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Quantum / classical boundary conceptually relevant, but also important for quantum technology.

Measurement and characterization of quantum system:s:
access to quantum state by (classical) observer
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l;in, l;out are bosoni¢c operators, characterizing the input and the

output of an amplifier;
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Quantum limits on amplification [ | ].
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For (linear) quantum amplifiers, the laws of gmn iImpose that the amplification process adds
a minimal anmount of noise.

[1] C. M. Caves, Quantum limits on noise in linear amplifiers, Phys. Rev. D 26, 1817 (1982).



bout = M by + Lbl + F

Narrowband, linear amplifier
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The requirement that I/O the operators are bona fide bosonic operators
(154 bgut] = | b5 bgut] = 1) imposes that

~ Physical realizability (PR)

1= |M[* = |LI> + [F,Fll
“ (unitarity for Caves)




We can write any operator & as

1
F = Frp + 1 F
\/i( R 7)

f we define

Var [F] = % FF 4 R (F ()

the generalized Heisenberg uncertainty
principle

Var [FR] Var [F]] HFR,FIH

sives VarF > — ‘<[~7:>Jﬂ}>‘

PR condition 1= |M|* — |L|* + [F,F'] therefore forces

Varf
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For a phase-preserving amplifier (equations independent of I/O phase choice), L = 0

2
(and & does not depend on phase either G = |M| ), we have

Var b,,+ = & Var b;,, + Var F

| | 2 2 .
the relation Var# > — |1 — |M| — |L| allows us to write
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input noise e added noise
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Examples of (nearly) g-limited amplifiers

Josephson parametric amplifiers [ | ] Optomechanical amplifiers [2]
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[I] C.Macklin, et al, A near—quantum-limited Josephson traveling-wave parametric amplifier, Science 350, 307 (2015).

[2] F. Massel,et al, Microwave amplification with nanomechanical resonators, Nature 480, 351 (201 1).



PHYSICAL REALIZABILITY

Let's generalize the previous statement concerning the commutators of input

and output fields.

Let's consider a linear quantum network

€:A€+D€1n

with

14_1 drift matrix
RVaR
Daa Dc —




PHYSICAL REALIZABILITY

In order to be physical a linear guantum network
§ = Af + Dé&in

Must fulfill the following relation

AJ+ JA"+ D J., D' =0

ceneralization of the condition 1 = |M|* — |L|’

[1] M. R. James, H. I. Nurdin, and I. R. Petersen, Hinfty Control of Linear Quantum Stochastic Systems, IEEE Transactions on Automatic Control 53, 1787 (2008).

| Physical realizability |




~or a PR system, | can then use A to evaluate the matrix X; (“how much ‘commutator
budget’ goes to mode 1)

X 4+ XA+ T S0 0 I1; mode selector
i i ; 22 1y = U. t
[ai7a']T — Hzg

1

I 0
Commutator kernel (for mode 1) iy = (0 _1>

K; = D! X, D,

nterpretation: (K;);; is the "CCR share” supplied by annihilation port j to the internal mode i. Under

PR + stability you get K. > 0 and, with a complete port set,and [a.,a'] = 1, TrK. = 1.
Y YOU 8 z p p i» &, i




The commutator channel K; encodes properties about the commutators.
We want to relate this to bounds on expectation values Iin various settings.

dw -
@ = | 5= M; 1 (w)ay gy, + Lz‘,1(w>ai,m T

In the absence of Bogoliubov terms N,
(L; (@) = 0), we have that / duw | ‘ M, |2 .

(ala,) = / g—: [M,,;’l(w) <ahna1,m> + ] .e. the power “gain” for each
bath 1 < J Is bounded by
the 7,7 element of the

commutator channel K.




From PR to observable bounds

1 - -
For L; ; = 0, this is true for the quadratures Var X; = 5 ((a" +a)(a’ +a)) — (aT + a>2

as well

(2

d -
Var X, = / 2_w M, 1(w)|2VarX1 o+
7.‘- )




QLE in optomecha

OM Hamiltonian

NICS

H =w.a'a+ wnb'b+ ga'a(b’ + b)

Let’s write the EOMs for the fields a and b

{ d’t — —z’wcat — g At — ig()(],t (bz + bt)
bt = —iWmbs — % by — z’goazat + ﬁbt

Where do we go from here!
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Quantum Langevin equations
The idea I1s that one can linearize the EOMs for the quantum fluctuations.

al” — o™ exp [—iwpt] + a}”

The easliest way of seeing this Is to rewrite the radiation-pressure interaction
amiltonian H; = gya'a (bT + b) (a = aexp l—ia)pt] +ab— [+ D)

Hi = goa*a (87 + B+ b +b) +{oa” exp [iwyt] a)8” + B 45T + b) }+ huc.

-

“_  + higher order™_

P relevant terms

Depending on @, we have that terms like a'b (beam splitter)
ora'b’ (parametric-down converter) survive (rotating-wave approximation).



Quantum Langevin equations
Linearized EOMs for the quantum fluctuations.

with G = gyor exp lia)pt] —

We can control the interaction between the modes as an external “'knob’.



Quantum Langevin equations

tf w, ~ @, — @, (red-detuned pump)

i = —iwea — a— G +5) + Via

which corresponds to the QLEs we would obtain for H; = Ga'b+h.c.
(beam-splitter Hamiltonian).

This allows the cooling of the mechanics mode b to the ground state (since @, > w,,).



Quantum Langevin equations

tw, ~ @, + @, (blue-detuned pump)

a4 = —1iW.a — Yo —iG (bT +8) + VKain

2
b W O : b—1 (Ga + G'\g) + +/7bin

which corresponds to the QLEs we would obtain for H; = Ga'b"+h.c.

This leads to "mechanical lasing”.
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DECOMES

H =w.a'a + w,,b'b
+ (G+aTbT + G_aﬂLb) + h.c.

Wollman, E. E,, et al. Science, 349(6251), 952-955 (2015).

J. M. Pirkkalainen et al., Phys. Rev. Lett. | 15,243601 (2015).

Squeezing of the mechanical motion

rlate

ne field

squeezing
spectrum

Bogolyubov transformation
| i

Cooling of a Bogolyubov mode
H=w.a"a+wn,B'8+Ga'B+ h.c.

Lecocq, F, et al. (2015). Phys Rev X 5(4), 041037 (2015)



From PR to observable bounds

Let's focus on the cooling case (beam splitter Hamiltonian)

. Y . dw
A1 = 21 a1 — ZGO/Q -+ VvV 1141 in A1 = / o [M1,1(W)@1,m T M1,2(w>a2,m]
: Yo . dw
iy = =50y~ 1GO + VRta ay = [ 58 My @)y + My p@as

In this case, it is easy to show that || M,_.||* < v/ (v; + ;). From PR we have that

| M, |17 + (| M2 = Tr(K;) =1

—J

Vi
Vi T

mplying || M, H2 >
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From PR to observable bounds

For the variances

Vi

| M;
Yi T 5

[* >

implies

1

Var X, - _ N Var X, S _ 2
Var X; 1~ 7+ 7% Var X;, o = 71 + 7



-rom PR to observable bounds: dissipative squeezing

he EOMSs In the original frame squeezing
p;ectru;m

a = 21 a—1iG . b—1iG_b' + \/va,,

b = V2217— G a—iG_a + /Y,b;,

hecome R,

S 80,
o=—a—iG8+ Jra;,

‘ V&I’Xﬁ‘o B Yo _|"Yl

Var YB > ’yQ .
Var Y5|O N Vo T 71 "

B =28(&b8T(€) = beoshl¢] + b sinh[¢]
G = Gceosh((], G = Gsinh|¢



-rom PR to observable bounds: dissipative squeezing

Transforming back to the original frame, the bound Is unchanged.

Var Xﬁ

VarXﬁ‘O

Var YB
Var Yﬁ ‘ ,
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VarY, S
VarY,|, = 7 +m

valid for all quadratures

minimally squeezed quadratures
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squeezing

-rom PR to observable bounds: dissipative

Var[X, . VarlX, >1  from PR (so from CCR)
Var| X ] Var|[X,| :

0 lmin 0 lmin

can be observed In an experiment @ room temperature.
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[lake-nome message

- Canonical commutation relations impose bounds on bosonic modes.
- This has conseguences at the macroscopic level

- Quantum limits on amplification

- Squeezing power In dissipative squeezing setups

- Parametric squeezing setups (or combined) can be discussed In
the same framework
- CV entanglement as well”

*to be done.



