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Derivatives: Change vs Complexity

• Integer order:
– Leibniz, Newton:  

– Change: velocity, acceleration

– Local characterization

• Fractional order:
–
– Complexity: Power-laws in time and frequency

– Global, memory
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Differentation and integration

• Natural numbers:

• Fourier transform power laws:

• Generalization:
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Active community

International Conference 
on Fractional 
Differentation and its 
Applications: 
• France ‘04, Portugal ‘06, 

Turkey ’08, Spain ‘10, 
China ‘12, Italy ‘14, 
Serbia ‘16, Jordan ‘18, 
Virtual (Poland) ’21, UAE ‘23
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Applications

• Dielectrics, e.g. bioimpedance and electrochemistry: 
– Power-law: Curie-von Schweidler, 1889, 1907 

– Stretched exponential: Kohlrausch, 1854

– Cole-Cole dielectric model, 1941:

• Turbulence:
– Viscous boundary layer thickness:

– Half-order derivative

• Acoustics, mechanics of complex media:
– Medical ultrasound, seismics: power-law attenuation

– Relaxation modulus, time: not exponential, but power law
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L'Hôpital to Leibniz, 1695

"What if n should be 1/2?“

• “It looks like we will one day 
draw some very useful 
consequences from these 
paradoxes, because there 
are hardly any paradoxes 
without utility.”

• «Il y a de l'apparence qu'on tirera un jour 
des consequences bien utilies de ces 
paradoxes, car il n'y a gueres de 
paradoxes sans utilite»

• Leibniz, G W 1695, Mathematische 
Schriften 1849, reprinted 1962, 
Hildesheim, Germany, pp. 301-302
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Lacroix, 1819: ½-order derivative

Arbitrary m, n: 

m=1, n=1/2:

Lacroix, S F, 1819, Traité du Calcul Différentiel et du Calcul Intégral, Paris (Courcier) 3, second edition, 409-410
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Sinusoid

25.05.2023

Fig: 
Vikash Pandey,
YouTube
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https://www.youtube.com/watch?v=7oc4Qd9-HnE
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Niels Henrik Abel, 1823

“In his first paper on the generalization 
of the tautochrone problem, that was 
published in 1823, Niels Henrik Abel 
presented a complete framework for 
fractional-order calculus and used the 
clear and appropriate notation for 
fractional-order integration and 
differentiation.”

Podlubny, Magin, Trymorush, (2017). Niels Henrik Abel and 
the birth of fractional calculus, Fract. Calc. Appl. Anal., 1068-
1075: https://doi.org/10.1515/fca-2017-0057
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Abel Prize page:
Abel’s work
1. Solution of algebraic equations by 

radicals;

2. New transcendental functions, in 
particular elliptic integrals, elliptic 
functions, abelian integrals;

3. Functional equations;

4. Integral transforms;

5. Theory of series treated in a rigorous 
way.

https://www.abelprize.no/c53681/artikkel/vis.html?tid=53889
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1. Fundamental theorem of calculus

• Differentiation and integration cancel:

[Abel’s and Liouville’s notation for repeated integration]

• Sequence of n-fold integrals and derivatives: 
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2. Cauchy formula for repeated 
integration, 1823(?)

• Not:
– Cauchy's integral theorem:

– Cauchy's integral formula: 

• Wikipedia

• Augustin Louis Cauchy: Trente-Cinquième  Leçon. In: Résumé des leçons 
données à l’Ecole royale  polytechnique sur le calcul infinitésimal. Imprimerie 
Royale,  Paris 1823.
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Augustin Cauchy
(1789 – 1857)

Convolution
with power law!
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Abel 1823

• N. H. Abel "Oplösning af et par opgaver ved 
hjelp af bestemte integraler.” Magazin for 
natur-videnskaberne, 1823, pp. 55-68

• N.H. Abel, “Solution de quelques problems à 
l’aide d’intégrales définies,” 1823 (1881).

• “Œuvres complètes de Niels Henrik Abel. Nouvelle 
edition”, L. Sylow and S. Lie, Grøndahl & Søn, 
Christiania, 1881, Ch. II, pp. 11–27. 
https://www.abelprize.no/nedlastning/verker/oeuvres_18
39/oeuvres_completes_de_abel_1_kap04_opt.pdf

• N. H. Abel, “Solution of some problems using 
definite integrals,” 1823 (2017).

• Podlubny, Magin, Trymorush, (2017). Niels Henrik Abel 
and the birth of fractional calculus. Fractional Calculus 
and Applied Analysis, https://doi.org/10.1515/fca-2017-
0057

• Supplement to arXiv version has an English translation
of Abel’s paper https://arxiv.org/pdf/1802.05441.pdf
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Abel’s mechanical problem

• Generalization of tautochrone curve. How 
does time to descent vary with height, a, 
and curve shape s(x):

• ~Caputo derivative, D0.5(s)

• Also solves for s(x) which is ~D-0.5(T)
– Abel, Auflösung einer mechanischen Aufgabe, J. Reine u. Angew. Math, 1826, pp. 153-

157.

– B. Holmboe, ”Abel: Œuvres complètes”, 1839, IV Résolution d'un problème mécanique: 

– https://www.degruyter.com/view/j/crll.1826.1826.issue-1/issue-files/crll.1826.1826.issue-
1.xml

– https://www.abelprize.no/nedlastning/verker/oeuvres_1839/oeuvres_completes_de_abe
l_1_kap04_opt.pdf
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T(a) = constant

a
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Energy balance, frictionsless

Time of descent as a function of arc s:
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a

x

start

end

s
Fig from 1881
translation
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Generalizes, just for the fun of it …
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Abel, 1823, side 56

~ Caputo fractional
derivative, 1967 

also in Liouville, 1832
20
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Abel, 1823, side 59, 61

s = arc shape
T = Ya = time 

~ Caputo fractional
derivative

Cauchy formula for 
repeated integration for 
non-integer order =>

n’th order integral of
Liouville 1832
= derivative of negative 
order

Even non-integer order derivatives and integrals are inverse operations
 Assumes the fundamental theorem of calculus for non-integer orders



Extension to non-integer derivatives 
appears to be almost trivial to Abel
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Abel, 1823, side 62

“Differentiating the value of s, n times, one obtains ...”,

- Caputo derivative of order 0…1



Caputo (1967) Abel (1823)
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Podlubny, Magin, Trymorush, (2017)

Conclusion
“It is not clear why Niels Henrik Abel abandoned the direction of research 
so nicely formed in his 1823 paper, and one can only guess the reasons.

Abel had all the elements of the fractional-order calculus there:

• the idea of fractional-order integration and differentiation, 

• the mutually inverse relationship between them, 

• the understanding that fractional-order differentiation and integration 
can be considered as the same generalized operation, 

• and even the unified notation for differentiation and integration of 
arbitrary real order.”
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Temporal power-law  Frequency 
power-law  Fractional derivative 

• Important Fourier transform: 

• Order a differentiation:
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• Order a differentiation:

• Fractional differentiation: convolution with power law:

• Two ways to differentiate a convolution:

Power-laws Caputo and Riemann-
Liouville fractional derivatives
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Caputo Riemann-Liouville
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a

a
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1. Dielectrics: Power-laws

• Current response to a step voltage, 
Curie-von Schweidler law, 1889, 1907:

• Kohlrausch, 1854: Discharge of a 
capacitor:

– Stretched exponential: power-law inside exponential

– Stretches the decay rel. to exp. function
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Leyden jar



Capacitance:

CPE - Constant Phase
Element: bioimpedance
electrochemistry, … 

Dielectricity & Constant Phase Element

• Displacement field, D vs electric field E: 

• Debye, 1912, e.g. liquids, solids:

• Cole-Cole, 1941:

• Let   :
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Fractional model for dielectrics

• Cole-Cole model, 1941:

• Current response to a voltage step:

• Charge response to a voltage step:
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Cole-Cole  Curie-von Schweidler law

• Current response to a voltage step:

• Ea,a: two-parameter Mittag-
Leffler function

– Generalization of exponential
– Garrappa, Mainardi, Maione, Models of dielectric 

relaxation based on completely monotone 
functions, Fract. Calc. Appl. Anal. 2016

• Curie-von Schweidler law, 1889!
– Holm, "Time domain characterization of the 

Cole-Cole dielectric model" J. Electr. 
Bioimpedance, 2020.

– Also asymptote of Havrili-Negami
and Cole-Davidson models
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Cole-Cole  Kohlrausch response

• Charge response to a voltage step:

• Ea: Mittag-Leffler function

• Kohlrausch 1854!

• Williams, Watts, 1970
– Holm, "Time domain characterization of the 

Cole-Cole dielectric model" J. Electr. 
Bioimpedance, 2020

– Garrappa, Mainardi, Maione, Models of dielectric 
relaxation based on completely monotone 
functions, Fract. Calc. Appl. Anal. 2016

– Also asymptote of Havrili-Negami
and Cole-Davidson models
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2. Rheology, complex media: Power-laws

• Nutting, 1921: Relaxation modulus: stress, s, 
response to a step in strain, e:
– paint, oil

• Scott Blair, 1940/50s:
– cheese, clay

– “I gave up the work eventually, mainly because I 
could not find a definition of a fractional 
differential that would satisfy the mathematicians.”
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Power laws: loss ωy

• Medicine, 
geophysics, ...

• Longitudinal, 
pressure:

– Granite: y ≈ 1

– Liver: y ≈ 1.3

• Shear:
– YIG: y = 2 

(Yttrium indium garnet)

– Granite: y ≈ 1

• Szabo and Wu, “A model for 
longitudinal and shear wave 
propagation in viscoelastic 
media”, JASA (2000).

Data for shear and longitudinal wave loss which show 
power-law dependence over four decades of frequency.

dB/cm
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Power-law relaxation
responses power-
law attenuation

May be described by 
wave equations with
fractional operators
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– u is displacement

– Attenuation increases with wa+1

• Parsimonous description: nice for simulation

• Fundamentally, relaxation processes:

Viscous wave (Stokes) equation
Fractional Kelvin-Voigt wave equation

Fractional loss operator
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3. Poroelasticity, rigid frame: turbulence

– Biot 1956, J Acoust Soc Am

– Bone acoustics, sediments,
brain biomechanics

– Fast and slow compressional
waves + shear wave

25.05.2023

Pakulam, et al Poromechanical Models, ch 5 in P. Laugier and 
G. Haïat (eds.), Bone Quantitative Ultrasound, 2011
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Viscodynamic operator – drag 
coefficient – correction of viscosity

Mitchell, Viki, and Kate 
Cheesman. "Gas, tubes  
and flow." Anaesthesia & 
Intensive Care Med, 2010
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Biot, 1956:

Inverse of boundary layer thickness



4. Klein–Gordon and Dirac equations

25.05.2023 Felleskollokvium 46

Spatial memory?



Conclusion

• Fractional derivative  Frequency / time power-laws
– Central role of Caputo and Riemann-Liouville

• Assumption: continuum mechanics/physics:
– Non-ideal capacitors: Power-law and stretched exp. current 

/ charge  Cole-Cole++ permittivity 

– Power-law relaxation in lin. viscoelasticity  power-law 
attenuation in acoustics  fractional damper

– Viscous boundary layer  1/2-order fractional derivative 
fractional pseudo-differential operator
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