)NpiNpi

 , (3.24)

where
(mi)kj =

∫
Ω

Mi(ψi)j(ψi)k. (3.25)

si is a 2Npi × 2Npi matrix such that

si =


(si)11 (si)12 · · · (si)1Npi

(si)21
. . . ...

...
(si)Npi1 · · · (si)NpiNpi

 , (3.26)

where

(si)kj =
∫

Ω
Ai∇(ψi)j · ∇(ψi)k +

∫
Ω
(Bi · ∇(ψi)j)(ψi)k +

∫
Ω

Ci(ψi)j(ψi)k (3.27)

li is vector of length Np given as

li = [(li)1, (li)2, . . . , (li)Np]T , (3.28)

where
(li)k =

∫
Ω

fi((xi)k)(ψi)k (3.29)

All the integrals are calculated using exact Gaussian quadrature rules.
Equation 3.23 can be solved by first discretising in time, and then iterating

over finite time steps.

3.6 Time discretisation

Consider a function of form
du

dt
= f(t). (3.30)

Suppose, the evolution of u is tracked from time t = 0 to t = T at discrete time
intervals given by the set {0, τ, 2τ, . . . , T − τ, T}. Suppose, the values of u, f and
du
dt

at the nth timestep is given as un, fn and du
dt

n. If the initial value of u i.e. un for
n = 1 is known, then subsequent values can be numerically approximated based on
the choice of time discretisation. We will consider first order time-stepping schemes
to discretise in time. There are two main forms of first order time-stepping: explicit
and implicit time-stepping schemes. Using the taylor series approximation

du

dt

n

≈ un+1 − un

τ
, (3.31)
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we can define the first order time stepping scheme as

un+1 − un

τ
= κfn+1 + (1 − κ)fn (3.32)

If κ = 0, the time-stepping is said to be explicit. Here, the value of τ plays a
crucial role in the stability of the numerical solution. If κ = 1, the time-stepping
is said to be implicit. Implicit schemes are unconditionally stable and large values
of τ can be used. However, they involve inversion of matrices.

Given our system in Equation 3.20, we will discretise it using a semi-implicit
method such that

Mn
i

un+1
i − un

i

τ
− An

i ∆un
i + Bn

i · ∇un
i + Cnun

i = fn+1
i (3.33)

As
fn+1
i =

[
0

W ′(ϕi)n+1

ϵCa
+ µINT

n+1
i [{ϕi}]

]
, (3.34)

we decompose fn+1
i as

fn+1
i = F1

n
i un+1

i + f2
n
i , (3.35)

where F1
n
i and f2

n
i are some functions of {ϕn

i } and {µn
i }. This allows us to rewrite

Equation 3.33 as

Mn
i

un+1
i − un

i

τ
− An

i ∆un
i + Bn

i · ∇un
i + Cnun

i = F1
n
i un+1

i + f2
n
i , (3.36)

and then by rearranging we get

Mn
i un+1

i − τF1
n
i un+1

i = Mn
i un

i + τ (An
i ∆un

i − Bn
i · ∇un

i − Cnun
i + f2

n
i ) (3.37)

This allows us to write the solution at n+ 1-th timestep as

un+1
i = (Mn

i − τF1
n
i )−1 (Mn

i un
i + τ (An

i ∆un
i − Bn

i · ∇un
i − Cnun

i + f2
n
i )) (3.38)

We now describe the decomposition of fn+1
i by describing the decomposition

of the individual terms. The decomposition of the derivative of the double well
potential is performed as follows: Using Taylor series approximation, we get

W ′(ϕn+1
i ) ≈ W ′(ϕn

i ) +W ′′(ϕn
i )(ϕn+1

i − ϕn
i )

≈ (W ′(ϕn
i ) − ϕn

i W
′′(ϕn

i )) +W ′′(ϕn
i )(ϕn+1

i ) .

Similarly, the interaction chemical potential can be represented as

µINT
n+1
i [{ϕi}] ≈ µINT

n
i [{ϕi}] + µ′

INT
n+1
i [{ϕi}](ϕn+1

i − ϕn
i )

≈ (µINT
n+1
i [{ϕi}] − µ′

INT
n+1
i [{ϕi}]ϕn

i ) + µ′
INT

n+1
i [{ϕi}](ϕn+1

i ) .

Therefore,

F1
n
i =

[
0 0

W ′′(ϕn
i )

ϵCa
+ µ′

INT
n+1
i [{ϕi}] 0

]
, (3.39)
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and

f2
n
i =

[
0

(W ′(ϕn
i )−W ′′(ϕn

i )ϕn
i )

ϵCa
+ (µINT

n+1
i [{ϕi}] − µ′

INT
n+1
i [{ϕi}]ϕn

i )

]
. (3.40)

Equation 3.38 can then be spatially discretised using finite elements as
described in Section 3.5. For simplicity, we did not include g(ϕ) in deriving the
numerical scheme. g(ϕ) is always considered explicitly.

3.7 Software and hardware

Now that we have discussed the spatial and temporal discretisation of our model,
we now describe some computational details regarding the implementation. The
iterative solution in Equation 3.38 is implemented using the open source C++
FEM framework called AMDiS (Adaptive Multi-Dimensional Solutions) v1.2. The
framework has been developed by the Institute of Scientific Computing, Technische
Universität Dresden, Germany, and the software repository can be found at [123].
For more details and examples refer to [124–126]. The implementation of the
model in this thesis closely follows the implementations of [5, 84].

AMDiS allows for defining multiple meshes and efficient parellisation. The
iteration in Equation 3.38 for each cell is computed on a different CPU core. The
communications between the cores is handled through MPI. The post processing
of data is performed using Python and its libraries. Paraview is used to visualise
and interpret the solution over the unstructured grid. The simulations were
performed on resources provided by Sigma2 - the National Infrastructure for High-
Performance Computing and Data Storage in Norway.

3.8 Mesh refinement

Each cell possesses its own unique triangulated grid, also referred to as a mesh.
A naive implementation that considers elements of the same size distributed
uniformly across the domain results in the wastage of computational resources,
because our model defines the bulk phases, i.e., ϕ ≈ 1 and ϕ ≈ −1 as exhibiting
minimal dynamical change. Most changes are concentrated at the interface, and
this fact is used to create a non-uniform distribution of element sizes and locations
such that the interface comprises very small elements, as shown in Figure 19.

If h is the length of the longest edge of an element, then the interface is
composed of elements such that h is of length O(0.5ϵ). The interior and exterior
of a cell is composed of elements such that h is of length O(5ϵ) and O(10ϵ),
respectively. At every time step, based on how the interface moves, the mesh
needs to be either refined or coarsened. To maintain regularity, the mesh is defined
in a hierarchical manner such that an initial coarse macro mesh exists, which is
iteratively refined or coarsened based on the value of ϕ.
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3.9 Parallel computation

The iteration in Equation 3.38 for each cell is calculated on a separate CPU
core. Each cell possesses its own triangulated mesh. The only term in our model
that depends on multiple phase fields is the interaction energy. However, the
interaction energy between two cells is nonzero only if their interfaces overlap.
The contribution to interaction energy for two faraway cells is zero. This allows
us to define a criterion for transferring phase information between cells that lie
within a certain threshold distance from each other. This drastically reduces the
computational load of transferring phase information from one mesh to another.
For each cell, the phase fields of nearby cells are linearly interpolated on the cell’s
mesh and used for calculating the appropriate terms related to interaction energy.
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Chapter 4

Supplementary results

In this chapter, we describe results that supplement the papers. Some results
outlined in this chapter are better understood in the context of the results in the
papers.

4.1 Morphological influence of activity and deform-
ability

Cell activity (v0) and cell deformability (Ca) are the primary control parameters in
our studies. Figure 20 shows tissue snapshots from simulations for different values
of v0 and Ca, with parameters according to Paper II. Cells with low deformability
have a higher energetic cost for deformations and are typically less elongated than
cells with high deformability. The extracellular gaps between three cells, which
form concave triangles, are larger in the low deformability scenario. Since the cell
area (2D volume) is the same for all situations shown in the figure, the larger
extracellular gap suggests a higher degree of cell overlap.

Cells with low deformability tend to be polygonal-shaped, while cells with
high deformability also possess curved cell-cell junctions. Additionally, the cells
are more elongated at higher activity levels because higher activity contributes
to shape fluctuations. The changes in cell morphologies due to variations in the
parameters v0 and Ca highlight the important role these two parameters play in
the emergent behavior of cells in our model.

4.2 Shape index

The shape anisotropy of cells can be characterised by a non-dimensional number
called the shape index. Shape index is defined as

psi = Perimeter of cell i√
Area of cell i

. (4.1)

The area (2d volume) of the cell was previously defined by using the rescaled
phase field as an indicator function as Vi =

∫
Ω ϕ̂i. The perimeter is obtained by
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Chapter 4. Supplementary results

Figure 20: Tissue snapshots for different values of v0 and Ca. v0 varies from 0.1 to 1.0,
while Ca varies from 0.05 to 0.02. Other model parameters are according to Paper II.

Figure 21: Largest eigenvalue of shape deformation tensor |S| plotted against shape index
ps. The parameters are the same as those in Paper II.
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4.2. Shape index

Figure 22: Probability density of shape index for varying (a) v0 and (c) Ca, and of cell
speed for varying (b) v0 and (d) Ca. The distribution is calculated for all cells and for
all times after a transient initial time. The inset in (b) shows the probabality of cell
speed normalised by activity v0. Other parameters are the same as those in Paper II.

numerically integrating over the length of the zero-level contour using the VTK
library in Python. Since the area of our cells remains constant due to conservative
dynamics, the shape index depends only on the perimeter. Thus, cells with a larger
shape index have a longer interface and, consequently, a higher interface energy.
The shape index has been shown to be an important structural order parameter
in the context of jamming transitions [41, 53], where p ≈ 3.81 was found to be
the critical shape index below which cells are jammed. This critical shape index is
approximately equal to the shape index of a regular pentagon. Within the multi-
phase field model, we do observe some T1 transitions below this critical shape
index; however, this might also be influenced by the presence of extracellular
gaps [1]. Figure 21 shows the comparison of shape index of cells and the largest
eigenvalue of the shape deformation tensor, |S|. Both of these shape descriptors
are typically correlated with each other for shape morphologies obtained within
the multi-phase field simulations. The Figure 22a and 22c shows the distribution
of shape index of cells as the activity v0 and deformability Ca are varied. The
mean and the variance of the shape index of cells increases with both activity and
deformability.
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Figure 23: A tissue snapshot with cells coloured as per the values of their (left) cell speed
vc, (middle) shape index, ps and (right) number of neighbours. The parameters are the
same as those in Paper II.

4.3 Center of mass

The location of the center of mass of the cell i is found as

ri(t) =
∫

Ω xϕ̂i(x, t)dx∫
Ω ϕ̂i(x, t)dx

. (4.2)

The instantaneous velocity of center of mass at a given time step is then calculated
as

vci(t) = ri(t) − ri(t− τ)
τ

. (4.3)

This velocity is dependent upon the time-step size τ considered. For different
values of τ , the velocity could have different magnitudes and orientations. The
velocity either stays constant or reduces with increasing values of τ . Cells
exhibit different anomalous diffusive behaviours depending on the time step size
considered [113]. Thus, the simulation time step size impacts the observed
behaviour.

The cell speed is given by vci(t) = |vci(t)|. Figure 22b and 22d shows the
distribution of cell speeds as function of v0 and Ca. The cell speeds are higher for
higher v0, but if the distribution are normalised by v0, as shown in the inset in
Figure 22b, the normalised distributions appear similar. On the other hand, the
distribution of cell speed does not vary significantly with Ca. Cells with higher
Ca undergo more T1 transitions, whereas cells with lower Ca move together in
smaller clusters [2].

One of the key disadvantages of multi-phase field models is the inability to
resolve the instantaneous velocity field across the cell. In other words, given two
points inside a cell, it is not possible to keep track of their relative velocities. The
center of mass itself is a property of cell shape rather than a property inherent
to a particular "particle" inside of the cell. Whereas in experiments, cells could
be injected with fluorescent tracking particles and a instantaneous velocity field
of different parts of the cells can be obtained by tracking the individual particles.
Cells are also heterogenous in appearance and specific features within cells could
be tracked by tracking inhomogeneities such as organelles. In multi-phase field
models, the cell interior is a homogenous (textureless) phase. However, in practice,
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4.4. T1 transitions

Figure 24: Distribution of number of neighbours for varying v0 and Ca. Other parameters
are the same as those in Paper II.

the velocity field is obtained by different coarse graining procedures of the center
of mass velocities. One method utilises the phase field as an indicator function to
define the instantaneous velocity field as

ϕ̂i(x, t)vci(t). (4.4)

Using this approach, the global velocity field of a monolayer can be described
in an ad-hoc manner as

vg(x, t) =
∑

i

ϕ̂i(x, t)vci(t). (4.5)

Figure 23 shows the global velocity field along with the shape index field (cells
are marked with their shape index) and the number of neighbours field (cells
are marked with their number of neighbours). The figure displays heterogeneous
distributions of cell speeds across the tissue. In Paper I and Paper II, we show
that T1 transitions cause changes in cell speed, contributing to the heterogeneous
distributions of cell speed [1, 2].

4.4 T1 transitions

Let, N be the total number of cells in the monolayer. We can represent the
monolayer with the set

M = {1, 2, . . . , N} (4.6)
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Figure 25: (left) Fraction of time a cell is undergoing a T1 transition, (middle) average
duration of a T1 transtition, and (right) number of T1 transitions as function of v0 and
coloured as per Ca. Legend in last panel applies to all panels. The parameters are the
same as those in Paper II.

We can define a neighbour adjacency matrix NN×N at a particular time t such
that

Nij(t) =
{

1 : i, j ∈ M are neighbours at t and i ̸= j
0 : otherwise

Essentially, two cells i and j are neighbours if they touch other. Empirically,
we compute

∫
Ω ϕ̂iϕ̂jdx. If this crosses a certain threshold value, then the cells are

considered to be neighbours.
Figure 24 shows the distribution of number of neighbours of cells for varying

v0 and Ca. The mean number of neighbours is approximately 6 for all situations;
however, the standard deviation increases with increasing v0 and Ca.

In multi-phase field models, T1 transitions are finite time events which initiates
when two neighbouring cells A and B lose contact, and concludes when two of their
neighbours C and D make contact [1, 2]. Such a T1 transition can be represented
by a set T = {A,B,C,D} and its start time and end time are denoted as t = t−T
and t = t+T , respectively.

The changes in the neighbourhood topology during a T1 are

NCD(t−T ) = 1 ⇒ NCD(t+T ) = 0
NAB(t−T ) = 0 ⇒ NAB(t+T ) = 1,

Other connections involving the four cells remain same during ∆tT = t+T − t−T ,
which is the duration of the T1. The left panel of Figure 25 shows the fraction of
time that a cell is undergoing T1 transitions during the simulation as a function
of v0 and Ca. Cells spend significantly more time undergoing T1 transitions at
higher activities, but there is no strong dependence on cell deformability. The
middle panel of Figure 25 shows the average duration of a T1 transition as a
function of v0 and Ca. Slower and less deformable cells take longer to undergo a
T1 transition. Even though deformability does not affect the fraction of time a
cell undergoes T1 transitions, less deformable cells undergo fewer T1 transitions
because they take longer to conclude a T1 transition, as shown in the right panel of
Figure 25. Unsurprisingly, cells with higher activities undergo more T1 transitions.
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4.5 P-atic shape descriptors

We have discussed two cell shape descriptors; the shape index ps and the largest
eigenvalue of the shape deformation tensor |S|. However, to study emergence
of nematic and hexatic order, we need shape descriptors that can quantitatively
describe p-atic symmetry. A shape is said to possess p-atic symmetry if it remain
invariant under rotation by 2π

p
, with p being an integer. In essence, we need

descriptors to compare a cell shape to a regular p-sided polygon. For an arbitrary
integer p ∈ Z such that for p > 2, we require an order parameter that is equal to
1 for a p-sided regular polygon and has a lower value for other shapes depending
on how similar the shape is to the regular polygon. Previously, in the study of
epithelial monolayers, two methods were used to generate such an order parameter.
One method relies on the location of the vertices of the cells to generate a shape
function γp [89], while the other relies on the location of the center of mass of
the neighbours of the cells to define a bond order parameter Ψbond

p [127, 128].
In the first method, γp = 1 if vertices of the shape constitute vertices of a p-
sided regular polygon. While in the second method, Ψbond

p = 1 if the center of
mass of the neighbours together form a p-sided regular polygon. Paper IV and
Reference [129] show that both these methods are not robust, respectively. Paper
IV instead proposes the use of Minkowski Tensors which allows for defining p-
atic shape order parameters qp ∈ [0, 1], that are robust because small changes in
the shape results in small changes in the qp. The robustness of the p-atic order
parameters is essential to capture irregular and continuous shape changes within
the monolayer. For more details on Minkowski Tensors, see Paper IV. Note, the
notation in this section deviates from the notation of the rest of the thesis, and is
based on the notation of the Paper IV for easy comparison with the paper.

Provided a contour ∂C of a cell, the Minkowski tensors are used to define a
complex number

ψp =
∫

∂C
eipθn d∂C, (4.7)

where p ∈ Z, i =
√

−1 and θn is the orientation of the normal vector of the contour.
The p-atic shape order parameter is then defined as

qp = |ψp|
ψ0

, (4.8)

where ψ0 = 1
2
∫

∂C d∂C. qp ∈ [0, 1] defines the strength of the p-atic order. qp = 1 if
the cell is a p-sided regular polygon. For p = 2, q2 = 1 if a cell shape corresponds to
a line. The Figure 26 shows the contours of an arbitrarily selected cell from a multi-
phase field simulation along with several shape descriptors. The cell undergoes
continuous shape deformations and several discrete changes in its neighbourhood
topology. The quantity, dz, is the mean distance of the points in the zero level set
Zϕ of the cell from its center of mass and is generally correlated with the shape
index. As the cell undergoes continuous changes in its shape, so does qp, ps and
dz, whereas the number of neighbours change discretely.
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Figure 26: (a) Plots of the boundaries of a cell as it evolves through time with the
evolution of some of its properties in (b-e). The colours increase in lightness with time.
Note that the cell is within a confluent monolayer interacting with other cells which are
not visualised. Evolution of (b)|qp| for p = 2, 3, 4, 5, 6, (c) shape index, (d) mean distance
from cell center and (e) number of neighbours. The parameters are the same as those in
Paper II.
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Chapter 5

Summary of papers and outlook

Every number other than 0 and ∞
is strange

Me

For a moment, nothing happened.
Then, after a second or so, nothing
continued to happen.

Douglas Adams, The Hitchhiker’s
Guide to the Galaxy

5.1 Introduction

In this chapter, we summarise and connect the main results from Papers I, II,
III and IV. Wherever necessary, we will cross reference the four papers in their
respective summaries depending on the relationships between them.

In terms of the differences in model parameters, Paper I uses FINT 1 as the
interaction energy, while Papers II, III and IV uses FINT 2 as the interaction energy.
Empirically, the use of FINT 2 allows for simulation with much higher activities.

Paper IV is a collaboration across simulations, experiments, and data analysis.
My contribution to this paper is related to the simulations of the multi-phase field
model and the corresponding data analysis.

5.2 Paper I: Robust statistical properties of T1
transitions in a multi-phase field model of cell
monolayers

Paper I recognizes T1 transitions as finite-time neighbour exchange events
involving four cells within the multi-phase field model. T1 transitions begin when
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two cells lose contact and conclude when two of their neighbours make contact.
Paper I introduces the concept of an epicenter of a T1 transition, which is defined
as the location of a point whose sum of distances to the boundaries of all cells
involved in the T1 transition is minimal. The location of the epicenter is fixed for
a given T1 transition and is found midway during the T1 transition. The epicenter
lies inside the extracellular gap created during the T1 transition. The duration of
the T1 transition corresponds to the lifetime of this extracellular gap. The concept
of an epicenter proves extremely useful in measuring several key properties of T1
transitions in Papers I, II, and III.

In our model, the phase fields of the cells evolve to minimize a free energy F
while preserving cell area. This free energy is minimized when cells relax to an
equilibrium where the interface length is at a minimum. For a confluent tissue,
this state is characterized by a tiling of hexagonal cells. However, the presence
of activity in our model injects energy at the individual cell level, causing cells
to move, deform their neighbours, and undergo deformations themselves. These
deformations increase with activity v0 and if cell deformability Ca is high. A larger
value of Ca reduces the energetic cost associated with the deformations.

In Paper I, we coarse-grain the free energy density to reveal that the energy
is concentrated near the vertices shared by three cells. To present an alternative
explanation to the ones presented in Paper I, consider a circular ring with a radius
about 20% of the size of the cell. This ring can be moved across the domain,
and one can compute the total length of the cell-cell junction within that ring.
Essentially, the coarse-grained energy density defined in the Paper I at a location
is approximately proportional to the cell-cell junction length (and is equal to the
average free energy density) within a ring corresponding to the coarse-graining
radius placed at that location.

Next, we observe how this coarse-grained energy evolves at the epicenter of a T1
transition. The mean evolution of this coarse-grained energy at the epicenter for
relative time before and after a T1 transition is plotted in Paper I. It is immediately
recognizable that the evolution of energy is asymmetric about the T1 transition.
Since energy is shape-dependent, the shape deformations before and after a T1
transition are asymmetric. The energy rises slowly before the start of a T1, reaches
a peak during the T1, experiences a sharp fall immediately after the T1, and then
follows with a slower relaxation towards the mean. Since energy is related to the
length of the cell-cell junctions, this means that the shrinkage of a cell-cell junction
before a T1 is slower than the expansion of the junction after a T1. We also show
that the evolution of this energy is dependent on activity v0 and deformability Ca,
while other parameters do not have a significant impact.

The peak value of energy attained during the T1 is independent of v0. However,
cells spend a longer time reaching the peak energy if v0 is low and take longer to
relax back to the average energy. This also means that the two vertices that
coalesce during a T1 do so faster if activity is high, and the two vertices that are
generated during a T1 transition move away faster after the T1 transition. The
duration of T1 transitions decreases with increasing v0.

The deformability Ca is a parameter that affects the relative contribution of
the Cahn-Hilliard energy, which is why for varying deformability, the energy profile
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is normalized with the maximum energy, after which the curves appear similar for
different values of Ca, indicating the rate at which the junctions shrink before
T1 transition or the rate at which the junctions expand after T1 transition are
independent of cell deformability within the explored parameter regime. However,
deformability influences the duration of T1 transition, which reduce with increasing
deformability.

Through montages of cells undergoing T1 transitions, Paper I shows that most
deformations due to T1 transitions occur near the epicenter, with some minor
deformations at cell edges away from the epicenter. The loser cells appear to be
pinched by the gainer cells near the epicenter until they lose contact. All four
cells involved in the T1 transition experience significant shape deformations, and
the differences between the shape deformations of loser and gainer cells will be
further explored in Paper III. The four cells undergoing T1 transition generate a
quadrupolar flow field, as shown in Paper II.

The shape index of a cell is linked to the energy associated with the cell because
a larger shape index indicates a longer interface (while the cell area remains fixed),
resulting in a higher energy. Paper I shows that the shape index of cells increases
before the T1 transition, reaches a peak value during the T1 transition, and
decreases afterward. This behavior indirectly reflects the mean energy evolution
of the four cells involved in the T1 transition in terms of shape index. Whereas,
the energy evolution shown in Figure 4 of Paper I provides information about the
spatial concentration of energy near the epicenter. The shape index also increases
with an increase in Ca and an increase in v0. So do the number of T1 transitions.
Paper III will further explore the connection between cell shape and T1 transitions,
providing insights into the asymmetry of the energy and shape index profiles before
and after the T1 transition, with a focus on the deformations of the cells that gain
and lose neighbours during the T1 transition.

5.3 Paper II: From cell intercalation to flow, the
importance of T1 transitions

In Paper II, we illustrate the flow field generated by T1 transitions and show that
pair separation distance between cells is dependent linearly on the number of T1
transitions.

Paper II considers the orientation of a T1 transition as the orientation of the
cell-cell junction created after the T1 transition and shows that this new junction
is approximately perpendicular to the cell-cell junction that vanishes due to the
T1 transition.

With the help of this orientation and the notion of epicenter defined in Paper
I, Paper II illustrates a series of steps to transform the global velocity field vg(x, t)
to calculate the ensemble-averaged flow field associated with T1 transitions. The
ensemble-averaged flow field due to T1 transitions comprises quadrupolar vortices
with alternating circulation centered at the epicenter of T1 transitions. The
direction of flow field near the epicenter is governed by the direction of motion of
cells losing and gaining neighbours.
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The evolution of the magnitude of the velocity field near the epicenter follows
a profile similar to the one obtained for the average speed of cells undergoing a T1
transition in Paper I. The cell speed near the epicenter remains constant before
the T1 transition, rises during the T1 transition, reaches its peak at the end of the
T1 transition, and then falls.

The paper also defines a velocity polarization field, which is a scalar field
varying between 0 and 1 that informs the likelihood of the observed flow field.
The high values of the velocity polarization field near the epicenter reveal the
average shape of cells undergoing the T1 transition. The average shape at the
end of the T1 transition shows that the cell interface away from the epicenter is
rounded, while the cell shape near the interface experiences a sharp change. At
the end of the T1 transition, the velocity polarization near the epicenter is higher
than at any other time, suggesting that the flow field observed near the epicenter
at the end of the T1 transition is very likely to occur in all T1 transitions.

To study how cells mix within the tissue due to T1 transitions, we introduce
the notions of a cell pair and a cell triplet. A cell pair is a set of two cells that
were neighbours at some initial time. The distance between these two cells is called
the pair separation distance. A cell triplet is a triangle formed by a collection of
cells that at some initial time shared a vertex. The area spanned by this triangle
is called the triplet area. If cell activity is not sufficient, cells are caged among
their neighbours and may undergo minor fluctuations in shape, pair separation
distance, or triplet area. The pair separation distance and triplet area remain
almost constant even if the cells move as a flock without undergoing any T1
transitions. However, if cells undergo T1 transitions, then the pair separation
distance and the triplet area start to diverge. Thus, the pair separation distance
and the triplet area capture the relative dispersion of cells.

The mean pair separation distance Π(t), the mean triplet area Λ(t), and the
mean squared displacement σ2(t) increase with both time and activity v0. The
increase of Π(t) and Λ(t) suggests that cell move away from each other over time.

To understand how T1 transitions influence σ2, Π and Λ, we plot these
quantities against the cumulative number of T1 transitions. This reveals that Π
increases linearly with the number of T1 transitions at the same rate, irrespective
of the model parameters, whereas Λ is proportional to

√
Π. In other words, the

mixing rate of cells encoded by Π increases linearly with the number of topological
changes. Such a dependence on the number of T1 transitions was not observed for
σ2. This behaviour can be easily tested in other models and experiments. If found
to be valid across many systems, then mixing rates of particles in dense systems
can be related to the number of changes in the neighbourhood topology.

5.4 Paper III: Emergent cell migration from cell shape
deformations and T1 transitions

Paper III explores the spatial and temporal properties of how T1 transitions
influence each other using a multi-phase field (MPF) model and an active elastic
solid (AES) model. The MPF model allows for the resolution of arbitrary cell
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shapes resulting from deformations due to interactions. In contrast, in the AES
model, cells are active point-like particles that interact with their neighbours
through spring-like forces. We compare the spatiotemporal properties of neighbour
exchanges within both models and reveal that shape plays an important role in
the spatial correlations of T1 transitions.

In both the MPF and AES models, T1 transitions are neighbour-exchange
events involving four cells and have a finite duration. In the MPF model, these
events are detected by tracking cell-cell junction remodeling between four cells,
while in the AES model, they are identified through geometric relations between
cell positions. The geometric relations used in the AES model do not differentiate
between T1 transitions and neighbour-exchange events involving more than four
cells at a given time. Thus, when discussing T1 transitions in the AES model,
the statistics also include these higher-order neighbour-exchange events, which are
less numerous than T1 transitions. In the MPF model, neighbour-exchange events
involving more than four cells at a given time are extremely rare.

The waiting time between successive T1 transitions involving a common cell
is exponentially distributed in both the MPF and AES models. On average, the
waiting time decreases with increasing activity in both models. The exponential
distribution suggests that successive T1 transitions involving a common cell might
not be temporally related.

Next, we plot the radial distribution functions gω(r) for pairs of T1 transitions
that take place within a fixed time window of size ω. In both models, we observe
that T1 transitions are non-homogeneously distributed in space. In the AES
model, the peaks of gω(r) occur at distances characteristic of cell width. By
contrast, in the MPF model, there is an additional peak at very low values of
r, the location of which requires further exploration of cell shape for clarification.
In the MPF model, the epicenters of T1 transitions lie in the vicinity of cell-cell
junctions, and thus the profile of gω(r) should be related to the locations of cell-cell
junctions. Increasing the time window ω results in a flattening of gω(r), suggesting
that spatial correlations between T1 transitions diminish over time. This occurs
because, over time, T1 transitions remodel the junctions within the monolayer,
destroying the spatial correlations. The spatial correlations captured by gω(r)
decrease with increasing activity due to a higher number of junction remodelings
from T1 transitions.

We show that T1 transitions play a dual role in both cell shape relaxation
and cell shape tension, depending on how the neighbourhood topology of the cell
changes. The shape index of cells, on average, increases with an increase in the
number of neighbours. Thus, cells that lose neighbours experience a reduction
in shape index, while cells that gain neighbours experience a rise in shape index.
Since cell areas are fixed, the shape index of the cells is linearly proportional to the
length of the interface and, thus, to the energy associated with a cell. Therefore,
by losing neighbours, the energy associated with a cell reduces as it relaxes its
shape, and vice versa for the cells that gain neighbours.

Additionally, cells that gain or lose neighbours undergo distinct shape
deformations before and after T1 transitions. Both types of cells elongate
transiently due to T1 transitions, despite the overall effect of T1 transitions being
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elongation for gaining cells and contraction for losing cells. During this transient
elongation, the cells that lose neighbours attain their peak shape index before the
start of the T1 transition, while the cells that gain neighbours attain it after the
end of the T1 transition. The transient shape deformations are more pronounced
in cells that lose neighbours, which attain a higher peak shape index even though
the net effect of a T1 transition is to reduce the shape index of these cells. The
shape index of loser and gainer cells are similar at the end of a T1 transition,
which can be compared with the velocity polarization field in Paper II where the
average shape of all four cells involved in the T1 transition appear to be similar at
the end of the T1 transition.

Lastly, we explore how successive T1 transitions involving a common cell are
spatially distributed with respect to the cell’s center of mass. We identify four
different scenarios of successive T1 transitions, namely loser-loser, loser-gainer,
gainer-loser, and gainer-gainer, depending on whether the cell is losing or gaining
neighbours in both T1 transitions. We then find the relative orientation of the
vertex that participated in the first T1 transition with respect to the vertex that
participated in the second T1 transition, measured relative to the center of mass
of the cell at time corresponding to the start of the second T1. This relative
orientation varies from 0 to π. The lower the value of the relative orientation, the
closer the vertices are to each other.

The distribution of relative orientations is different for all four scenarios of
successive T1 transitions, suggesting that changes in neighbourhood topology
during two successive T1 transitions affect the relative spatial distributions of these
transitions. In most situations, the relative orientation is either low (near 0) or high
(near π). This non-uniform distribution gives rise to directed migration depending
on the four scenarios. Such directed migration could give rise to coherent, non-
random flow patterns at a larger scale than that typical of a T1 transition.

5.5 Paper IV: Quantifying the shape of cells - from
Minkowski tensors to p-atic order

As cell shape is critical to the collective behavior of cells, it is important to have
cell shape descriptors that quantitatively capture various aspects of cell shape. In
Papers I and III, the shape index serves as a shape descriptor that reveals several
details about T1 transitions, shape deformations, and their interdependence.
There are several other ways to characterize cell shape, and one such method
involves finding an order parameter qp ∈ [0, 1], which helps to identify if a given
shape has p-atic symmetry. Paper IV introduces such p-atic order parameters
based on Minkowski Tensors, applying them for the first time to shapes of cells
in a monolayer obtained from experiments and simulations. Paper IV considers
two different computational models: our multi-phase field model used in Papers
II and III, as well as an active vertex model. In both models, two primary
control parameters are used to tune cell activity and cell deformability. The use of
Minkowski Tensors also allows us to define θp, which, for a regular p-sided polygon,
determines the orientation of the polygon with respect to the horizontal axis.
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Paper IV shows that p-atic order parameters based on Minkowski tensors are
robust, meaning small changes in cell shape lead to small changes in the order
parameters. This is because of the continuity property of the Minkowski tensors
as they are defined as integrals of smooth contours. In contrast, Paper IV also
shows that a method relying solely on the location of vertices, such as the ones
used in Reference [89], is not robust.

Paper IV shows that for both the multi-phase field and active vertex models, the
hexatic order parameter q6 is high for low activity and deformability. This behavior
is expected as further reducing activity and deformability would lead to a jammed
state characterized by mostly hexagonal cells. As activity and deformability are
increased, the variability in q2 and q6 also increases, while the mean values of q2
increase, and the mean value of q6 decreases. q2 tends to 1 as cell shape approaches
a straight line through elongation, while q6 = 1 for a regular hexagon.

It is possible for cells to approach the shape of a regular hexagon, but it is
unlikely for the cell shape to collapse to a line, which explains why the range of
values spanned by q2 is smaller than that spanned by q6. We observed in Paper III
that cells elongate transiently due to T1 transitions. The increase in the mean and
variance of q2 with increased activity and deformability is likely due to a higher
number of T1 transitions. The increase in the variability of both q2 and q6 is also
due to the higher number of T1 transitions, as they introduce shape fluctuations.
The results also suggest that q2 and q6 are largely independent of each other.

The cell shape quantification was also performed on cell shapes obtained from
monolayers of MDCK cells of two varieties: wild type and with E-cadherin knocked
out. We do not observe a significant difference in q2 and q6 for both varieties. The
ranges and distribution of q2 and q6 appear to be similar to those of cells in the
multi-phase field model with high activity and high deformability.

It has been suggested that in epithelial cells, hexatic order dominates at short
length scales, and nematic order dominates at larger length scales [89, 130]. These
results were obtained with non-robust p-atic shape descriptors. Using a Minkowski
Tensor-based approach, we do not observe the transition from hexatic to nematic
behavior with increasing length scales. Instead, at larger length scales, both
hexatic and nematic order reduce.

5.6 Outlook

The ability to model arbitrarily deformable cell shapes and undergo spontaneous
T1 transitions within the multi-phase model has allowed us to study the interplay
between cell shape and emergent flow structures, particularly with respect to
variations in cell activity and deformability. The multi-phase field model includes
several parameters that can be adjusted. The role of cell-cell interaction, which is
extremely essential, remains largely unexplored within these models. In practice,
we found that cell-cell interaction is influenced by cell size and packing. However,
due to the limitations of available computational resources, a comprehensive
study involving cell-cell interaction along with cell size and packing has yet to
be conducted. Improving the computational performance of the model is also
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critical. This requires collaboration among several research groups to develop and
maintain open-source code.

The linear relationship between mean pair-separation distance and the number
of T1 transitions can be easily verified in several other models and experiments
involving dense particles. The results from other models would help us understand
if this behaviour holds fundamental importance in mixing.

The distinct shape deformations of gainer and loser cells, as well as the order
of topological changes, rendered effective directional migration for cells within the
model. Here, the interdependence of two T1 transitions was explored. However,
to study flow patterns that emerge at larger scales, longer chains of T1 transitions
need to be examined. This would also require studying a monolayer with a larger
number of cells. A larger monolayer would also allow us to explore coarse-grained
studies of multi-phase models at the hydrodynamic limit.

T2 transitions [5, 82] and T3 transitions [91] have been incorporated into multi-
phase field models. The flow within the bulk of the monolayer is affected by T1,
T2, and T3 transitions. The combined effect and interdependence of these three
topological changes could further our understanding of emergent flows in confluent
monolayers especially in the context of morphogenesis and homeostasis.

Geometry [38, 39] and topology [107], as well as the mechanical properties of
the underlying substrate [119], impact the observed collective behavior of epithelial
cells. It remains to be seen if the spatiotemporal interdependence of T1 transitions
affects the observed collective behavior in these systems.

A natural extension of our study would be to examine three-dimensional
cells [82]. When epithelial cells are destined for apoptosis by extrusion, they
are pushed out of the monolayer by surrounding cells, and modeling this requires
capturing three-dimensional shape deformations [91]. However, the flow associated
with these extrusion events is still largely unexplored. The study of formation of
tubes and folded structures also requires modeling of three dimensional cells, or
two-dimensional cells on a surfaces in three dimension [107, 120].

The evolution of p-atic shape descriptors qp and θp due to T1 transitions can be
studied similarly to shape index, cell speed, and coarse-grained energy discussed
in Papers I and III. This would allow us to determine how T1 transitions affects
shape symmetries. T1 transitions break down existing p-atic order due to the
quadrupolar flow pattern and large deformations accompanied by them.

In conclusion, several extensions of our study are possible due to the
phenomenological richness of epithelial monolayers. The complex interplay
between cell shape and emergent collective behavior, which is essential to
morphogenesis, cancer metastasis, and wound healing, merits approaching this
problem through various classes of mathematical models. Future advancements in
experimental studies both in vivo and in vitro will likely necessitate reevaluating
several of our conclusions.
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Robust statistical properties of T1 
transitions in a multi‑phase field 
model of cell monolayers
Harish P Jain 1*, Axel Voigt 2,3,4 & Luiza Angheluta 1

Large-scale tissue deformation which is fundamental to tissue development hinges on local cellular 
rearrangements, such as T1 transitions. In the realm of the multi-phase field model, we analyse the 
statistical and dynamical properties of T1 transitions in a confluent monolayer. We identify an energy 
profile that is robust to changes in several model parameters. It is characterized by an asymmetric 
profile with a fast increase in energy before the T1 transition and a sudden drop after the T1 transition, 
followed by a slow relaxation. The latter being a signature of the fluidity of the cell monolayer. 
We show that T1 transitions are sources of localised large deformation of the cells undergoing the 
neighbour exchange, and they induce other T1 transitions in the nearby cells leading to a chaining of 
events that propagate local cell deformation to large scale tissue flows.

Collective motion of cells is essential to several processes including development of an embryo, tissue morpho-
genesis, wound healing, homeostasis and cancer metastasis1–3. These biological processes are highly complex and 
orchestrate mechanical, chemical and biochemical interactions across multiple scales4–7. Through the interplay 
between directed motion, neighbour alignment and mechanical interactions, cell monolayers exhibit emergent 
structures and dynamics that are crucial for their biological function. A fundamental underlying process for 
emergent large-scale behavior is the topological rearrangement of neighbouring cells known as T1 transition 
(also known as cell intercalation). It is a local, dissipative event that leads to remodelling of the tissue architecture 
and influences the large-scale flow properties of cell monolayers that affects tissue homeostasis and epithelial 
morphogenesis8–10.

In confluent monolayers, the tissue architecture can change in several ways. To isolate the tissue dynamics 
driven by spontaneous T1 transitions, we consider an idealised situation where apoptosis and cell division are 
neglected, cells have a constant volume, identical mechanical properties, and their total number is fixed. During 
a T1 transition, typically two neighbouring cells move apart, while two of their neighbours come towards each 
other and make contact as illustrated in Fig. 1. The average number of neighbours before and after the T1 transi-
tion is invariant. Through T1 transitions, cells undergo large deformations and shape changes, and encounter an 
energy barrier that they have to overcome through their activity11,12. Albeit, there are several competing scenarios 
of the mechanical-chemical-biological feedback involved in a T1 transition, our understanding of these coupled 
processes is still elusive13.

T1 transitions are common features also in granular matter and foams under external forcing14–16. The energy 
relaxation after a T1 transition has been studied in foams by measuring the length of T1 junctions17. This con-
cept was adapted for active tissues18, where the length of the T1 junction before and after a T1 transition has 
been measured. During a T1 transition in dry foams15, the cells form a rosette where either four or more edges 
meet. It has been shown that a junction is energetically stable for three edges incident at 120 degrees. So, while 
undergoing a T1 transition, the cells pass from one metastable state to another via an unstable state comprising 
of a rosette. In confluent monolayers, extracellular spaces (gaps) change this process19. Rosettes and tri-junctions 
can no longer be defined by the number of edges meeting but are placed where gaps are formed.

Also, various mathematical models have been used to study different facets of T1 transitions in foams and 
tissues11,19–23. They are mainly based on vertex models, which approximate cells by polygonal shapes. However, 
cell shape plays a crucial role in T1 transitions and the ability to accurately describe complex cell shapes, beyond 
polygons, might be advantageous19,24,25. We consider a multi-phase field model that allows for spontaneous 
T1 transitions while capturing the cell shape at a high resolution, and allowing for large shape deformations. 

OPEN

1Njord Centre, Department of Physics, University of Oslo, 0371  Oslo, Norway. 2Institute of Scientific 
Computing, Technische Universität Dresden, 01062  Dresden, Germany. 3Center of Systems Biology Dresden, 
Pfotenhauerstr. 108, 01307  Dresden, Germany. 4Cluster of Excellence - Physics of Life, TU Dresden, 
01062 Dresden, Germany. *email: harishpj@fys.uio.no

75



2

Vol:.(1234567890)

Scientific Reports |        (2023) 13:10096  | https://doi.org/10.1038/s41598-023-37064-6

www.nature.com/scientificreports/

Multi-phase field models have been used to probe several questions pertaining collective motion of cells26–34. 
These models consider cells as active incompressible droplets and unlike vertex models, T1 transitions emerge 
spontaneously as a result of shape deformations. In vertex models, extracellular spaces (gaps) need explicit 
modelling with ad-hoc assumptions19, whereas in multi-phase field models they are emergent.

In this paper, we focus on characterising the energy profile preceding and succeeding T1 transitions. We show 
that this energy profile is statistically robust to changes in several model parameters. It is characterized by an 
asymmetric profile with a fast increase in energy before the T1 transition, a sudden drop after the T1 transition, 
followed by a slow relaxation. The relaxation profile provides insights into the flow properties of the monolayer. 
Previously, the relaxation has been indirectly studied in tissues by examining the relaxation of an ellipsoid droplet 
immersed in a tissue17,19,35. The relaxation profile was attributed to yield stress due to limitations in the measure-
ment timescales35, and also associated with the fluidization of the tissue19,36. We further consider the duration of 
T1 transitions and find that the average duration scales inversely to the maximum average energy attained during 
the T1 transition. Also, we show that T1 transitions may trigger the creation of other T1 transitions nearby and 
the chaining of T1 transitions leads to large-scale deformation and fluid-like behaviour.

We introduce the multi-phase field model in “Multi-phase field model” section and discuss results on local 
statistical properties of T1 transitions in  “Results” section. We further analyse the dependency of these statistical 
properties on various model parameters. The effect of cell deformability and activity is considered in detail. We 
study the impact of chaining of T1 transitions on flow at larger scales. In “Discussion” section, we relate these 
finding to mechanical and rheological properties of the tissue and postulate that they can be used to character-
ize fluidization. Details on the numerical methods, the initialization and characterization of T1 transitions are 
provided in  “Numerical methods” section.

Multi‑phase field model
We represent a two-dimensional confluent cell monolayer within a multi-phase field model following 
formulations28,32–34. We consider a system of N cells of equal area occupying a square domain of size [0, L] × [0, L] . 
Each cell is represented by a scalar phase field φi(x, t) as an indicator function of the domain occupied by each 
cell labeled by i = 1, 2, · · · ,N  . Namely, the bulk phase values φi ≈ 1 and φi ≈ −1 indicate the interior and 
exterior of the cell, respectively. The cell boundary is defined by the localised transition region between the two 
bulk values. We use periodic boundary conditions, i.e. the fields are periodic in space over the system size L such 
that φi(x1, x2, t) = φi(x1 + L, x2 + L, t) . The time evolution of the i-th phase field follows conservative dynamics 
which preserves the cell areas and is given by

where � is the two-dimensional Laplacian applied to the variational derivative of a free energy functional F 
with respect to the phase field φi . Due to this term, the phase field evolves to minimise the free energy locally 
while the total cell volume is kept fixed. The free energy F = FCH +FINT contains the Cahn-Hilliard energy

and the interaction energy28,34

The capillary number Ca and interaction number In are tuning parameters for the cell deformability and the 
strength of mutual repulsion/attraction interactions, respectively. In Eq. 2, the Cahn-Hilliard energy has a local 
free energy density given by the double-well potential with the minima corresponding to the two bulk values, 
and a gradient term corresponding to the interfacial energy. The Cahn-Hilliard energy ensures phase separation 

(1)∂tφi + vi · ∇φi = �
δF

δφi
,

(2)FCH =
1

Ca

N∑

i=1

∫

�

(
ǫ

2
||∇φi||2 +

1

4ǫ
(φ2

i − 1)2
)
dx,

(3)FINT =
1
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N
∑

i=1
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∑

j �=i

w(φj)dx.

Figure 1.   Successive time snapshots of tissue section undergoing a T1 transition, a finite-time neighbour 
exchange process between cells A, B, C and D. The transition starts when cells B and D lose contact and is 
completed when cells A and C make contact. During the T1 transition an extracellular space (gap) is formed 
between cells A, B, C and D. Also see Supplementary Movie 1.
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into two bulk regions which are separated by a thin, diffuse interface. The parameter ǫ controls the width of this 
diffuse interface. This energy alone is minimised by cells with circular shapes. In Eq. 3, each cell’s interior and 
interface ( B(φi) = (φi + 1)/2 ) is coupled with every other cell through a local interaction potential,

where the parameter a = 1 models repulsion, while a > 1 models attraction and repulsion (see34 for a detailed 
analysis of role of a).

Cell activity is introduced through the advection velocity field vi(x, t) in Eq. 1 and is given by

where v0 is a constant parameter that controls the magnitude of the activity, ei = [cos θi(t), sin θi(t)] where θi is 
the orientation of the self-propulsion which evolves as

The first term on the right side of Eq. 5 is a rotational diffusion term with a Wiener process Wi . The second term 
is a relaxation to the orientation of the cell’s shape elongation. The cell elongation is identified by the principal 
eigenvector of the shape deformation tensor29,32

which is symmetric and traceless and has the two components

Its corresponding eigenvalues are �±i = ±
√

S2i,0 + S2i,1 and eigenvectors are η±i = (
Si,0+�

±
i

Si,1
, 1) . The vector η+i  is 

parallel to the elongation axis of the cell and determines the preferred self-propulsion direction as

Therefore, the second term on the right hand side of Eq.  (5) aligns θi(t) with βi(t) , where βi(t) is the closest 
direction to θi(t) that is parallel to the elongation axis of the cell. The parameter α controls the time scale of this 
alignment of the self-propulsion direction with the elongation axis of the cell. There are different possibilities 
to define the advection velocity vi(x, t) (see Ref.32 for an overview and comparison). The current form includes 
approaches of Ref.29 and, as the elongation is a result of the interaction with neighbouring cells, it accounts for 
contact inhibition of locomotion37,38. The model leads to properties appropriate to describe, e.g., Madin-Darby 
canine kidney (MDCK) cells32,39.

To summarise the multi-phase field approach, we model the shape of each cell i in a confluent cell monolayer 
by a phase field φi . The evolution in space and time of the phase field is derived on the relaxation of a free energy 
to incorporate individual cell dynamics and cell-cell mutual interactions such that cells prefer: a lower surface 
tension while maintaining constant area, to interact with other cells, and to self propel. Cells with higher value 
of Ca are more deformable. By changing the parameter a in the mutual interaction potential, we can control the 
tendencies of cell boundaries to overlap. Each cell has a self-propulsion velocity which has a fixed magnitude 
and a preferred orientation along the elongation of the cell (decay-rate to this controlled by α ) with random 
fluctuations about it (rate controlled by D).

Results
Energy profile of T1 transitions.  Within our multi-phase field approach, T1 transitions are neighbour 
exchange processes with a finite duration. A prototypical time sequence of a T1 transition is illustrated in Fig. 1. 
Four cells A, B, C and D are involved. Before the T1 transition, the cell junction shared by cells B and D shrink. 
The T1 transition starts when the cells B and D break contact and move apart. This results in the formation of 
an extracellular space which we call ‘gap’. Cells A and C move towards each other, close the gap, and form a new 
contact concluding the T1 transition. After the T1 transition, this new junction between cells A and D expands. 
The junctions that shrink and expand are called T1 junctions. We refer to “Numerical methods” section for the 
procedure to detect T1 transitions and their durations. A T1 transition not only leads to topological rearrange-
ments of the four neighbouring cells, it also involves deformation of the cells. While details, such as the specific 
shape of the cells and their deformation, the duration of the T1 transition and the relaxation process differ 
between T1 transitions, we will demonstrate that robust statistical features of T1 transitions exist.

We define the epicenter of a T1 transition as the point with the minimum total distance from the centers of the 
involved cells in the neighbour exchange process, midway through the T1 transition. We define the immediate 
region around the epicenter as the core of a T1 transition, which is of essence because it is the region where T1 
junctions shrink and expand, and the gap appears and disappears.

Figure 2a shows the total free energy density midway through a T1 transition. The epicentre is shown by the 
white dot and the estimated core is highlighted by the green circle. It has a radius ravg = 0.02L , where L is the 
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side length of the computational domain. We compute a coarse-grained energy whose value at any point in the 
domain is the average of the energy density in a circular region centered at that point with radius ravg . Figure 2b 
shows this coarse grained energy field fravg , which we will call ’energy’ field in the following. The signature of 
triple-junctions and T1 transitions already becomes appealing due to their higher energy. The difference between 
both is enhanced by using a log scale (see Fig. 2c). Considering this energy field in the epicenter over time pro-
vides a spatial-temporal description of T1 transitions. For discussions on the sensitivity of this procedure on ravg 
we refer to Numerical methods section.

Figure 3a shows the time evolution of this energy averaged over 158 T1 transitions. The time is negative before 
a T1 transition and is positive after a T1 transition, and is denoted by tT1 . The energy during the T1 transitions is 
excluded, which leads to a discontinuity at tT1 = 0 . The two values at tT1 = 0 correspond to the averaged energies 
at the start and the end of the T1 transitions. As the duration of T1 transitions differs, an averaged energy as a 
function of time during the T1 transition does not provide any meaningful information. Details on the energy 
during the T1 transition are shown in Fig. 3b using a normalized time. The energy profile in Fig. 3a,b has a peak 
at the T1 transition. The profile is asymmetric with a strong increase in energy before the T1 transition and a 
sudden decrease after the T1 transition, followed by a slow relaxation. The asymmetry can be quantified by 
considering the 75% of the maximum value, which is marked in Fig. 3a. Figure 3c–e illustrate the evolution for 
one T1 transition, the one depicted in Fig. 1. These figures contain overlays of several snapshots as per the time 
marked in the figures. The darkest of these snapshots pertains to the latest time. The yellow region marks the 
estimated core of the T1 transition. The asymmetry before and after the T1 transition, Fig. 3c, e, respectively, is 
clearly visible. The T1 junctions are longer at tT1 = 5 compared with tT1 = −5 . During the T1 transition, Fig. 3d, 
the asymmetry is less pronounced. Most of the deformations are concentrated in the core. These deformations 
arise as a result of the formation of the gap, and subsequently its disappearance. The shrinking and formation 
of T1 junctions and the deformations within the core are a signature of the T1 transition. However, they also 
influence the deformation of the four cells outside of the core, and their neighbours, which can be perceived 
by the overlayed cell shapes. Interestingly in the depicted T1 transition, the deformations of each of the four 
cells seems to be persistent before, during and after the T1 transition (see the arrows indicating the direction 
of deformations). We will elaborate on this and other coarse grained effects in  “Chaining of T1 transitions” 
section. The energy profile indicates an accumulation of energy to reach the energy barrier at the T1 transition. 
This is due to probing several possibilities in local movement and cell shape deformation, which are coupled 
by the definition of activity, taking into account cell elongation and contact inhibition of locomotion. After the 
energy barrier has been overcome, the fast relaxation of the energy can be associated with a steep gradient in 
the energy landscape in one direction.

The asymmetric shape of the energy profile is robust to changes in most model parameters, as demonstrated in 
Fig. 4 where α , Ca, a, D and v0 are varied and the energy profile associated with passive sheared foams is included 
for comparison. Figure 4b shows the energy rescaled by the maximum energy as changes in Ca directly affect 
the free energy (see Eq.  (2)). Within the range of parameters explored, the changes in the values of alignment 
parameter α , interaction coefficient a, and diffusivity D have minimal effects on the energy profile. We see that the 
profile is robust even in absence of noise ( D = 0 ) (Fig. 4d). On the other hand, the profile deviates from Fig. 3a 
for low values of v0 and Ca. Figure 4e shows that the cell activity v0 affects the rate at which the cells approach a 
T1 transition, which is indicated by the slower accumulation of energy for low v0 . However, change in v0 has a 
minor effect on the energy relaxation immediately after a T1 transition. The slow relaxation afterwards is largest 
for large values of v0 . This can be associated with the definition of activity, which is related to cell elongation and 
at least on average cells elongate in the direction of movement after the T1 transition. The characteristic profile 
of the accumulation of energy before the T1 transition and the fast relaxation of energy after the T1 transition 
is also present for low values of Ca (see Fig. 4b). However, as Fig. 4b considers a rescaled energy the actual rates 
depend on Ca. When Ca is low, cells are less deformable and undergo fewer T1 transitions. The slow relaxation 
after the sudden decrease only slightly depends on Ca. We would like to point out that the results for low values 

Figure 2.   (a). Free energy density, in a region surrounding a T1 transition. (b) and (c) Coarse-grained energy 
density in a linear and log-scale, respectively. The white dot represents the epicenter of the T1 transition while 
the green dotted circle represents the coarse graining radius ravg , the estimated core of the T1 transition.
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of v0 and Ca should be considered with care, as the number of T1 transitions considered in these cases is much 
lower. While the system is still in the fluid phase, the extreme values for v0 = 0.1 and Ca = 0.05 already approach 
the transition to the solid phase.

In passive foams T1 transitions can be induced by applying shear. This is considered by an advection velocity 
field vi(x, t) = 0.5|x1 − L/2| and the resulting energy profile is compared with the profile from Fig. 3a in Fig. 4f. 
The profiles differ before the T1 transition and within the slow relaxation, but are similar in the sudden drop of 
energy right after the T1 transition. The latter reiterates that the energy relaxation right after a T1 transition is 
independent of activity. The differences in the accumulation of the energy can be associated with the persistent 
orientation of advection velocity due to shear, which results in collective deformation and a more deterministic 
approach of the T1 transition. Also the termination of the decay in the passive case results from the restricted 
possibilities of relaxation due to the applied shear.

Duration and other properties of T1 transitions.  As mentioned earlier, the duration of T1 transitions 
strongly depends on the specific cell arrangements. We now discuss the statistical properties of the duration. 
Figure 5a shows the probability density of the duration of T1 transitions. The distributions peak at smaller val-
ues and have a long tail for larger values. The profiles corresponds to repulsive and adhesive ( a > 1 ), and only 
repulsive interactions ( a = 1 ), and are fitted by Gamma distributions. The average duration of T1 transitions 
for repulsive interactions (3.418 measured for 539 T1 transitions across 3 simulations) is smaller compared to 
that for repulsive and adhesive interactions (3.826 for 631 T1 transitions across 4 simulations). Keeping other 
parameters fixed, the average number of T1 transitions in the repulsive and adhesive case was 157.75 while for 
the repulsive case was 179.66, respectively. Therefore, in the repulsive case, cells undergo neighbour exchanges 
faster and more often. Figure 5b shows the duration of T1 transitions as a function of the maximum energy 
reached during a T1 transition. While the data is scattered, it qualitatively shows that high energy T1 transitions 
are faster. This qualitative result holds for both cases and can be explained by a larger accumulation of energy in 

Figure 3.   (a) Evolution of energy (averaged for 158 T1 transitions) at the epicenter of the T1 transitions. 
Negative time corresponds to time before a T1 transition and positive time corresponds to time after a T1 
transition. The shaded region denotes a width of 1 standard deviation. The gray dashed line is the average energy 
across the whole domain. (b) Average energy profile during a T1 transition as function of percentage of T1 
duration. The standard deviation is also indicated. (c), d) and (e) Montages of deformed cells involved in a T1 
transition. Each montage is made up of 5 images, that capture the cells at equidistant times, stacked over each 
other. The darkest colored overlay represents the latest time. (c) Cell shapes before the start of the T1 transition, 
(d) during the T1 transition, and (e) after the end of the T1 transition. Also see Supplementary Movie 2 for 
corresponding simulation.
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the core, which increases the spatial energy gradients and in turn speeds up the relaxation of the energy, which 
leads to the shorter duration.

Figure 5c shows the averaged shape index (perimeter/
√
area ) of the four cells involved in a T1 transition as 

function of time relative to a T1 transition. The asymmetry found for the energy profile and the discontinuity 
at tT1 = 0 is also present for this quantity. The cells deform and elongate as they approach a T1 transition and 
relax afterwards. This increases and decreases their shape index, respectively. The faster relaxation leads to the 

Figure 4.   Evolution of energy for different parameter values. The pink and cyan shaded region are used to 
denote time before and after the T1 transitions, respectively. The number of T1 transition used to obtain these 
results is indicated. (a) The aligning parameter α is varied. (b) The parameter to control cell deformability, 
Ca is varied. As Ca is a parameter that influences the overall total energy, for better comparison the energy 
is rescaled by division with the maximum energy. (c) Adhesion and repulsion corresponds to a = 1.5 and 
repulsion corresponds to a = 1 . (d) The diffusivity D is varied. (e) The magnitude of the activity v0 is varied. 
(f) The passive shear corresponds to advection field vi(x, t) = 0.5|x1 − L

2
| while the active case corresponds to 

parameters in Table 1.
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asymmetry in the evolution of the shape index. The asymmetry around a T1 transition is also seen in the aver-
age velocity of the center of mass of the cells involved in a T1 transition as shown in Fig. 5d. While the velocity 
is almost constant before the T1 transition, the velocity peaks at the T1 transition and slows down afterwards 
until it reaches the average value before the T1 transition. The peak in the average velocity of the center of mass 
is due to the large deformations of the portions of cells within the core and their fast relaxation after the T1 
transition. Both quantities, the shape index and the cell velocity of the four cells involved in a T1 transition are 
also experimentally accessible. These quantities can be related to the energy considered above.

Effect of cell deformability, activity and gaps on T1 transitions.  The asymmetric energy profile in 
Fig. 3a is robust to tuning of most of the model parameters. Significant variations only occur for low values of 
Ca and v0 (see Fig. 4b,e). We now analyse the effect of cell deformability and activity on T1 transitions in more 
detail. This requires a detailed analysis of the influence of gaps. The gap fraction is related to the confluency as 
confluency = 100(1− gap fraction) . It essentially is a fixed quantity set by the initial data. We fix all parameters 
as per table 1 and compare two different initial cell sizes, denoted by ’low gap’ with gap fraction 0.00048 and 
’high gap’ with gap fraction 0.00212. Both can be considered as confluent. The number of T1 transitions within 
the considered time frame is not influenced by this variation. The total numbers of T1 transitions are 162 and 
158 for low and high gap cases, respectively. However, the average duration of T1 transitions is reduced by 
reducing the gap fraction. The values are 2.559 and 3.794 for low and high gap cases, respectively. We measure 
the gap fraction as the fraction of domain where 

∑

i B(φi) is less than a fixed threshold which is set to 0.2. This 
essentially excludes possible partial overlap of the diffuse interface region of cells and only accounts for gaps at 

Figure 5.   (a) Probability density of the duration of T1 transitions for only repulsion interactions (magenta dots) 
and for both repulsion and adhesion (cyan dots). Both data sets are fitted by Gamma distributions highlighting 
the exponential tails. (b) Scatter plot of duration of T1 transition as function of the maximum energy reached 
during a T1 transition. (c) Evolution of average shape index and (d) Evolution of the average velocity of center of 
mass of the cells involved in the T1 transitions as function of time relative to a T1 transition. The shaded regions 
mark the standard deviations of both quantities.
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tri-junctions and rosettes. This makes the measured gap fraction to depend on deformability and activity. For the 
considered cases, low Ca leads to rounder cells with stronger overlap of the diffuse interfaces of the cells, which 
are in contact. This leads to an increase in the measured gap fraction (see Fig. 6c). A similar dependency, but 
smaller in magnitude, is found for activity. Larger v0 lead to stronger interactions between cells and thus more 
overlap of the diffuse interface region of cells in contact which again leads to an increase in measured gap frac-
tion (see Fig. 6i). The gap fraction in both figures is the average quantity over the considered time frame. Both 
results and the dependencies discussed below are considered for the ’high gap’ setting.

As shown in Fig. 6a, the number of T1 transitions increases with increasing cell deformability parameter Ca. 
Cells that are more deformable can more easily acquire the shape deformations associated with T1 transitions. 
When Ca is low, these deformations are energetically more expensive resulting in fewer T1 transitions. Also the 

Figure 6.   Dependency of various properties on deformability Ca (a–f) and activity v0 ((g)-(l)). Total T1 
considers the total number of T1 transitions within the considered time frame, T1 duration is the averaged 
time from start to end of all T1 transitions, Gap fraction is the extracellular space, considered as 

∑

i B(φi) 
below a fixed threshold, again averaged over time, Shape index considers the averaged shape index of the four 
cells involved in the T1 transitions. Time between T1 is the average time a cell spends between successive T1 
transitions, Max energy is the maximum energy reached at a T1 transition and vavg is the average velocity of 
center of mass of all cells.
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duration of T1 transitions depends on Ca, as shown in Fig. 6b. T1 transitions are shorter when cells are more 
deformable. We suspect that this might be due to the presence of smaller gaps at T1 transitions, as this requires 
less shape deformation. Figure 6d shows the average cell shape index of the four involved cells in a T1 transition 
as function of cell deformability Ca. The shape index increases as deformability increases. The shape index of 
Ca = 0.05 is less than that of a regular pentagon. The shape index of regular pentagon (3.813) was attributed as 
the critical shape index for jamming transition in classical vertex models40 without gaps. It has been argued that 
gaps influence the mechanical properties and solid-liquid transition17, which might explain this discrepancy, 
as our system is still within the fluid phase. Further details, which are related to the previous dependencies are 
shown in Figs. 6e and f. Figure 6e shows the average time a cell spends between successive T1 transitions as 
function of Ca. This quantity is large for low Ca but decreases and plateaus to low values upon increasing Ca. 
Figure 6f shows the maximum energy reached during a T1 transition against Ca. We see from the dotted curve 
that the maximum energy is proportional to 1/Ca. Recall that 1/Ca scales the Cahn-Hilliard energy as per Eq.  
(2). This means that Fravg is primarily affected by the Cahn-Hilliard energy, which explains the correspondence 
of our results with the length of T1 junctions discussed earlier and considered in17,18.

The dependency on v0 shows qualitatively similar behaviour for the number of T1 transitions, the duration 
of T1 transitions, the shape index of the cells involved in T1 transitions and the time a cell spends between suc-
cessive T1 transitions (see Fig. 6g, h, j, k). The increase in T1 transitions and decrease in the time between T1 
transitions with activity is a property of active systems, which are driven out of equilibrium. T1 transitions are 
topological defects and thus an indication of out of equilibrium. The decrease in duration with increasing activ-
ity can again be associated with the decrease in measured gap fraction (see 6i), and also the increasing shape 
index with activity is a direct consequence of the form of active forcing considered. Figure 6l shows the average 
velocity of center of mass of all cells as a function of v 0 . As expected, activity is primarily converted into motion 
with an almost linear dependency.

Chaining of T1 transitions.  So far, we have analysed robust statistical properties of T1 transitions within 
their cores. However, we have also seen that these local features influence the position and shape of the four cells 
involved in a T1 transition, and their neighbours. This can induce new T1 transitions and lead to the formation 
of chains of T1 transitions as illustrated in Fig. 7. Each of these images consists of 10 tissue states captured at 
equally-spaced time instants and overlaid on top of each other. The cell shapes outlined in the darkest colors 
correspond to the latest time. The yellow circles mark the cores of the T1 transitions at those time instants. The 
chaining of T1 transitions is a result of the assumptions of constant cell area and a confluent monolayer. Any cell 

Figure 7.   Chaining of T1 transitions. Each panel is a montage of 10 snapshots of tissue configurations taken 
successively at constant times intervals. Latest time is represented by the cell shapes marked in the darkest color 
shades. The cores of the T1 transitions are highlighted in yellow. Also see Supplementary Movie 3.
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deformation associated with a T1 transition induces deformation of the neighbouring cells and thereby increases 
the possibility of new T1 transitions. This is further enhanced by activity and the considered propulsion mecha-
nism which favours the direction of elongation. Chaining has been observed and identified as an important 
feature in gastrulation41.

This chaining of T1 transitions is also observed experimentally in sheared foams 41 and in our simulations 
of passive foams which are sheared with a constant shear velocity profile. For v0 = 0 , typically one or two T1 
transitions occur due to the initial non-equilibrium configuration of the tissue. As cells relax toward an equi-
librium state, their motility is reduced which prevents any further T1 transitions. The situation for small v0 is 
similar. The tissue becomes jammed by cells being caged amongst their neighbours and no T1 transitions occur32. 
Furthermore, when cell deformability (Ca) is low, the energetic cost for cell deformations that are necessary to 
undergo T1 transitions is high, which prevents or at least reduces T1 transitions and the tissue also becomes 
jammed32. This corresponds to the low number of T1 transitions in Fig. 4b,e for low Ca and low v0 , respectively.

However, in the considered case in Fig. 7 we are far away from jamming and the chaining of T1 transitions 
leads to cell deformation propagating to larger scales. This is highlighted in Fig. 8a, which shows the evolution 
of the cell monolayer in the whole time window considered in Fig. 7 together with the trajectory of the center of 
mass of the colored cells, which highlights the movement on larger spatial scales. The chaining of T1 transitions 
is also a source of large-scale flows as evidenced in Fig. 8b. We consider the velocities of the centers of mass of all 
cells, average this quantity with the neighboring cells and construct a continuous velocity field by interpolating 
in space. The velocity field is shown together with the cell boundaries at t = 52 . The mean direction corresponds 
with the direction of the black path shown in Fig. 8a. However, as the variations in magnitude and direction of 
the flow field in Fig. 8b indicate, T1 transitions can also induce fluctuations and could play an important role in 
sustaining chaotic flows (active turbulence) in cell monolayers 42–44.

Discussion
Large-scale tissue deformation requires cellular rearrangements. The simplest rearrangement in confluent cell 
monolayers is a T1 transition. We have analysed these neighbour exchanges among cells in detail using a multi-
phase field model and identified a characteristic asymmetric energy profile (see Fig. 3). The energy profile has 
a peak at the T1 transition. The profile is asymmetric with a strong increase in energy before the T1 transition 
and a sudden decrease after the T1 transition, which is followed by a slow relaxation. Detailed studies on the 
dependency of this profile on model parameters show robustness to variations in most parameters. They also 
allowed to associate the strong energy increase before the T1 transition with the strength in activity. This region 
is characterized by an accumulation of energy to reach the energy barrier at the T1 transition. This is achieved 
by probing several possibilities of direction of movement and shape deformation. This process is enhanced 
by activity, which is quantified by Fig. 4e. In contrast to this, the sudden relaxation after the T1 transition can 
clearly be associated with energy relaxation. It is almost independent of activity (see Fig. 4e) and cell deform-
ability (see Fig. 4b), and also present in sheared foams(see Fig. 4f). We would like to remark that the behaviour 
is independent but the actual slope and duration of this regime depends on deformability, as the energy is scaled 
in Fig. 4b. The sudden decrease is associated with a steep gradient in the energy landscape in one direction set by 
the deformation of the cells in the core of the T1 transition. The third characteristic region, the slow relaxation, 
depends on activity and cell deformability. This relaxation profile provides insight in the mechanical properties 
of the tissue. Similar energy profiles have been obtained by actuation and relaxation of magnetic microdroplets 
which are injected into the tissue17,19,35. In these experiments a slow relaxation is associated with the fluidization 

Figure 8.   (a) Montage of tissue snapshots from time t = 25 to t = 79 (see figure 7). The black path is the 
trajectory of the center of mass of the 11 coloured cells. (b) LIC visualization of streamlines, magnitude (color) 
and direction (black arrows) of the flow velocity. The velocity and the cell boundaries correspond to time t = 52.
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of the tissue19,35, while stagnation of the relaxation indicates more solid-like behaviour17 and is associated with 
irreversible (plastic) tissue rearrangements. We postulate that these mechanical characterizations can also be 
obtained from the energy decay of the T1 transitions.

In the considered confluent tissue the type of interaction between the cells, if repulsive or repulsive and attrac-
tive, seems to play a minor role on the characteristic energy profile of a T1 transition (see Fig. 4c). However, the 
degree of confluency is known to influence the solid-fluid phase transition35. Increasing the extracellular space 
enhances fluidization. While we only consider the fluid phase, we observe an increased duration of T1 transi-
tions for larger extracellular space. A finite duration of T1 transitions in cell monolayers has been associated 
with molecular processes and is considered in an adhoc manner in vertex models22. Within the multi-phase field 
model a finite duration is a result of the mechanical properties of the cells and their interactions. An increased 
duration of T1 transitions is observed for low deformability and low activity (see Figs. 6b and h) respectively. 
Both indicating more solid-like behaviour, which is consistent with22, where increased duration of T1 transitions 
leads to decreasing the overall number of T1 transitions and a possible stiffening of the global tissue mechanics. 
However, these results don’t take extracellular space into account.

Even if characterized locally, due to the confluency in the monolayer, large enough deformations induced by 
T1 transitions lead to permanent cell deformations in the neighbourhood, which can trigger other T1 transitions, 
leading to a chaining effect. This behaviour is associated with the foam-like architecture and consistent with 
previously reported nonlinear tissue mechanics35. It is this chaining of T1 transitions which allows for large-
scale tissue deformations and flow patterns which can be associated with sustaining chaotic flows (see Fig. 8b).

Our analysis of the energy profile can be applied to experimental setups where the individual cell boundaries 
can be tracked, and the associated phase fields for each cell shape can be reconstructed to compute the total free 
energy from Eq. 2 and 3. We believe these results to also hold in more general situations, e.g. for varying cell 
sizes and varying mechanical cell properties.

Finally, to better understand the emerging dynamics in a specific biological context, larger cell monolayer 
(>10000 cells) need to be simulated. This would allow for a continuum description of the cell monolayer while 
resolving microscopic features like cell shape and T1 transitions at high resolutions. However, these are com-
putationally intensive simulations, and sufficient advancement in computing power and improvement in their 
algorithmic implementations are required.

Numerical methods
Model parameters.  Unless otherwise specified, we use the model parameters as per Table 1.

Finite element simulations.  The simulations are run for time interval [0,  T] discretised into Nt units 
with a uniform timestep size τ , i.e. T = Ntτ . We employ a semi-implicit discretization in time. Discretization in 
space follows the finite element method. We adaptively refine the diffuse interface and employ a parallelization 
approach which scales with the number of cells. For details we refer to28,32–34,45,46. The algorithm is implemented 
in the open-source library AMDiS47,48.

Detecting T1 transitions.  The T1 transitions are detected by tracking the neighbour relations of all cells. 
If two cells A and B are in contact, their neighbour relation is denoted by (A, B) or (B, A), both of which are 
equivalent. Suppose, there are four cells as in the Fig. 1. The set of neighbour relations between these four cells 
before, during and after a T1 transition are {(A,B), (B,C), (C,D), (D,A), (B,D)} , {(A,B), (B,C), (C,D), (D,A)} 
and {(A,B), (B,C), (C,D), (D,A), (A,C)} respectively. Before and after a T1 transition, there are 5 distinct neigh-
bour relations between the four cells. The sets of relations before and after a T1 transition have four elements 
in common. These common elements make up the set of relations during a T1 transition. The duration of a T1 
transition is time difference when the number of neighbour relations between the four cells change from 5 to 4 
and back to 5.

Sensitivity of fravg on ravg.  The coarse graining region of a point p is the region with all points x such that 
|p− x| < ravg . As the free energy is high at the cell edges, the points which include the edges within its coarse 
graining region around it would have high fravg . Moreover, points with triple junctions (where 3 edges meet) 
within its coarse graining region would have a higher fravg due to the presence of longer total length of cell edges. 
Usually at a given time, fravg has peaks near the T1 epicenter. This is because, the region around it would have 
either two triple junctions along with a gap as seen in the snapshots of Fig. 1. Also, it is clear that points that do 
not have any cell edges within its coarse graining region, would have zero fravg . We have found that increasing the 
ravg loses information about the T1 transition in the value of fravg at the epicenter. A larger coarse graining region 
would entail a larger contribution from the bulk of the interior of the cell and would reduce fravg at the epicenters 
such that fravg at epicenters would not be uniquely discerned as a signature of a T1 transition. On the other hand, 
reducing ravg would mean that we might not encompass the information of the two triple junctions and the gap 
formed during the T1 transition. It also increases the deviations in the statistics that we describe. Moreover, if the 

Table 1.   Default values of the model parameters.

τ τsave T L ǫ v0 a Ca In Dr α

0.005 0.5 150 100 0.15 0.5 1.5 0.2 0.1 0.1 0.1
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energy along the length of the edge is uniform then the energy field fravg at a point gives an approximate measure 
of length of edges within the coarse graining region around that point.

Data availability
All data are available from the corresponding author upon reasonable request. The AMDiS implementation 
and additional codes for pre- and postprocessing are available from the corresponding author upon reasonable 
request.
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T1 transitions, also called cell intercalations, are important sources of fluidization of epithelial cell monolay-
ers. We use a multiphase field model to quantify this tissue fluidization in terms of the relative dispersion of cells
and characterize the T1 flow profile. We show that the ensemble-averaged flow profile of a T1 transition has
a saddle-point pattern accompanied by a localized burst in cell speed. Although the temporal evolution of the
relative dispersion of cells depends on specific model details, the different dispersion curves collapse robustly
onto a linear function of the number of T1 transitions, implying an important connection between T1 transitions
and mixing in dense systems.

DOI: 10.1103/PhysRevResearch.6.033176

I. INTRODUCTION

Spontaneous flows within epithelial monolayers play a
pivotal role in many biological processes including tissue
development, wound healing, angiogenesis, and invasion of
cancer cells [1–3]. In confluency, cells may migrate col-
lectively while maintaining contact with their neighboring
cells, thus preserving cell-cell junctions [1]. However, cells
may also migrate relative to each other through structural
rearrangements mediated by local events of remodeling of
cell-cell junctions. Three main types of cell rearrangements
have been distinguished [4–6]. A T1 transition is an event
whereby two neighboring cells move apart while two of their
neighbors move toward each other and make contact. This
corresponds to an event where one junction disappears while
another nucleates at the same site and orthogonal to the initial
junction. A T2 transition occurs during extrusion/apoptosis
events where cells are eliminated from the monolayer corre-
sponding to vanishing junctions. By contrast, a T3 transition is
an event associated with cell division inducing the nucleation
of new junctions. Notably, T1 events preserve the total cell
count within the monolayer, distinguishing them from T2 and
T3 transitions.

T1 transitions have been observed in both epithelial [7] and
mesenchymal [8] tissues and are important across different
stages of gastrulation and organogenesis [9] as well as during
cancer metastasis [10]. Empirical evidence shows that myosin
II contributes to the buildup of tension at cell-cell junctions,
thereby controlling T1 transitions in epithelial tissues [11,12].

*Contact author: harishpj@fys.uio.no

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

However, the interplay between mechanical and biochemical
signaling in these events remains a topic of debate [13]. There
have been several studies aimed at characterizing the mechan-
ical influence of T1 transitions in tissues [5,6,14–18] and in
simulations [15,19–21].

Tissue flow has been explored mostly using coarse-grained
approaches for active nematics, active polar matter, and more
generally, for active p-atic liquid crystals, whereby spon-
taneous flows are influenced by their topological defects
[22–24]. Several experimental studies have reported on differ-
ent discrete orientational order (nematic, polar, or in general,
p-atic) of cell tissues, corresponding to different lowest-
energy topological defects [24–26]. This system dependency
may be attributed to different types of cell lines but may
also signal that the system is far from a hydrodynamic limit
with a well-defined discrete symmetry, thus making the iden-
tification of relevant group symmetries and corresponding
topological defects a matter of debate. On the other hand, it
is becoming more evident that T1 transitions are important
sources of tissue flow [19,27]. Qualitative differences between
flows occurring at hydrodynamic scales and those induced
by structural rearrangements of cells have been identified
by comparing hydrodynamic (continuum) simulations with
cell-resolved (discrete) simulations [23,28]. How the flows
originating at the discrete cell level influence the tissue flow
at hydrodynamic scales is far less explored and understood.

In this paper, we aim to bridge this gap to better understand
the generic flow patterns due to cell neighbor rearrangements.
Within a multiphase field model for a flat and confluent cell
monolayer, as discussed in Sec. II, we can compute the aver-
age flow profile of a T1 transition, as presented in Sec. III.
We demonstrate that T1 transitions are short-lived events
of neighbor exchanges, where the involved cells acquire
high-speeds and generate fourfold vorticity with alternating
circulation. Within our setup, where the total number of cells
and their size are fixed, and by using a Lagrangian approach,
we demonstrate in Sec. IV that the cell pair dispersion is

2643-1564/2024/6(3)/033176(9) 033176-1 Published by the American Physical Society
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mediated solely by T1 transitions. We predict a robust scaling
of the mean pair separation with the number of T1 transitions,
which hints at a generic mechanism of relative dispersion by
structural rearrangements. Concluding remarks are presented
in Sec. V.

II. MULTIPHASE FIELD MODEL

We model the confluent cell monolayer using the multi-
phase field modeling approach as in Refs. [29–34] and as
discussed in a recent review [35]. Our specific model formu-
lation follows Ref. [19] and is used to simulate the dynamics
of a confluent monolayer of N = 100 cells. Each cell is de-
scribed by a phase field variable φi, with i = 1, 2, . . . , N ,
which has the bulk values φi ≈ 1 inside the cell, φi ≈ −1
outside it, and with a diffuse interface of width O(ε) between
them representing the cell boundary. The phase field φi fol-
lows the conservative dynamics:

∂tφi + vi · ∇φi = �
δF
δφi

, (1)

which preserves the area of a cell (incompressible cells). The
diffusive relaxation is controlled by minimization of the free
energy functional F = FCH + FREP + FADH. The free energy
contains the Cahn-Hilliard energy in degenerate form [36]:

FCH = 1

Ca

N∑
i=1

∫
�

g(φi )

[
ε

2
||∇φi||2 + 1

4ε

(
φ2

i − 1
)2

]
dx, (2)

where ε controls the interface width, Ca is a parameter for
tuning the cell deformability, and

g(φi ) = 2

3
√

(φi + 1)2(φi − 1)2

is a term to prevent bulk diffusion ensuring φi ∈ [−1, 1],
without affecting the asymptotic behavior as ε → 0 [36]. In
addition, there are two interaction energies, where

FREP = ar

2In

N∑
i=1

∫
�

∑
j �=i

(φi + 1)2(φ j + 1)2dx (3)

is the repulsion energy to prevent overlap of cell interior, and

FADH = aa

2In

N∑
i=1

∫
�

∑
j �=i

(
φ2

i − 1
)2(

φ2
j − 1

)2
dx (4)

is the adhesion energy that promotes overlap of cell bound-
aries. In denotes the interaction strength, and ar and aa are
parameters to tune contribution of repulsion and adhesion
energy, respectively. The adhesive part differs from Ref. [19]
by rewriting the interaction using the equilibrium condition
ε
2‖∇φi‖2 ≈ 1

4ε
(φ2

i − 1)2, see Refs. [33,37–40].
Cell activity is introduced as self-propulsion of each cell

through the advection term. The cell advection field is given
as

vi(x, t ) = v0ei(t )φ̂i(x, t ), (5)

where v0 is used to tune the magnitude of activity:

φ̂i = φi + 1

2
, (6)

TABLE I. Default values of the model parameters. dt denotes the
time step size.

L T ε v0 Ca In aa ar Dr α ractive dt

100 150 0.15 0.5 0.2 0.1 1 1 0.01 0.1 1 0.005

and ei = [cos θi(t ), sin θi(t )] is the direction of self-
propulsion. The migration orientation θi(t ) evolves diffusively
with a drift that aligns with the principal axis of cell elongation
as

dθi =
√

2DrdWi(t ) + α[βi(t ) − θi(t )]dt, (7)

where Dr is the rotational diffusivity, and Wi is the Wiener
process.

The cell elongation is identified by the principal eigen-
vector η+

i of the shape deformation tensor, as described in
Ref. [34]. Here, βi(t ) is the orientation of the cell elongation
and defined as

βi(t ) =
{

arg[η+
i (t )] : ei(t ) · η+

i (t ) > 0

− arg[η+
i (t )] : ei(t ) · η+

i (t ) < 0.
(8)

The parameter α controls the time scale of this alignment.
Setting v0 = 0 for some cells allows for the modeling of a
mixture of active self-propelled cells and passive cells. The
activity ratio ractive is the fraction of cells for which v0 > 0.

Equation (1) is solved numerically on a square domain
� = [0, L] × [0, L] (where L = 100) using periodic boundary
conditions for the time [0, T ]. We are using the finite element
method within the toolbox AMDiS [41,42] and the paral-
lelization concept introduced in Ref. [43], which considers
each cell on a different core and accounts for short-range inter-
action between cells to reduce the communication. The system
of partial differential equations is discretized in time using a
semi-implicit approach. Time step size and mesh resolution
are related to ensure stability. For further details and numerical
tests, see earlier work from Refs. [19,35,38].

The values of the model parameters are listed in Table I,
unless specified otherwise. Movie 1 in the Supplemental Ma-
terial (SM) [44] shows the cell boundaries in a simulation as
per parameters in Table I.

III. FLOW PROFILE OF T1 TRANSITIONS

A T1 transition reconfigures the junctions between neigh-
boring cells as illustrated in Figs. 1(a)–1(c). The two
three-way vertices represented by red dots move toward each
other, shrinking the corresponding junction [Fig. 1(a)]. Within
multiphase field models, T1 transitions occur spontaneously
as cells deform and move as a result of activity. Further, in
multiphase field models, a T1 transition has a finite duration
[19] that starts when the junction vanishes, creating a tran-
sient extracellular gap (approximated as a four-way vertex), as
shown in Fig. 1(b). The T1 transition concludes when a new
pair of three-way vertices nucleate, forming a new junction,
as in Fig. 1(c). We define the orientation ζ of a T1 transi-
tion as the angle of the newly formed junction with respect
to the x axis. We use this angle ζ to reorient different T1

033176-2
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FIG. 1. Configuration of four cells (a) before, (b) during, and (c) after a T1 transition. The three-way vertices involved in the T1 are marked
by red dots. Junction angle ζ is the orientation of the newly formed junction after a T1 transition measured counterclockwise from the positive
x semiaxis. (d) Histogram of the junction angle after a T1 transition ζ . (e) Histogram of change in junction angle due to the T1 transition.
Steps involved in transformation of the velocity field to align it with respect to a T1 transition: (f) A small section of a field is shown in black.
A T1 transition is shown with the cells that lose neighbors colored in pink, while the cells that gain neighbors are colored in blue. A magenta
reference frame is attached to the epicenter of the T1 and is aligned with the orientation of the T1, ζ . (g) The epicenter is shifted to the origin.
(h) The frame is rotated to align with the horizontal axis. (i) The orientation of the vector field is rotated by ζT 1.

transitions and their velocity profiles to compute ensemble-
averaged transient flows, as described next.

A. Ensemble average

We start by computing the T1 orientation angle ζm of the
mth T1 transition in an ensemble of NT 1 T1 events.

Let us denote the four cells associated with one T1 tran-
sition by A, B,C, and D. Before a T1, let the list of cell
neighbor pairs be

Before T1: (A, B), (A,C), (A, D), (C, B), (D, B).

Suppose, at the start of a T1 transition, cells A and B lose
contact, and at the end of the T1 transition, cells C and D
make contact. This changes the cell neighbor list to

After T1: (C, D), (A,C), (A, D), (C, B), (D, B).

We denote the start and end times of the mth T1 transi-
tion as tm,s and tm,e, respectively. Before tm,s, the three-way
vertices where the cells (A, B,C) and (A, B, D) meet move
toward each other, shrinking the common junction between
them, and eventually, the junction vanishes at tm,s. Between
tm,s and tm,e, there is an extracellular gap between the four
cells. After tm,e, two new three-way vertices where the cells
(A,C, D) and (B,C, D) meet are created, and they move away
from each other. Let sm,1 and sm,2 be the positions of the two
three-way vertices a short time after tm,e. The orientation of the
new junction between sm,1 and sm,2 is ζm = arg(sm,1 − sm,2).
This is also illustrated in Fig. 1(c). Similarly, we can also
compute the orientation of the old junction before the mth T1
transition. Figure 1(d) shows the histogram of the orientations
of NT 1 T1 transitions, which implies that the orientations of

the T1 transitions are close to being uniformly distributed.
Figure 1(e) shows the histogram of the difference in junc-
tion angle before and after the T1 transition. The histogram
peaks at around π/2, implying that the junctions before
and after a T1 transition are mostly perpendicular to each
other.

For each T1 transition, we also find the location of its
epicenter as we have done in Ref. [19]. The epicenter is
defined as the location of a point whose sum of distances to the
four cells involved in the T1 transition is the minimum, at the
midpoint time tm,s+tm,e

2 . We denote the location of the epicenter
of the mth T1 transition by sm,c. Essentially, this point lies
within the gap formed between the four cells during the T1
transition.

At any given time t , we define the global velocity field as

vg(x, t ) =
N∑

i=1

φ̂i(x, t )
ri(t ) − ri(t − dt )

dt
, (9)

where ri(t ) is the location of the center of the ith cell at time t ,
and dt is the time step size. Therefore, vg(x, t ) in the interior
of a cell is equal to the velocity of the center of mass of the
cell.

For the mth T1 transition, at any time t , we can transform
the global field to obtain its T1 flow velocity field as

vm(x, t ) = Rζm vg[Rζm (x − sm,c), t], (10)

where Rζm is the two-dimensional (2D) rotation matrix
with rotation angle ζm. This vm(x, t ) is centered such that
the epicenter is at the origin, and the junction formed af-
ter the T1 transition is aligned along the horizontal axis.
Figures 1(f)–1(i) visualize the transformation from vg(x, t )
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to vm(x, t ) in three steps for an arbitrary field: (i) the field is
translated such that the origin coincides with the epicenter of
the T1 transition; (ii) the grid is rotated such that the junction
formed after the T1 transition aligns along the horizontal axis;
and (iii) the vectors themselves are rotated while being fixed
in space to reflect the right orientation with respect to the
epicenter. Periodic boundary conditions are considered while
transforming the fields by numerically wrapping the compu-
tational domain.

Let an arbitrary field f at time τ before and after a T1
transition be denoted by f (x, tm,s − τ ) and f (x, tm,e + τ ), re-
spectively. We consider the ensemble average over the NT 1

transitions measured at time relative to the start or end of a
T1 transition as 〈 f (tm,e/s ± τ )〉 = 1

NT 1

∑NT 1
m=1 f (tm,e/s ± τ ). With this, we

define the average of the T1 flow velocity field at time τ

after/before T1 as

v±
T 1(x, τ ) = 〈vm(x, tm,e/s ± τ )〉. (11)

Similarly, the average magnitude of the T1 flow velocity
field at τ is given as

v±
T 1(x, τ ) = 〈|vm(x, tm,e/s ± τ )|〉. (12)

To further explore the directional motion, we define the
average velocity polarization field as

p±
T 1(x, τ ) =

〈
vm(x, tm,e/s ± τ )

|vm(x, tm,e/s ± τ )|
〉
, (13)

such that |p±
T 1| ∈ [0, 1], where |p±

T 1| = 0 corresponds to ran-
domly oriented T1 flow velocities, and |p±

T 1| = 1 for preferred
directional orientation of T1 flow velocities.

In Figs. 2(a) and 2(c) and Figs. 2(b) and 2(d), we plot
v−

T 1(x, 0) and v+
T 1(x, 0), respectively. The streamlines suggest

that the flow comprises quadrupolar vortices with alternating
circulation centered at the epicenter. The flow has a saddle-
point structure, allowing us to identify the vertical axis of cells
making contact and horizontal axis of cells breaking contact.
The time evolution of v−

T 1 and v+
T 1 is shown in Movies 2 and 3,

respectively in the SM [44]. The magnitudes in Figs. 2(a) and
2(b) correspond to |p−

T 1(x, 0)| and |p+
T 1(x, 0)|. The approxi-

mate profile of the four cells involved in the T1 transition can
be discerned by the high values of |pT 1| around the epicenter.
The values of |pT 1| inform on the likelihood of the observed
orientation of the streamlines, where a higher polarization
indicates that the streamlines shown are more likely to occur.
The low values of |pT 1| away from the epicenter suggest that
cells that are not involved in a T1 do not have a preferred
velocity orientation. The magnitudes in Figs. 2(c) and 2(d)
correspond to v−

T 1 and v+
T 1. From Fig. 2(c), we discern that,

at the end of a T1 transition, there is a localized surge of
speed around the epicenter, suggesting cells involved in a T1
transition move faster than the rest of the cells in the mono-
layer. From Movie 5 in the SM [44], we see that the speed
in the vicinity of the epicenter decays over time to the global
average. Before a T1 transition, there is no such surge in vT 1

observed near the epicenter (see Movie 4 in the SM [44]).
These results are consistent with those in Ref. [19], where
similar results were obtained for the evolution of average
speed of the four cells involved in a T1 transition. It would
be interesting to compare these flow profiles with the charac-

FIG. 2. Ensemble-averaged flow profile of T1 transitions.
Streamlines in (a) and (c) correspond to flow at the start of a T1
transition [v−

T 1(x, 0)], and those in (b) and (d) correspond to flow at
the end of a T1 transition [v+

T 1(x, 0)]. Magnitude of the colormap in
(a) and (b) correspond to |p−

T 1(x, 0)| and |p+
T 1(x, 0)|. Magnitude of

the colormap in (c) and (d) correspond to v−
T 1(x, 0) and v+

T 1(x, 0).
The cell size (square root of cell area) is ∼10 units. The time evolu-
tion of these fields is shown in Movies 2–5 in the SM [44].

teristic flow field of defects in coarse-grained active nematics,
polar, or more generally, in active p-atic liquid crystals. The
corresponding hydrodynamic models have been proposed in
Refs. [45,46].

The source of this tissue flow is ultimately linked to the
dispersion of cell motion. Cells that are caged among their
neighbors undergo small shape fluctuations and experience re-
sistance to their motion due to cell-cell interactions. However,
these small fluctuations may build up and can bring two three-
way vertices closer together. This leads to the accumulation
of energy near those vertices. Eventually, this can induce a
T1 transition releasing energy, thereby helping the cells to
uncage. This is akin to the buildup prior to a slip event in
stick-slip dynamics [47]. Provided there is no preferred orien-
tation of the T1 transition [see Fig. 1(d)], the cells move away
from their initial neighbors and disperse across the tissue. In
the next section, we quantify the statistical properties of cell
dispersion.

IV. CELL DISPERSION

The vortical flow induced by T1 transitions is reflected in
the dispersion of cells relative to each other and thus in the
mixing of cells. We can quantify the flow properties indirectly
through the relative dispersion of cells. We use the center of
mass denoted by ri for the ith cell to track cell migration. The
mean-squared displacement of the cells quantifies the single
particle dispersion and is given as

σ 2(t ) = 1

N

N∑
i=1

|ri(t + t0) − ri(t0)|2, (14)
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FIG. 3. Temporal snapshots of the evolution of a cell triplet. T1 transitions break the contact between cells in the triplet and increase the
area spanned by the triplet.

where N is the total number of cells. This measures how far
a cell has migrated from its initial location at t0 in a time lag
t . Similarly, the mean pair separation distance in a time lag t
quantifies the relative dispersion and is defined as

�(t ) = 1

NP(t0)

NP (t0 )∑
j=1

|r j,1(t ) − r j,2(t )|, (15)

where NP(t0) is the number of pairs of cells that were neigh-
bors at an initial time t0. Here, r j,1 and r j,2 are the positions
of the two cells corresponding to the jth neighbor pair at
t0. To better quantify the dynamics of the three-way ver-
tices, we also consider the dispersion of triplets. A triplet
consists of three cells where each cell is a neighbor to the
other two cells. Let rk,1, rk,2, and rk,3 be the positions of the
three cells corresponding to the kth triplet. The corresponding
lengths of the edges in the triplet triangle are ā = |rk,1 − rk,2|,
b̄ = |rk,2 − rk,3|, and c̄ = |rk,3 − rk,1|. Given the perimeter of
the triangle s̄ = ā + b̄ + c̄, the triangle area of the kth triplet
is Ak = s̄(s̄ − ā)(s̄ − b̄)(s̄ − c̄). Thus, we can also define the

mean triplet separation area as

�(t ) = 1

NT (t0)

NT (t0 )∑
k=1

Ak (t + t0), (16)

where NT (t0) is the number of triplets of cells at time t0. Here,
�(t ) is the average area of all triangles made by a triplet
of cells that were mutually adjacent at time t0. Snapshots
from the evolution of one such triplet triangle are shown in
Fig. 3. Geometrically, the dispersion of cells is associated with
deformations, translations, and rotations of the triplet triangle.
See Appendix A for details on handling the periodic boundary
conditions.

The initial area of the triplet triangles is nonzero and is
related to the cell size. Notice that the cells remain mutually
adjacent for a transient time until the three-way vertex shared
between them is destroyed in a T1 transition by merging with
another three-way vertex. From hereon, the cells are likely
to further separate from each other due to subsequent T1
transitions. The triplet area can also collapse to zero when the
three cells become collinear [see Figs. 3(c) and 3(d)].

Figures 4(a)–4(c) show the mean-squared displacement
(σ 2) and relative dispersion of pairs (�) and triplets (�) as

FIG. 4. Evolution of (a) σ 2, (b) �, and (c) � plotted against time. (d) σ 2 and (e) � plotted against the cumulative number of T1 transitions
within the tissue. (f)

√
� plotted against �. Different colors correspond to different cell activities defined by the self-propulsion speed v0 as

per the legend at the top.
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FIG. 5. Data collapse of the relative dispersion curves as a
function of the cumulative T1 transitions for various model pa-
rameters and setups: (a) Cell deformability (Ca) is varied for
v0 = 1. (b) Rotational noise D and shape alignment α are varied for
v0 = 1. (c) Repulsion vs repulsion and adhesion cell-cell interaction.
(d) Mixtures of active and passive cells with a fraction ractive of active
cells with v0 = 1.

functions of time lag t for different activities v0. Within the
computational time, we observe that the cells are superdif-
fusive with a scaling exponent that lies between 1 (normal
diffusion limit) and 2 (ballistic limit). For all three quantities,
their values at a given time lag increase with cell activity,
which is consistent with the observation that the flow fluc-
tuations increase with activity [22] (see also Appendix C). At
low activities, we notice that there is almost no dispersion of
cell pairs and triplets. While the pair separation � increases
with time lag, the triplet area �(t ) remains constant for a
initial transient period. A single T1 transition would destroy
the three-way vertex shared by the cells in the triplet, but
two pairs out of three initial pairs in the triplet remain. The
triplet area starts to diverge when at least one of the cells
breaks contact with the other two cells in the triplet, which
requires a minimum of two T1 transitions (see Appendix B).
Thus, in this initial period, the area of the triplet triangle
Ak (t ) fluctuates around Ak (t0). As the cells undergo further
T1 transitions and move apart, the area spanned by the triplet
� increases monotonically with the time lag.

Figures 4(d) and 4(e) show the net dispersion of single cells
[σ 2(t )] and cell pairs [�(t )] plotted against the cumulative
number of T1 transitions within the tissue in time lag t . Inter-
estingly, the curves for � for different v0 collapse into a linear
master curve. A similar collapse is also present for the triplet
area, which shows that these two quantities are directly related
to the number of T1 transitions. However, this is not the case
for σ 2 because cells can also migrate in local flocks, which
affects σ 2 but does not change � and � since the cell-cell
connectivity is preserved [1]. In the absence of T1 transitions,
cells are topologically caged within their neighbors, and this
makes it difficult to generate flow fluctuations (when T2 and
T3 transitions are also absent). It takes ∼250 T1 transitions

across the tissue of 100 cells, or equivalently 10 T1 transitions
per cell, for the mean pair separation to double its value. Two
neighboring cells must undergo ∼10 T1 transitions each, such
that their cell centers can be two cell widths apart. When

√
�

is plotted against �, initially,
√

� is constant, and later, it
varies linearly with � [see Fig. 4(f)].

To further explore the robustness of this data collapse, we
also vary other model parameters, i.e., cell deformability Ca,
rotational noise D, shape alignment α, adhesion parameter aa,
and activity ratio ractive. For high values of Ca, the cells are
more deformable. The rotational diffusion coefficient D and
the rate α at which cells tend to align their preferred direction
of motion with the direction of their elongation control the
dynamics of the self-propulsion mechanism. For aa = 0, the
interactions between cells are purely repulsive, while aa > 0
corresponds to additional attractive interaction between cells.
Here, ractive is the fraction of cells which have nonzero activity.
The mean pair separation distance as a function of cumulative
number of T1 transitions for these scenarios is plotted in
Fig. 5. In all these scenarios, we see similar scaling behav-
ior, suggesting that T1 transitions affect relative dispersion in
similar ways irrespective of model parameters.

V. DISCUSSION AND CONCLUSIONS

In summary, we have put forward a quantitative way to
study the connection between T1 transitions, tissue fluidiza-
tion, and cell dispersion. We have shown that T1 transitions,
as topological events of neighbor exchanges, are transient and
localized saddle-point flows generating fourfold vortices. The
average polarization is high and localized along the principal
axes of the saddle point centered at the epicenter of a T1
transition, showing that there is persistent directional flow
along these directions which feeds to vortical flow over longer
distances. Such flows could possibly contribute to active tur-
bulence within the monolayer [22].

We have demonstrated that tissue flows where cells dis-
perse relative to each other are promoted solely by T1
transitions. While the temporal behavior of the cell dispersion
(single, pair, or triplet) depends on the model parameters, we
found a robust linear dependence of the relative dispersion of
pairs and triplets of cells on the number of T1 transitions. The
data collapse of the different dispersion curves onto a linear
master curve suggests that the rate of relative dispersion is
directly proportional to the occurrence rate of T1 transitions
regardless of the underlying nucleation mechanism. This un-
veils a deeper connection between topological rearrangements
and mixing in densely packed systems, in general. As relative
dispersion and the number of T1 transitions are measurable
observables also in experimental studies of epithelial cell
monolayers, our model predictions are accessible for future
experimental validation.
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FIG. 6. The triangle with red-dotted sides is connected to the
cells in the computational domain, while the triangle with black sides
is connected to the location of the cells in an infinite two-dimensional
(2D) domain. Time evolves from top to bottom.

discussions with Amin Doostmohammadi, Richard D. J. G.
Ho, Per Arne Rikvold, and Dag K. Dysthe.

APPENDIX A: PERIODIC BOUNDARY CONDITIONS

While the general notion of periodic boundary conditions
is standard, the definition of the mean dispersion of a sin-
gle cell (σ 2), cell pairs (�), and triplets (�) requires some
additional thought. We essentially assume that, when a cell
crosses the periodic boundary, it moves into an identical but
distinct copy of the domain that lies adjacent to the domain,
as illustrated in Fig. 6. The history of the cell motion is used
to determine the modified location of center of mass in the
resulting infinite domain.

APPENDIX B: TRIAD DISPERSION

Figure 7 shows an illustration of a section of a hexagonal
lattice comprising hexagonal cells. A triangle is marked that
joins the cell centers of the three red cells. In the left figure, all
three cells are mutually adjacent, while on the right figure, two
of the three cells are not in contact. The areas of the triangles
are the same in both situations. For a triplet area to diverge
significantly, at least one of the three cells must break contact

FIG. 7. A triangle joining 3 red cells is shown when (left) all 3
cells are mutually adjacent and (right) one pair are not neighbors.

from the other two cells. This is why, multiple T1 transitions
per triplet are required before the mean triplet separation area
(λ) starts to increase significantly.

APPENDIX C: GLOBAL STATISTICS

Figures 8(a) and 8(b) show the single-particle dispersion
[σ (T )] and relative dispersion [�(T )] at a given time lag T
as a function of cell activity v0 and deformability Ca. Both
quantities increase monotonically with v0; only the relative
dispersion is sensitive to Ca. This suggests that, on average,
cells tend to spread out at the same rate regardless of whether
they are stiffer or softer. Nonetheless, stiffer cells tend to dis-
perse less relative to each other than softer cells. To quantify,
the collective flocking motion of the cells, we compute the
global polar order at a given time as

ψ (t ) = 1

N

∣∣∣∣∣
N∑

i=1

[ri(t ) − ri(t ′)]
t − t ′

∣∣∣∣∣, (C1)

such that ψ (t ) ≈ 1 corresponds to cells moving as a flock in
the same direction, while ψ (t ) ≈ 0 represents cells moving
uncoordinatedly and in random directions. In Fig. 8(c), we
see the flocking tendency is higher for stiffer cells. This is

FIG. 8. (a) Mean-squared displacement and (b) mean pair sepa-
ration for the time lag T = 150. (c) Average polar order. (d) Average
shape index.
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consistent with their tendency to preserve their neighbors
(disperse less relative to each other) that helps coordinate their
motion better. In Fig. 8(d), we see that the average cell shape

index, defined by the ratio of the perimeter of cells to the
square root of area of the cells, also increases monotonically
with activity and cell deformability.
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T1 transitions, which are localised cell rearrangements, play an important role in the fluidization
of epithelial monolayers. Using a multi-phase field model and an active elastic solid model, we
show that although each cell undergoes T1 transitions in time as uncorrelated, random events,
the spatial distribution of these events is highly correlated and is dependent on cell shape. T1
transitions have a dual effect: cells losing neighbours tend to relax their shape, while those gaining
neighbours tend to elongate. By analysing the statistics of successive T1 transitions undergone by a
deformable cell, we find asymmetric spatial distributions related to how cells lose or gain neighbours.
These asymmetric spatial patterns of T1 transitions promote directed cell migration, and form the
backbone for coherent flow patterns at tissue scales.

I. INTRODUCTION

Confluent epithelial monolayers, as composed of tightly
packed cells with stable cell-cell junctions, exhibit a com-
plex interplay between tissue rigidity, collective migra-
tion, and fluidization [1, 2]. These mechanical pro-
cesses are also important in assisting biological phenom-
ena such as morphogenesis, cancer invasion, and wound
healing [3, 4]. Cells within a tissue monolayer exhibit
collective migration either by moving together as coher-
ent clusters or through neighbour rearrangements [1].
Even when cells move as coherent clusters, the cells at
the outer edges of these clusters undergo neighbour ex-
changes, such as T1 transitions, with nearby cells. While
cells within the monolayer may also undergo T1 transi-
tions when they move at different velocities.

T1 transitions, observed in active cell monolayers [5]
and in foams under external forces [6], are fundamen-
tal topological transitions. During one T1 transition, a
junction between two neighbouring cells shrinks and dis-
appears, while two adjacent cells form a new junction
typically oriented perpendicular to the original one. T1
transitions result in changes in neighbourhood connec-
tivity without any change in cell number. Although the
geometric features of T1 transitions are well understood,
the underlying mechanisms triggering these events vary
significantly. In passive systems such as soap films, T1
transitions are driven by external forces [7]. However,
for biological tissues, these transitions are influenced by
intrinsic cellular properties, such as active cell migra-
tion [8, 9], or mechano-chemical feedback involving ac-
tomyosin and junctional protein complexes such as a ad-
herens junctions [10, 11].

Despite their importance, many aspects of T1 transi-
tions remain poorly understood. Although these events
are thought to dissipate junctional stress and mediate
solid-fluid transitions in tissues [12–14], the underlying
processes are not yet fully resolved.

∗ luiza.angheluta@fys.uio.no

T1 transitions sustained by cell activity induce large
deformations in cell shape, associated with an energy bar-
rier [8, 15]. Recently, we have shown that T1 transitions
triggered by cell activity induce transient quadrupolar
flows, leading to the relative dispersion of cells [9]. In-
terestingly, the rate of relative dispersion is determined
by the mean occurrence rate of T1 transitions, regardless
of the underlying mechanisms controlling how T1 transi-
tions may occur. However, the spatiotemporal patterns
of T1 transitions, hypothesized as chains or cascades of
T1 transitions [8, 16] propagating across the tissue to in-
duce tissue fluidization and coherent flow structures on
larger scales, remain elusive.

In this paper, we study how T1 transitions driven
by cell activity contribute to large deformations in cell
shape, which in turn influence where next T1 transitions
are likely to occur. To explore the general properties of
T1 transitions as neighbour exchange events and as junc-
tion remodelling events that dependent on cell shapes,
we emply two complementary modeling approaches: the
multi-phase field (MPF) model and the active elastic
solid (AES) model.

In the MPF model, cells are represented as deformable
entities with shape boundaries tracked by a phase field.
MPF models have been used to study several emergent
properties of epithelial monolayers, such as topological
features including T1 transitions [8, 9, 17], p-atic or-
der [18–20], and cell colony growth [21, 22].

Conversely, the AES model represents cells as point-
like entities that are self-propelled and connected by elas-
tic springs [23]. This model has been used to repro-
duce observations of polar ordering in epithelial mono-
layers [24]. We enhance this model to enable neighbour
exchanges based on a geometric condition [25].

In both modeling approaches, we find that each cell
undergoes T1 transitions as a Poisson process over time,
with the occurrence rate dependent on the cell’s self-
propulsion activity. This suggests that the Poissonian
nature of T1 transitions is likely a property of topolog-
ical changes in the cell neighbour graph. Additionally,
the properties of cell junctions significantly influence the
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spatial distribution of T1 transitions, as these depend
on the feedback between cell shape deformations and T1
transitions. The MPF model is particularly useful for ex-
ploring how this feedback leads to a highly asymmetric
distribution of successive T1 transitions across cell junc-
tions.

In Section II we describe T1 transitions in MPF and
AES models. Within these models, we demonstrate that
T1 transitions, as temporal events triggered by cell activ-
ity, follow a Poisson process with a mean rate determined
by activity. This is discussed in Section III. By measuring
the radial distribution functions, we find that T1 tran-
sitions exhibit spatial correlations that decay over time,
consistent with the hypothesis of chaining of T1 transi-
tions, as discussed in Section IV. In Section V, we show
that T1 transitions induce distinct shape deformations
depending on whether a cell gains or loses neighbours.
Cells losing neighbours undergo shape relaxation, while
those gaining neighbours experience elongation. In Sec-
tion VI, through the analysis of successive T1 transitions
undergone by a cell, we demonstrate that the spatial dis-
tribution of T1 transitions is non-uniform and depends on
specific topological changes. This spatial non-uniformity
leads to the emergence of directional migration. Finally,
in Section VII, we summarize the results and provide an
outlook on the topic.

II. T1 TRANSITIONS

We consider a 2D confluent monolayer of N cells, with
their index labels in the set M = {1, 2, . . . , N}. The
neighbour connectivity is expressed in terms of a sym-
metric neighbour adjacency matrix NN×N at time t as

Nij(t) =

{
1 : i, j ∈ M are neighbours at t and i ̸= j
0 : otherwise

In a multi-phase field (MPF) model, each cell i is rep-
resented by a phase field ϕi defined such that ϕi ≈ 1
inside the cell and ϕi ≈ −1 outside it. The cell bound-
ary is characterized by a thin diffuse region where the
phase field transitions smoothly between these two bulk
values. Such a representation allows us to model cells
of arbitrary shapes. The evolution of the phase field is
governed by diffusive relaxation aimed at minimizing a
free energy functional, with an advection term due to
cell self-propulsion. The mathematical formulation of the
model is described in Appendix A and has been previ-
ously used in Reference [9]. MPF model parameters are
as per Table I unless specified otherwise. The conserva-
tive dynamics preserves the total cell area.

A T1 transition, denoted by T , is a neighbour-
exchange event of finite duration that involves four cells
A,B,C,D. T starts at time t = t−T when cells C and
D lose contact and concludes at t = t+T when cells A
and B establish contact. This rearrangement process is
illustrated in Figure 1 (panel a-c). Before t−T , the junc-
tion shared by cells C and D shrinks and vanishes at

t−T , and a new junction between A and B, approximately
perpendicular to the previous one, is created at t+T and
subsequently starts to lengthen [9]. Thus, T1 transitions
in MPF models result in the remodelling of cell-cell junc-
tions. This T1 transition can be represented by the set
T = {A,B,C,D} ⊂ M such that

NCD(t−T ) = 1 ⇒ NCD(t+T ) = 0

NAB(t
−
T ) = 0 ⇒ NAB(t

+
T ) = 1,

while all other connections shared among the four cells
remain unchanged during the T1 duration ∆tT = t+T −t−T .
Cells A and B, which gain neighbours during the T1 tran-
sition, are referred to as gainer cells, while cells C and
D, which lose neighbours, are referred to as loser cells.
During the T1 transition, an extracellular gap is formed
between the four cells in the MPF model, as shown in
the Figure 1 (panel b). While neighbour exchanges in-
volving more than four cells, forming higher-order rosette
structures, are possible in the MPF model, they are ex-
tremely rare events in the explored parameter regime and
thus their influence is ignored.

A 3-way vertex denoted by the subset X = {i, j, k} ⊂
M, is a set of three cells which are mutually adjacent, i.e.,
Nij(t) = Njk(t) = Nki(t) = 1, at a given time t. The set
of all vertices at time t is denoted by ΣX (t). For a unique
N (t), there exists a unique ΣX (t), which represents a
particular neighbourhood topology. T1 transitions are
topological changes of N (or equivalently ΣX ). From
hereon, we will refer to a 3-way vertex as just a vertex.

We determine the position of the vertex X at time t,
denoted by rX (t), as the location of the minimum value
of the sum of its distances to boundaries of all three cells.
The boundary of a cell i is implicitly represented by the
contour corresponding to ϕ = 0, and is represented by
the zero-level set Zi(t) such that

Zi(t) = {x ∈ Ω | ϕi(x, t) = 0}. (1)

The position of the vertex X is then given as

rX (t) = argmin
x




∑

j∈X
|x− zj |: ∀zj ∈ Zj(t)



 (2)

In Figure 1g, we show a typical snapshot of a cell config-
uration in MPF model, while in the Figure 1h, we plot
the graph of the corresponding vertices. For each T1
transition T , at time t−T , two vertices X−

T ,1 = {A,C,D}
and X−

T ,2 = {B,C,D} ⊂ T move toward each other and
annihilate (Figure 1a). Similarly, at t+T , two new ver-
tices X+

T ,1 = {A,B,C} and X+
T ,2 = {A,B,D} ⊂ T are

spawned (Figure 1c). Notice that the small gaps formed
between cells during T1 transitions correspond to holes
in the graph of vertices as shown in Figure 1h.

As localised processes of remodelling cell-cell junctions,
T1 transitions induce large fluctuations in cell shape and
speed, generating transient flows with quadrupolar pat-
terns that result in an increase in the pair-separation dis-
tance between cells [8, 9].
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FIG. 1: T1 transition in the MPF model (a-c) and in the AES model (d-f). (a) and (d) before T1; (b) and (e)
during T1; (c) and (f) after T1. A T1 transition T = {A,B,C,D} where cells A and B are loser cells, while cells C
and D are gainer cells. (a-c) pink markers corresponds to location of vertices that take part in the T1 transition.
(d-f) AES: Black line correspond to cell-cell junctions, orange and green circles mark the loser and gainer cells,

respectively. The green arrows represents the cell polarity, i.e. direction of self-propulsion, whilst the purple arrow
represents the net elastic force. (g) A snapshot of a tissue in the MPF model with the pink circle marking the
location of the T1 transitions. (h) The vertices is marked in red, and vertices that are common to two cells are

linked by red lines. The black dash lines connect the vertices to the center of mass of the cells. The gaps in the plot
corresponds to T1 transitions. (i) Tissue snapshot of AES model. Cells are marked in red, and black bar connects

neighbouring cells. Triangles indicate vertices, yellow trapeziums indicates T1 transitions and green polygons denote
higher order rosettes. See Movie 1 and Movie 2 in the Supplemental Material for simulations in MPF model and

AES model, respectively.

To better understand the interplay between cell shapes
and T1 transitions, we also consider an active elastic
solid (AES) model where the tissue is idealized as an
elastic sheet formed by pointwise cells which are self-
propelled and interact with each other through elastic
forces. The deterministic evolution of the polarity for
the self-propulsion is determined by the torque induced
by misalignments between the net elastic force and the
cell polarity. Although this model features tissue elas-
ticity, it is not directly related to interfacial forces as is
the case for the MPF model. The model is detailed in
Appendix B and based on the one introduced in Ref-
erence [23]. AES model parameters are as per Table I
unless specified otherwise.

In the AES model, the neighbouring cells are initially
connected by a predefined cell connectivity graph. In pre-
vious works, this graph was quenched in time, resulting in
a solid-like response when the tissue is out of its elastic
equilibria, or a polar collective migration due to align-
ment of polarities [23]. We augment this model by intro-
ducing a geometric relation of nearest neighbours which

is the same as the one proposed in Reference [25, 26] to
allow for neighbour exchanges. Explicitly, we connect all
cells i and j and remove the connection if there exists
any third cell k which satisfies r2ij > r2ik + r2jk, with rij
being the distance between cells i and j. Most of the
neighbour exhanges correspond to T1 configurations as
shown in Figure 1 (panels d,e,f) and marked by the yellow
quadrilateral shapes in the connectivity graph (see panel
i). However, neighbour exchanges involving five cells are
also present, as illustrated by pentagonal shapes in panel
(i).

For the AES model, note that the T1 transitions are
topological changes in the connectivity graph and are not
directly related to 3-way vertices as in the MPF model.
In the MPF model, two cells are considered neighbours
if their shape boundaries sufficiently overlap, such that
topology changes in the connectivity graphs corresponds
in junction remodeling. In the AES model, cells are con-
sidered neighbours if they conform to a specific geometric
configuration of cell positions. This geometric depen-
dence of neighbourhood topology allows for neighbour
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FIG. 2: Waiting time tw probability density distribution
between successive T1s Tm and Tn undergone by a cell.

(a) MPF model: cell activity v0 is varied. (b) AES
model: cell activity v0 is varied.

exchanges with four or more cells, with neighbour ex-
changes involving four cells being the most common. By
contrast, in MPF models, neighbour exchanges almost
always involve four cells within the parameter regime
explored. For simplicity, we also use the symbol T to
denote neighbour exchanges in the AES model, even if
they involve more than four cells. In the AES model, for
our analysis, neighbour exchanges involving more than
four cells are counted as one transition, and the algo-
rithm for detecting neighbour exchanges is described in
Appendix B.

In the AES model, when the self-propulsion is high,
the cells are driven far out of their equilibrium posi-
tions imposed by elastic interactions, resulting highly
non-uniform distribution of distances between particles,
analogous to that of a gas, which is unrealistic limit
case for epithelia. Therefore, the AES with neighbour
exchanges is valid at sufficiently small activities, where
there is still a well-defined reference state for elastic de-
formations, which is only punctually destroyed by neigh-
bour exchanges. Thus, we restrict ourselves to situations
with moderate self-propulsion speeds. Thus, both models
have a connectivity graph, encoded within N , where T1
transitions occur as localised neighbour exchange events.

III. WAITING-TIME BETWEEN T1
TRANSITIONS

To quantify the spatiotemporal relations between T1
transitions, we introduce the notion of two successive T1
transitions Tm and Tn involving cell i i.e. i ∈ Tm and
i ∈ Tn. We consider two T1s involving a cell i, succes-
sive if t+Tm

< t−Tn
, and if cell i is not part of any other

T1 between t+Tm
and t−Tn

. The waiting time tw(Tm, Tn)
between successive T1 transitions Tm and Tn is defined
as the time interval between end of Tm and start of Tn
i.e., tw(Tm, Tn) := t−Tn

− t+Tm
.

Figure 2a and Figure 2b show the distributions of wait-
ing times tw for varying activity (v0) in the MPF and
AES models, respectively. In both cases, the waiting
time is exponentially distributed. The average waiting
time decreases with increasing activity as cells that move

faster are likely to undergo their next T1 sooner. The
mean waiting time does not vary significantly with vary-
ing deformability Ca (see Figure 1 in Supplemental Ma-
terial). Cells with lower deformability typically undergo
fewer T1 transitions; however, these T1 transitions have
a larger duration [8].

Whilst T1 transitions appear Poissonian in time, we
show next that T1 transitions are correlated in space.
Later, we will use the cell shape of the MPF to describe
the spatial correlations in the MPF model.

IV. SPATIAL CORRELATION OF T1
TRANSITIONS

To study the spatial correlations between T1 events, we
compute the radial distribution function for pairs of T1
events. We first compute the epicenters of T1 transitions.
Within MPF model, the epicenter rT of a T1 transition
T is empirically defined as the location where the sum
of distances to the boundaries of all four cells involved
in the T1 transition is minimized. This is measured at
time midway through the T1 transition, i.e., at tmT =
0.5(t+T + t−T ) [8, 9]. The location of epicenter is given by

rT (t) = argmin
x




∑

j∈T
|x− zj |: ∀zj ∈ Zj(t

m
T )



 (3)

The epicenter lies within the extracellular gap created
during the T1 transition, as shown in Figure 1b. In the
AES model, the epicenter is defined as the average of the
positions of the four cells involved in T , i.e.

rT (tm) =
rA + rB + rC + rD

4
(4)

with time taken at the end of the T1 transition, tmT = t+T .
For a specific time window of size ω, we compute the

radial distribution function for epicenters of all T1 tran-
sitions that occur within that window. Suppose, in a
given time window of size ω starting from time t until
time t + ω, there are NT1 events and let ρ = NT1

A be
the number density of T1 events, where A is the area of
the computational domain. Then, the radial distribution
function for this particular time window is calculated as

g(r, t, t+ ω) =
1

ρNT1

〈
NT1∑

j=1

∑

k ̸=j

δ(r − rjk)

〉
(5)

where δ is the Dirac delta function and rjk is the dis-
tance between the epicenters of a pair of T1 transitions
indexed by j and k. If τ is the time resolution, then the
radial distribution function is calculated as the ensem-
ble average of time windows, {(0, ω), (τ, ω + τ), (2τ, ω +
2τ), . . . , , (T − ω, T )}, such that

gω(r) =
τ

(T − ω + τ)

t=T−ω∑

t=0

g(r, t, t+ ω) (6)
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FIG. 3: Radial distribution function gω(r) between T1 transitions for MPF model (a-b) and AES model(c). (a)
gω(r) for different time windows for v0 = 1. (b) gω(r) for varying v0 with w = 25. (c) gω(r) for varying v0 with

w = 10. r∗ is the mean separation distance.

Figure 3a shows the radial distribution function for the
MPF model for varying time window sizes ω. The loca-
tion of the peaks does not vary with window size, but
decrease in magnitude. For small ω, gω(t) appears typ-
ical of disordered systems with interacting particles. As
epicenters of T1 transitions lie in the vicinity of cell-cell
junctions, the peaks in the gω(t) must be relate to where
the cell-cell junctions are located. Over time, the junc-
tions remodel due to T1 transitions, and so gω(t) flattens
as ω increases. Figure 3b shows g25(t) for varying activity
v0 in MPF model. As activity increases, the correlations
reduce due to higher rates of junction remodelling [9].
Similar results are observed for the AES model, as shown
in Figure 3a, where gω(t) is plotted for varying activity
v0.

The peaks in the AES model lie at units of the mean
separation distance r∗, determined by the number den-
sity of cells. In the MPF model, the cell separation dis-
tance r∗ is defined as the diameter of the circle whose
area is equal to the cell’s area. By contrast to the AES
model, the first peak lies at r ≈ 3, followed by a valley
at r ≈ 8 and then another peak at r ≈ 15, all within
the mean cell separation r∗. Thus, the location of the
first two peaks and the first valley in gω(t) for low ω
correspond to different cell junctions across a cell. We
discussed this further in Section VI by analyzing spatial
distributions of successive T1 transitions undertaken by
a cell.

From here on, we make use of the high shape resolu-
tion of cells in the MPF model to discuss the interplay
between cell shape and T1 transitions. The shape will
also help us better understand the profile of the radial
distribution gω(r) of MPF model.

V. SHAPE CHANGES INDUCED BY
INDIVIDUAL T1 EVENTS

The cell shape index p defined as

p =
Perimeter√

Area
, (7)

is a common cell shape descriptor especially for quanti-
fying cross-over regimes in jamming transitions [27]. For
instance, in asthmatic airway epithelium, the jamming
transition has been associated to a critical shape index
of p ≈ 3.81, below which the cells are jammed [28].

In our MPF model, the cell area remains invariant,
meaning that the shape index is determined solely by
the cell perimeter. Since the energy is concentrated at the
cell-cell junctions, a cell with a higher perimeter (or shape
index) possesses a higher associated energy. Therefore,
the shape index also serves as an indicator of the energy
associated with the shape of a cell.

In Figure 4a, we show the time evolution of the shape
index of cells that take part in T1 transitions, averaged
over all T1 transitions, as function of the time before and
after a T1 transition. The evolution after a T1 transi-
tion is shown such that t+T is fixed at zero, with positive
time representing the period after t+T . Similarly, the time
evolution before a T1 transition is shown such that t−T is
fixed at zero, with negative time representing the period
before t−T [8]. The average shape index of cells in T1
transitions increases before the start of T1, reaches its
peak at the start of T1, and falls sharply immediately
after the end of T1, followed by a slower relaxation.

However, when plotting the evolution separately for
loser and gainer cells, different patterns become evident.
Before a T1 event, the shape index of loser cells increases
significantly upon elongation, reaching its peak just be-
fore the start of the T1 transition. Meanwhile, the shape
index of gainer cells remains constant on average. As the
four cells are on the verge of undergoing a T1 event, the
gainer cells move towards each other, compressing the
loser cells such that the junction shared by the loser cells
shrinks [8]. Gainer cells elongate during the T1 tran-
sition and reach their maximum shape index after the
end of the T1 transition. Whereas, the shape index of
loser cells reduce during the T1 transition. At the end
of the T1 transition, loser and gainer cells have similar
shape indices. After the T1 transition, the shape index of
loser cells decays at a faster rate than that of the gainer
cells. Thus, the loser and gainer cells experience distinc-
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FIG. 4: For the MPF model: (a) Evolution of mean shape index of cells undergoing a T1 transition. Negative time
and positive time corresponds to relative time before the start of a T1 transition tT − , and relative time after the end
of a T1 transition tT + . The mean evolution of gainer and loser cells are also highlighted. (b) Shape index is plotted
against the number of neighbours of a cell (blue). The shape index for loser and gainer cells at the start of the T1

transition are also shown. The smaller circles mark individual data, while the larger circles represent the mean value
calculated for a particular number of neighbours. (c) Probability density of distance between all pairs of vertices of a
cell in various scenarios. The black curve corresponds to distance between all pairs of vertices of a cell, ensembled

over all cells at all times. The red curves corresponds to the time when the cell is undergoing a T1
transition(t−T < t < t+T ), whereas the blue and green curves corresponds to the times t−T and t+T respectively. Dashed
and dotted curves represent to gainer or loser cells, respectively. See Movie 3 in the Supplemental Material for movie

of the the evolution of the shape of a cell along with its shape index and number of neighbours.

tive shape deformations due to a T1 transition.
To gain more insights, we plot the distribution of the

shape index conditional on the number of neighbours a
cell has, for all cells at all times, as shown in Figure 4b.
The figure also shows the shape index of loser and gainer
cells at the start of a T1 transition. The mean values,
indicated by larger markers, show that the average shape
index tends to increase with the number of neighbours.
As cells with fewer neighbours have a smaller shape in-
dex, T1 transitions lead to shape relaxation of loser cells.
Similarly, T1 transitions cause elongation of gainer cells,
leading to shape tension. This is despite the fact that
loser cells undergo more drastic deformations than gainer
cells, as evident from the evolution of shape index in Fig-
ure 4a.

Cells with higher activity v0 undergo more T1 transi-
tions and have a higher mean shape index [8]. As the
mean shape index increases with activity and as cells un-
dergo more T1s, they develop transient elongations, or
protrusions.

Figure 4c shows the distribution of distances between
pairs of cell vertices. The black curve shows the distri-
bution of distances between all pairs of cell vertices for
all cells at all times. The other curves are conditional on
certain situations a cell is in.

• The red curve shows the distances when the cell
is undergoing a T1 transition, during the period
t−T < t < t+T .

• The green curve corresponds to the distances at the
start of a T1 transition, t−T .

• The blue curve represents the distances at the end

of a T1 transition t+T .

Overall, the curves are similar, but there is a noticeable
small peak at short distances for loser cells at the begin-
ning of a T1 transition and for gainer cells at the conclu-
sion. These peaks indicate that the pair of vertices that
are about to annihilate or have recently been created.
When two vertices of a cell are close to each other, the
shape of the cell is likely very anisotropic (elongated).
This explains why the shape index of loser cells peaks
before the T1 transition, and the shape index of gainer
cells peaks afterward.

VI. EMERGENT DIRECTIONAL MIGRATION

Since cell shape and its tendency to lose or gain neigh-
bours during a T1 transition are interconnected, we now
investigate whether the interplay between cell shape and
junction remodeling causes coherent flow patterns that
span larger length scales than those typical of a T1 tran-
sition.

Let U−
i (T ) and U+

i (T ) be the set of all vertices that
were annihilated and created, respectively, due to the T1
transition T that involved cell i.

For a pair of successive T1s Tm and Tn involving cell
i, i.e., i ∈ Tm and i ∈ Tn, the following relations hold.

U+
i (Tm) = {X+

Tm,c} : if i is a loser cell in Tm
U+
i (Tm) = {X+

Tm,1,X+
Tm,2} : if i is a gainer cell in Tm

U−
i (Tn) = {X−

Tn,1
,X−

Tn,2
} : if i is a loser cell in Tn

U−
i (Tn) = {X−

Tn,c
} : if i is a gainer cell in Tn
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FIG. 5: For the MPF model: (a-d) Four different patterns by which highlighted cell i undergoes two successive T1
events, i.e. Tm(1st T1) and Tn(2nd T1). The colours correspond to legend at the top-left. Tm takes places between
the left and the middle column, while Tn takes places between the middle and the right column. The yellow and
cyan circles mark the vertices of the highlighted cell that are created in Tm and annihilated in Tn, respectively.

Sometimes, vertices take part in both the T1s, and are marked with both cyan and yellow. (a) loser-loser : Red cell
loses neighbours in both T1s. (b) loser-gainer : Blue cell loses neighbours in Tm and gains neighbours in Tn. (c)
gainer-loser : Green cell gains neighbours in Tm and loses neighbours in Tn. (d) gainer-gainer : Purple cell gains

neighbours in both T1s. (e) Shows the zoomed highlighted cells from (a-d). (f-i) Fixing the origin to the center of
mass of cell i, the difference in orientation of each element in the set of vertices created in (Tm) (i.e., (U+

i (Tm))) with
each element in the set of vertices annihilated in (Tn) (i.e., (U−

i (Tn))) is histogrammed over all pairs of successive T1
transitions for all cells. An example of the difference in orientation indicated by ξ on the blue cell, as shown in (e). ξ
is the difference in orientation of blue and yellow circles measured relative to the orange circle(center of mass). The

black colour in (f-i) represents vertices that are created in Tm and annihilated in Tn. (j) Shape index and (k)
number of neighbours of the cell undergoing successive T1s measured at the start of Tm, with the color marking the

appropriate scenario. The statistics in (f-k) is collected over three simulations.
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where c = 1 or 2 depending on the vertex which includes
cell i.

There are four different scenarios for a cell involved in
successive T1 transitions, as shown in the Figure 5a-5d,
depending on whether a cell is a loser or a gainer cell in
the two T1 transitions. These four scenarios are denoted
as loser-loser, loser-gainer, gainer-loser, gainer-gainer.
The vertices of the highlighted cell involved in Tm and
Tn are marked in yellow and cyan, respectively. In some
situations, the same vertex can be involved in both T1
transitions, such that it is created in Tm and annihilated
in Tn, and is appropriately highlighted using both cyan
and yellow. This is possible in all four scenarios of suc-
cessive T1 transitions. A cell undergoes a reversible T1
transition in the scenarios loser-gainer and gainer-loser
only if both the vertices involved in the Tm are involved
in Tn. We do not encounter any reversible T1 transitions
in the MPF models in the parameter regime we have ex-
plored, but we have encountered several T1 transitions
where one vertex was involved in successive T1 transi-
tions.

For each of the four scenarios of successive T1s involv-
ing cell i, we first determine the locations of all vertices
created after Tm i.e. {rX (t−Tn

) | X ∈ U+
i (Tm)}, and the

locations of all vertices that will annihilate in Tn, i.e.
{rX (t−Tn

) | X ∈ U−
i (Tn)}, both calculated at the start

time of Tn i.e t−Tn
, which is the latest time where the

vertices in both U+
i (Tm) and U−

i (Tn) coexist. Then, we
determine the location of the center of mass of the cell at
t−Tn

i.e. ri(t
−
Tn
)(calculated using Equation A7). We pair

every vertex of U+
i (Tm) with every vertex of U−

i (Tn). By
pairing vertices in this way, in the scenarios loser-loser,
loser-gainer, gainer-loser and gainer-gainer, we get 2, 1,
4 and 2 pairs of vertices for each pair of successive T1s,
respectively.

We fix an origin at the center of mass of the cell, de-
noted by ri(t

−
Tn
). For each pair of chosen vertices, we find

the difference in orientations of both vertices measured
relative to the cell center, which we will call relative ori-
entation. An example of such a relative orientation is
highlighted by the angle ξ on the blue cell in Figure 5e.
This process is repeated for all pairs of successive T1s
and for all cells, and the corresponding histograms are
shown in the Figures 5f-5i for all four scenarios. The rel-
ative orientation between each vertex pair varies from 0
to π. If the same vertex belongs to both U+

i (Tm) and
U−
i (Tn), then the data is highlighted in black, and the

relative orientation between such a pair is 0. If both the
vertices are on the opposite side of the cells then the rel-
ative orientation between such a pair is π. In essence,
the distributions in Figures 5f-5i informs on the spatial
distribution of successive T1s with respect to the cell
center. Figure 5j and Figure 5k show the corresponding
probability density distributions of the shape index and
the number of neighbours of the cell in each of the four
scenarios measured at the start of Tm.

For the scenario where a cell loses neighbours in both
T1 transitions, i.e., loser-loser, we see that the distribu-

tion peaks at a low value of relative orientation. This
suggests that the pairs of vertices that took part in suc-
cessive T1s are close to each other. A large fraction of
these pairs involve one vertex taking part in both T1s.
Very few pairs of vertices lie on the opposite sides of the
cells suggests that most pairs of successive T1s happen
close to each other on the same side of the cell. Hence,
elongated cells are more likely to undergo successive T1s
of loser-loser kind, as shown in Figure 5j. An elongated
cell can relax its shape by retracting its mass towards
the cell center along the direction of elongation through
T1 transitions (see red cell in Figure 5a). Cells in this
scenario also have a higher than average number of neigh-
bours as shown in Figure 5k.

For the scenario loser-gainer, both T1s happen mostly
on the opposite sides of a cell as the relative orienta-
tion between most pairs is greater than π/2, as shown
in Figure 5g. This is akin to a cell retracting mass from
one side and moving in the opposite direction. The loser
cells which undergo more drastic shape changes during a
T1, as shown in Figure 4a, are propelled away from the
epicenter [8], and such a cell gains a neighbour on the
opposite side.

In the scenario gainer-loser, we see two peaks near 0
and π, see Figure 5g. The differences in the distribu-
tions for loser-gainer and gainer-loser suggest that the
spatial distribution of successive T1s on a cell depends
on the order of topological change, even if the net topo-
logical change in both scenarios is the same. This might
be because gainer and loser cells undergo distinct defor-
mations due to T1 transitions, as shown in Figure 4a.
In both loser-gainer and gainer-loser situations, at the
start of the first T1, the average number of neighbours
is around 6, suggesting that these two scenarios involve
fluctuations about the mean number of neighbours which
is approximately 6.

For the scenario gainer-gainer, most pairs of vertices of
successive T1s lie on the same side of the cell, and most of
these also involve the same vertex in both T1s, as shown
in Figure 5i. If we were to exclude the situations where
the same vertex is involved, the remaining pairs are likely
to occur at any relative orientation except for very low
relative orientation, as indicated by the histogram. Cells
that gain two neighbours in successive T1s usually have
a lower shape index at the start of the first T1 than the
other three scenarios, as shown in Figure 5j, as well as a
lower number of neighbours, as shown in Figure 5k.

If the distributions of relative orientation of the ver-
tices involved in successive T1 transitions were uniform,
then T1 transitions would have no preferred orientation
for the quadrupolar flow field that arises due to them [9].
However, the non-uniform distributions in Figures 5f-5i
suggest an effective directed migration of the cells, de-
pending on the four scenarios, which could lead to emer-
gent flow patterns at larger scales as a result of chaining
of T1 transitions.

The non-uniform spatial distribution of paired vertices
of successive T1 transitions on the cell might be a rea-
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son behind the weak polar order within the MPF model,
which is typically more than 0.4 [9]. The large number
of paired vertices of successive T1 transitions occuring
at low relative orientation suggest that the successive T1
transitions occur close to each other, informing the pro-
file of the radial distribution functions in Figure 3 for
the MPF model, where a peak was observed for very low
value of radial distance (r < 5).

In the MPF model, the orientation of cell activity tends
to align with the direction of its elongation, and this rate
is controlled by a parameter α (See appendix A for de-
tails). However, this alignment is not the reason for the
specific spatial distribution of successive T1 transitions,
as similar distributions are observed even when the activ-
ity does not align with cell elongation, i.e., when α = 0
(See Figure 2 in the Supplemental Material for corre-
sponding plots). Also, these distributions remain similar
even if activity and deformability are varied suggesting a
universal emergent behaviour due to the shape response
of cells.

Additionaly, we note that every cell that gains neigh-
bours in two successive T1s where the vertex created in
the first T1 is annihilated in the second T1, also has a
neighbouring cell that loses neighbours in both of these
T1s. Consider a T1 Tm = {A,B,C,D} where cell A
gains a neighbour B. This process creates two vertices:
{A,B,C} and {A,B,D}. If one of these vertices is in-
volved in another T1 Tn by annihilating such that cell A
gains another neighbour, then depending on which ver-
tex took part in the T1, either C or D loses contact with
B. So, one of C or D loses neighbours in both Tm and
Tn.

VII. CONCLUSIONS:

In summary, we have shown that while cells undergo
individual T1 transitions as a Poisson process in time,
with a rate determined by cell activity, their spatial dis-
tribution is highly correlated. Through detailed statis-
tical analysis of the cell shape index and the number
of cell neighbours, we have found that the cell shape
deformation in response to T1 transitions is contingent
on whether a cell loses or gains neighbours. This find-
ing highlights a dual role of T1 transitions: cells losing
neighbours experience shape relaxation with a decrease
in the shape index, whereas cells gaining neighbours be-
come elongated, leading to shape tension.

We identify four distinct occurrence patterns of suc-
cessive T1 transitions. These non-uniform distributions
across cell junctions lead to cell shape protrusions or re-
tractions, allowing cells to move directionally relative to
others, potentially forming flow structures across multi-
ple cells. However, to better understand the emergent flu-
idisation patterns, longer chains of successive T1 events
need to be considered. The spatial correlations of T1
transitions may also be probed using other models, such
as the vertex model [29] especially those that allow for

complex cell shape deformations as in the Reference [13].
These results are also accessible for experimental verifi-
cation.
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Appendix A: Multi-phase field model

The multi-phase field model presented here was previ-
ously used in Ref. [9], and is based on earlier models in
Refs [8, 17]. Consider a set of cells represented by phase-
fields {ϕi} defined in Ω ⊂ R2, where i = 1, 2, . . . , N , and
N is the total number of cells. The domain Ω is a square
of side length L. The interior and exterior of the cell i
is identified as the region in Ω with bulk phase values
ϕi ≈ 1 and ϕi ≈ −1, respectively. The interior is phase
separated from the exterior through a diffuse interface of
width O(ϵ). The phase fields ϕi evolve according to

∂tϕi + vi · ∇ϕi = ∆
δF
δϕi

, (A1)

while preserving the total cell area. The free energy func-
tional F [{ϕi}] = FCH [{ϕi}]+FINT [{ϕi}] is a sum of en-
ergy of the surface and the interaction energy between
the cells. The energy of the surface is the Cahn Hilliard
energy given as

FCH [{ϕi}] =
1

Ca

N∑

i=1

∫

Ω

g(ϕi)

(
ϵ

2
||∇ϕi||2+

1

4ϵ
(ϕ2

i − 1)2
)
dx,

(A2)
where Ca is the capillarity number that controls the de-
formability of the cells, ϵ controls the thickness of cell
interface, and g(ϕ) = 2

3(ϕi+1)(ϕi−1) is the diffusion re-
striction function to prevent bulk diffusion [30]. The first
term penalises gradients in the phase field which models
cortical tension, while the second term is the demixing
part which ensures phase separation between the exterior
and interior of the cell. The interaction energy is given
as

(A3)
FINT [{ϕi}] =

1

In

N∑

i=1

∫

Ω

∑

j ̸=i

(ar
2
(ϕi+1)2(ϕj +1)2

− aa
2
(ϕ2

i − 1)2(ϕ2
j − 1)2

)
dx
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where, ar and aa are used to tune the repulsive and at-
traction component, respectively. The repulsive part pe-
nalises overlap of cell interiors, while the attractive part
promotes overlap of cell interfaces.

The cell activity field is given as

vi(x, t) = v0ei(t)ϕ̂i(x, t) (A4)

where v0 is the magnitude of activity, ϕ̂ = 0.5ϕ + 0.5,
and ei = [cos θi(t), sin θi(t)] is the activity orientation
vector. The orientation angle θ evolves according to the
stochastic differential equation

dθi =
√

2DrdWi(t) + α(βi(t)− θi(t))dt, (A5)

where Dr is the coefficient of rotational diffusion and Wi

is a Wiener process. The angle βi(t) is the angle of shape
polarity defined to be the elongation axis of the cell, and
is calculated from the eigenvector corresponding to the
largest eigenvalue of the shape deformation tensor, ȷ+i
such that

βi(t) =

{
arg(η+

i (t)) : ei(t) · η+
i (t) > 0

arg(−η+
i (t)) : ei(t) · η+

i (t) < 0.
(A6)

The system of partial differential equations in Equa-
tion A1 is considered on a square periodic domain. The
system is spatially discretised using finite elements with
a semi-implicit discretisation in time, and is solved using
adaptive finite element methods using the C++ FEM
tool AMDIS [31, 32] with the parallisation approach in-
troduced in Reference [33]. For each simulation, we ini-
tialize the system with N square cells arranged in a reg-
ular grid with randomly oriented activity, allowing for an
initial transient period for cells to mix. We consider the
data only after the cell shapes appear sufficiently irregu-
lar.

The parameters used are as per Table I unless specified
otherwise.

N L T ϵ v0 Ca In aa ar Dr α dt
100 100 150 0.15 0.5 0.2 0.1 1 1 0.01 0.1 0.005

TABLE I: Default values of the model parameters. dt
denotes the timestep size.

The center of mass of a cell i in MPF model is calcu-
lated as

ri(t) =

∫
Ω
xϕ̂idx∫

Ω
ϕ̂idx

(A7)

where ϕ̂i = 0.5ϕi + 0.5 is the rescaled phasefield.

Appendix B: Active elastic solid model

The active elastic solid model [23] is a discrete particle
model consisting of a collection of N particles at posi-
tions ri in a flat tissue monolayer. The elasticity of the

tissue monolayer is modelled by connecting neighbouring
cells with spring-like forces fi = −∇riV determined by a
generic Gaussian potential for the elastic interactions,

V =
∑

i

∑

j=n.of.i

exp

{
− (|rij |−lij)

2

a20

}
(B1)

where rij = ri − rj is the separation vector between two
cells and lij is the equilibrium distance between cells.
The sum of j is taken over the neighbours on an initially
square lattice. The directional self-propulsion follows the
cell polarities pi which reorients due to a torque induced
by elastic interactions. The overdamped dynamics on
this system is then described by

ṙi = v0pi +
1

ζ
(fi + ξi) (B2)

ṗi = Ti × pi + ηi . (B3)

where the polarity torque is

Ti =
1

ζ
(pi × ṙi) .

The translational noise has zero mean and

⟨ξi(t) · ξj(t′)⟩ = Drδijδ(t− t′) (B4)

Similarly, the rotational noise also has zero mean and

⟨ηi(t) · ηj(t′)⟩ = Dpδijδ(t− t′) . (B5)

We renormalize the magnitude of polarity to unity at
every timestep because the noise is not norm conserving.
AES simulations are for 576 cells on a periodic domain of
length L with time advancement using the Euler method
and with the following parameters unless otherwise given
on a figure.

L T lij 1/a2
0 ζ Dr Dp dt

40 5000 2 0.08 1 0.025 0.15 0.1

TABLE II: Default values of the model parameters for
AES. dt denotes the timestep size.

Local cell rearrangements are imposed by a geomet-
ric rule for nearest neighbours. Namely, cells i and j
are considered neighbours if and only if they are closest
in distance to their midpoint than any other third cell.
Explicitly, we connect all cells i and j and remove the
connection if there exists any third cell k which satis-
fies r2ij > r2ik + r2jk, with rij being the distance between
cells i and j. This is the same neighbour criterion as in
Reference [25]. The neighbour criterion is slightly differ-
ent than using a Voronoi tesselation. Whilst we do gain
information about the duration of T1 transitions, since
they no longer occur instantaneously, we do not gain any
information about the shape of cells. Because of this, we
use the multiphase field model to answer these questions.

In the simulations used in this paper, since we are con-
cerned with the behavior of T1s specifically, we update
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the neighbour list at every time-step. We then define a
T1 as occuring in the following way: when cells i and
j cease to be neighbours this is the start of a potential
T1; a T1 occurs when cells m and n become neighbours,
where both m and n are neighbours of both i and j; it is

cancelled if i and j become neighbours again. According
to these rules rosettes are counted as one T1 transition.
The neighbour criterion induces changes in the neighbour
lists with time.
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I. ADDITIONAL FIGURES

FIG. 1: Spatiotemporal properties for varying deformability Ca in the MPF model: (a) Waiting time tw
probability density distribution between successive T1s Tm and Tn undergone by a cell in the MPF model for

varying deformability Ca. (b) Radial distribution function gω(r) between T1 transitions for MPF model for ω = 25
and varying deformability Ca.

FIG. 2: Successive T1s in absence of shape alignment α = 0: (a-d) For four different patterns of successive
T1 events, i.e., Tm(1st T1) and Tn(2nd T1) undertaken by a cell: Fixing the origin to the center of mass of cell i, the
difference in orientation of each element in the set of vertices created in (Tm) (i.e., (U+

i (Tm))) with each element in
the set of vertices annihilated in (Tn) (i.e., (U−

i (Tn))) is histogrammed over all pairs of successive T1 transitions for
all cells. The black colour in represents vertices that are created in Tm and annihilated in Tn. α = 0 and other

parameters are as per Table I of the main text.
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12

Abstract 𝑃 -atic liquid crystal theories offer new perspectives on how cells self-organize and13

respond to mechanical cues. Understanding and quantifying the underlying orientational orders14

is therefore essential for unraveling the physical mechanisms that govern tissue dynamics. Due15

to the deformability of cells this requires quantifying their shape. We introduce rigorous16

mathematical tools and a reliable framework for such shape analysis. Applying this to segmented17

cells in MDCK monolayers and computational approaches for active vertex models and18

multiphase field models challenges previous findings and opens new pathways for19

understanding the role of orientational symmetries and 𝑝-atic liquid crystal theories in tissue20

mechanics and development.21

22

Introduction23

The importance of orientational order in biological systems is becoming increasingly clear, as it24

plays a critical role in processes such as tissue morphogenesis, collective cell motion, and cellular25

extrusion. Orientational order results from the shapes of cells and their alignments with neigh-26

boring cells. Disruptions in this order, known as topological defects, are often linked to key bi-27

ological events. For instance, defects—points or lines where the order breaks down—can drive28

cell extrusion (Saw et al., 2017;Monfared et al., 2023) or trigger morphological changes in tissues29

(Maroudas-Sacks et al., 2021; Ravichandran et al., 2024). Orientational order is linked to liquid30

crystal theories and should here be interpreted in a broad sense. Recent evidence extends beyond31

nematic order, characterized by symmetry under 180◦ = 2𝜋∕2 rotation, to higher-order symmetries32

such as tetratic order (90◦ = 2𝜋∕4), hexatic order (60◦ = 2𝜋∕6), and even general 𝑝-atic orders (2𝜋∕𝑝,33

𝑝 being an integer). In biological contexts, nematic order (𝑝 = 2) has been widely studied in epithe-34

lial tissues (Duclos et al., 2017; Saw et al., 2017; Kawaguchi et al., 2017), linking defects to cellular35

behaviors and tissue organization. More complex orders, such as tetratic order (𝑝 = 4) (Cislo et al.,36

2023) and hexatic oder (𝑝 = 6) (Li and Ciamarra, 2018; Durand and Heu, 2019; Pasupalak et al.,37

2020; Armengol-Collado et al., 2023; Eckert et al., 2023), have also been observed in experimen-38

tal systems, offering new perspectives on how cells self-organize and respond to mechanical cues.39

Understanding and quantifying orientational order and the corresponding liquid crystal theory are40

therefore essential for unraveling the physical mechanisms that govern biological dynamics.41
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In physics, 𝑝-atic liquid crystals illustrate how particle shape and symmetry influence phase be-42

havior, with seminal works dating back to Onsager’s theories (Onsager, 1949). Most prominently,43

hexatic order (𝑝 = 6) has been postulated and found by experiments and simulations as an interme-44

diate state between crystalline solid and isotropic liquid in (Halperin and Nelson, 1978;Nelson and45

Halperin, 1979;Murray and Van Winkle, 1987; Bladon and Frenkel, 1995; Zahn et al., 1999; Gasser46

et al., 2010; Bernard and Krauth, 2011). Other examples are colloidal systems for triadic platelets47

(Bowick et al., 2017) or cubes (Wojciechowski and Frenkel, 2004), which lead to 𝑝-atic order with48

𝑝 = 3 and 𝑝 = 4, respectively. Even pentatic (𝑝 = 5) and heptatic (𝑝 = 7) liquid crystals have been en-49

gineered (Wang and Mason, 2018; Yu and Mason, 2023). The corresponding liquid crystal theories50

for 𝑝-atic order have only recently been defined (Giomi et al., 2022; Krommydas et al., 2023) and51

can also be used in biological contexts. However, while in colloidal systems particle shapes remain52

fixed, in biological tissues, cells are dynamic: their shapes are irregular, variable, and influenced53

by internal and external forces. These unique properties make quantifying 𝑝-atic order in tissues54

significantly more challenging, as quantification of the cell shapes is required. Wewill demonstrate55

that existing methods, such as bond-orientational order (Nelson and Halperin, 1979) or polygonal56

shape analysis (Armengol-Collado et al., 2023), often fail to capture the nuances of irregular cell57

shapes, which has severe consequences on the definition of 𝑝-atic order.58

To address this, we adapt Minkowski tensors (Mecke, 2000; Schröder-Turk et al., 2013)—rigor-59

ous mathematical tools for shape analysis—to quantify 𝑝-atic order in cell monolayers. Minkowski60

tensors provide robust and sensitive measures of shape anisotropy and orientation, accommo-61

dating both smooth and polygonal shapes while remaining resilient to small perturbations. By62

applying these tools, we re-examine previous conclusions about 𝑝-atic order in epithelial tissues63

and demonstrate that certain widely accepted results require reconsideration.64

𝑎) 𝑏) 𝑐)

𝑑) 𝑒) 𝑓 )
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Figure 1. Shape classification of cells in wild-type MDCK cell monolayer. a) Raw experimental data. b) - f)Minkowski tensor, visualized using 𝜗𝑝 and 𝑞𝑝, Equation 7 (see Methods and materials) for 𝑝 = 2, 3, 4, 5, 6,respectively. The brightness and the rotation of the 𝑝-atic director indicates the magnitude and theorientation, respectively.
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Figure 2. Statistical data for cell shapes identified in Figure 1 (see Methods and materials). a) Mean 𝑞𝑝 andstandard deviation 𝜎(𝑞𝑝) of 𝑞𝑝. b) - f) Probability distribution function (PDF) of 𝑞𝑝 for 𝑝 = 2, 3, 4, 5, 6, respectively.Normal distributions with the same mean and standard deviations are added to the histograms as a guide tothe eye.

Our study leverages a combination of experimental and computational approaches. Experi-65

mentally, we analyze confluent monolayers of MDCK (Madin-Darby Canine Kidney) cells, compar-66

ing wild-type tissues with E-cadherin knockout variants to explore the role of cell-cell adhesion in67

orientational order. Figure 1 provide a snapshot of the considered monolayer of wild-type MDCK68

cells, together with their shape classification by Minkowski tensors. The corresponding statistical69

data and probability distributions of these quantities are shown in Figure 2. These data already70

indicate no clear preference of a specific 𝑝-atic order and the necessity for robust and sensitive71

shape classification. Computationally, we employ two complementary models for cell monolayers:72

the active vertex model and the multiphase field model. These approaches allow us to systemati-73

cally vary parameters such as cell activity and mechanical properties, providing a comprehensive74

view of how 𝑝-atic order emerges in different contexts.75

By combining these robust mathematical tools, experimental insights, and computational mod-76

els, we establish a reliable framework for quantifying 𝑝-atic order in biological tissues. This frame-77

work not only challenges previous findings but also opens new pathways for understanding the78

role of orientational symmetries in tissue mechanics and development.79

Methods and materials80

Minkowski tensors81

Essential properties of the geometry of a two-dimensional object are summarized by scalar-valued82

size measures, so called Minkowski functionals. They are defined by83

𝑊0() = ∫
d, 𝑊1() = ∫𝜕 d𝜕, and 𝑊2() = ∫𝜕  d𝜕, (1)

where  is the smooth two-dimensional object, with contour 𝜕 and  denotes the curvature of84

the contour 𝜕 (see Figure 3 for a schematic description), as reviewed in Mecke (2000). They de-85

scribe (up to field-specific prefactors) the area, the perimeter and a curvature-weighted integral of86

the contour, respectively. Minkowski functionals are also known as intrinsic volumes. For convex87

objects, they have been shown to be continuous and invariant to translations and rotations. Due88

to these properties and Hadwiger’s characterization theorem (Hadwiger, 1975), they are natural89

size descriptors that provide essential and complete information about invariant geometric fea-90

tures. However, these properties also set limits to their use as shape descriptors. Due to rotation91
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invariance, they are unable to capture the orientation of the shape. To describe more complex92

shape information the scalar-valued Minkowski functionals are extended to a set of tensor-valued93

descriptors, known asMinkowski tensors. These objects have been investigated both inmathemat-94

ical (Alesker, 1999;Hug et al., 2008, 2007;McMullen, 1997) and in physical literature (Schröder-Turk95

et al., 2010a; Kapfer et al., 2012). Using tensor products of the position vectors 𝐫 and the normal96

vectors 𝐧 of the contour 𝜕, defined as 𝐫𝑎 ⊙ 𝐧𝑏 = 𝐫 ⊙…⊙ 𝐫 ⊙ 𝐧⊙…⊙ 𝐧, the first considered 𝑎 times97

and the last 𝑏 times with ⊙ denoting the symmetrized tensor product. The Minkowski tensors are98

defined as99

𝐖𝑎,0
0 () = ∫

𝐫𝑎 d, 𝐖𝑎,𝑏
1 () = ∫𝜕 𝐫

𝑎 ⊙ 𝐧𝑏 d𝜕, and 𝐖𝑎,𝑏
2 () = ∫𝜕 𝐫

𝑎 ⊙ 𝐧𝑏 d𝜕. (2)
For 𝐖0,0

𝑗 () = 𝑊𝑗() for 𝑗 = 0, 1, 2, so the Minkowski tensors are extensions of the Minkowski func-100

tionals. In analogy to Minkowski functionals also Minkowski tensors have been shown to be101

𝐧
𝜃𝐧

𝐫

𝐱𝑐


𝜕

𝐱

Figure 3. Schematic description of atwo-dimensional object  with contour 𝜕.We denote the center of mass with 𝐱𝑐 andvectors from 𝐱𝑐 to points 𝐱 on 𝜕 with 𝐫. Theoutward-pointing normals are denoted by
𝐧, the corresponding angle with the 𝑥-axisby 𝜃𝐧.

continuous for convex objects. Also, analogies to Had-102

wiger’s characterization theorem exist (Alesker, 1999).103

However, for our purpose, the essential property is104

the continuity. It makes Minkowski functionals and105

Minkowski tensors a robust measure as small shape106

changes lead to small changes in the shape descrip-107

tor. Due to this property, Minkowski tensors have108

been successfully used as shape descriptors in differ-109

ent fields, e.g. inmaterials science as a robustmeasure110

of anisotropy in porous (Schröder-Turk et al., 2010b)111

and granular material (Schröder-Turk et al., 2013), in112

astrophysics to describe morphology of galaxies (Beis-113

bart et al., 2002), and in biology to distinguish shapes114

of different types of neuronal cell networks (Beisbart115

et al., 2006) and to determine the direction of elon-116

gation in multiphase field models for epithelial tissue117

(Mueller et al., 2019; Wenzel and Voigt, 2021; Happel and Voigt, 2024). However, the mentioned118

examples exclusively use lower-rank Minkowski tensors 𝑎 + 𝑏 ≤ 2. Higher rank tensors have not119

been considered in such applications but the theory also guarantees robust description of 𝑝-atic120

orientation for 𝑝 = 3, 4, 5, 6,…. These results hold for smooth contours but also can be extended121

to polyconvex shapes. Furthermore, known counter-examples for non-convex shapes have very122

little to no relevance in applications (Kapfer, 2012).123

Even if all Minkowski tensors carry important geometric information, one type is particularly124

interesting and will be considered in the following:125

𝑾 0,𝑝
1 () = ∫𝛿 𝐧⊙ 𝐧⊙…⊙ 𝐧

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
p−𝑡𝑖𝑚𝑒𝑠

d𝜕. (3)

In this case, the symmetrized tensor product agrees with the classical tensor product. If applied126

to polygonal shapes the Minkowski tensors𝑾 0,𝑝
1 () are related to the Minkowski problem for con-127

vex polytops (i.e., generalizations of three-dimensional polyhedra to an arbitrary number of di-128

mensions), which states that convex polytops are uniquely described by the outer normals of the129

edges and the length of the corresponding edge (Minkowski, 1897). Several generalizations of this130

result exist (Klain, 2004; Schneider, 2013), which makes the normal vectors a preferable quantity131

to describe shapes. However, Minkowski tensors contain redundant information, which asks for132

an irreducible representation. This can be achieved by decomposing the tensor with respect to the133

rotation group 𝑆𝑂(2) (Kapfer, 2012;Mickel et al., 2013; Klatt et al., 2022). Following this approach,134

one can write135

𝑾 0,𝑝
1 () = ∫𝑆1

𝐮𝑝Ψ(𝐮) d𝐮 with Ψ(𝐮) = ∫𝜕 𝛿(𝐧(𝐱) − 𝐮) d𝜕, (4)
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𝑞3 = 1.00
𝜗3 = 42◦

𝑞4 = 1.00
𝜗4 = −27◦

𝑞5 = 1.00
𝜗5 = −18◦

𝑞6 = 1.00
𝜗6 = 30◦

𝑞6 = 0.28
𝜗6 = −21◦

𝑞5 = 0.41
𝜗5 = −31◦

𝑞4 = 0.22
𝜗4 = −13◦

𝑞3 = 0.29
𝜗3 = 55◦

𝑞2 = 0.34
𝜗2 = −36◦

𝑞2 = 0.25
𝜗2 = −37◦

𝑞3 = 0.50
𝜗3 = 60◦

𝑞4 = 0.35
𝜗4 = 45◦

𝑞5 = 0.50
𝜗5 = 21◦

𝑞6 = 0.42
𝜗6 = 19◦

Figure 4. Regular and irregular shapes, adapted from Armengol-Collado et al. (2023) and Schaller et al.(2024), with magnitude and orientation calculated by Equation 7. For regular shapes, the correspondingmagnitude of 𝑞𝑝 is always 1.0 and the detected angle is the minimal angle of the 𝑝-atic orientation with respectto the 𝑥-axis. Note that no shape with 𝑞2 = 1.0 is shown, as this would be a line. The visualization usesrotationally-symmetric direction fields (known as 𝑝-RoSy fields in computer graphics (Vaxman et al., 2016)).The brightness scales with the magnitude of the 𝑝-atic order, 𝑞𝑝, see colorbars in Figure 1.

with Ψ(𝐮) being proportional to the probability density of the normal vectors. Identifying 𝐮 ∈ 𝑆1
136

by the angle 𝜃 between 𝐮 and the 𝑥−axis allows to write137

Ψ(𝜃) =
∞∑

𝑝=−∞
𝜓𝑝()𝑒−𝑖𝑝𝜃 with 𝜓𝑝() = 1

2𝜋 ∫
2𝜋

0
Ψ(𝜃)𝑒𝑖𝑝𝜃 d𝜃. (5)

138

The Fourier coefficients 𝜓𝑝() are the irreducible representations of𝑾 0,𝑝
1 () and can be written as139

𝜓𝑝() = 1
2𝜋 ∫𝜕 𝑒

𝑖𝑝𝜃𝒏 d𝜕, (6)
where 𝜃𝒏 is the orientation of the outward pointing normal 𝐧. The phase of the complex number140

𝜓𝑝() contains information about the preferred orientation and the absolute value |𝜓𝑝()| is a scalar141

index. We thus define142

𝜗𝑝() = 1
𝑝
arctan 2

(
ℑ𝜓𝑝(),ℜ𝜓𝑝()) + 𝜋

𝑝
and 𝑞𝑝() = |𝜓𝑝()|

𝜓0() , (7)
with ℑ𝜓𝑝 and ℜ𝜓𝑝 the imaginary and real part of 𝜓𝑝, respectively, and 𝜓0() = 𝑊1()

2𝜋
. We have143

𝑞𝑝() ∈ [0, 1] quantifying the strength of 𝑝-atic order. Figure 4 illustrates the concept for polygonal144

and smooth shapes and Figure 5 illustrates the calculation of 𝑞𝑝 and 𝜗𝑝 at the example of an equi-145

lateral triangle. Note that the constant factor of 1∕(2𝜋) in Equation 6 does not influence the result146

of Equation 7 and is therefore disregarded in Figure 5. Alternative derivations of Equation 7 con-147

sider higher order trace-less tensors (Virga, 2015; Giomi et al., 2022; Armengol-Collado et al., 2023)148

generated by the normal 𝐧. In this case 𝜗𝑝() (orange triatic director in Figure 5 right) correspond149

to the eigenvector to the negative eigenvalue and 𝜗𝑝() − 𝜋∕𝑝 (gray triatic director in Figure 5 right)150

to the eigenvector to the positive eigenvalue. For 𝑝 = 2 this tensor based approach corresponds to151

the structure tensor (Mueller et al., 2019).152

As pointed out in the introduction, 𝑝-atic orders have already been identified in biological tissue153

andmodel systems. However, the way to quantify rotational symmetry in these works differs from154

the Minkowski tensors. In Armengol-Collado et al. (2023) the cell contour is approximated by a155
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𝑞3 = 1.0

𝑒𝑖3𝜃𝒏 ∫𝜕 𝑒
𝑖3𝜃𝒏 d𝜕

Figure 5. Illustrative description of the definition of 𝑞3 for an equilateral triangle. Considering rotationalsymmetries under a rotation 120◦ = 2𝜋∕3means that vectors with an angle of 120◦ or 240◦ are treated asequal. Applied to the normals 𝐧 (left), this means that under this rotational symmetry the normals on thethree different edges are equal. Mathematically this is expressed through 𝑒3𝑖𝜃𝐧 resulting in the triatic directorshown instead of the normals 𝐧 (middle). One leg of the triatic director always points in the direction as thenormal. While only shown for 3 points on each edge, we obtain an orientation with the respective symmetryon every point of the contour 𝜕. Considering the line integral along the contour provides the dominatingtriatic director, shown in the center of mass (right). To get a value between 0.0 and 1.0 for 𝑞3 we normalize thisintegral with the length of the contour, which corresponds to 𝑞0. As all triatic directors point in the samedirection we obtain 𝑞3 = 1.0 in this specific example. To be consistent with other approaches we rotate theresulting triatic director by 60◦ = 𝜋∕3 leading to the orange triadic director, which is the quantity used forvisualization.

polygon with 𝑉 vertices having coordinates 𝐱𝑖. The considered polygonal shape analysis is based156

on the shape function157

𝛾𝑝(𝐶) =
∑𝑉

𝑖=1 |𝐫𝑖|𝑝𝑒i𝑝𝜃𝑖∑𝑉
𝑖=1 |𝐫𝑖|𝑝

, (8)
with 𝐫𝑖 = 𝐱𝑖 − 𝐱𝑐 being the vector from the center of mass 𝐱𝑐 and 𝜃𝑖 being the orientation of the 𝑖-th158

vertex of the polygon with respect to its center of mass. As the center of mass can be computed159

by 𝐱𝑐 = 1
𝑉

∑𝑉
𝑖=1 𝐱𝑖 the only input data are the coordinates of the vertices of the 𝑉 -sides polygon.160

Equation 8 captures the degree of regularity of the polygon by its amplitude 0 ≤ |𝛾𝑝| ≤ 1 and its161

orientation 𝜗𝑝 which follows as162

𝜗𝑝(𝐶) =
1
𝑝
arctan

ℑ𝛾𝑝(𝐶)
ℜ𝛾𝑝(𝐶)

, (9)
with ℑ𝛾𝑝 and ℜ𝛾𝑝 the imaginary and real part of 𝛾𝑝, respectively. Instead of the normals 𝐧, the163

descriptor is based on the position vector 𝐫. One might be tempted to think that Equation 9 is164

related to the irreducible representation of 𝑾 𝑝,0
1 . This is, however, not the case as the weighting165

in Equation 9 is done with respect to the magnitude of 𝐫, while in𝑾 𝑝,0
1 the weighting is done with166

respect to the contour integral. Furthermore, in contrast to the Minkowski tensors, Equation 9167

takes into account only the vectors at the vertices and not the vectors along the full cell contour.168

While this seems to be a technical detail, it has severe consequences. The theoretical basis, which169

guarantees continuity, no longer holds. This leads to unstable behaviour, as illustrated in Figure 6.170

While the shape of the polygons is almost identical, there is a jump in 𝛾3 and 𝛾4 as we go from four171

to three vertices. The weighting according to the magnitude cannot cure this, as the magnitude of172

the shrinking vector is far from zero shortly before this vertex vanishes. In the context of cellular173

systems, such deformations are a regular occurrence rather than an artificially constructed test174

case. We will demonstrate the impact while discussing the results and recommend only using175

robust descriptors such as the Minkowski tensors or their irreducible representations.176

We further note that bond order parameters Ψ𝑏𝑜𝑛𝑑
𝑝 , which consider the connection between177

cells, have also been used as shape descriptors (Li and Ciamarra, 2018; Durand and Heu, 2019;178

Pasupalak et al., 2020). Introduced in Nelson and Halperin (1979), these parameters are179

Ψ𝑏𝑜𝑛𝑑
𝑝 = 1

𝐵

𝐵∑
𝑏=1

𝑒𝑖𝑝𝜃𝑏 , (10)
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𝑞3 = 0.980
𝑞4 = 0.033

𝑞3 = 0.999
𝑞4 = 0.002

𝑞3 = 1.000
𝑞4 = 0.000

|𝛾3| = 0.900
|𝛾4| = 0.556

|𝛾3| = 0.927
|𝛾4| = 0.495

|𝛾3| = 1.000
|𝛾4| = 0.000

Figure 6. Defining 𝑝-atic order for deformable objects requires robust shape descriptors. Shown is thestrength of 𝑝-atic order for a polygon converging to an equilateral triangle. a) using 𝑞𝑝 and b) using 𝛾𝑝. Theconsidered vectors used in the computations, normals 𝐧 of the contour for the Minkowski tensors and 𝐫𝑖 for
𝛾𝑝, are shown. Note that the choice of the center of mass highly influences the value of 𝛾𝑝. We here used thedescribed approach following Armengol-Collado et al. (2023).

with 𝐵 denoting the number of bonds and 𝜃𝑏 the orientation of the bond 𝑏. In the context of mono-180

layer tissues, 𝐵 is understood as the number of neighbors, and 𝜃𝑏 as the orientation of the connec-181

tion of the center of mass of the current cell with the center of mass of the neighbor 𝑏 (Loewe et al.,182

2020; Monfared et al., 2023). So cells with the same contour but different neighbor relations lead183

to different bond order parameters. This characteristic should already disqualify these measures184

as shape descriptors. However, as discussed in detail in Mickel et al. (2013), they are not robust185

even for the task they are designed for. We therefore do not discuss them further.186

Simulation methods187

We consider twomodeling approaches, an active vertex model and amultiphase field model. Both188

have been proven to capture various generic properties of epithelial tissue (Hakim and Silberzan,189

2017; Alert and Trepat, 2020; Moure and Gomez, 2021). The key aspects of formulations are out-190

lined in Box 1 and Box 2. They refer to (Koride et al., 2018; Das et al., 2021; Killeen et al., 2022)191

and (Wenzel and Voigt, 2021; Jain et al., 2023, 2024b), respectively. Parameters used within these192

models are listed in Appendix 1 Table 1 and Appendix 1 Table 2.193

The initial configuration for the active vertex model simulations was built by placing 𝑁 points194

randomly in a periodic simulation box of length 𝐿×𝐿 and ensuring that no two points were within195

a distance less than 𝑟cut from each other. The points were used to create a Voronoi tiling. Typically,196

such a tiling had cells of very irregular shapes. To make cell shapes more uniform, the centroids197

of each tile were computed and used as seeds for a new Voronoi tiling. This process was iterated198

until it converted within the tolerance of 10−5, resulting in a so-called well-centered Voronoi tiling199

with cells of random shapes but similar sizes. Initial directions of polarity vectors 𝐧̂𝐶𝑖 were chosen200

at random from a uniform distribution. The initial configuration for the multiphase field model201

simulations considers a regular arrangement of 𝑁 cells of equal size in a periodic simulation box202

of length 𝐿×𝐿 with randomly chosen directions of self-propulsion and simulating for several time203

steps until the cell shapes appear sufficiently irregular. For both models we consider 100 cells and204

analyse time instances of the evolution.205

Experimental setup290

Cell culture291

Madin-Darby canine kidney (MDCK) cells were cultured in DMEM (DMEM, low glucose, GlutaMAX™292

Supplement, pyruvate) supplemented with 10% fetal bovine serum (FBS; Gibco) and 100U∕mL peni-293

cillin/streptomycin (Gibco) at 37 ◦C with 5% CO2. The cell line was tested mycoplasma.294

Monolayer preparation295

Cells were seeded on glass-bottom dishes (Mattek) pretreated with 10µg∕mL fibronectin human296

plasma in phosphate buffered saline (PBS, pH 7.4; Gibco). Fibronectin was incubated for 30min at297

37 ◦C. The initial cell seeding density was sparse. They were imaged approximately 24 hours after,298

when a confluent monolayer was formed.299

7 of 36

.CC-BY 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted January 3, 2025. ; https://doi.org/10.1101/2025.01.03.631196doi: bioRxiv preprint 

125



Box 1. Active vertex model206207

𝑏)𝑎)

208

Box 1—figure 1. a) Cell contour of the active vertex model. Red arrows represent the polarity vectorsthat set each cell’s instantaneous direction of self-propulsion. b) Zoom in on a vertex surrounded by threecells showing how the direction of self-propulsion on a vertex is calculated.
209

210

211

The active vertex model is based on models discussed in (Koride et al., 2018; Das et al., 2021;
Killeen et al., 2022). A confluent epithelial tissue is appreciated as a two-dimensional tiling
of a plane with the elastic energy given as (Honda, 1983; Farhadifar et al., 2007; Honda and
Nagai, 2022)

𝐸VM =
𝐾𝐴

2
∑
𝐶

(
𝐴𝐶 − 𝐴0

)2 + 𝐾𝑃

2
∑
𝐶

(
𝑃𝐶 − 𝑃0

)2 , (11)
where 𝐴𝐶 and 𝑃𝐶 are, respectively, area and perimeter of cell 𝐶 , 𝐴0 and 𝑃0 are, respectively,preferred area and perimeter, and 𝐾𝐴 and 𝐾𝑃 are, respectively, area and perimeter moduli.
For simplicity, it is assumed that all cells have the same values of𝐴0, 𝑃0,𝐾𝐴, and𝐾𝑃 . Themodel
can be made dimensionless by dividing Equation 11 by 𝑒∗ = 𝐾𝐴𝐴2

0,
𝑒VM = 1

2
∑
𝐶

(
𝑎𝐶 − 1

)2 + 𝑘𝑃
2

∑
𝐶

(
𝑝𝐶 − 𝑝0

)2 , (12)
where 𝑎𝐶 = 𝐴𝐶∕𝐴0 (i.e. 𝑙∗ =

√
𝐴0 is the unit of length), 𝑝𝑐 = 𝑃𝐶∕

√
𝐴0, 𝑘𝑃 = 𝐾𝑃∕(𝐾𝐴𝐴0), and

𝑝0 = 𝑃0∕
√
𝐴0. 𝑝0 is called the shape index, and it has been shown to play a central role in

determining if the tissue is in a solid or fluid state (Bi et al., 2015).

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

One can use Equation 11 to find themechanical force on a vertex 𝑖 as𝐅𝑖 = −∇𝐫𝑖𝐸VM, where∇𝐫𝑖 isthe gradient with respect to the position 𝐫𝑖 of the vertex. The expression for 𝐅𝑖 is given in terms
of the position of the vertex 𝑖 and its immediate neighbours (Tong et al., 2023), which makes
it fast to compute. Furthermore, cells move on a substrate by being noisily self-propelled
along the direction of their planar polarity described by a unit-length vector 𝐧̂𝐶𝑖 from which
the polarity direction at the vertex 𝐧̂𝑖 is defined, see Box 1 - figure 1 b), where 𝑧𝑖 is the number
of neighbours of vertex 𝑖. It is convenient to write 𝐧̂𝑖 = cos(𝛼𝑖)𝐞𝑥 + sin(𝛼𝑖)𝐞𝑦, where 𝛼𝑖 is an anglewith the 𝑥−axis of the simulation box. The equations of motion for vertex 𝑖 is a force balance
between active, elastic, and frictional forces and are given as

𝐫̇𝑖 = 𝑣0𝐧̂𝑖 +
1
𝛾𝑓𝑟

𝐅𝑖, 𝛼̇𝑖 = 𝜉𝑖(𝑡), (13)
where 𝑣0 is the magnitude of the self-propulsion velocity defined as 𝑓0∕𝛾𝑓𝑟. Furthermore the
overdot denotes the time derivative, 𝛾fr is the friction coefficient, 𝑓0 is the magnitude of the
self-propulsion force (i.e., the activity), 𝜉𝑖(𝑡) is Gaussian noise with ⟨𝜉𝑖(𝑡)⟩ = 0 and ⟨𝜉𝑖(𝑡)𝜉𝑗(𝑡′)⟩ =
2𝐷r𝛿𝑖𝑗𝛿(𝑡− 𝑡′), where 𝐷r is the rotation diffusion constant and ⟨⋅⟩ is the ensemble average over
the noise. Equations of motion can be non-dimensionalised by measuring time in units of
𝑡∗ = 𝛾fr∕(𝐾𝐴𝐴0) and force in units of 𝑓 ∗ = 𝐾𝐴𝐴

3∕2
0 and integrated numerically using the first-

order Euler-Maruyama method with timestep 𝜏.
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Box 2. Multiphase field model248249

𝑎) 𝑏)

𝑥

𝜙 𝑖
(𝑥
)

0 20 40 60 80 100
−1.0

−0.5

0.0

0.5

1.0

250

Box 2—figure 1. a) Cell contours of the multiphase field model. b) Corresponding phase field functionsalong the horizontal line in a). Colours correspond to the once in a).251

252

The multiphase field modelling approach follows Wenzel and Voigt (2021); Jain et al. (2023,
2024b). Each cell is described by a scalar phase field variable 𝜙𝑖 with 𝑖 = 1, 2,… , 𝑁 , where
the bulk values 𝜙𝑖 ≈ 1 denotes the cell interior, 𝜙𝑖 ≈ −1 denotes the cell exterior, and with a
diffuse interface of width (𝜖) between them representing the cell boundary. The phase field
𝜙𝑖 follows the conservative dynamics

𝜕𝑡𝜙𝑖 + 𝐯𝑖 ⋅ ∇𝜙𝑖 = Δ 𝛿
𝛿𝜙𝑖

, (14)
with the free energy functional  = 𝐶𝐻 + 𝐼𝑁𝑇 containing the Cahn-Hilliard energy

𝐶𝐻 = 1
𝐶𝑎

𝑁∑
𝑖=1

∫Ω

( 𝜖
2
‖∇𝜙𝑖‖2 + 1

4𝜖
(𝜙2

𝑖 − 1)2
)
𝑑𝐱, (15)

where the Capillary number 𝐶𝑎 is a parameter for tuning the cell deformability, and an inter-
action energy consisting of repulsive and attractive parts defined as

𝐼𝑁𝑇 = 1
𝐼𝑛

𝑁∑
𝑖=1

∫Ω

∑
𝑗≠𝑖
𝑎𝑟(𝜙𝑖 + 1)2(𝜙𝑗 + 1)2 − 𝑎𝑎(𝜙2

𝑖 − 1)2(𝜙2
𝑗 − 1)2𝑑𝐱, (16)

where 𝐼𝑛 denotes the interaction strength, and 𝑎𝑟 and 𝑎𝑎 are parameters to tune contribution
of repulsion and attraction. The repulsive term penalises overlap of cell interiors, while the
attractive part promotes overlap of cell interfaces. The relation to former formulations is
discussed in Happel and Voigt (2024).

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

Each cell is self-propelled, and the cell activity is introduced through an advection term. The
cell velocity field is defined as

𝐯𝑖(𝐱, 𝑡) = 𝑣0𝐞𝑖(𝑡)𝜙̂𝑖(𝐱, 𝑡), (17)
where 𝑣0 is used to tune the magnitude of activity, 𝜙̂𝑖 = 𝜙𝑖+1

2
and 𝐞𝑖 = [cos 𝜃𝑖(𝑡), sin 𝜃𝑖(𝑡)] is itsdirection. The migration orientation 𝜃𝑖(𝑡) evolves diffusively with a drift that aligns to the prin-cipal axis of cell’s elongation as 𝑑𝜃𝑖 = √

2𝐷𝑟𝑑𝑊𝑖(𝑡) + 𝛼(𝛽𝑖(𝑡) − 𝜃𝑖(𝑡))𝑑𝑡, where 𝐷𝑟 is the rotationaldiffusivity,𝑊𝑖 is theWiener process, 𝛽𝑖(𝑡) is the orientation of the cell elongation and 𝛼 controlsthe time scale of this alignment.

274

275

276

277

278

279

280

281

282

283

The resulting system of partial differential equations is considered on a square domain with
periodic boundary conditions and is solved by the finite element method within the toolbox
AMDiS (Vey and Voigt, 2007;Witkowski et al., 2015) and the parallelization concept introduced
in Praetorius and Voigt (2018) is considered, which allows scaling with the number of cells. We
in addition introduce a de Gennes factor in 𝐶𝐻 to ensure 𝜙𝑖 ∈ [−1, 1], see Salvalaglio et al.
(2021).

284
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287

288

289
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Live cell imaging300

Samples were imaged using Nikon ECLIPSE Ti microscope equipped with a H201-K-FRAME Okolab301

chamber, heating system (Okolab) and a CO2 pump (Okolab) which maintained them at 37 ◦C and302

at 5% CO2. Phase microscopy images were taken each 10th minute using a 10× NA=0.3 Plan Fluor303

objective and Andor Neo 5.5 sCMOS camera.304

Image analysis305

The time-series were xy-drift corrected using Fast4DReg plugin Laine et al. (2019), Pylvänäinen306

et al. (2022) in FIJI. Cells were segmented and tracked using the python module CellSegmentation-307

Tracker (https://github.com/simonguld/CellSegmentationTracker), which utilizes both Cellpose Stringer308

et al. (2021) and Trackmate Tinevez et al. (2017). A Cellpose model was trained by manual segmen-309

tation of the phase contrast images.310

Results311

Quantifying orientational order in biological tissues can be realized by Minkowsky tensors. The312

orientation 𝜗𝑝 and the strength of 𝑝-atic order 𝑞𝑝 in Equation 7 can be computed for any integer313

𝑝. These quantities describe how cell shapes align with specific rotational symmetries. A recurring314

challenge in the field is determining whether 𝑞𝑝 values for different 𝑝 can be meaningfully com-315

pared. This question is particularly important for interpreting nematic (𝑞2) and hexatic (𝑞6) orders,316

which describe distinct symmetries but often coexist in biological systems. However, a direct com-317

parison is problematic as 𝑞2 and 𝑞6 reveal significant differences in their ranges: 𝑞2 = 1.0 represents318

an idealized line shape that is unattainable for cells, while 𝑞6 = 1.0 corresponds to a perfect hexagon319

observed in experiments and simulations. To further address this, we analyze simulation data from320

two computational models, examining how deformability and activity—key determinants of tissue321

mechanics—affect 𝑞𝑝 values and their interplay. We employ the active vertex model and the multi-322

phase fieldmodel, both of which incorporate activity and deformability. These two parameters are323

recognized as crucial for capturing the coarse-grained properties of confluent tissues (Jain et al.,324

2023, 2024b). By leveraging these complementary frameworks, we ensure that our conclusions are325

robust across model-specific assumptions and parameter regimes. This dual approach allows us326

to systematically investigate how these models capture tissue behavior, particularly regarding cell327

shape variability and resulting 𝑝-atic orders.328

In the active vertex model, deformability is controlled by the target shape index 𝑝0, reflecting329

the balance between cell-cell adhesion and cortical tension. The multiphase field model, by con-330

trast, encodes deformability through the capillary number 𝐶𝑎, which directly incorporates cortical331

tension. Although these models differ conceptually, both have been validated in studies of cell332

monolayer mechanics, including solid-liquid transitions, neighbor exchange dynamics, and stress333

profiles (Fletcher et al., 2014; Alt et al., 2017; Li et al., 2019; Balasubramaniam et al., 2021;Wenzel334

and Voigt, 2021; Sknepnek et al., 2023; Melo et al., 2023). Importantly, the active vertex model335

enforces confluency by design, while the multiphase field model approximates it through dynamic336

cell-cell interactions, leading to differences in topological rearrangements and cell shape represen-337

tations.338

We vary activity strength (𝑣0), the shape index (𝑝0), and the capillary number (𝐶𝑎), ensuring all339

parameter combinations remain in the fluid regime. Fluidity was confirmed using metrics such340

as the mean square displacement (MSD) (Loewe et al., 2020), neighbor number variance (Wenzel341

and Voigt, 2021), and the self-intermediate scattering function (Bi et al., 2016). Using Minkowski342

tensors, we computed 𝜗𝑝 and 𝑞𝑝 values as described in Equation 7, focusing on 𝑝 = 2 and 𝑝 = 6343

due to their biological relevance. In solid-like states, such as hexagonal cellular arrangements,344

hexatic order (𝑝 = 6) is the appropriate descriptor, as hexagons exhibit 60◦ = 2𝜋∕6 rotational sym-345

metry. Hexatic order has been extensively studied in biological systems (Li and Ciamarra, 2018;346

Durand and Heu, 2019; Pasupalak et al., 2020), and its importance in cellular organization is well-347

documented. In fluid-like states, cells often become elongated, exhibiting nematic order (𝑝 = 2),348

characterized by 180◦ = 2𝜋∕2 rotational symmetry. Elongated cell shapes are also common in349
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specific cell types, such as fibroblasts. Quantifying nematic order using 𝑞2 is particularly relevant,350

as nematic configurations and defects have been linked to critical biological processes, including351

hydra morphogenesis (Maroudas-Sacks et al., 2021) and cell death (Saw et al., 2017).352

Independence of 𝑞2 and 𝑞6353

Recent studies suggest a hexatic-nematic crossover in epithelial tissues, where hexatic order dom-354

inates at small scales and nematic order prevails at larger scales (Eckert et al., 2023; Armengol-355

Collado et al., 2023, 2024). To explore this relationship, we examine the distribution of (𝑞2, 𝑞6) val-356

ues across deformability-activity parameter pairs in both models (Figure 7). Despite structural

Figure 7. Nematic (𝑝 = 2) and hexatic (𝑝 = 6) order are independent of eachother. 𝑞6 (y-axis) versus 𝑞2 (x-axis)for all cells in the multiphase field model (blue) and active vertex model (red). For each cell and each timestepwe plot one point (𝑞2, 𝑞6). Each panel corresponds to specific model parameters; 𝐶𝑎 and 𝑣0 for multiphasefield model, and 𝑝0 and 𝑣0 for the active vertex model, representing deformability and activity, respectively.
357 differences between the models, both show consistent trends. Closer examination shows that in358

near-solid regimes (Figure 7 lower left), 𝑞2 and 𝑞6 values cluster tightly due to restricted shape fluc-359

tuations. However, even in this regime, small 𝑞2 values can correspond to either small or large360

𝑞6 values, and vice versa. In more fluid-like regimes, with higher activity and higher deformability361

(Figure 7 upper right), 𝑞2 and 𝑞6 values become highly scattered. Each 𝑞2 value spans a broad range362

of 𝑞6 values, and vice versa, demonstrating their independence. These findings underscore that 𝑞𝑝363
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values for different 𝑝measure distinct aspects of cell shape anisotropy and cannot bemeaningfully364

compared directly.365

This conclusion also holds on larger length scales. In order to test the hypothesis of a hexatic-366

nematic crossover at larger length scales (Armengol-Collado et al., 2023) we consider a coarse-367

graining of 𝑞2 and 𝑞6 across spatial domains. Details are described in Appendix 2. Appendix 2 - Fig-368

ure 13 and Appendix 2 -Figure 14 show the results for the active vertex model and the multiphase369

field model, respectively. The results show no consistent trends indicative of a crossover, regard-370

less of the considered model and coarse-graining radius. Instead, the apparent convergence of 𝑄2371

and 𝑄6 values (coarse-grained values of 𝑞2 and 𝑞6) with increasing activity or deformability simply372

reflects the same trends observed at the individual cell scale.373

Dependence of 𝑞𝑝 on activity and deformability374

The previous analysis demonstrated that comparing 𝑞𝑝 across different values of 𝑝 is not meaning-375

ful. However, fixing 𝑝 and exploring 𝑞𝑝 under varying physical conditions offers valuable insights376

into how tissue properties such as activity and deformability influence cell shape and orientational377

order. We again focus on nematic (𝑝 = 2) and hexatic (𝑝 = 6), as shown in Figure 8 and Figure 9.378

Additional results for 𝑝 = 3, 4, 5 are provided in Figure 8—figure Supplement 1–Figure 8—figure379

Supplement 3 (fixed activity) and Figure 9—figure Supplement 1–Figure 9—figure Supplement 3380

(fixed deformability). In all plots all cells and all time steps are considered. In Figure 8, we vary381

deformability (𝑝0 in the active vertex model and 𝐶𝑎 in the multiphase field model) while keeping382

the activity 𝑣0 constant. Results are presented for the active vertex model (left column) and the383

multiphase field model (right column). Activity increases from bottom to top rows. Both models384

show qualitatively similar trends in the probability density functions (PDFs) of 𝑞2 and 𝑞6. For 𝑝 = 6,385

increasing deformability shifts the PDF of 𝑞6 to the left, indicating lower mean values. In contrast,386

for 𝑝 = 2, higher deformability leads to higher 𝑞2 values, reflected in a rightward shift of the PDF.387

This trend is confirmed by the mean values, shown as a function of deformability (𝑝0 and 𝐶𝑎, re-388

spectively) in the inlets. Additionally, the PDFs broaden with increasing deformability, and this389

effect is more pronounced at lower activity levels. A notable difference between the models is the390

range of 𝑞𝑝 values. In the multiphase field model, 𝑞𝑝 rarely exceeds 0.8 due to the smoother, more391

rounded cell shapes, whereas the active vertex model often produces higher 𝑞𝑝 values. In Figure 9,392

deformability is held constant while activity 𝑣0 is varied. Results are again shown for the active393

vertex model (left column) and the multiphase field model (right column), with increasing activity394

indicated by brighter colors. Deformability increases from bottom to top rows. The trends mirror395

those observed in Figure 8. Increasing activity reduces the mean value of 𝑞6 while increasing 𝑞2,396

see inlets. The effects of activity are more pronounced at lower deformabilities; at higher deforma-397

bilities, differences between parameter regimes diminish. The results agree qualitatively with the398

ones obtained for the measures |𝛾2| and |𝛾6| reported in (Armengol-Collado et al., 2023, Extended399

Data Fig. 3). Note that in the calculation of 𝛾𝑝 every cell is approximated by a polygon. Therefore,400

also for the multiphase field model the obtained values range up to 1.0. The overall behavior of 𝑞2401

and 𝑞6 is summarized in Figure 10, which shows the mean values 𝑞2 and 𝑞6 as functions of activity402

and deformability. For both models:403

• 𝑞2 increases with higher activity or deformability404

• 𝑞6 decreases with higher activity or deformability.405

This behaviour is consistent with a trend towards nematic order in more dynamic regimes and to-406

ward hexagonal order in more constrained, less dynamic regimes. The first is further confirmed by407

recent findings in analysing T1 transitions and their effect on cell shapes Jain et al. (2024a). These408

studies suggest that cells transiently elongate when they are undergoing T1 transitions. As the409

number of T1 transitions increases with activity or deformability Jain et al. (2024b) this elongation410

contributes to the observed behavior. The second is consistent with the emergence of hexagonal411
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arrangements in solid-like states. Corresponding results for 𝑝 = 3, 4, 5 are shown in Figure 10—412

figure Supplement 1.413

Comparison with experiments414

Next, we apply shape descriptor framework to experiments on epithelial cells. We consider a415

monolayer of Madine-Derby-Canine-Kidney (MDCK) cells. We consider two types of cell monolay-416

ers: MDCK wild type cells and MDCK E-cad KO cells, which have the E-cadherin protein removed.417

These E-cad KO cells have weaker cell-cell adhesion strengths and previous studies have shown418

that compared to wild-type cells, the E-cad KO cells have lower velocities, same spreading area,419

higher aspect ratio, and higher stiffness Balasubramaniam et al. (2021); ?. The slower movement420

of E-cad KO cells compared to the wild-type cells suggest their lower activity, and their higher stiff-421

ness can be intepreted as having lower deformability compared to the wild-type cells. However,422

care must be taken in directly comparing the two cell types and directly comparing to simulation423

results , as the key parameters varied in simulations—cell activity and deformability—are difficult424

to manipulate in isolation in experiments. One complicating factor is the strong dependence of425

cell shape on cell density, as previously reported (Eckert et al., 2023). Higher cell densities gen-426

erally lead to rounder cell shapes, which we confirmed in two distinct experimental setups (see427

Figure 11). For both wild-type MDCK cells and E-cadherin knockout variants, increased cell density428

corresponded to lower mean values of 𝑞2, consistent with rounder cell geometries. For higher val-429

ues of 𝑞𝑝, however, this density-dependent effect was less pronounced. A plausible explanation430

lies in the geometry of shapes for larger 𝑞𝑝. Rounded shapes close to a circle can yield relatively431

high 𝑞𝑝 values for certain 𝑝, such as the example shown in the third row of Figure 4. Distinguishing432

such shapes from perfect circles requires highly accurate data, which can be difficult to obtain in433

experimental imaging, potentially masking density-dependent effects for 𝑝 = 6.434

Importantly, due to the substantial differences in cell density between wild-type cells and E-435

cadherin knockout variants, direct comparisons between these two experimental conditionswould436

be unjustifiable. Density influences cell shape too strongly to isolate other effects in these datasets.437

Despite these limitations, we observed qualitative agreement between experimental and computa-438

tional results regarding the independence of 𝑞2 and 𝑞6 (see Figure 12). Bothmeasures appear to be439

unrelated, reinforcing the conclusion that nematic (𝑝 = 2) and hexatic (𝑝 = 6) order describe distinct440

aspects of cell shape and alignment. Consequently, comparing 𝑞2 and 𝑞6 directly is not meaningful,441

whether in simulations nor in experiments.442

Sensitivity of the results on the considered shape descriptor443

In order to demonstrate that other methods, such as polygonal shape analysis Armengol-Collado444

et al. (2023) fail to capture the nuances of irregular cell shapes we also use Equation 8 as a shape445

descriptor for the considered datasets. For the experimental data and the multiphase field model446

this first requires an approximation of the cell shape by a polygon. For finding the vertices of the447

polygon we consider the Voronoi interface method (Saye and Sethian, 2011, 2012), see Appendix 3.448

The corresponding figures to Figure 1, Figure 2 and Figure 4 are shown in Appendix 3 Figure 16,449

Appendix 3 Figure 17 and Appendix 3 Figure 15, respectively. While already these results show450

quantitative differences, the failure of the approach can best be seen in the qualitative difference451

between Figure 10 and the corresponding results in Appendix 3 Figure 18, which, instead of the452

monotonic trend for activity and deformabilty, exhibit nonmonotonic trends, peaking at interme-453

diate values of activity or deformability. These divergences highlight the limitations of 𝛾𝑝 in cap-454

turing consistent patterns and emphasize the need for stable, reliable shape descriptors like the455

Minkowski tensors.456

For completeness we also provide the corresponding figures to Figure 7 and Figure 13 in Ap-457

pendix 3 Figure 19 and Appendix 3 Figure 20, respectively. We hereby only consider the active458

vertex model. The results are similar to the once obtained using the Minkowski tensors and con-459

firm the independence of 𝑝-atic order for different symmetries.460
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Figure 8. Nematic (𝑝 = 2) and hexatic (𝑝 = 6) order depend on deformability of the cells. Probabilitydistribution functions (PDFs) for 𝑞2 (shades of orange) and 𝑞6 (shades of blue), using kde-plots, for varyingdeformability 𝑝0 or 𝐶𝑎 and fixed activity 𝑣0. Inlets show mean values of 𝑞2 and 𝑞6 as function of deformability.a) - d) active vertex model, e) - h) multiphase field model for decreasing activity.
Figure 8—figure supplement 1. PDFs for 𝑞3 using kde-plots, for varying deformability 𝑝0 or 𝐶𝑎 and fixed
activity 𝑣0. Inlets show mean values of 𝑞3 as function of deformability. a) - d) active vertex model, e) - h)
multiphase field model for descreasing activity.
Figure 8—figure supplement 2. PDFs for 𝑞4 using kde-plots, for varying deformability 𝑝0 or 𝐶𝑎 and fixed
activity 𝑣0. Inlets show mean values of 𝑞4 as function of deformability. a) - d) active vertex model, e) - h)
multiphase field model for decreasing activity.
Figure 8—figure supplement 3. PDFs for 𝑞5 using kde-plots, for varying deformability 𝑝0 or 𝐶𝑎 and fixed
activity 𝑣0. Inlets show mean values of 𝑞5 as function of deformability. a) - d) active vertex model, e) - h)
multiphase field model for decreasing activity.
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Figure 9. Nematic (𝑝 = 2) and hexatic (𝑝 = 6) order depend on activity of the cells. Probability distributionfunctions (PDFs) for 𝑞2 (shades of orange) and 𝑞6 (shades of blue), using kde-plots, for varying activity 𝑣0 andfixed deformability 𝑝0 or 𝐶𝑎. Inlets show mean values of 𝑞2 and 𝑞6 as function of activity. a) - d) active vertexmodel and e) - h) multiphase field model for decreasing deformability.
Figure 9—figure supplement 1. PDFs for 𝑞3 using kde-plots, for varying activity 𝑣0 and fixed deformability 𝑝0
or 𝐶𝑎. Inlets show mean values of 𝑞3 as function of activity. a) - d) active vertex model and e) - h) multiphase
field model for decreasing deformability.
Figure 9—figure supplement 2. PDFs for 𝑞4 using kde-plots, for varying activity 𝑣0 and fixed deformability 𝑝0
or 𝐶𝑎. Inlets show mean values of 𝑞4 as function of activity. a) - d) active vertex model and e) - h) multiphase
field model for decreasing deformability.
Figure 9—figure supplement 3. PDFs for 𝑞5 using kde-plots, for varying activity 𝑣0 and fixed deformability 𝑝0
or 𝐶𝑎. Inlets show mean values of 𝑞5 as function of activity. a) - d) active vertex model and e) - h) multiphase
field model for decreasing deformability.
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Discussion461

In this study, we introduced Minkowski tensors as a robust and versatile tool for quantifying 𝑝-atic462

order in multicellular systems, particularly in scenarios involving rounded or irregular cell shapes.463

By applying this framework to extensive datasets from two distinct computational models—the464

active vertex model and the multiphase field model—we identified universal trends: increasing465

activity and deformability of the cells enhance nematic order (𝑝 = 2) while diminishing hexatic order466

(𝑝 = 6). The consistency of these findings across two models, despite their inherent differences,467

underscores the generality and relevance of our results.468

While various shape characterizationmethods, such as the bond order parameter (Loewe et al.,469

2020;Monfared et al., 2023) and the shape function 𝛾𝑝 (Armengol-Collado et al., 2023), have been470

explored in the literature, we demonstrated that the choice of shape descriptor significantly im-471

pacts the conclusions drawn. Applying 𝛾𝑝 to data from the active vertex model revealed qualitative472

discrepancies: for 𝑝 = 2, 𝛾𝑝 and 𝑞𝑝 behaved similarly, but for 𝑝 = 6, 𝛾𝑝 exhibited significant changes.473

Such divergences, together with limitedmathematical foundations, highlight the limitations of 𝛾𝑝 in474

capturing consistent patterns and emphasize the need for stable, reliable shape measures like the475

Minkowski tensors. In contrast to the bond order parameter or the shape function 𝛾𝑝 the stability476

of Minkowski tensors can be mathematically justified. We have further demonstrated why bond477

order parameter or the shape function 𝛾𝑝 fail in certain situations. This finding is not merely a tech-478

nical nuance; the choice of shape detectionmethod fundamentally influences the interpretation of479

𝑝-atic order. Consequently, selecting a robust shape descriptor is critical for obtaining meaningful480

and reproducible insights into orientational order in multicellular systems.481

A critical question in the literature has been whether shape measures for different 𝑝-atic or-482

ders can be directly compared. While some studies have suggested relationships between 𝛾2 and483

𝛾6 (Armengol-Collado et al., 2023), our results refute this notion. We demonstrated that measures484

like 𝑞2 and 𝑞6 capture fundamentally distinct aspects of cell shape and alignment, and comparing485

them directly is bothmathematically and biologically misleading. We further tested the hypothesis486

of a hexatic-nematic crossover at larger length scales by coarse-graining 𝑞2 and 𝑞6 across spatial487

domains. The results showed no consistent trends indicative of a crossover, regardless of the488

coarse-graining strategy and the considered model. Instead, the apparent convergence of 𝑄2 and489

𝑄6 values (coarse-grained values of 𝑞2 and 𝑞6) with increasing activity or deformability simply re-490

flected the same trends observed at the individual cell scale. This reinforces the conclusion that491

comparisons of 𝑝-atic orders across different 𝑝 lack a robust basis and that claims of crossovers492

require careful reconsideration.493

Our findings suggest that 𝑝-atic orders should be studied independently across length scales,494

as they describe complementary aspects of cellular organization. The coexistence of distinct ori-495

entational orders emphasized in different studies—such as nematic (𝑝 = 2) (Duclos et al., 2017;496

Saw et al., 2017; Kawaguchi et al., 2017), tetratic (𝑝 = 4) (Cislo et al., 2023), and hexatic (𝑝 = 6) (Li497

and Ciamarra, 2018)—is not contradictory but highlights the rich, multifaceted nature of cellular498

organization. Rather than searching for a single dominant order, future research should focus on499

the interplay of different 𝑝-atic orders and their associated defects. This suggests to not only con-500

sider 𝑝-atic liquid crystal theories Giomi et al. (2022) for one 𝑝, but combinations of these models501

for various 𝑝’s. Understanding how these orders interact may reveal how they collectively regulate502

morphogenetic processes.503

Connecting 𝑝-atic orders to biological function remains a critical avenue for exploration. While504

the mathematical independence of 𝑞2, 𝑞6, and other shape measures precludes the identification505

of a universal dominant order, biological systemsmay exhibit context-dependent preferences. For506

example, a specific 𝑝-atic order might correlate with or drive a key morphogenetic event. Investi-507

gating these connections could yield insights into how tissues achieve functional organization and508

adapt to environmental cues. As such, while it is difficult to speak of dominating orders from a509

mathematical point of view, there could be a dominating order from a biological point of view,510
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meaning the 𝑝-atic order connected to the governing biological process.511
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Appendix 1692

Parameters for the computational models693

Appendix 1—table 1. Values of the dimensionless parameters used in the active vertex model
Parameter Description Numerical Value
𝑁 Number of cells 100
𝐿 Simulation box size 10
𝑇 Total simulation time 300
𝑘𝑃 Perimeter elastic modulus 1.0
𝜏 Simulation time step 0.01
𝑣0 Self-propulsion strength (i.e. activity) 0.1 - 0.4
𝐷r Rotation diffusion coefficient 0.05
𝑝0 Shape index of active cells 3.5 - 3.875

Appendix 1—table 2. Values of the dimensionless parameters used in the multiphase-field modelsimulations
Parameter Description Numerical Value
𝑁 Number of cells 100
𝐿 Simulation box size 100
𝑇 Total simulation time 150
𝜖 Interface width 0.15
𝜏 Simulation time step 0.005
𝑣0 Self-propulsion strength (i.e. activity) 0.4 - 1.0
𝐷r Rotation diffusion coefficient 0.01
𝛼 Alignment parameter 0.1
𝐶𝑎 Capillary number 0.05 - 0.2
𝐼𝑛 Interaction number 0.1
𝑎𝑎 Cell-cell attraction strength 1.0
𝑎𝑟 Cell-cell repulsion strength 1.0
ℎ Mesh size 5ℎ ≈ 𝜖
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Appendix 2694

Coarse graining results obtained with the Minkowski tensor695

For comparison with the literature we are considering a coarse-graining, following closely the696

strategy used in Armengol-Collado et al. (2023). We therefore regard the coarse-grained strength697

of 𝑝-atic order 𝑄𝑝 = 𝑄𝑝(𝐱), which is the average of all shape functions 𝜓𝑝
𝜓0
(or equivalently 𝑞𝑝𝑒𝑖𝑝𝜗𝑝 ) of698

cells whose center of mass 𝐱𝑐 lies within a circle with radius 𝑅 and center 𝐱. In a formula this is:699

𝑄𝑝(𝐱) =

100∑
𝑗=1
𝑞𝑝(𝑗)𝑒𝑖𝑝𝜗𝑝(𝑗 )Θ(𝑅 − |𝐱 − 𝐱𝑐(𝑗)|)

100∑
𝑗=1

Θ(𝑅 − |𝐱 − 𝐱𝑐(𝑗)|)
(18)

whereby the formula uses that our simulations contain 100 cells. 𝑖 denotes the 𝑖−th cell and Θ700

denotes the Heaviside step function withΘ(𝑥) = 0 for 𝑥 > 0 andΘ(𝑥) = 0 otherwise. As in Armengol-701

Collado et al. (2023) the position 𝐱 is sampled over a square grid with spacing 𝑅 =
√

𝐴
𝜋
with 𝐴702

the cell area. For Appendix 2 Figure 13 and Appendix 2Figure 14 we took the average over all grid703

points and all time instances. The figures show the resulting data for the active vertex model and704

the multiphase field model, respectively.

0.10

0.20

0.40

0.80

|
𝑄

2|

|𝑄2|

|𝑄6|

0.10

0.20

0.40

0.80

|
𝑄

2|

0.10

0.20

0.40

0.80

|
𝑄

2|

2.0 4.0 8.0
𝑅∕𝑅𝑐𝑒𝑙𝑙

0.10

0.20

0.40

0.80

|
𝑄

2|

2.0 4.0 8.0
𝑅∕𝑅𝑐𝑒𝑙𝑙

2.0 4.0 8.0
𝑅∕𝑅𝑐𝑒𝑙𝑙

2.0 4.0 8.0
𝑅∕𝑅𝑐𝑒𝑙𝑙

0.10

0.20

0.40

0.80

|
𝑄

6|

0.10

0.20

0.40

0.80

|
𝑄

6|

0.10

0.20

0.40

0.80

|
𝑄

6|

0.10

0.20

0.40

0.80
|
𝑄

6|

𝑣 0
=
0.
4

𝑣 0
=
0.
3

𝑣 0
=
0.
2

𝑣 0
=
0.
1

𝑝0 = 3.5 𝑝0 = 3.625 𝑝0 = 3.75 𝑝0 = 3.825

Appendix 2—figure 13. 𝑄6 versus 𝑄2 for different coarse graining radii in the active vertex model, calculatedaccording to Equation 18. A logarithmic scaling was used for both axis. 𝑞𝑝 and 𝜗𝑝 follow from Equation 7, 𝑅 is
chosen as√𝐴
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Appendix 3706

Results using polygonal shape analysis707

To visualize the similarities and differences between 𝑞𝑝 and 𝛾𝑝 we show the analogue of Figure 4708

using the Minkowski tensors in Appendix 3 Figure 15 using polygonal shape analysis. For regular709

polygons, both shape characterization methods behave in the same way as seen in the first row.710

For irregular shapes, like in the 2nd row, they already show a different behaviour. Note that the711

rounded shapes from Figure 4 are missing in Appendix 3 Figure 15 as 𝛾𝑝 requires a polygon.

|𝛾3| = 1.00
𝜗3 = 42◦

|𝛾4| = 1.00
𝜗4 = −27◦

|𝛾5| = 1.00
𝜗5 = −18◦

|𝛾6| = 1.00
𝜗6 = 30◦

|𝛾2| = 0.37
𝜗2 = −48◦

|𝛾3| = 0.38
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𝜗4 = −33◦
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|𝛾6| = 0.38
𝜗6 = −16◦

Appendix 3—figure 15. Regular and irregular shapes, adapted from Armengol-Collado et al. (2023), withmagnitude and orientation calculated by Equation 8 and Equation 9. The brightness scales with themagnitude |𝛾𝑝|.
712 The influence of the choice of the shape characterizationmethod is not only visible in the values713

for single shapes, it can also be seen in the mean and standard deviation. To illustrate this, we use714

𝛾𝑝 to characterize the shapes from the same experimental data as in Figure 1 and Figure 2. The715

segmented data consists of smooth contours for each cell. As 𝛾𝑝 only works with vertex coordinates716

the first step is to identify these. Note that this always leads to the approximation of the cell shape717

with a polygon and therefore to a simplification of the shape. For finding the vertices we consider718

the Voronoi interface method (Saye and Sethian, 2011, 2012). Using the so obtained vertices and719

Equation 8 and Equation 9 leads to the results shown in Appendix 3 Figure 16 and Appendix 3720

Figure 17. Compared to Figure 1 and Figure 2, where the Minkowski tensor was used for the same721

data, we see that the choice of the shape characterization method highly influences the results.722

For comparison with the literature we are considering a coarse-graining, following the strategy723

introduced in Armengol-Collado et al. (2023). We therefore regard the coarse-grained shape func-724

tion Γ𝑝 = Γ𝑝(𝐱), which is the average of all shape functions 𝛾𝑝 of cells whose center of mass 𝐱𝑐 lies725

within a circle with radius 𝑅 and center 𝐱. In a formula this is:726

Γ𝑝(𝐱) =

100∑
𝑗=1
𝛾𝑝(𝑗)Θ(𝑅 − |𝐱 − 𝐱𝑐(𝑗)|)
100∑
𝑗=1

Θ(𝑅 − |𝐱 − 𝐱𝑐(𝑗)|)
(19)

whereby the formula uses that our simulations contain 100 cells. 𝑖 denotes the 𝑖−th cell and Θ727

denotes the Heaviside step function withΘ(𝑥) = 0 for 𝑥 > 0 andΘ(𝑥) = 0 otherwise. As in Armengol-728

Collado et al. (2023) the position 𝐱 is sampled over a square grid with spacing 𝑅 =
√

𝐴
𝜋
with 𝐴729

the cell area. For Appendix 3 Figure 20 we took the average of Γ𝑝 over all grid points and all time730

instances. The figure shows the resulting data for the active vertex model.731
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Appendix 3—figure 16. Shape classification of cells in wild-type MDCK cell monolayer. a) Raw experimentaldata. b) - f) Polygonal shape classification, visualized using 𝛾𝑝 calculated by Equation 8 and Equation 9 for
𝑝 = 2, 3, 4, 5, 6, respectively. The brightness and the rotation of the 𝑝-atic director indicates the magnitude andthe orientation, respectively.
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Appendix 3—figure 17. Statistical data for cell shapes identified in Appendix 3 Figure 16 (. a) Mean |𝛾𝑝| andstandard deviation 𝜎(|𝛾𝑝|) of |𝛾𝑝|. b) - f) Probability distribution function (PDF) of |𝛾𝑝| for 𝑝 = 2, 3, 4, 5, 6,respectively. Normal distributions with the same mean and standard deviations are added to the histogramsas a guide to the eye.
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Appendix 3—figure 18. Mean value 𝛾𝑝 as function of deformability 𝑝0 and activity 𝑣0 for active vertex model.a) nematic order (𝑝 = 2), b) hexatic order (𝑝 = 6). While the behaviour of |𝛾2| qualitatively agrees with thebehaviour of 𝑞2, the behaviour of |𝛾6| is quite different to the one of 𝑞6.

Appendix 3—figure 19. 𝛾6 (y-axis) versus 𝛾2 (x-axis) for all cells in the active vertex model. For each cell andeach timestep we plot one point (𝛾2, 𝛾6). Each panel corresponds to specific model parameters 𝑝0 and 𝑣0,representing deformability and activity.
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Appendix 3—figure 20. Γ6 versus Γ2 for different coarse graining radii in the active vertex model, calculatedaccording to Equation 19. A logarithmic scaling was used for both axis. 𝛾𝑝 follows from Equation 8, 𝑅 is
chosen as√𝐴

𝜋 .
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Figure 8—figure supplement 1. PDFs for 𝑞3 using kde-plots, for varying deformability 𝑝0 or 𝐶𝑎and fixed activity 𝑣0. Inlets showmean values of 𝑞3 as function of deformability. a) - d) active vertex
model, e) - h) multiphase field model for descreasing activity.
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Figure 8—figure supplement 2. PDFs for 𝑞4 using kde-plots, for varying deformability 𝑝0 or 𝐶𝑎and fixed activity 𝑣0. Inlets showmean values of 𝑞4 as function of deformability. a) - d) active vertex
model, e) - h) multiphase field model for decreasing activity.
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Figure 8—figure supplement 3. PDFs for 𝑞5 using kde-plots, for varying deformability 𝑝0 or 𝐶𝑎and fixed activity 𝑣0. Inlets showmean values of 𝑞5 as function of deformability. a) - d) active vertex
model, e) - h) multiphase field model for decreasing activity.
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Figure 9—figure supplement 1. PDFs for 𝑞3 using kde-plots, for varying activity 𝑣0 and fixed de-
formability 𝑝0 or 𝐶𝑎. Inlets showmean values of 𝑞3 as function of activity. a) - d) active vertex model
and e) - h) multiphase field model for decreasing deformability.
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Figure 9—figure supplement 2. PDFs for 𝑞4 using kde-plots, for varying activity 𝑣0 and fixed de-
formability 𝑝0 or 𝐶𝑎. Inlets showmean values of 𝑞4 as function of activity. a) - d) active vertex model
and e) - h) multiphase field model for decreasing deformability.
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Figure 9—figure supplement 3. PDFs for 𝑞5 using kde-plots, for varying activity 𝑣0 and fixed de-
formability 𝑝0 or 𝐶𝑎. Inlets showmean values of 𝑞5 as function of activity. a) - d) active vertex model
and e) - h) multiphase field model for decreasing deformability.
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Figure 10—figure supplement 1. Mean value 𝑞𝑝 for 𝑝 = 3 (left), 𝑝 = 4 (middle) and 𝑝 = 5 (right)
as function of deformability 𝑝0 or 𝐶𝑎 and activity 𝑣0 for active vertex model (a) - c)) and multiphase
field model (d) - f)).
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