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SKYRMIONS & HOPFIONS in Different Vector Fields

• Magnets: Axial vectors (Skyrmion and Hopfion solutions).  

• Ferroelectrics: Polar vectors (with boundary conditions).  

• Liquid Crystals: Directors (rods, no arrows). 

• Bose-Einstein Condensates: Local spin bending angle. 

• Focus: Exact solution for Hopfions in anisotropic magnets. 

• Chern insulators and Hopf insulators; Photonic hopfions. 



Topological Textures in Ferroic Materials

S. Das et al., APL Mater. 8, 120902 (2020)



Skyrmion Tubes: 



Historical perspective: Knots and topology
Leonhard Euler (1736): 7 bridges of Kalilingrad (led to graph theory and topology) 
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Lord Kelvin:  In 1867 proposed atoms as knotted vortex tubes (in ether)



Trivial vs Nontrivial Fibrations of R3 

TRIVIAL (unlinked circles) NONTRIVIAL (Clifford parallels: Hopf fibration)



HOPFIONS AS NESTED TORI



A SKYRMION “COVERS” THE SPHERE ONCE

Topological charge = 1

Tony H. R. Skyrme 
     1922 - 1987

Hedgehog

“Topologically Protected” Animal!



Point: π0(S0) 

π1(S1) Circle:

Sphere: π2(S2) 

Topological Excitation Homotopy Class Manifold Surface

Vortex

Skyrmion

Domain Wall

Mapping: real space to spin spaceInteger number of windings



Hopf map: Preimages of two points P & Q

⇧2(S
2) : S2 ! S2

MAPPING 

Skyrmion:
Hopfion: ⇧3(S

2) : S3 ! S2 (Linking number/Hopf invariant)
(Winding number)

a2+b2+c2+d2=1 S1
2+S2

2+S3
2=1

S1=(a2+b2) – (c2+d2) S2 = 2(ad+bc) S3 = 2(bd – ac) 



Hopfions introduced by Faddeev in 1975
• Field theory model: Skyrme-Faddeev or Faddeev-Niemi model 
• Nonlinear sigma model plus an additional gradient term and a 

potential
• Various homotopy groups 
• Pontryagin index or winding number: 

L.D. Faddeev, “Quantization of Solitons”, Preprint IAS Print-75-QS70 (Princeton, NJ) 
L.D. Faddeev, “Some Comments on the Many Dimensional Solitons”, Lett. Math. Phys. 1, 289 (1976)

⇡1(S
1) = Z, ⇡2(S

2) = Z, ⇡3(S
3) = Z

(Hopfion)⇡1(S
2) = 0, ⇡2(S

1) = 0, ⇡3(S
2) = Z

(Skyrmion)



Faddeev-Niemi Model
<latexit sha1_base64="gnHPkyVIh6Kdq0jz4Hd4UkxV1Vg="></latexit>

H = E2 + E4 =

Z
d
3
x[g2(@µn)

2 + e
2
F

2]

Two-form: 
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F = (dn ^ dn,n) on S2

Pre-image: on S3
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F⇤ = dA⇤

Hopf invariant: 
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QH =

Z

R3

F ^A
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n · n = 1
Ludvig D. Faddeev 
    1934 - 2017



<latexit sha1_base64="qVV+oA8+FLY/DS0GF8Uja+TCr3U="></latexit>

LFS = @µn · @µn� 1

4
(@µn · @µn)2 +

1

4
(@µn · @⌫n) (@µn · @⌫n)

3D vector field with n2 =1 leads to Hopfions

2D vector field with a mass term leads to baby Skyrmions 
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LSM = LFS +M2(nz � 1)

- V(n)

Faddeev-Skyrme Model Lagrangian
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S3 ! S2
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S2 ! S2Map: (winding number) 

Map: (linking number) 



A Part of the Hopf Fibration

S3 to S2 Mapping is the Generator of the Third Homotopy Group of the 2-Sphere



PREIMAGES: Fibers of the Hopf Map & Latitudes 



Preimage of a Latitude is a Dense Torus
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The Hopf Fibration 



Nested Tori 



MAGNETIC HOPFIONS: 

F.N. Rybakov et al., arXiv:1904.00250 (AIP Adv. 2022)

Classical Heisenberg Model 
H = �

X
ni · nj (i > j) 



MORPHOLOGY OF MAGNETIC HOPFIONS: Hopf index H

F. N. Rybakov 
et al, arXiv:
1904.00250 
(AIP Adv. 2022)

M-field



Experimental Observation of Hopfions: 
Magnetic Multilayers (Ir/Co/Pt)

N. Kent et al., Nature Commun. 12:1562 (2021)
Strong DMI 
Tune PMA



Borromean rings



John H. C. Whitehead  

Nov. 11, 1904 (b. Chennai, India) – May 8, 1960 (d. Princeton, USA)

British mathematician: 
One of the founders of 
     Homotopy Theory

<latexit sha1_base64="6z7rsQlAi+aUutzUW5/dw4I8e7A="></latexit>

H = � 1

8⇡2

ZZZ
(A ·B) d3r
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B = r⇥A



Hopf Invariant (an integer): 

H = � 1

4⇡

Z Z Z
~A · (r⇥ ~A) dxdydz

~B = r⇥ ~A

J.H.C. Whitehead, Proc. Nat. Acad. Sci. (USA) 33, 117 (1947)
 
F. Wilczek and A. Zee, Phys. Rev. Lett. 51, 2250 (1983) 

H. Hopf, Mathematische Annalen 104, 637 (1931): Hopf map 

Special case of Seifert map: Herbert Seifert, Acta Mathematica 
60, 147 (1933)

HEINZ HOPF 
(1894 – 1971)

Each colored curve is linked 
exactly once with any curve 
of a different color (Paul 
Sutcliffe, Nature Mat. 2017) 



Hopfion Exact Solution: Anisotropic Heisenberg Ferromagnet

Spin: 

Cylindrical coordinates: (⇢,�, z)

Hamiltonian:

⇥ = ⇥(⇢) , � = (↵0�+ �0z) + �0Consider solutions of the form: 

E =
J

a

Z Z Z (✓
@S

@x

◆2

+

✓
@S

@y

◆2

+ J̃3

✓
@S

@z

◆2
)
dx dy dz

E =
J

a

Z Z Z "
⇢

✓
@⇥

@⇢

◆2

+
↵2
0

⇢
sin2 ⇥+ J̃3�

2
0⇢ sin

2 ⇥

#
d⇢d�dzHamiltonian:


⇢
@2⇥

@⇢2
+

@⇥

@⇢

�
= sin⇥ cos⇥


↵2
0

⇢
+ J̃3�

2
0⇢

�
Euler-Lagrange equation: 

S = [sin⇥ cos�, sin⇥ sin�, cos⇥]



Hopfion Exact Solution: Anisotropic Heisenberg Ferromagnet

Hopfion solution: 
✓(⇢) = 2 tan�1 ⇢±µ

�(�, z) = n�+
2⇡m

L
z

Twisted 2D skyrmion

S(⇢,�, z) = [S1, S2, S3] =
h

2⇢±µ

1+⇢±2µ cos(n�+ 2⇡mz/L), 2⇢±µ

1⇢±2µ sin(n�+ 2⇡mz/L), 1�⇢±2µ

1+⇢±2µ

i

Hopf invariant:  = (winding no. of 2D skyrmion)(periodicity of
          closed loop in the 3rd dimension)

H = mn

Assume inhomogeneous anisotropy:  J̃3 = K3 l
2/⇢2 and ⇢ = ⇢0e

⇢̃

@2(2⇥)

@⇢̃2
=

�
↵2
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Energy of the Hopfion:

⇥ = 2 tan�1 (⇢/⇢0)
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2(⇢/⇢0)µ

[1 + (⇢/⇢0)2µ]

E = 2⇡
JL

a

Z 1

0

"
⇢

✓
@⇥

@⇢

◆2

+ µ2 sin2 ⇥

⇢

#
d⇢ =

8⇡JL

a
|µ|

E �
✓
8⇡JL

a
21/4

◆p
K3

2⇡l

L

p
nm = c

p
H

Solution:

Energy:

Energy bound (over the Hopf invariant H): Sublinear

For a skyrmion: Linear
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Hopfion lattice solution

cos⇥ = �ksn(µ ln(⇢/⇢0), k) , sin⇥ = dn(µ ln(⇢/⇢0), k)

S(⇢,�, z) =
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Periodicity:

Energy: 

Spin components:

Single Hopfion limit: k ! 1 (Elliptic modulus)



Calculation of the Hopf Invariant

H = � 1

8⇡2

Z Z Z
A ·B dx dy dzWhitehead formula:

B1(y, z) = �S · (Sy ⇥ Sz) = � sin⇥ [⇥y�z �⇥z�y]

Cylindrical coordinates:

B1 = �0[cos⇥]⇢ sin� , B2 = ��0[cos⇥]⇢ cos� , B3 =
↵0

⇢
[cos⇥]⇢

Vector field components:

Emergent magnetic field:

A1 = �↵0

⇢
[±1 + cos⇥] sin� , A2 = +

↵0

⇢
[±1 + cos⇥] cos� , A3 = +�0 cos⇥

Hopf invariant: H =
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PREIMAGES

m=1, n=1 (H=1)

m=1, n=2 (H=2)

m=1, n=3 (H=3)

Cylinder 



PREIMAGES 
m=1, n=5 (H=5) m=1, n=7 (H=7)

m=2, n=3 (H=6)

m=2, n=3 (H=6)

Trefoil Densely covered torus

m=n=1



POLAR HOPFIONS (ferroelectrics) 

I. Luk’yanchuk et al., Nature Commun. 11, 2433 (2020) 
Polarization in a spherical nanoparticle



POLAR HOPFIONS: 

Field-induced topological states (PZT) I. Luk’yanchuk et al., Nature Commun. 11, 2433 (2020) 



Ginzburg-Landau Free Energy: Hopfions in Ferroelectrics
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⇥
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Polarization induced electrostatic potential: 

Elastic strains: 
"0"b[r2 � ��2]� = @iPi

Cijkl@j(ukl �QklmnPmPn) = 0



Ackermann and Smalyukh, Nature Mater. 16, 426 (2017)

HOPFIONS in Liquid Crystals

Pre-images: 
Linked circles

Pre-images of 
N and S poles



HOPFIONS in rotating BEC: 

Y.M. Bidasyuk et al., Phys. Rev. A 92, 053603 (2015)

S. Zou et al., Phys. Fluids 33, 027105 (2021): Dynamics à



Space Curve Characterized by the Triad:
                normal (n), binormal (b), tangent (t) 

arXiv:2304.06240



Frenet-Serret triad: Intrinsic twist
<latexit sha1_base64="t9uQ/p3jCsBfSGfHJ9qt/t9jHHE=">AAACFnicbVDLSsNAFJ34rPUVdelmsAgVbElCUTdC1Y0gQgX7gKaUyXTaDp1MwsxEKKFf4cZfceNCEbfizr9xkmahrQcGzj3nXu7c44WMSmVZ38bC4tLyympuLb++sbm1be7sNmQQCUzqOGCBaHlIEkY5qSuqGGmFgiDfY6Tpja4Sv/lAhKQBv1fjkHR8NOC0TzFSWuqaJZdy1Y1vJ/AGuse9C3gOoQPdkEIXD2laJUXRKTmDI9g1C1bZSgHniZ2RAshQ65pfbi/AkU+4wgxJ2batUHViJBTFjEzybiRJiPAIDUhbU458IjtxetYEHmqlB/uB0I8rmKq/J2LkSzn2Pd3pIzWUs14i/ue1I9U/68SUh5EiHE8X9SMGVQCTjGCPCoIVG2uCsKD6rxAPkUBY6STzOgR79uR50nDK9km5clcpVC+zOHJgHxyAIrDBKaiCa1ADdYDBI3gGr+DNeDJejHfjY9q6YGQze+APjM8f/u6a2g==</latexit>Z

M
K dA = 2⇡� = 2⇡(2� 2g)

<latexit sha1_base64="PbEx4S3rKIH+kXL28+DMF7arLzk="></latexit>

t(r) =
�
sin⇥(r) cos�(r), sin⇥(r) sin�(r), cos⇥(r)

�

<latexit sha1_base64="0delMRN3qg+Bli6oz6xGkp66s5Q="></latexit>

N = n cos + b sin ; B = t⇥N = �n sin + b cos 

<latexit sha1_base64="oABqgQTc22J3+m7OsSda4/1TqSg="></latexit>

tx = (k1 cos )N� (k1 sin )B , Nx = �(k1 cos )t+ ⌧T,1B , Bx = (k1 sin )t� ⌧T,1N

<latexit sha1_base64="7fam233kACBkSlVlR0uO3sSVWXk="></latexit>

k1(x) = |tx| , ⌧1(x) = t · (tx ⇥ txx) / k2

Unit vector field:

Rotated triad: 

Frenet-Serret equations (rotated unit triad): 

Curvature: Torsion



Berry connection and Berry phase (1D)
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⌧T,1(x) = ⌧1(x) +
d 

dx
<latexit sha1_base64="SphCs5bwZKXwx5lQdqJhaTgjQzo="></latexit>

⌧T,1(x) = cos⇥(x)
d�

dx
+

d 

dx
<latexit sha1_base64="5wWyL/r4Uv19rOwElCnK/4xzy68="></latexit>

N = (1/2⇡)

Z
[@ /@x] dx

<latexit sha1_base64="GR3Bif+OH3upUvtDHPWj8SoOs7M="></latexit>

⇠ = ⌧T,1 t+ k sin N+ k cos B

<latexit sha1_base64="t75zK/y4y2JLMBe0RdWi+jiPD64=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0VwVZJS1I1QdKHLCvYBTQiT6aQdOsmEmYm0hPyHG3/FjQtFXAku/BsnbRbaemGYwznncu89fsyoVJb1bZRWVtfWN8qbla3tnd09c/+gI3kiMGljzrjo+UgSRiPSVlQx0osFQaHPSNcfX+d694EISXl0r6YxcUM0jGhAMVKa8sx66vgBvMm8dJLBSwgdn7OBnIb6g6kzoZmmFA2JhIURVjyzatWsWcFlYBegCopqeeanM+A4CUmkMENS9m0rVm6KhKKYkaziJJLECI/RkPQ1jJAe56az2zJ4opkBDLjQL1Jwxv7uSFEo8321M0RqJBe1nPxP6ycquHBTGsWJIhGeDwoSBhWHeVBwQAXBik01QFhQvSvEIyQQVjrOPAR78eRl0KnX7LNa465RbV4VcZTBETgGp8AG56AJbkELtAEGj+AZvII348l4Md6Nj7m1ZBQ9h+BPGV8/2pSgCg==</latexit>

Gx = ⇠ ⇥G

<latexit sha1_base64="CYkvZtaKa0eJWlMMPfzIOg60UZg="></latexit>

�B =

Z
⌧T,1(x) dx = �

ZZ
sin⇥ d⇥ d�+ 2⇡N = ⌦(C) + 2⇡N

Total twist density: Intrinsic twist density

Twist 
Number:

Darboux 
Vector:

Angular 
velocity of
rotation

Gauge dependent

Berry 
Phase:

Solid angleGauge invariant



2D Manifold
<latexit sha1_base64="V0aP4whjFu2yDypZWJTg+y88IDo="></latexit>

⌦1(y, z) =


d⌧T,3

dy
� d⌧T,2

dz

�

<latexit sha1_base64="EkRlFLkF+xamUPldfiRB3ukXixE="></latexit>

⌦1(y, z) =


d⌧3
dy

� d⌧2
dz

�
= sin⇥ [⇥y�z �⇥z�y]

<latexit sha1_base64="p+/mq0LahnMj+/u6HVesPtjMIUM="></latexit>

Q =
1

4⇡

Z Z
⌦1(y, z)dydz =

1

4⇡

Z Z
t · (@yt⇥ @zt) dy dz

<latexit sha1_base64="+Q2cpdQ5MOD4VfJUXlGIhiJWPA0="></latexit>

= � 1

4⇡

Z Z
sin⇥ [⇥y�z �⇥z�y] dydz

Berry curvature: Anholonomy density

Gauge invariant

Total 
anholonomy:

Winding number (Pontryagin index): S2 to S2 (integrand is torsion or nonplanarity)

Berry phase



3D Manifold
<latexit sha1_base64="uc0bhKGIgZHgW6fZuQ50oaYrzk0="></latexit>

V = (V1, V2, V3) = (⌧T,1, ⌧T,2, ⌧T,3) = ⌧T

<latexit sha1_base64="ErEt97iEWmQNR2WDXx+btcyJ3HM="></latexit>

⌦ = r⇥ ⌧T = r⇥V
<latexit sha1_base64="QHW31hM9N63eMgUoUfikpG/dYCA="></latexit>

h = ↵

Z Z Z
V.⌦ dx dy dz

<latexit sha1_base64="Iuso2d5Q+i1YDDgGhLl+tuhIec4="></latexit>

h = ↵

Z Z Z
⌧T · (r⇥ ⌧T ) dxdydz

<latexit sha1_base64="UDJqseUbzhR6NrVOS2uv3yx3cxY="></latexit>

h = ↵

Z Z Z
sin⇥

(
 x[⇥y�z �⇥z�y] + y[⇥z�x �⇥x�z] + z[⇥x�y �⇥y�x]

)
dx dy dz

Berry Connection:

Berry curvature: Divergence free

Volume integral:



Winding Number (S3 to S3)
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h = ↵

Z Z Z
sin⇥ d⇥ d� d 
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t = Z† �Z

<latexit sha1_base64="43ily9TDCElBeG/fxGkttDYReXs="></latexit>

z1 = cos⇥/2 exp i⇠1 ; z2 = sin⇥/2 exp i⇠2
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� = (⇠2 � ⇠1);  = �(⇠1 + ⇠2)

<latexit sha1_base64="WxrLBQB8jEAhL2XDYwtxt03qLF0=">AAACKHicbVBLSwMxGMzWV62vVY9egkWo2NbdUlQQsejFYwX7gG4p2TTbhmYfJFmxLP05XvwrXkQU6dVfYrpdobYOJAwz85F8YweMCmkYYy21tLyyupZez2xsbm3v6Lt7deGHHJMa9pnPmzYShFGP1CSVjDQDTpBrM9KwB7cTv/FIuKC+9yCHAWm7qOdRh2IkldTRr60n2onMEbyChZxVFRSeQKvap8enJStv5S8nF4wzpZlM4TcDO3rWKBox4CIxE5IFCaod/d3q+jh0iScxQ0K0TCOQ7QhxSTEjo4wVChIgPEA90lLUQy4R7ShedASPlNKFjs/V8SSM1dmJCLlCDF1bJV0k+2Lem4j/ea1QOhftiHpBKImHpw85IYPSh5PWYJdygiUbKoIwp+qvEPcRR1iqbjOqBHN+5UVSLxXNs2L5vpyt3CR1pMEBOAQ5YIJzUAF3oApqAINn8Ao+wKf2or1pX9p4Gk1pycw++APt+wfS5aDq</latexit>

⇠1 = �( + �)/2 ; ⇠2 = �( � �)/2
<latexit sha1_base64="WFP02L6GQ2TX5FRf+X6aeTU5+0w="></latexit>

ZT = exp(�i /2) (cos⇥/2 exp(�i�/2) , sin⇥/2 exp(i�/2))

<latexit sha1_base64="DhznA4EkCpt6BLcTNpk11oc7ncE="></latexit>

x1 = cos⇥/2 cos ⇠1; x2 = cos⇥/2 sin ⇠1; x3 = sin⇥/2 cos ⇠2; x4 = sin⇥/2 sin ⇠2

Normalized spinor representation:

Hopf coordinate representation:

Winding number:

Intrinsic twist

Torsion plus intrinsic twist



Linking Number (S3 to S2) or Hopf Invariant
<latexit sha1_base64="QGX9pkS3OPe+GoYOeUwV8N8sKPU="></latexit>

H = �(1/8⇡2)

ZZZ
(A ·B)dx dy dz
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Bx = �t · (@yt⇥ @zt)

<latexit sha1_base64="k8IOzxOhTibEimM5cKDBY5iNYn4="></latexit>

A1 = [±1 + cos⇥]
@�

@x
; A2 = [±1 + cos⇥]

@�

@y
; A3 = cos⇥

@�

@z
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@ 

@x
= ±@�

@x
;

@ 

@y
= ±@�

@y
;

@ 

@z
=

@�

@z

Whitehead formula:

Emergent magnetic field:

Emergent vector potential: 

Linking number

Gauge fixed (intrinsic twist):



Mappings, Topological Invariants and Geometry

Skyrmion

Hopfion

Baby skyrmion

Topo. soliton

Hopfion vortex



Chern Insulators and Hopf Insulators
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T 2 ! S2Map: (2D Brillouin Zone)

Map: (3D Brillouin Zone)
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T 3 ! S2

Chern number

Hopf index

T. Schuster et al. PRL 
127, 015301 (2021)

Ultracold polar molecule 40K87Rb 
          (dipolar spin system)

WSe2 monolayer
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Photonic Hopfions: Structured Light



3D Spin Distribution in an Optical Hopfion

Y. Shen et al., Adv. Photonics 5, 015001 (2023)



Homotopy Groups of the Spheres: Sn



CONCLUSIONS: 

-- Growing ubiquity of (skyrmions and) hopfions in condensed matter. 

-- Exact Hopfion and Hopfion lattice solutions for anisotropic magnets. 

-- Hopf invariant H = mn, preimages are closed space curves (knots). 

-- Two preimage curves link mn times: twisted m times along z-axis. 

-- Anholonomy: Intrinsic twist necessary for a topological invariant. 

-- Hopfions in an axial (inhomogeneous) magnetic field; Photonics. 

-- Properties and application of hopfions a new materials frontier!  


