
Sverre Holm

Abel’s 1823 Paper on Fractional Derivatives



An autumn day in Oslo …

- Unfortunately, the inscription 
does not mention his 
contribution to the calculus of 
non-integer derivatives, 
“Niels Henrik Abel and the 
birth of fractional calculus”

Twitter 30 Oct 2019

https://twitter.com/Sverre_Holm/status/11
89524750055493634
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Niels Henrik Abel and the birth of 
fractional calculus, 2017
“In his first paper on the generalization 
of the tautochrone problem, that was 
published in 1823, Niels Henrik Abel 
presented a complete framework for 
fractional-order calculus, and used 
the clear and appropriate notation for 
fractional-order integration and 
differentiation.”

Podlubny, Magin, Trymorush, (2017). Niels Henrik Abel and 
the birth of fractional calculus, Fract. Calc. Appl. Anal., 1068-
1075: https://doi.org/10.1515/fca-2017-0057
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Magazin for natur-videnskaberne, side 55-68, 
Aargang I, Bind 2, Christiania, 1823

N.H. Abel, Solution de quelques problèmes
à l’aide d’intégrales définies:
• “Œuvres complètes de Niels Henrik Abel. Nouvelle edition”, L. Sylow and S. Lie, Grøndahl & 

Søn, Christiania, 1881, Ch. II, pp. 11–27.
• https://www.abelprize.no/nedlastning/verker/oeuvres_1839/oeuvres_completes_de_abel_1_kap04_opt.pdf
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Caputo (1967)    Liouville (1832)      Abel (1823)
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Fundamental theorem of calculus

• Differentiation and integration cancel:

[Abel’s and Liouville’s notation for repeated integration]

• Sequence of n-fold integrals and derivatives: 
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1. Fractional derivative

2. Power laws are everywhere

3. Fractional differential equations

4. Abel’s Danish-Norwegian paper from 1823
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Exponential function
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Fig: 
Vikash Pandey,
YouTube
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https://www.youtube.com/watch?v=KTUV__XnTdQ



Sinusoid
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Fig: 
Vikash Pandey,
YouTube
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https://www.youtube.com/watch?v=7oc4Qd9-HnE



Power law
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Fig: 
Vikash Pandey,
YouTube
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https://www.youtube.com/watch?v=IU02IybjRYs



Oops!

• Derivative of a constant, 1:
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Cauchy formula for repeated 
integration
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Augustin Louis Cauchy
(1789 – 1857)
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Georg Friedrich Bernhard 
Riemann (1826 – 1866)

Joseph Liouville
(1809 – 1882)



Cauchy Riemann (1847) - Liouville
(1832) fractional derivative

• Generalize to non-integer order, n  a:
– Fractional integral

• Riemann-Liouville derivative,
– differentiate a «little too much», m; then integrate by m-a
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• Riemann-Liouville: order m-1≤a<m:

– First convolution, then integer order derivation

• Caputo: order m-1≤a<m (1967): 

– First integer order derivative, then convolution
• Derivative of a constant is zero for all orders

• PDE’s will require initialization at integer order derivatives

• Useful for numerical solvers

Fractional derivative: Two flavors
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1 Introduction

Part I Acoustics and linear viscoelasticity
2 Classical wave equations 

3 Models of linear viscoelasticity 

4 Absorption mechanisms and physical constraints 

Part II Modeling of power-law media
5 Power-law wave equations from constitutive equations 

6 Phenomenological power-law wave equations 

7 Justification for power laws and fractional models 

8 Power laws and porous media

9 Power laws and fractal scattering media 

Appendices
A Mathematical background

B Wave and heat equations 

http://folk.uio.no/sverre/Waves/Corrigendum-WavesPowerLaws.pdf
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1. Fractional derivative

2. Power laws are everywhere

3. Fractional differential equations

4. Abel’s paper from 1823
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Abel, N. H. "Oplösning af et par 
opgaver ved hjelp af bestemte 
integraler.” Magazin for natur-
videnskaberne (1823), pp. 55-68

Podlubny, Magin, Trymorush, (2017). 
Niels Henrik Abel and the birth of 
fractional calculus. Fractional Calculus 
and Applied Analysis

Supplement to arXiv version has an 
English translation of Abel’s paper

https://doi.org/10.1515/fca-2017-0057
https://arxiv.org/pdf/1802.05441.pdf
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Energy balance

Integrate for time for descent as a f. of arc s:
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Figure from 1881 translation
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Abel, 1823, side 56
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Generalizes
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Abel, 1823, side 56
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Abel, Auflösung einer mechanischen
Aufgabe, J. Reine u. Angew. Math, 
pp. 153-157. 1826

Page 153

Page 156

The full general solution is in 
the paper from 1826 –
no mention of link to non-
integer calculus.
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Abel, 1823, side 59, 61

s = arc shape
T = Ya = time 

~ Caputo fractional
derivative

Cauchy formula for 
repeated integration for 
non-integer order =>

n’th order integral of
Liouville 1832
= derivative of negative 
order

Even non-integer order derivatives and integrals are inverse operations
 Assumes the fundamental theorem of calculus for non-integer orders
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Pascal (1623-62): Principles are 
intuited, propositions are inferred

Pierre Duhem (1861-1916):

• Intuitive mind, ~non-scientific
– guesswork, perfected by the practice of history

– “esprit de finesse” which is either
• Common sense, “bon sens”: physics - hypotheses

• Common knowledge: mathematics - axioms

• Mathematical mind: deductive method
– “esprit géométrique”, use of pure logic

https://plato.stanford.edu/entries/duhem/#LatDev
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Extension to non-integer derivatives 
appears to be almost trivial to Abel
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Abel, 1823, side 62

“Differentiating the value of s, n times, one obtains ...”,

- Caputo derivative for order 0…1
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Back to the original 
problem, n=1/2

s = arc shape
T = Ya = time 

Fractional integral

Inverts the integral and 
gets fractional
derivative

Assumes that the 
fundamental theorem of
calculus is equally valid 
for order = 1/2

Abel, 1823, side 62-63
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Podlubny, Magin, Trymorush, (2017)

Conclusion
“It is not clear why Niels Henrik Abel abandoned the direction of research 
so nicely formed in his 1823 paper, and one can only guess the reasons.

Abel had all the elements of the fractional-order calculus there:

• the idea of fractional-order integration and differentiation, 

• the mutually inverse relationship between them, 

• the understanding that fractional-order differentiation and integration 
can be considered as the same generalized operation, 

• and even the unified notation for differentiation and integration of 
arbitrary real order.”
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Wessel: Geometry, complex numbers

• Wessel, Caspar (1799). "Om Directionens analytiske Betegning, et Forsøg, anvendt fornemmelig til plane 
og sphæriske Polygoners Opløsning" [On the analytic representation of direction, an effort applied in 
particular to the determination of plane and spherical polygons]. Copenhagen: Royal Danish Acad. Scienc. 
Letters. 5: 469–518.

• Argand in 1806 and Gauss in 1831

• Wessel, Caspar (1897). Essai sur la représentation analytique de la direction [Essay on the Analytic
Representation of Direction]. Transl. Zeuthen, H. G., Copenhagen: Royal Danish Acad. Scienc. Letters.
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Classification of Abel’s work

1. Solution of algebraic equations 
by radicals;

2. New transcendental functions, in 
particular elliptic integrals, elliptic 
functions, abelian integrals;

3. Functional equations;

4. Integral transforms;

5. Theory of series treated in a 
rigorous way.

https://www.abelprize.no/c53681/artikkel/vis.html?tid=53889
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