lSN’ Universitetet

i Serost-Norge

Noncommutative geometry

and quantum gravity

Anna Pachol
nna.pachol@usn.no

University of South-Eastern Norway
a

Ringerke

Yostfold

=0
o
Stavanger

UiO, Theory seminar 07.05.25




Plan of the talk:

O Motivation, NCG vs QG, Planck scale

O Symmetries & Quantum Symmetries (Quantum Groups)

[0 Quantum space-times

0 Quantum gravity phenomenology
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Quantum Mechanics
Quantum Field Theory

Gravity
Algebra

General Relativity

Geometry

There is no clear and well-understood passage from the
classical geometric world into the quantum world.

Continuum differential geometry — cannot be the geometry when both
quantum and gravitational effects are present.



Need to look for a more general mathematical language, which would
imply both geometry as well a quantum theory.

NONCOMMUTATIVE GEOMETRY*
is a proposition in this direction.



* NONCOMMUTATIVE GEOMETRY in pure mathematics

O Gelfand-Neimark’43: "Every compact, Hausdorff
space, is equivalent to the spectrum of the C*

algebra of continuous, complex valued functions
on that space”

Noncommutative
Geometry

ALAIN CONNES
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* NONCOMMUTATIVE GEOMETRY in pure mathematics

O Gelfand-Neimark’43: "Every compact, Hausdorff s
space, is equivalent to the spectrum of the
is equival h YN Noncommutative
algebra of continuous, complex valued functions
on that space” Geometry
@ Alain Connes’'80: "certain commutative algebras '
with some additional structure (the so-called
spectral triples) are in one-to-one relation with
compact Riemannian spin manifolds.”

— geometry "written” in the algebra
language.

— non-commutative geometry, i.e. AEAINRCURINES
non-commutative algebras as
"non-commutative geometric spaces”
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Classical Geometry

M - manifold, Q' space of 1-forms, eg.
C>®(M) - alg. of functions differentials: df =} 2 dxk
fre=gf g df =(df)-g  VFf.ge C(M)

order does not matter



Classical Geometry

M - manifold, Q' space of 1-forms, eg.
C>®(M) - alg. of functions differentials: df =} 2 dxk
fre=gf g df =(df)-g  VFf.ge C(M)

order does not matter

1

Noncommutative Geometry
- generalization of classical differential geometry,
- encoding geometry of "quantum-like counterparts of spaces”: algebras

fxg#£gxf gx(df) #(df)xg

order does matter



Take M - manifold as Minkowski space-time
for each point in the Minkowski space-time manifold p € M we assign a
coordinate function f(p) = x*(p)

points on manifold M

_ >

Hitp JAvisualrelatvity com

Minkowski spacetime (M, 1)
with the position of an event
p = (%51 %2 x%)

algebra of functions on M

" Minkowski algebra”: Abelian algebra
with " coordinate functions”

xi'(p) € C(M) satisfying

[x*,x*] =0

o =0,1,23.
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Take M - manifold as Minkowski space-time
for each point in the Minkowski space-time manifold p € M we assign a
coordinate function f(p) = x*(p)

points on manifold M —  »  algebra of functions on M

Hitp JAvisualrelatvity com

Minkowski spacetime (M., 1) " Minkowski algebra”: Abelian algebra
with the position of an event with ” coordinate functions”
p=(x%x' x% x3) x(p) € C(M) satisfying

[x*,x*] =0

o =0,1,23.

xH % x¥ £ xV % xt

Xt xx? —x¥ xxt #£0 — [x*,x"] #0
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Classical Geometry
(General Relativity)

1

Noncommutative Geometry

!

Quantum Gravity



Planck scale - fundamental scale of quantum gravity, when both
quantum effects and strong-field gravity are equally important
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General Relativity

Quantum Mechanics

Mp = /5~ 1.22 x 101 GeV//c?



From a theoretical point of view:

o the Planck length is the size of a black hole at which its
Schwarzschild radius is the same as its Compton wavelength:

The higher the energy the higher the precision of the measurement

!

Each mass or energy creates the curvature of the space. The highest
precision cannot exceed the Schwarzschild radius.



From a theoretical point of view:

o the Planck length is the size of a black hole at which its
Schwarzschild radius is the same as its Compton wavelength:

The higher the energy the higher the precision of the measurement

!

Each mass or energy creates the curvature of the space. The highest
precision cannot exceed the Schwarzschild radius.

o may be viewed as the shortest possible length scale which can be
probed by particle collisions, since probing scales shorter than this,
via higher-energy collisions, may result in the formation of black
holes

— Classical general relativity breaks down at Planck scale

— At short distances (~ Lp) the geometry of space-time has to be
described by a different theory because its points become no longer
localizable



The space becomes non-local at the Planck scale
AxFAx” > (L,)?
Meaning that the coordinates are non-commutative

[, x] = 1O (x)



The space becomes non-local at the Planck scale
2
AxPAXY > (L)
Meaning that the coordinates are non-commutative
[, x] = 0" (x)

Quantum geometry:

e Apply principles of quantum mechanics to space-time itself

e Since gravity affects space-time geometry, quantum gravity should
quantize space-time (in some way):

1
[x*, x"] = i©"(x) + AxFAXY > §|@’“’|



Fundamental Uncertainties are common in many models:
o Loop Quantum Gravity (minimal area/volume)

o String Theory (minimal length uncertainty relations from
high-energy scattering)

o Spin Foam Models (effective noncommutative QFTs)

o Group Field Theory, Causal Dynamical Triangulation

e L. J. Garay, “Quantum gravity and minimum length,” Int. J. Mod. Phys. A 10
(1995), arXiv:gr-qc/9403008.

e S. Hossenfelder, “Minimal Length Scale Scenarios for Quantum Gravity,” Living Rev.
Rel. 16 (2013), arXiv:1203.6191 [gr-qc].
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Symmetries in physics: Invariance

Example: if the area of a surface
remains unchanged under rotation in
space — rotational invariance.

Applies more generally to “physical
laws”, e.g. laws of physics are
SO(3)-invariant if they do not
distinguish different directions in
space

3D rotation symmetry group - SO(3)



Symmetries in physics: Invariance

Example: if the area of a surface
remains unchanged under rotation in
space — rotational invariance.

Applies more generally to “physical
laws”, e.g. laws of physics are
SO(3)-invariant if they do not
distinguish different directions in
space

3D rotation symmetry group - SO(3)
o Symmetries simplify solving EoMs: Einstein equations analytically
solvable only for systems with very high amount of symmetry.

o Internal symmetries (U(1), SU(2), SU(3) ... )

Group theory is the natural (mathematical) language to describe the
symmetries of a physical system.



Symmetries in physics: Covariance

o Physical theories — as general descriptions of nature understandable
to different observers — use "covariant” quantities.

o Mathematically, the physical quantities must transform covariantly
(under a certain representation of the group of coordinate
transformations)

o In relativistic physics: Lorentz covariance is a property of the
underlying space-time.



Groups and symmetries

Example: Rotations - in 3 dimensions

Symmetry group G = SO(3) — g = so(3) - Lie algebra
RTR=1, detR=1 [Ji, Ji] = i€



Poincaré symmetry (of special relativity)
- isometry group of 4-dim Minkowski space-time, x* = (ct, x, y, x)

Poincare group G = ISO(1,3) = R(3) % SO(1,3) - semidirect product
of the translations and the Lorentz transformations (rotations and
boosts)
o The Lorentz group SO(1,3) is the group of linear transformations
XM = Nix” such that x> = x,x* = x/ x* is invariant.
o Translational invariance: x# — x* = xt + a*,
a* = const - conservation law of momenta P*



Poincaré symmetry (of special relativity)
- isometry group of 4-dim Minkowski space-time, x* = (ct, x, y, x)

Poincare group G = ISO(1,3) = R(3) % SO(1,3) - semidirect product
of the translations and the Lorentz transformations (rotations and
boosts)

o The Lorentz group SO(1,3) is the group of linear transformations
XM = Nix” such that x> = x,x* = x/ x* is invariant.

o Translational invariance: x# — x* = xt + a*,
a" = const - conservation law of momenta P*

Poincaré-Lie algebra g:

- rotations Jil _ Y,
- boosts N; I

- translations P

[Muu, M)\p] =i (Mu)ﬂ?up — M;LanA - Mu)\ﬂup + Mup"],u)\) >

[M,um P)\] = i(PunuA - P,u77u)\) )
[Pﬂv PV] =0,

where 7n,,,, is the metric tensor with Lorentzian signature:



Now that 'space’ is quantum (noncommutative):
[x*,x"]1#0

we need
Quantum Group as (generalized) symmetry.



Now that 'space’ is quantum (noncommutative):
[x*,x"]1#0

we need
Quantum Group as (generalized) symmetry.

o One can obtain them by deformation procedure.



Deformation = Quantization

Classical
MEChanlcs A new physical theory can be seen as a
deformation (generalization)
of the previous existing one.
- The existing theory is recovered as a limiting case in which
h some parameters of the new theory become negligible.
v

* Quantum Mechanics is the deformation of
Quantum Classical Mechanics with the parameter i

Mechanics * For i & 0 we recover Classical Mechanics.




Deformation = Quantization

Classical Classical
Mechanics «Group»
h q
\ 4
Quantum Quantum

Mechanics «Group»




Classical
Algebra

Classical (Hopf) algebra

Quantum
Algebra

Quantized (Hopf) algebra
(Quantum Group)




* The quantization is accompanied
by the introduction of an
additional (deformation)
parameter q

or (h,k,8)

* In the limitg —» 1
or(h,8) > 0, (k > ©):

quantum (Hopf) algebra >
classical (Hopf) algebra

Classical

Algebra

Classical (Hopf) algebra

Quantum
Algebra

Quantized (Hopf) algebra
(Quantum Group)

F(G),
U(g)

Fa(6),
U,(9)



Quantum Groups

deformations of (Hopf) algebras,
but still

"symmetry groups”

Quantum relativistic symmetries

Classical

Symmetry

Classical (Hopf) algebra

Quantum
Symmetry

Quantized (Hopf) algebra
(Quantum Group)

F(G),
U(g)

Fq(6),
U,(9)



Hopf algebra (Quantum Group) is a bialgebra:
1) an algebra (unital, associative)
2) a co-algebra (co-unital, co-associative)

algebra co-algebra

antipode



Hopf algebra (Quantum Group) is a bialgebra:
1) an algebra (unital, associative)
2) a co-algebra (co-unital, co-associative)

algebra co-algebra

antipode

3) with an additional map S called the antipode



Algebra= (4,-)

Has an operation « . . - .

(@a-b)-c =a-(b-c)
which is associative (M-MW) -@m= =N

.&A ® A\

ARARA A



Algebra= (4,-)

Has an operation « . . - .

(@a-b)-c =a-(b-c)

which is associative (. . .) B=N- (. . .): [ |
.&'A ® A\

ARQARA A
%‘A@)A/



Algebra= (4,-)

Has an operation -

which is associative

HE-R

amn ™~
~pn



co-algebra

Has an operation . . — .

which is co-associative



algebra

(unital, associative)

co-algebra
and .
(co-unital, co-associative)
with product tAQA-A with co-product A A-ARA
Axiom Al: associativity - (- @ id) =- (id® ") Axiom C1: co-associativity (A @ id)A = (id @ A)A
AQA
V&' e \ b ’ 4\.
AQA®A \ A AQARA
@g 4®4 ‘d/g
Axiom A2: unit (map) Axiom C2: co-unit
ARA AQA nmk-A AQA eA-k
n®id id®n n(1) =14 e®id 1\
k@A=A A®k=A k@A —h k—A
(@ id)=id=-(id®n) (e ®id)A = id = (id ® €)A
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o Hopf algebra A(-,n,A,¢,S) is a structure composed by

@ a (unital associative) algebra (A, -,n)

@ a (counital coassociative) coalgebra (A, A, ¢)
in a compatible way:
A, € — are algebra homomorphisms

A(XY) = A(X)A(Y), e(XY) = e(X)e(Y)
And
@ S:A- Ais the antipode

(S®id)oA=noe=-(ld®S)o A



o Hopf algebra A(-,n,A,¢,S) is a structure composed by

@ a (unital associative) algebra (A, -,n)

@ a (counital coassociative) coalgebra (A, A, ¢)
in a compatible way:
A, € — are algebra homomorphisms

A(XY) = A(X)A(Y), e(XY) = e(X)e(Y)
And
@ S:A- Ais the antipode

(S®id)oA=noe=-(ld®S)o A

From any Lie algebra g one can make a Hopf algebra!



Hopf from Lie algebra

&
&

(©Freepik - Flaticon

@ g - Lie algebra: [L;,L;] = ckL,

i



Hopf from Lie algebra

@ g - Lie algebra: [L;, Lj] = cfiLy
@ U(g) - universal envelopmg algebra of g

Ug)=T(g)/!

i.e. the tensor algebra of g:
Tg)=kogo(gwg)d(gregreg)d -
modulo the two-sided ideal generated by /| = {L L —

&
&

(©Freepik - Flaticon

= [Li, L]}



Hopf from Lie algebra

Q
&>

(©Freepik - Flaticon
@ g - Lie algebra: [L;, Lj] = cfiLy
@ U(g) - universal enveloping algebra of g

Ug)=T(g)/!

i.e. the tensor algebra of g:

Tle)=koga(gwg)®(g0gre)d: -

modulo the two-sided ideal generated by | = {L L — —[Li, L]}
@ then we define Ag, €, S on the generators of g.



Hopf from Lie algebra

&
&

(©Freepik - Flaticon
@ g - Lie algebra: [L;, Lj] = cfiLy
@ U(g) - universal enveloping algebra of g

Ulg) = T(g)/!
i.e. the tensor algebra of g:
Tle)=koga(gwg)®(g0gre)d: -
modulo the two-sided ideal generated by | = {L L — —[Li, L]}
@ then we define Ag, €, S on the generators of g.

U(g) is a Hopf algebra with:
o coproduct : Ag(L)=LR14+1QL; No(l)=1®1,;
o counit: ¢(L)=0; €(1)=1,
o antipode : Sp(L) = —L; So(1) =1.



But what does co-algebra bring to physics?

1) How does P, = —id,, act on plain waves e**?
P#Eikx — k#eikx
2) How does P, act on a product of two plane waves e1x . eihx?
Leibniz rule <> addition of momenta:
Pﬂ(eiklx . eikzx) _ _(AOPH(eiklx ® eikzx))
— -(Pu(eiklx) ® eikgx + eik1X ® Plt(eikgx)) _ (kl + kz)“(eiklx . eikzX)

Coproduct AgP, =P, ®1+1® P,



Deformation=Quantization

Quantum Groups

deformations of (Hopf) algebras,
but still

"symmetry groups”

Quantum relativistic symmetries

Classical

Symmetry

Classical (Hopf) algebra

Quantum
Symmetry

Quantized (Hopf) algebra
(Quantum Group)

F(G),
U(g)

Fq(6),
U,(9)



Deformed /Quantum relativistic symmetries

The Poincaré symmetry U(iso(1, 3))
[M,uuy M/\p] =i (Muknup - M/—Lﬂnu)\ - Myknup + Mupnuk) s
[Muuyp/\]:i(Pl/n,u)\_PunuA)7 [PH1PU]:0
(with Ag(Pu) =Pu®1+1® Py, Ao(Myy) =My @1+1Q My, etc.)



Deformed /Quantum relativistic symmetries

The Poincaré symmetry U(iso(1, 3))

[M,uuy M/\p] =i (Muknup - M/—Lﬂnu)\ - My}xnup + Mupnuk) s
[MW7PA]:I'(P1/77#>\—PM]VA)7 [PH1PU]:0
(with Ag(Py) = Pp @1+ 1@ Py,

AO(M;LV) = M;J,V R1I4+1® Muu etc.)
can be deformed in various ways:

’/@— deformation ‘

contraction of g-deformed so(2, 3)

(AdS algebra)

[L, L] = corrections [L, L] = unchanged

A(L) = Ao(L) + corrections A(L) = Ag(L) + corrections
L=M,,, P

"

’ non-standard deformation ‘
twist deformation




Deformed /Quantum relativistic symmetries

The Poincaré symmetry U(iso(1, 3))

[M,uuy M/\p] =i (Muknup - M/—Lﬂnu)\ - My}xnup + Mupnuk) s
[MW7PA]:I'(P1/77#>\—PM]VA)7 [PH1PU]:0
(with Ag(Py) = Pp @1+ 1@ Py,

AO(M;LV) = M;J,V R1I4+1® Muu etc.)
can be deformed in various ways:

’/@— deformation ‘

contraction of g-deformed so(2, 3)
(AdS algebra)

[L, L] = corrections [L, L] = unchanged

A(L) = Ao(L) + corrections A(L) = Ag(L) + corrections

’ non-standard deformation ‘
twist deformation

M;u/v Pu

Quantum Group! Quantum Group!

Quantum Poincaré symmetry



Quantum Poincaré symmetry

‘/{— deformation U,C(iso(l,3))‘
contraction of g-deformed so(2, 3)
(AdS algebra)

[L, L] = corrections

A(L) = Ao(L) + corrections

[e Drinfel'd, Jimbo, Reshetikin, Takhtajan,
Fadeev, 1980s]

e J. Lukierski, H. Ruegg, A. Nowicki, and
V. N. Tolstoi, Phys. Lett. B 264 (1991);
e S. Majid and H. Ruegg, Phys. Lett. B
334 (1994)

| non-standard deformation |
twist deformation

[L, L] = unchanged
A(L) = Ag(L) + corrections

[e V. Drinfel'd 1983 - 1985]

e M. Chaichian, P. P. Kulish, K. Nishijima
and A. Tureanu Phys. Lett. B 604 (2004);
e A. Borowiec, A.P., Phys. Rev. D 79
(2009)

e A. Borowiec, A. P., Eur. Phys. J. C 74 (2014)
" Unified description for x-deformations of orthogonal groups”

o>



Consequences:
o for example P, acting on a product of two plane waves:
Pﬂ(eiklx * eikzx) — *(AP#(eiklx ® eikzx))
= (P, (") @ e™* + e®* @ P, (™) + corrections)
= (ki + ko + corrections),,(e™* x e*>)

o deformed Casimir <+ deformed dispersion relations

Qo ...



Quantum relativistic symmetries: Symmetries of what?

Classical Quantum

Minkowski space-time with x# = (ct,x,y,z)  Quantum Minkowski space-time

(Commutative algebra of coordinate (Non—.comTutative algebra of coordinate
functions) functions)
xtoxV =x" . xt xPxxV £ xV *xt
[x*,xV] =0 [x*, xV] # 0

QUANTUM GROUPS -> symmetries of
noncommutative “spaces”

*in the realm of non-commutative geometry (A. Connes): any
'space’ is determined by the algebra of functions on it.



Quantum relativistic symmetries: Covariance

Classical

Minkowski space-time x* = (ct, x,y,z)

(Commutative algebra of coordinate functions)
xHoxV =xV.x

[x*,x"] =0

is covariant under Poincare symmetry

Quantum

Quantum Minkowski space-time

(Non-commutative algebra of coordinate
functions)*

xHxxV £ xV x xt
[x*,xV] # 0

is covariant under quantum Poincare (Hopf)
algebra symmetry:

L (x#*xY) =* (A(L)(x” ® x"))
= (L > %) » (sz) > x")

L=M,

o By

n determiﬁed by co-product
A(L) = Ay(L) + deformed



Dictionary

Classical Quantum
Manifold, functions on a manifold M - abstract algebra
(space-time, coordinate functions) (quantum space-time) x#x" # xVxH

(Hopf module algebra)

Symmetries Quantum symmetries
(Lie group, Lie algebra) (Quantum Groups - Hopf algebras)
Differential geometry Non-commutative differential geometry

-> Twisted diff. geom.

-> Quantum Riemannian geom.
(build on bimodule of ‘algebraic’ NC
1-forms)



Noncommutative differential and Riemannian geometry

Well established NC differential geometry ingredients
@ A a NC ('coordinate’) algebra (given by generators and relations)

@ Differential calculus (Q°, A, d)
QL =ApQaVo...



Noncommutative differential and Riemannian geometry

Well established NC differential geometry ingredients
@ A a NC ('coordinate’) algebra (given by generators and relations)
@ Differential calculus (Q°, A, d)
QL =A0Qa?e...
@ Connection V : Q! — Q! ®4 Q! satisfying
V(wa) =V(w)a+w®ada, a€Awe
@ Torsion Ty = AoV +d
® Curvature Ry



Noncommutative differential and Riemannian geometry

Well established NC differential geometry ingredients
@ A a NC ('coordinate’) algebra (given by generators and relations)
@ Differential calculus (Q°, A, d)
QC=AsQ'aPs...
@ Connection V : Q! = Q! @4 Q! satisfying
V(wa) =V(w)at+w®ada, ac€Awe?
@ Torsion Ty = AoV +d
® Curvature Ry

...However - different formulations of T and R (forms versus vector
fields)?



Noncommutative differential and Riemannian geometry

different formulations

’Twisted diff. geom.‘ ’quantum Riemannian geom.‘




Noncommutative differential and Riemannian geometry

different formulations

’Twisted diff. geom.‘

Guiding principle:

NC diff. geom. on M is covariant under
UVec(M), (twisted diffeomorphism
symmetry).

’quantum Riemannian geom.‘

In practice:

e change all the maps to *, Ay, %

e A =(functions, forms, tensors,...) are
UVec(M),-module algebras and for
a,be A €€ Vec(M), £ (ab)

e & acts via Lie derivative & Leibinz rule
(coproduct).

o Arbitrary metric g € Q' ®4 Q'

o "Noncommutative Geometry and Gravity", P. Aschieri, M.
Dimitrijevic, F. Meyer, J. Wess , Class.Quant.Grav. 23 (2006)
[arXiv:hep-th /0510059]

o P. Aschieri, A. Borowiec, A. P.

" Observables and Dispersion Relations in -Minkowski Spacetime”,
JHEP 2017, 152 (2017) [arXiv:1703.08726]

Dispersion Relations in r-Noncommutative Cosmology, JCAP 04
(2021) 025 [arXiv:2009.01051]



Noncommutative differential and Riemannian geometry

different formulations

’Twisted diff. geom.‘

Guiding principle:

NC diff. geom. on M is covariant under
UVec(M), (twisted diffeomorphism
symmetry).

In practice:

e change all the maps to *, Ay, %

e A =(functions, forms, tensors,...) are
UVec(M),-module algebras and for
a,be A €€ Vec(M), £ (ab)

e & acts via Lie derivative & Leibinz rule
(coproduct).

o Arbitrary metric g € Q' ®4 Q'

o "Noncommutative Geometry and Gravity", P. Aschieri, M.
Dimitrijevic, F. Meyer, J. Wess , Class.Quant.Grav. 23 (2006)
[arXiv:hep-th /0510059]

o P. Aschieri, A. Borowiec, A. P.

" Observables and Dispersion Relations in r-Minkowski Spacetime”,

JHEP 2017, 152 (2017) [arXiv:1703.08726]
Dispersion Relations in r-Noncommutative Cosmology, JCAP 04
(2021) 025 [arXiv:2009.01051]

’quantum Riemannian geom.‘
Guiding principle:

start with the NC 'coordinate’ algebra A
build up whole differential structure from
bottom up.

In practice:

o Ql-bimodule algebra of abstract

" algebraic” 1-forms

e bimodule connection V additional
requirement

e quantum metric g € Q! ®4 Q!, central
in A

e metric compatibility...

o E. J. Beggs and S. Majid,” Quantum Riemannian Geometry",
Springer 2020,

® S. Majid, A.P.

J. Math. Phys. 59 (2018); arXiv:1701.06919 J. Phys. A: Math
Theor. 53 (2020); arXiv:1807.08492



Different models of quantum space-times

xHoHxV £ xY xxt — XM, x"] #£0

(1) Canonical or theta-non-commutative spacetime:

[x*, x"] = ihO"”

with deformation parameter h of length? (Lp) dim.

S. Doplicher, K. Fredenhagen, J. E. Roberts, Commun.Math. Phys. 172 (1995),
[arXiv:hep-th/0303037].



Different models of quantum space-times

xHoHxV £ xY xxt — XM, x"] #£0

(1) Canonical or theta-non-commutative spacetime:

[x*, x"] = ihO"”

with deformation parameter h of length? (Lp) dim.

S. Doplicher, K. Fredenhagen, J. E. Roberts, Commun.Math. Phys. 172 (1995),
[arXiv:hep-th/0303037].

e The Euclidean version of this non-commutative spacetime is known as
the Moyal-Weyl non-commutative spacetime e field theory has been
thoroughly studied (writing the action in terms of the star product)'2001
e Non-commutative versions of gravity'2005



Different models of quantum space-times

(2) Lie-algebraic type space-time:
[x", x"] = ihoh" x”
with deformation parameter h of mass (Mp) dim.
Special case: x-Minkowski spacetime:
[x*,x"] = é(x“a“ — x"a")

K ~ h/Lp (mass scale), a# -const.

S. Majid, H. Ruegg Phys.Lett. B334 (1994)
S. Zakrzewski J. Phys. A 127 (1994).



K - Minkowski & k-Poincaré:

o is related with Doubly (or deformed) special relativity (DSR) - a
class of models of relativistic kinematics in which a fundamental
observer-independent length scale is present.

o contains modified composition laws of energy and momentum
(which comes from the co-algebra)

o one can identify the composition of energy and momentum as a
translation in a curved momentum space of constant curvature and
non-commutative spacetime coordinates are generators of
translations in momentum space

This leads to many phenomenological consequences.



Lorentz-invariant quantum space-time models

[Xua Xu] - iﬂ2Mm/



Lorentz-invariant quantum space-time models

Snyder model Yang model

H.S. Snyder, Phys. Rev. 71 38 (1947) C.N. Yang, Phys. Rev. 72 874 (1947)

[Py p] =0 [Py Pv] = ia?M,,,,

[Xua Xu] - iﬂ2Mm/

[Muwxp] = i(nupxu - nupxu)a
[M;Wa MpT] = i(nupr— - mnMVp + nuTMup - nupMp,T)-
Nuv = diag(—1,1,1,1) and p,v =0,1,2,3



Lorentz-invariant quantum space-time models

Snyder model Yang model

H.S. Snyder, Phys. Rev. 71 38 (1947) C.N. Yang, Phys. Rev. 72 874 (1947)

[Py p] =0 [Py Pv] = ia?M,,,,

[Xua Xu] - iﬂ2Mm/

(Myws Xo] = i(MupXe — MwpXp)s
[M;Wa MpT] = i(nupr— - mnMVp + nVTM,LL[) - nupMp,T)-
Nuv = diag(—1,1,1,1) and p,v =0,1,2,3

Parameters:
o [ related to the Planck (length) scale Lp
o « related with the non-vanishing cosmological constant A,
(Anti-)de Sitter geometric background <+ « linked with the
(Anti-)de Sitter radius
In short:
B ~ Lp - gravitational modifications at the small distances; while
«a ~ N\ - modifications at large distances.



The Snyder and Yang models are defined on the full relativistic phase
space and are generated by position x*, momentum p, and Lorentz
generators M,,,,.

o the first specific proposal, aimed to introduce a UV cut-off in
momentum space, was the Snyder non-commutative space-time

o By construction, this non-commutative spacetime is Lorentz
invariant

o The spectrum of the spatial coordinates operators is discrete and its
momentum space is a de Sitter manifold with a non-vanishing
constant curvature.



Back to physics: Experimental tests?

If g, 8, 1/k ... (deformation parameters) are so small — does this make
models totally untestable?

* There are situations where the quantum-gravity effect can be
magnified and (in principle) measurable.

* For example, a small energy-dependence on the speed of light would
result in different arrival times of a few milliseconds for y-ray bursts
of cosmological origin.

* Other effects could be a phase transition such as ‘Bose-Einstein
condensation’ (so far modelled in mathematically analogous
situations rather than quantum gravity itself).



Quantum Gravity Phenomenology

o A key question is whether there exists a regime in which phenomena
induced by the quantum properties of the space-time geometry could
possibly be observed.

o Probing the quantum nature of space-time date originated 2000
and now the study of quantum gravity phenomenology has
developed into a full fledged research program,

Recent review:

A. Addazi et al., Quantum gravity phenomenology at the dawn of
the multi-messenger era — A review, Prog.Part.Nucl.Phys. 125
(2022), arXiv: 2111.05659 hep-ph,

1500 references!



Quantum Gravity Phenomenology

The phenomenological consequences - reflect the fact that the kinematics
of particles and fields propagating on quantum space-time are affected
through their interaction with quantum space-time:

o Time delays
o Gravitational redshift

o Non-localizabillity of events: Limits on the localizability of events
and properties of reference frames for the x-Minkowski spacetime

o Emergence of a cosmological constant

o Threshold anomalies: The deformed energy-momentum dispersion
relation and four-momentum conservation laws could affect the
kinematics and energy threshold conditions for certain particle
production processes

o Muon lifetimes
o Decoherence

o Dark Matter and axion-like backgrounds



Low-energy effects?

Quantum mechanical phase-space
the phase space of classical
mechanics {x;, p;j} is QUANTIZED
(deformed) into a noncommutative
phase space

At the Planck scale

space and space-time is
QUANTIZED (deformed): i.e.
becomes noncommutative

[Xi7 pj] = O
!
[xi, pj] = idiih

[x*,x"]=0
1
b, x] £ 0



Low-energy effects?

Quantum mechanical phase-space
the phase space of classical
mechanics {x;, p;j} is QUANTIZED
(deformed) into a noncommutative
phase space

At the Planck scale

space and space-time is
QUANTIZED (deformed): i.e.
becomes noncommutative

!

and QM phase space becomes
modified /deformed

[Xi7 pj] =0
!
[xi; pj] = 6T

[x*,x"]=0
1
b, x] £ 0

l

[x*, p] = ihdY + corrections

Modified (Heisenberg) Uncertainty
Principles



Modified /Deformed Quantum Phase Space

any modifications in the canonical Heisenberg commutation relations
between coordinates and momenta will imply changes in the Heisenberg
Uncertainty Principle:

[xi, pj] = ihdjj + corrections

1

(Ax;) (Ap;) > = (1 + corrections)

N | St



Modified /Deformed Quantum Phase Space

any modifications in the canonical Heisenberg commutation relations
between coordinates and momenta will imply changes in the Heisenberg
Uncertainty Principle:

[xi, pj] = ihdjj + corrections

1

(Ax;) (Ap;) > = (1 + corrections)

N | St

Generalized Uncertainty Principle (GUP): corrections ~ f(p)
Extended (EUP) (corrections ~ f(x))

and GEUP (corrections ~ f(x, p))

- providers of phenomenological deformations of QM that could
accommodate the presence of a minimal length



Noncommutative geometry and quantum groups origins

o M. Maggiore,
Quantum groups, gravity and the generalized uncertainty principle. Phys.
Rev. D (1994) arXiv:hep-th/9305163.

o M. Maggiore,
The Algebraic structure of the generalized uncertainty principle. Phys.
Lett. B (1993) arXiv:hep-th/9309034

o A. Kempf,
Uncertainty relation in quantum mechanics with quantum group
symmetry. J. Math. Phys. (1994) arXiv:hep-th/9311147.

- originally derived in the context of string theory [D. Amati, M. Ciafaloni, and
G. Veneziano, “Can Space-Time Be Probed Below the String Size?,” Phys.
Lett. B 216 (1989) ]



In general, noncommutative QM phase space algebra:
[Xl'7Xj] = ih’aij (X’ P) )

[pi, pj] = ihbj (x, p),
[Xia p_]] = ’hclj (X7p)u

A.P., Generalized Extended Uncertainty Principles, Liouville theorem and density of
states: Snyder-de Sitter and Yang models,Nucl. Phys. B 1010 (2025)
[arXiv:2409.05110
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In general, noncommutative QM phase space algebra:

[Xl'vXj] = ihaij (X’p)v

[pia pj] = Ihblj (Xa p) s
[Xi’pj]
leading to:

ihcij (x, p),
AX,'Apj =
e.g.

5 l{ci(x P

AxAp > (1 + a*(Ax)* + B(Ap)?)

A.P., Generalized Extended Uncertainty Principles, Liouville theorem and density of
states: Snyder-de Sitter and Yang models,Nucl. Phys. B 1010 (2025)
[arXiv:2409.05110
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Liouville theorem in statistical physics and density of states

[xi, pj] = i hoj(1 + corrections)

Pefr

— new effective value of i

— affects the size of the unit cell that each quantum state occupies in
the phase space

— has an effect on the density of states and e.g. on thermodynamical
properties.

Need to preserve the number of states in the volume element of phase
space under the time evolution (analogue of the Liouville theorem)

L.N. Chang, D. Minic, N. Okamura, T. Takeuchi, Phys. Rev. D 65, 125028 (2002)



Modified thermodynamics
The weighted phase space volume ! is modified

dPxdPp
1 + corrections

— modified Fermi equation of state - from the partition function in the
grand-canonical ensemble:

1 g —E/keT d*xd’p
hz=—_%8 [ (1 /ks ) _ 9P
" (27h)3 a / n\ttoaze 1 + corrections

where T is the temperature, kg Boltzmann constant, z = e/‘/kBT‘ 1 chemical potential a = 1 fermions (a = —1 bosons) and g is a
spin of a particle.

Then pressure, number of particles, and internal energy are:

P= kBTiInZ,
v

n:kBTgan ‘T\/7
o ’

U= kBTZ%mZ |z,V

. . . 1
Lin the classical limit we take —[-,-] = {-,-}



e A.P., Generalized Extended Uncertainty Principles, Liouville theorem and density of
states: Snyder-de Sitter and Yang models,Nucl. Phys. B 1010 (2025)
[arXiv:2409.05110]

A.P., A. Wojnar:

e Fermi equation of state with finite temperature corrections in quantum space-times
approach: Snyder model vs GUP case, 2023 Class. Quantum Grav. 40 195021
[arXiv:2304.08215]

e Constraining Snyder and GUP models with low-mass stars, Eur. Phys. J. C 83, 1097
(2023) [arXiv:2307.03520]
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Testing: [x, p] = iA(1 + B2p?) <

® Marin et al.,
e Bawaj et al.,
© Campbell et al.,

From experimental point of view

AxDp > 5(1+ 5%p?)

Gravitational bar detectors set limits to Planck-scale physics on macroscopic variables, Nature Phys. 9 (2013)
Probing deformed commutators with macroscopic harmonic oscillators, Nature Commun. 6, (2015)
Improved constraints on minimum length models with a macroscopic low loss phonon cavity, Phys. Rev. D (2023)

® Donadi, Fadel, Quantum gravitational decoherence of a mechanical oscillator from spacetime fluctuations, Phys. Rev. D (2025)

CCOMMUNICATIONS
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Probing deformed commutators with macroscopic
harmonic oscillators

Mateusz Bawaj'2, Ciro Biancofiore'?, Michele Bonaldi*, Federica Bonfigii'2, Antonio Borrielli®4,

Glovan D Giseppe!, Lorenzo Marcon?, Francesco Marins?, Rccardo Natal1, Anteio Porein,
Giovanni A. Prodi®®, Enrico Serra®8910, David Vitali? & Francesco Marin®s1!

A minimal cbservble egth s  cammn feature f teorks hat s o mergs quantum.

Physics nd. gravy. Quantum mechanialy this cancept is assodsted with 3 norvers
measuments, which

elations. In site of increasing theortkal interest, the subsect sufers from the complte

lack of dadeated expemerts and bounds to the deformation paramelrs have jut been

extapolied rom ndrect messurements. As recetly prposed, low-energy mecharcal

around the Plarck mass m. (x220). The diect check aginst 3 model of deformed
dyrarics sutstantaly lowers the revous limis on the parameters quntiing the
commdato deformaton.
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Many theories that attempt to formulate a quantum description of gravity suggest the existence of
fundamental minimum length scale. A popular method for incorporating this minimun length is throug
a modification of the Heisenberg uncertainty principle known as the generalized uncertainty principl
(GUP). Experimental tests of the GUP applied to composite systems can be performed by searching for th
induced frequency perturbations of the modes of mechanical resonators, thus constraining the degree
minimum length in certain scenarios. In this work previous constraints made with mechanical resonato
are improved upon by three orders of magnitude, via the utilization of a cryogenic quartz bulk acousti
wave resonator. As well as purely mechanical resonant modes, hybrid electromechanical antiresonar
modes are investigated and shown to be sensitive to the same GUP induced effects.

DO 10.1103/PhysRevD.108.102006
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"indirect” experiments - providing bounds on GUP

parameters

P.Bosso, G. Luciano, L.Petruzziello and FWagner, 30 years in:
Quo vadis generalized uncertainty principle?," Class. Quant.

experiment

Grav. 40 (2023) no.19, 195014 [arXiv:2305.16193 [gr-qc]].

perihelion precession (solar system,
time-of-flight measurements
equivalence principle (pendula)
gravitational bar detectors
equivalence principle (atoms)
low-mass stars
LIV in torsion pendulum

perihelion precession (solar system, 2)

perihelion precession (pulsars)
gravitational redshift
black hole quasi normal modes
light deflection
time delay of light
black hole shadow
black hole shadow

1)

experiment

phonon cavity
harmonic oscillators
LIV in hydrogen atom
scanning tunnelling microscope
4 anomalous magnetic moment
Hydrogen atom
lamb shift
STRb interferometry
Kratzer potential
stimulated emission
Landau levels
quantum noise




CA23130 - Bridging high and low energies in search of quantum gravity
(BridgeQG)

Action keywords

Phenomenology of quantum gravity - Gravity in quantum systems -
Multi-messenger astrophysics - Lorentz invariance violation and
deformation - Table-top gravity measurements

https://www.cost.eu/actions/CA23130/


https://www.cost.eu/actions/CA23130/

* Recent advances in both high-energy astrophysics and high-precision
table-top experiments are pushing our capability to test nature in
regimes where gravity meets quantum physics.

* Astrophysical observations are now potentially sensitive to tiny
residual effects of Planck-scale physics, while table-top experiments
are reaching the precision needed to test the interplay between
gravity and quantum systems at ultra-low energies.

* Investigations of these regimes, in particular once they are combined,
will provide important clues towards the understanding of the full-
fledged theory of quantum gravity.

 Current focus: investigations at the interface between high-energy
quantum gravity and quantum aspects of gravity in the weak-field
regime.



Noncommutative Geometry (NCG) as an intermediate step
Two alternatives:

Quantum Mechanics
Quantum Field Theory + NCG ("quantum gravity”)
corrections

Gravity + NCG (quantum) corrections
(General and Special Relativity)



Summary

Noncommutative Geometry
- generalization of classical differential geometry,
- encodes geometry of "quantum-like counterparts of spaces”: algebras



Summary

Noncommutative Geometry

- generalization of classical differential geometry,

- encodes geometry of "quantum-like counterparts of spaces”: algebras -
the noncommutative (quantum) nature of space-time — modifications

(deformations) of
o quantum mechanical phase spaces
o effects on physical systems

o corrections to classical solutions



Summary

Noncommutative Geometry as an intermediate step
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Summary

Noncommutative Geometry as an intermediate step
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Thank you for your attention!



