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Where do ideas come from?

The name gauge invariance comes from Hermann Weyl’s unified theory of
gravitation and electromagnetism (1919). Weyl reasoned like this.

Curvature of space-time in general relativity means that when a vector is
parallel transported around a closed curve, it may come back with a changed
direction, but with unchanged length. Why not allow for changes in length?

The theory should be invariant under a local scale transformation

gµν(x)→ eα(x)gµν(x) .

Weyl called this Maßstabinvarianz, Eichinvarianz.
English: gauge invariance, Norwegian: justerinvarians.

Light cones are invariant under such transformations.
The causal ordering of events is defined by the light cones, hence invariant.

In the early 1970s Raphael Høegh-Krohn gave a series of lectures about
conformal gauge groups, which leave light cones invariant.



Where do ideas come from?

Weyl’s unified theory does not work. It would imply, for example, that
the energy levels of an atom depend on the history of that atom.

Local scale transformations are not symmetries of nature.
So what fixes the local scale? Maybe space-time is discrete?

Here we have the two basic ingredients of causal set theory:
– Discrete space-time.
– The causal ordering.

The way is short from Weyl to causal set theory. Yet it took nearly 60 years.

Weyl himself, in 1929, replaced the local scale transformations of the metric
with local phase transformations of wave functions:

ψ(x)→ eiα(x)ψ(x) .

Gerard ’t Hooft was the first to talk and write about the causal set idea
in his 1978 Cargese summer school lectures:

Quantum gravity: a fundamental problem and some radical ideas.



A small community of believers

David Malament proved a theorem on the basic role of the causal ordering.

Rafael Sorkin introduced the name causal sets.
He got the idea independently, inspired by Malament.
He has kept the subject alive for more than 30 years, with students:
Luca Bombelli
David Meyer
David Rideout

Some other people:
Fay Dowker was a student of Stephen Hawking.
Sumati Surya
Lisa Glaser
Joseph Henson
Dionigi Benincasa
Graham Brightwell

A recent review:
Sumati Surya. The causal set approach to quantum gravity.
arXiv:1903.11544v2 [gr-qc]



Why think that physics is discrete?

Rather turn the question around:
Why think that physics — on the most fundamental level — should be
governed by continuum theories, such as differential equations?

A drop of water, for example, looks continuous. You can split it in
two and get two drops of water. You can split again quite a few times.

But even if you had never heard of atoms, would it make sense to
imagine that you could continue splitting indefinitely?

The Greek atomists (among them Democritus, 460–370 BC)
concluded that matter must consist of atoms moving in a void.

The name “atom” means that they are indivisible and indestructible
and have properties that do not change from one time to another or
from one place to another.



Why discrete physics?

Such arguments can explain why the properties of matter are so
stable, for example why two drops of water are indistinguishable.

Kepler’s treatise on snowflakes, from 1611, trying to explain their
sixfold symmetry, is another early argument supporting the atomic
theory of matter.

Thus, by observing the most basic macroscopic properties of matter
it is possible to arrive at the idea that matter consists of atoms.

A similar argument applies in biology.
How can a species be stable over millions of years?

Because the genetic code is discrete.
If it had been continuous, one might imagine infinitesimal changes
accumulating over time to make big changes.



Translation symmetry

It is a basic experimental fact that physical laws are the same
everywhere and at all times.

The explanation usually given, if you ask somebody, is that
translations in space and time are fundamental symmetries in physics.

Unfortunately, that is not an explanation, it is simply a restatement of
the observation.

A better attempt at an explanation (if correct!) is the following.

Space-time is a collection of discrete basic events.
There exist just a small number of different basic events.

The laws of physics are the same everywhere because the basic events
— the atoms of space-time — are of the same kind.

We may imagine a biological kind of explanation: the basic events
multiply and inherit their properties.



The limit of the continuum

With quantum mechanics and general relativity the Planck length

LP =

√
G~
c3 = 1.616× 10−35 m

is a lower limit to how accurately we may localize a particle.

The corresponding minimum time interval is the Planck time

tP =
LP

c
= 5.391× 10−44 s .

When we get down to this scale something drastic must happen.

Either space and time become discrete, or something happens
that we have not yet imagined.



The limit of the continuum

To derive the Planck length, start with Heisenberg’s uncertainty relation

∆x ∆p ≥ ~
2
.

If we confine a particle within ∆x ≤ L then it has momentum and energy

p ≈ ∆p ≥ ~
2L

, E =
√

m2c4 + p2c2 ≥ pc ≥ ~c
2L

,

and a Schwarzschild radius

R =
2GE

c4 ≥ G~
Lc3 .

This makes sense only if L ≥ R.
Hence the Planck length is a lower limit for L,

L ≥ G~
Lc3 , L ≥ LP =

√
G~
c3 .



The discreteness scale

The radius of a proton is about 10−15 m = 1020 LP.

The collision of two protons takes place in a four dimensional volume
which is about 1080 L 4

P , containing about 1080 discrete points.

As a general rule, the relative uncertainty in a statistical process
involving a finite number N is 1/

√
N, according to Poisson statistics.

Thus we might expect typical discreteness effects of order 10−40.



Some precision measurements

The most precise experiments in physics are nowhere near the
space-time discreteness level. Here are some examples.

The quantum Hall effect is extremely precise, considering that it is
observed in a physical system which is much too complicated to be
treated by anything like an exact theory.

Comparisons of different levels in different materials, both integer
and fractional, show a precision of 10−10.

This is perhaps a discreteness effect at the atomic level, it is roughly
the expected precision if the number of conduction electrons is 1020 .



Some precision measurements

The electrical neutrality of ordinary matter has been tested
experimentally by different techniques down to a level of 10−21 e,
where e = 1.6× 10−19 C is the elementary charge.

The electrical dipole moment of the neutron is < 0.29× 10−27 e m.
A nonzero value is allowed since P and T are known to be broken.

P (parity invariance) is maximally broken by the weak interaction,
which affects only left handed leptons and quarks and their right
handed antiparticles.

T (time reversal invariance) is observed to be broken in the
oscillations between K0 and K0 and also between B0 and B0.

The lifetime of the π0 meson, 8.4× 10−17 s, has been measured
directly, the first time at CERN in 1963.

The upper limit on the photon mass is 10−53 kg.



Special relativity

In special relativity we assume that space-time is flat.
A clock moving from (t, x, y, z) to (t + dt, x + dx, y + dy, z + dz)
measures a time interval dτ given by the Minkowski metric (with c = 1)

(dτ)2 = (dt)2 − (dx)2 − (dy)2 − (dz)2 .

t is called coordinate time and τ is called proper time.
If the clock is at rest, then dx = dy = dz = 0 and dτ = dt.
Thus t is the time measured on a clock at rest at (x, y, z).
In the (t, x, y, z) diagram a free particle moving from
A = (ta, xa, ya, za) to B = (tb, xb, yb, zb) moves along a straight line.
The straight line maximizes the proper time from A to B.
This is the principle of cosmic laziness.
It is a variational principle that determines the equation of motion
both in special and general relativity.



Absolute past and future

A displacement (dt, dx, dy, dz) is
– lightlike if dτ = 0;
– future timelike if (dτ)2 > 0 and dt > 0;
– past timelike if (dτ)2 > 0 and dt < 0;
– spacelike if (dτ)2 < 0.

A point in space-time (an event) has
– an absolute future inside its future light cone,
– and an absolute past inside its past light cone.

These concepts of past and future are absolute
because they are Lorentz invariant.

They define the causal ordering of events.

The relation a < b between two events means that
a is in the past of b and b is in the future of a.



General relativity

In general relativity we use arbitrary coordinates
xµ = (x0, x1, x2, x3)

and replace the Minkowski metric by a general quadratic expression

(dτ)2 = gµν dxµ dxν =

3∑
µ=0

3∑
ν=0

gµν dxµ dxν .

The metric tensor gµν = gµν(x0, x1, x2, x3) has 16 components,

gµν =


g00 g01 g02 g03
g10 g11 g12 g13
g20 g21 g22 g23
g30 g31 g32 g33

 .

Because it is symmetric: gνµ = gµν , only 10 components are independent.
It describes the gravitational field.



The causal ordering

The metric defines the time ordering, or causal ordering, of events.

The light cone at a point in space-time is defined by the equation

gµν dxµ dxν = 0 .

The (absolute) future is defined by the inequalities

gµν dxµ dxν ≥ 0 , dx0 > 0 .

We write x < y if the event y is in the future of the event x.

This does not necessarily imply that x is an actual cause of y,
but there could in principle be a causal chain from x to y.

The causal ordering defines the future and past light cones from an
event x. Next, in a continuous space-time the light cones define the
metric, up to a local scale factor.



The metric from the light cone

A vector Vµ lies on the light cone if

gµνVµVν = 0 .

Given the vector Vµ on the light cone, this is an equation for gµν .

Given the whole light cone, we have infinitely many equations,
enough to determine gµν up to an arbirary scale factor λ.

Obviously, two metrics gµν and λgµν give the same light cone.

The scale factor is fixed if we know the volume element

dV =
√
|g| d4x where g = det gµν .

In a finite set the volume of a subset is just the number of points.



The causal set programme

The basic idea of the causal set programme is that

a (locally) finite set with a causal ordering has just enough
structure to serve as the basis for a theory of gravitation
having the general theory of relativity as its continuum limit.

This is such a simple and elegant idea that it has to be right.

Our task is then to formulate a dynamics for the causal ordering.

As physicists we like to derive the dynamics from an action principle.
Given a set of points (events) with an ordering relation, we would like
to have a formula for calculating its action S.

Once we know the action, we may for example quantize the theory by
summing eiS over all possible ordering relations.



The causal set programme

The action should be maximal, or nearly maximal, for ordering
relations having the right properties, in a statistical sense.

– The space-time dimension should be four.

– The light cone should be given by a metric, that is, by a quadratic
equation gµν dxµ dxν = 0 everywhere.

– Lorentz invariance should hold locally.

– In vacuum, Einstein’s equation Rµν = 0 should hold.



Partial orderings

A partial ordering is transitive: if x < y and y < z then x < z .

We call the relation x < z a link if there is no y such that x < y < z .

In a linearly (or completely, totally) ordered set every point has its
unique place in a linear sequence . . . < x < y < z < . . . .

For x and y in a linearly ordered set there are three exclusive
alternatives: either x < y , x = y , or y < x .

In a partially ordered set (a poset) there are pairs of points x 6= y such
that neither x < y nor y < x .

Every partial ordering may be completed: we may add links until we
get a linear ordering.



Random partial orderings

It follows that one way to generate a random partial ordering is to
start with a linear ordering and delete links. All partial orderings can
be generated in this way, but (perhaps) not with equal probabilities.

What is certain is that a completely random partial ordering does not
look anything like a four dimensional space-time. This follows for
example from the Kleitman–Rothschild theorem:

The typical partial ordering on a large finite set has three
layers, with half of the points in the middle layer.

This is referred to as the entropy problem: the physical action must
eliminate from the Feynman path integral or the classical partition
function the contributions from the overwhelming majority of
ordering relations.



Causal set dimension (I)

When a ≤ b we may define the interval

[a, b] = {x | a ≤ x ≤ b} .

In general terms, higher space-time dimension implies less ordering.

This suggests introducing the ordering fraction f = f (a, b),
defined as the fraction of all point pairs x, y ∈ [a, b], x 6= y,
such that either x < y or y < x.

In flat (Minkowski) space-time f is the same for all intervals, and is
related to the dimension d as follows:

d 1 2 3 4 5 6 7

f 1 1
2

8
35

1
10

128
3003

1
56

1024
138567

1 0.5 0.22857 0.1 0.04262 0.01786 0.00739



Causal set dimension (II)

In flat space-time the length of the interval [a, b] is defined as

L = L(a, b) =
√

gµν(bµ − aµ)(bν − aν) ,

and the d-dimensional volume is

V = V(a, b) = Cd Ld .

d 1 2 3 4 5 6 7

Cd 1 1
2

π
12

π
24

π2

160
π2

360
π3

2688

1 0.5 0.26180 0.13090 0.06169 0.02742 0.01154

In a discrete space-time the volume V(a, b) is proportional to the
number of points N(a, b). But the relation N = C′Ld is not a good
definition of d, because we have no easy way to compute L.



Causal set dimension (III)

In Minkowski space-time the midpoint of [a, b] is c = (a + b)/2 .
Then

L(a, c) = L(c, b) =
L(a, b)

2
, V(a, c) = V(c, b) =

V(a, b)

2d .

The conditions that V(a, c) = V(c, b) and c maximizes this number,
actually define c uniquely.

Hence, in the discrete case we define c to be a midpoint of [a, b] if
N(a, c) ≈ N(c, b) and this number is maximal.

Then we may define the dimension d by the formula

N(a, c) ≈ N(c, b) ≈ N(a, b)

2d .



Lorentz invariance

The plot shows 2 dimensional space-time,
or a section from dimension 3, 4, 5, . . ..

The interval [c, d] is obtained from [a, b]

by Lorentz tranformation and translation.

[e, f ] is obtained from [a, b] by scaling and
translation.

Lorentz invariance means that all intervals of equal size are equivalent.
Empty space-time is also scale invariant, so intervals of different sizes are
equivalent.

The causal ordering “looks the same” in all intervals.

This expresses the Lorentz and scaling invariance in the discrete theory.
It is a basic principle that we must build into any scheme for numerical
simulation.



Einstein’s equation in vacuum

Says that the Ricci tensor vanishes identically: Rµν = 0 .

Now take a time-like geodesic in four dimensional space-time,
and take three points a < c < b on this geodesic.
Let c be fixed while a→ c and b→ c.

To lowest orders in the length L = L(a, b) the volume V = V(a, b) is

V =
πL4

24

(
1 +

L2

180
R(c) +

1
30

Rµν(c)(bµ − aµ)(bν − aν) +O(L3)

)
.

Rµν(c) is the Ricci tensor and R(c) = Rµ
µ(c) the scalar curvature at c.

Hence Einstein’s equation in vacuum is the general relation

V =
πL4

24
(
1 +O(L3)

)
.



Sequential growth of a random causal set

Rafael Sorkin, David Rideout, and Madhavan Varadarajan have worked out a
method they call “sequential growth”, satisfying a set of general conditions.

– One event at a time is added to the causal set, in a random process.

– A new event can not be added to the past of any existing event.
It is introduced with 0, 1, 2, . . . backward links.

– The probability of a set should not depend on the order of adding events.

– The probabilities of adding events with links should depend only on their
past. This condition they call “Bell causality”.

The conditions leave one free parameter at each step.
Thus there are many possibilities.

They tend to produce universes that expand and contract in cycles,
but do not resemble continuous d dimensional space-times.



Sprinkling

The only known method for generating random partial orderings that
look like four dimensional space-times is by sprinkling points at
random, with uniform density, over a continuous four dimensional
space-time.

But the sprinkling method puts in by hand properties that we would
like to see emerging spontaneously, such as the space-time dimension.

It can not produce fractional dimensions, for example, if for some
reason we should want that.

It seems too much to expect that the discrete space-time can be
embedded in the continuous space-time as an “infinitely thin” surface.

We should expect it to appear as a “thick”, “fuzzy”, surface.



Why 4 dimensions?
We do not know, until we know the dynamics.
But one special property of 4 dimensional space-time is that the
number of links is large on small scales.
This plot is generated by sprinkling points in Minkowski space-time.



Topology
The space-time of general relativity is a 4
dimensional manifold with a metric topology.
The metric defining the topology must be positive
definite, hence unrelated to the Lorentz metric.

This figure shows that the Lorentz metric defines
the topology through the causal ordering.
It shows a 2 dimensional interval, or a section
through an interval in dimension d = 3, 4, 5, . . ..

Let the end points of the interval be (x, t) = (0,−1) and (x, t) = (0, 1).
The fractions of points inside the interval to the past or future of (x, t) are

p =

(√
(t + 1)2 − x2

2

)d

, f =

(√
(1− t)2 − x2

2

)d

.

The figure shows level curves of the function pf .
pf = 0 on the boundary.
pf = 4−d at the centre (x, t) = (0, 0). This is the maximum.



Much left to do

After fourty years, the causal set programme is roughly at the stage
where the atomic theory of matter was two thousand years ago.

It takes Einstein’s four dimensional world view seriously, and tells us
to think about elementary events rather than elementary particles.

We have no idea, so far, what these events are like, except that they
presumably exist at a level many orders of magnitude below the level
where photons, leptons, and quarks exist. If so, we will not be able to
observe them directly for many years to come, if ever.

Is there only one kind of elementary event, or is there a periodic table?
We can only guess, and try out different models.

The basic problem is the lack of experimental input.



Other questions

How do we incorporate matter, electromagnetism and other
phenomena in the discrete theory?

The most naive approach is to define, for example, a scalar field on
the lattice of causally ordered events, and to make it satisfy a discrete
version of the Klein–Gordon equation.

To me this is too much like filling new wine into old bottles.
A field has always some geometric meaning, and when we discretize
the space-time geometry we have to reinterpret the geometric
meaning of the fields: the electromagnetic field, the Dirac field, and
other fields. Unfortunately, I have no proposal for how to do it.



Quantize?

Should we quantize this theory the way we always do?

Or is quantum mechanics rather what comes out of the discretization
of space-time?

Questions to think about.



Is there an end of physics?

Not for a long time, if the causal set idea is right.

Africa can only be discovered once.
(Richard Feynman)

David Livingstone discovered Kilimanjaro in 1860.
How strange that nobody had noticed it before.

(Michael Berry, quoting a 10 year old Nigerian girl)


