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Abstract—The need to fuse beliefs from different sources
occurs in many situations. For example, multiple agents can
fuse their preferences about alternatives in order to make a
single choice, or the output of multiple sensors can be fused to
determine which of multiple possible events is most likely to have
taken place. These situations are different and must therefore be
modelled with different operators. This paper describes belief
fusion with general hyper opinions in subjective logic, and
explains how to select the most appropriate belief fusion operator
according to the nature of the situation to be modelled.

I. INTRODUCTION

The opinion model used in subjective logic includes base
rates and is thereby an extension of the belief model used in
traditional belief theory. The inclusion of base rates makes
opinions equivalent to classical statistical representations such
as the Beta pdf (probability density function) and the Dirichlet
pdf, as well as the more recently defined Hyper Dirichlet
pdf [1]. This equivalence is very powerful in the sense that
subjective opinions can be interpreted and analysed within the
traditional statistical framework; also evidence expressed in
traditional statistical terms can be mapped to subjective opin-
ions and analysed in the framework of subjective logic. For
example, conditional deduction and abduction with subjective
logic [2], [3] allow Beta and Dirichlet pdfs to be used as input
arguments in deductive and abductive reasoning, which has not
previously been described in the statistics literature.

With its rich set of mathematical operators, subjective logic
is suitable for modelling many different situations involving
partially uncertain beliefs and evidence. A prerequisite for
defining an adequate model for a specific situation is to
properly understand and interpret the nature of the situation
so that the most appropriate mathematical operators can be
applied. Failing to consider the nature of the situation can
lead to the application of the wrong operators which typically
leads to poor models.

This paper focuses on belief fusion with hyper opinions in
subjective logic, and how to characterize a specific situation
in order to select the appropriate fusion operator. We provide
examples showing how specific operators of subjective logic
can be used to model specific situations.
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II. SUBJECTIVE LOGIC BASICS

A. General Hyper Opinions

A subjective opinion expresses belief about one or multiple
propositions from a state space of mutually exclusive states
called a "frame of discernment" or "frame" for short. Let X
be a frame of cardinality k. Belief mass is distributed over
the reduced powerset of the frame denoted as R (X). More
precisely, the reduced powerset R (X) is defined as:

R (X) = 2X \ {X , /0}= {xi | i = 1 . . .k, xi ⊂ X} , (1)

which means that all proper subsets of X are elements of
R (X), but X itself is not in R (X). The empty set /0 is also
not considered to be a proper element of R (X).

An opinion is a composite function consisting of belief
vector

−→
b , uncertainty parameter u and base rate vector −→a .

An opinion can also have as attributes the belief source name.
The belief vector can be additive (i.e. sum = 1) or sub-additive
(i.e. sum < 1) as expressed by Eq.(2) and Eq.(3) below:

Belief mass sub-additivity:

∑
xi∈R (X)

−→
b X(xi)≤ 1 ,

−→
b X(xi) ∈ [0,1] (2)

Belief mass and uncertainty additivity:

uX + ∑
xi∈R (X)

−→
b X (xi) = 1 ,

−→
b X (xi),uX ∈ [0,1] (3)

An element xi ∈ R (X) is a focal element when its belief
mass is non-zero, i.e. when

−→
b X (xi)> 0. The frame X is never

considered as a focal element, even in case uX > 0. The base
rate vector, denoted as −→a (xi), expresses the base rates of
elements xi ∈ X , and is formally defined below.

Base Rate Function Let X be a frame of cardinality k, and
let −→a X be the function from X to [0,1]k satisfying:

−→a X ( /0) = 0, −→a X (xi) ∈ [0,1] and
k

∑
i=1

−→a X(xi) = 1 , (4)

then −→a X is a base rate distribution over X.

Base rates express the non-informative prior, i.e. the prior
without any evidence. For example, the base rates for the



Binomial opinion Multinomial opinion General hyper opinion
Binary frame n-ary frame n-ary frame

Focal element x ∈ X Focal elements x ∈ X Focal elements x ∈ R (X)
Uncertain (u > 0) UB opinion UM opinion UH opinion
Probabilistic repr.: Beta pdf on x Dirichlet pdf over X Dirichlet pdf over R (X)
Dogmatic (u = 0) DB opinion DM opinion DH opinion
Probabilistic repr.: Probability of x Proba. distr. over X Proba. distr. over R (X)

Table I
OPINION CLASSES WITH EQUIVALENT PROBABILISTIC REPRESENTATIONS

occurrence of specific diseases in a given population are
typically estimated based on statistics. Base rates of diseases
are used to correctly interpret the results of medical tests
of patients. The failure to take base rates into account in
statistical analysis can lead to incorrect conclusions, and is
described as the base rate fallacy in medical reasoning, or as
the prosecutor’s fallacy in legal reasoning.

Because belief mass can be assigned to fully or partially
overlapping subsets of the frame, it is useful to derive the
relative base rates of the same subsets as a function of the
degree of overlap with each other. This is defined below.

Relative Base Rates Assume X to be a frame of cardinality
k where R (X) = 2X \{X , /0} is its reduced powerset of cardi-
nality κ = (2k −2). If −→a X is a base rate function defined over
X, then the base rates of an element xi relative to an element
x j are expressed according to the relative base rate function−→a X(xi/x j) defined below.

−→a X (xi/x j) =
−→a X(xi ∩ x j)−→a X (x j)

, ∀ xi,x j ∈ R (X) . (5)

A subjective opinion in its most general form is a hyper
opinion denoted as ωA

X = (
−→
b ,u,−→a ) where A is the opinion

owner, and X is the target frame to which the opinion applies
[4]. We define “hyper opinion” as follows:

Hyper Opinion Assume X to be a frame where R (X) de-
notes its reduced powerset. Let

−→
b X be a belief vector over

the elements of R (X) and let uX be the complementary
uncertainty mass, and let −→a be a base rate vector over the
frame X , all seen from the viewpoint of the opinion owner
A. The composite function ωA

X = (
−→
b X ,uX ,

−→a X) is then A’s
subjective opinion over X , expressed in the form of a hyper
opinion.

The belief vector
−→
b X has (2k −2) parameters, whereas the

base rate vector −→a X only has k parameters. The uncertainty
parameter uX is a simple scalar. A general opinion thus
contains (2k + k− 1) parameters. However, given Eq.(3) and
Eq.(4), general opinions only have (2 k + k − 3) degrees of
freedom. The probability projection of hyper opinions is the
vector

−→
E X from R (X) to [0,1]κ expressed as:

−→
E X(xi)= ∑

x j∈R (X)

−→a X(xi/x j)
−→
b X(x j) +

−→a X(xi) uX , ∀ xi ∈R (X) .

(6)

Table I lists the different classes of opinions [5], of
which hyper opinions represent the general case. Equivalent
probabilistic representations of opinions, e.g. as Beta pdf
(probability density function) or a Dirichlet pdf, offer an
alternative interpretation of subjective opinions in terms of
traditional statistics, as described in Sec.II-C below. Because
belief functions are a subset of opinions there is a similar
mapping between Dirichlet pdfs and belief functions [6].

Simple opinion types can be visualised as a point inside
the barycentric coordinate system of a regular simplex. In
particular, a point inside an equal sided triangle as in Fig.1
or inside a tetrahedron as in Fig.2 visualises a binomial and
a trinomial opinion respectively. Hyper opinions can not be
visualised in the same way, and are challenging to visualise.
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Figure 1. Binomial opinion point in triangle

In the triangle of Fig.1 the belief, disbelief and uncertainty
axes go perpendicularly from each edge to the opposite vertex
indicated by bx, dx and ux. The base rate ax shows on the base
line, and the probability expectation value E x is determined by
projecting the opinion point to the base line in parallel with
the base rate director. In the tetrahedron of Fig.2 the belief and
uncertainty axes go perpendicularly from each triangular side
plane to the opposite vertex indicated by the labels b xi and
by uX . The base rate vector −→a X shows on the triangular base
plane, and the probability expectation vector

−→
E X is determined

by projecting the opinion point onto the same base, in parallel
with the base rate director.

A special notation is used for representing binomial opin-
ions over binary frames. A general n-ary frame X can be con-
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Figure 2. Trinomial opinion point in tetrahedron

sidered binary when seen as a binary partitioning consisting
of one of its proper subsets x and the complement x.

Binomial Opinion Let X = {x,x} be a binary frame or a bi-
nary partitioning of an n-ary frame. A binomial opinion about
the truth of state x is the ordered quadruple ωx = (b,d,u,a)
where:

b, belief: belief mass in support of x being true,
d, disbelief: belief mass in support of x (NOT x),
u, uncertainty: uncertainty about probability of x,
a, base rate: non-informative prior probability of x.

We require b+ d+ u = 1 and b,d,u,a ∈ [0,1] as a special
case of Eq.(3). The probability expectation value is computed
with Eq.(7) as a special case of Eq.(6).

Ex = b+ au . (7)

In case the point of a binomial opinion is located at the left
or right base vertex in the triangle, i.e. with d = 1 or b= 1 and
u = 0, the opinion is equivalent to boolean TRUE or FALSE,
in which case subjective logic becomes equivalent to binary
logic.

B. The Hyper Dirichlet Model over the Reduced Powerset

The probability density over the reduced powerset R (X) can
be described by the Dirichlet density function analogously to
the way that it represents probability density over the frame
X . Because any subset of X can be a focal element for a hyper
opinion, evidence parameters in the Dirichlet pdf apply to the
same subsets of X .

Let k = |X | be the cardinality of X so that κ = |R (X)| =
(2k −2) is the cardinality of R (X). In case of hyper opinions,
the Dirichlet density function represents probability density
on a κ-dimensional stochastic probability variable p(x i), i =
1 . . .κ associated with the reduced powerset R (X).

The input arguments are now a sequence of observations of
the κ possible elements xi ∈ R (X) represented as κ positive
real parameters −→α (xi), i = 1 . . .κ, each corresponding to one
of the possible observations.

Dirichlet Density Function over R (X)
Let X be a frame consisting of k mutually disjoint elements,
where the reduced powerset R (X) has cardinality κ= (2 k−2).
Let −→α represent the evidence vector over the elements of
R (X). In order to have a compact notation we define the vector−→p = {−→p (xi) | 1 ≤ i ≤ κ} to denote the κ-component random
probability variable, and the vector −→α = {−→α (xi) | 1 ≤ i ≤ κ}
to denote the κ-component random input argument vector
[−→α (xi)]

κ
i=1. Then the Dirichlet density function over R (X),

denoted as power-D(−→p | −→α ), is expressed as:

D(−→p | −→α ) =

Γ
(

κ
∑

i=1

−→α (xi)

)
κ
∏
i=1

Γ
(−→α (xi)

) κ

∏
i=1

p(xi)
(
−→α (xi)−1) (8)

where −→α (x1), . . .
−→α (xκ)≥ 0 .

The vector −→α represents the a priori as well as the observa-
tion evidence. The non-informative prior weight is expressed
as a constant W = 2, and this weight is distributed over all the
possible outcomes as a function of the base rate.

Since the elements of R (X) can contain multiple singletons
from X , an element of R (X) has a base rate equal to the sum
of base rates of the singletons it contains. This gives a super-
additive base rate vector −→a X over R (X). The total evidence
α(xi) for each element xi ∈ R (X) can then be expressed as:

−→α (xi) =
−→r (xi)+W −→a X(xi) (9)

where

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−→r (xi)≥ 0

−→a X(xi) = ∑
x j⊆xi
x j∈X

−→a (x j)

W ≥ 2

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

∀xi ∈ R (X)

The Dirichlet density over a set of κ possible states xi ∈
R (X) can thus be represented as a function of the super
additive base rate vector −→a X (for xi ∈ R (X)), the non-
informative prior weight W and the observation evidence −→r .

Because subsets of X can be overlapping, the probability
expectation value of any subset xi ⊂ X (equivalent to an
element xi ∈ R (X)) is not only a function of the direct
probability density on xi, but also of the probability density
of all other subsets that are overlapping with xi (partially or
totally). More formally, the probability expectation of a subset
xi ⊂ X results from the probability density of each x j ⊂ X
where xi ∩ x j 
= /0.

Given the Dirichlet density function of Eq.(8), the probabil-
ity expectation of any of the κ random probability variables
can now be written as:

−→
E X(xi | −→r ,−→a )=

∑
x j∈R (X)

−→a X (xi/x j)
−→r (x j)+W−→a X(xi)

W + ∑
x j∈R (X)

−→r (x j)
∀xi ∈R (X)

(10)



The probability expectation vector of Eq.(10) is a generali-
sation of the probability expectation of the traditional Dirichlet
and Beta pdfs.

C. The Mapping Hyper Opinion ↔ Hyper Dirichlet

A hyper opinion is equivalent to a Dirichlet pdf over the
reduced powerset R (X) according the mapping defined below.

Definition Hyper Opinion to Dirichlet Mapping
Let ωX = (

−→
b ,u,−→a ) be a hyper opinion on X of cardinality

k, and let Dirichlet(−→p | −→r ,−→a ) be a Dirichlet pdf over R (X)
of cardinality κ = (2k − 2) with non-informative prior weight
W . The hyper opinion ωX and the pdf Dirichlet(−→p | −→r ,−→a )
are equivalent through the following mapping:

∀xi ∈ R (X)

⎧⎪⎨
⎪⎩

−→
b (xi) =

−→r (xi)
W +∑κ

i=1
−→r (xi)

u = W
W +∑κ

i=1
−→r (xi)

⇔ (11)

⎛
⎜⎜⎜⎜⎜⎜⎝

For u 
= 0:

⎧⎪⎪⎨
⎪⎪⎩

−→r (xi) =
W
−→
b (xi)
u

1 = u+
κ
∑

i=1

−→
b (xi)

For u = 0:

⎧⎪⎪⎨
⎪⎪⎩

−→r (xi) =
−→
b (xi) ∞

1 =
κ
∑

i=1

−→
b (xi)

⎞
⎟⎟⎟⎟⎟⎟⎠

The interpretation of Dirichlet pdfs over partially overlap-
ping elements of a frame is not well studied and does not
represent traditional Dirichlet pdfs in general. Only a few
degenerate cases become Dirichlet pdfs through this projec-
tion, such as the non-informative prior Dirichlet where −→r is
the zero vector which corresponds to a vacuous opinion with
u = 1, or the case where all the focal elements are pairwise
disjoint. While it is challenging to work with the mathemat-
ical representation of such non-conventional Dirichlet pdfs,
we now have the advantage that there exists an equivalent
representation in the form of hyper opinions.

It would not be meaningful to visualise the Dirichlet pdf
over R (X) on R (X) itself because it would fail to visualise the
important fact that some focal elements are overlapping in X .
Visualisation of the Dirichlet pdf over R (X) should therefore
be carried out on X . This can be done by integrating the
evidence parameters of the Dirichlet pdf over R (X) in a pdf
over X . In other words, the contribution from the overlapping
random variables must be combined with the Dirichlet pdf over
X . A method for doing exactly this, defined by Hankin (2010)
[1], produces a hyper Dirichlet pdf which is a generalisation
of the standard Dirichlet model. In fact, the mathematical
expression of a hyper Dirichlet pdf, denoted as hyper-D(−→p |−→α )
and expressed in Eq.(12), was first derived by Hankin [1].

In addition to the factors consisting of the probability
product of the random variables, it requires a normalisation
factor B(−→α ) that can be computed numerically. Hankin also
provides a software package for producing visualisations of
hyper Dirichlet pdfs over ternary frames.

hyper-D(−→p |−→α)=B(−→α)

(
k

∏
i=1

p(xi)
(−→α (xi)−1)

κ

∏
j=(k+1)

p(x j)
−→r (x j)

)
(12)

where B(−→α ) = (13)
∫

p(x)≥0
κ
∑

j=(k+1)
p(x j)≤1

(
k

∏
i=1

p(xi)
(−→α (xi)−1)

κ

∏
j=(k+1)

p(x j)
−→r (x j)

)
d(p(x1), . . . p(xκ))

The ability to represent statistical observations in terms of
hyper Dirichlet pdfs can be useful in many practical situations.
We will here consider the example of a genetical engineering
process where eggs of 3 different mutations are being pro-
duced. The mutations are denoted by x1, x2 and x3 respectively
so that the frame can be defined as X = {x1,x2,x3}. The
specific mutation of each egg can not be controlled by the
process, so a sensor is being used to determine the mutation
of each egg. Let us assume that the sensor is not always
able to determine the mutation exactly, and that it sometimes
can only exclude one out of the three possibilities. What is
observed by the sensors is therefore elements of the reduced
powerset R (X). We consider two separate scenarios of 100
observations. In scenario A, mutation x3 has been observed
20 times, and mutation x1 or x2 (i.e. the element {x1,x2}) has
been observed 80 times. In scenario B, mutation x2 has been
observed 20 times, the mutations x1 or x3 (i.e. the element
{x1,x3}) have been observed 40 times, and the mutations x 2

or x3 (i.e. the element {x2,x3}) have also been observed 40
times. Table II summarises the two scenarios. The base rate is
set to the default value of 1/3 for each mutation.

Scenario A
Mutation: x1 x2 x3 {x1,x2} {x1,x3} {x2,x3}
Counts: 0 0 20 80 0 0

Scenario B
Mutation: x1 x2 x3 {x1,x2} {x1,x3} {x2,x3}
Counts: 0 20 0 0 40 40

Table II
NUMBER OF OBSERVATIONS PER MUTATION CATEGORY

The normalisation constants for each scenario computed
according to Eq.(13) are given below:

Scenario A norm. constant B(−→α ) = 6.80 ·1022

Scenario B norm. constant B(−→α ) = 1.05 ·1019 (14)

Because X is ternary it is possible to visualise the corre-
sponding hyper Dirichlet pdfs, as shown in Fig.3 and Fig.4.

Readers who are familiar with the typical shapes of Dirichlet
pdfs will immediately notice that the plottings of Fig.3 and
Fig.4 are clearly not Dirichlet. The hyper Dirichlet represents
a generalisation of the classic Dirichlet and provides a math-
ematically sound and a user friendly interpretation of general
hyper opinions.
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Figure 3. Hyper Dirichlet pdf of scenario A
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Figure 4. Hyper Dirichlet pdf of scenario B

III. FUSION OF OPINIONS

In many situations there will be multiple sources of ev-
idence, and fusion can be used to combine evidence from
different sources.

In order to provide an interpretation of fusion in subjective
logic it is useful to consider a process that is observed by two
sensors. A distinction can be made between two cases.

1) The two sensors observe the process during disjoint time
periods. In this case the observations are independent,
and it is natural to simply add the observations from the
two sensors, and the resulting fusion is called cumulative
fusion.

2) The two sensors observe the process during the same
time period. In this case the observations are dependent,
and it is natural to take the average of the observations
by the two sensors. This situation is naturally modelled
with the averaging fusion operator.

Fusion of binomial opinions has been described in [4], [7],
and fusion of multinomial opinions in [3], [8]. The two types
of fusion for general opinions are described in the following
sections. When observations are partially dependent, a hybrid
fusion operator can be defined [8].

A. The Cumulative Fusion Operator

The cumulative fusion rule is equivalent to a posteriori
updating of Dirichlet distributions. Its derivation is based
on the bijective mapping between the belief and evidence
notations described in Eq.(11).

Suppose frame X contains k elements, with reduced pow-
erset R (X) of cardinality κ = (2k − 2). If two observers A
and B observe the outcomes of the process over two separate
time periods, then there can be observation vectors expressing
observations of elements from R (X).

Let the two observers’ respective observations be expressed
as −→r A and −→r B. The cumulative fusion of these two bodies of
evidence simply consists of vector addition of −→r A and −→r B,
expressed as:

(−→r A,−→a )⊕ (−→r B,−→a ) = ((−→r A +−→r B),−→a ) . (15)

The subjective opinions resulting from the mapping of
Eq.(11) can be expressed as ωA

X and ωB
X . The cumulative

observations of Eq.(15) can also be mapped to an opinion
according to Eq.(11), as expressed below.

The symbol “�” denotes the fusion of two observers A and
B into a single imaginary observer A �B. All the necessary
elements are now in place for presenting the cumulative rule
for belief fusion.

Cumulative Fusion Rule
Let ωA and ωB be opinions respectively held by agents A and B
over the same frame X of cardinality k with reduced powerset
R (X) = {xi | i= 1, · · · ,κ} of cardinality κ=(2k−2). Let ωA�B

be the opinion such that:

Case I: For uA 
= 0 ∨ uB 
= 0 :

⎧⎪⎨
⎪⎩

bA�B(xi) = bA(xi)u
B+bB(xi)u

A

uA+uB−uAuB

uA�B = uAuB

uA+uB−uAuB

(16)

Case II: For uA = 0 ∧ uB = 0 :

⎧⎨
⎩

bA�B(xi) = γA bA(xi)+ γBbB(xi)

uA�B = 0
(17)

where

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

γA = lim
uA→0
uB→0

uB

uA+uB

γB = lim
uA→0
uB→0

uA

uA+uB

ωA�B is the cumulatively fused opinion of ωA and ωB,
representing the combination of independent opinions of A and
B. By using the symbol ‘⊕’ to designate this belief operator,
we define ωA�B ≡ ωA ⊕ωB.



The cumulative rule is commutative, associative and non-
idempotent. In Eq.(17) the associativity depends on the preser-
vation of relative weights of intermediate results through
the weight variable γ, in which case the cumulative rule is
equivalent to the weighted average of probabilities.

The cumulative rule represents a generalisation of the con-
sensus operator for binomial opinions [4], [7].

B. The Averaging Fusion Operator

The average rule is equivalent to averaging the evidence of
Dirichlet distributions. Its derivation is based on the bijective
mapping between the belief and evidence notations of Eq.(11).

Assume a frame X containing k elements, with reduced
powerset R (X) of cardinality κ = (2k − 2). Assume two
observers A and B who observe the outcomes of the process
over the same time periods. There can be observation vectors
expressing observations of elements from R (X).

Let the observers’ respective observations of X be expressed
as −→r A and −→r B. The averaging fusion of these two bodies of
evidence simply consists of averaging −→r A and −→r B, which in
terms of Dirichlet distributions is expressed as:

(−→r A,−→a )⊕(−→r B,−→a ) = ((
−→r A +−→r B

2
),−→a ) . (18)

The subjective opinions resulting from the mapping of
Eq.(11) can be expressed as ωA

X and ωB
X . The average observa-

tions of Eq.(18) can also be mapped to an opinion according
to Eq.(11), as expressed below.

The symbol "�" denotes the averaging fusion of two ob-
servers A and B into a single imaginary observer A�B.

Averaging Fusion Rule
Let ωA and ωB be opinions respectively held by agents A and B
over the same frame X of cardinality k with reduced powerset
R (X) = {xi | i= 1, · · · ,κ} of cardinality κ=(2k−2). Let ωA�B

be the opinion such that:

Case I: For uA 
= 0 ∨ uB 
= 0 :

⎧⎪⎨
⎪⎩

bA�B(xi) = bA(xi)uB+bB(xi)uA

uA+uB

uA�B = 2uAuB

uA+uB

(19)

Case II: For uA = 0 ∧ uB = 0 :

⎧⎨
⎩

bA�B(xi) = γA bA(xi)+ γBbB(xi)

uA�B = 0
(20)

where

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

γA = lim
uA→0
uB→0

uB

uA+uB

γB = lim
uA→0
uB→0

uA

uA+uB

Then ωA�B is called the averaged opinion of ωA and ωB,
representing the combination of the dependent opinions of
A and B. By using the symbol ‘⊕’ to designate this belief
operator, we define ωA�B ≡ ωA⊕ωB.

It can be verified that the averaging fusion rule is commu-
tative and idempotent; but it is not associative.

The cumulative rule represents a generalisation of the con-
sensus rule for dependent opinions defined in [7].

IV. BELIEF CONSTRAINING

Situations where agents with different preferences try to
agree on a single choice occur frequently. Note that this
is distinct from fusion of evidence from different agents to
determine the most likely correct hypothesis or actual event.
Multi-agent preference combination assumes that each agent
has already made up her mind; the objective is to determine
the most acceptable decision or choice for the group of agents.
Preferences for a state variable can be expressed in the form
of subjective opinions over a frame. The belief constraint
operator of subjective logic can be applied as a method for
merging preferences of multiple agents into a single preference
for the whole group. This model is expressive and flexible,
and produces intuitively reasonable results. Preference can be
represented as belief and indifference can be represented as
uncertainty/uncommitted belief. Positive and negative prefer-
ences are considered as symmetric concepts, so they can be
represented in the same way and combined using the same
operator. A totally uncertain opinion has no influence and
thereby represents the neutral element.

The belief constraint operator described here is an extension
of Dempster’s rule which in Dempster-Shafer belief theory is
often presented as a method for fusing evidence from different
sources [9] in order to identify the most likely hypothesis
from the frame. Many authors have however demonstrated that
Dempster’s rule is not an appropriate operator for evidence
fusion [10], and that it is better suited as a method for
combining constraints [5], [11], which is also our view.

Preferences can be expressed e.g. as soft or hard constraints,
qualitative or quantitative, ordered or partially ordered etc. It
is possible to specify a mapping between qualitative verbal
tags and subjective opinions which enables easy solicitation
of preferences [12].

A. The Belief Constraint Operator

Assume two opinions ωA
X and ωB

X over the frame X of
cardinality k with reduced powerset R (X) = {xi | i = 1, · · · ,κ}
of cardinality κ = (2k − 2). The superscripts A and B are
attributes that identify the respective belief sources or belief
owners. These two opinions can be mathematically merged
using the belief constraint operator denoted as "�" which
in formulas is written as: ωA&B

X = ωA
X � ωB

X . Belief source
combination denoted with "&" thus represents opinion
combination with "�". The algebraic expression of the belief
constraint operator for subjective opinions is defined next.



Belief Constraint Operator

ωA&B
X = ωA

X �ωB
X = (21)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−→
b A&B(xi) = Har(xi)

(1−Con) , ∀ xi ∈ R (X), xi 
= /0

uA&B
X =

uA
X uB

X
(1−Con)

−→a A&B(xi) =
−→a A(xi)(1−uA

X )+
−→a B(xi)(1−uB

X )

2−uA
X−uB

X
, ∀ xi ∈ X , xi 
= /0

The term Har(xi) represents the degree of Harmony (over-
lapping belief mass) on xi. The term Con represents the degree
of Conflict (non-overlapping belief mass) between ω A

X and ωB
X .

These are defined below:

Har(xi) =
−→
b A(xi)u

B
X +

−→
b B(xi)u

A
X +∑

y∩z=xi

−→
b A(y)

−→
b B(z), ∀ xi ∈ R (X)

(22)

Con = ∑
y∩z= /0

−→
b A(y)

−→
b B(z) (23)

The divisor (1 −Con) in Eq.(21) normalises the derived
belief mass; it ensures belief mass and uncertainty mass
additivity. The use of the belief constraint operator is mathe-
matically possible only if ωA and ωB are not totally conflicting,
i.e., if Con 
= 1.

The belief constraint operator is commutative and non-
idempotent. Associativity is preserved when the base rate is
equal for all agents. Associativity in case of different base rates
requires that all preference opinions be combined in a single
operation which would require a generalisation of Def.IV-A
for multiple agents, i.e. for multiple input arguments, which
is relatively trivial. A totally indifferent opinion acts as the
neutral element for belief constraint, formally expressed as:

IF (ωA
X is totally indifferent, i.e. with uA

X = 1)
THEN (ωA

X �ωB
X = ωB

X) .

Having a neutral element in the form of the totally in-
different opinion is very useful when modelling situations
of preference combination, as it allows one to verify the
consistency of the methodology.

V. EXAMPLES

A. Dogmatic and Totally Conflicting Opinions

In this example we consider the case where the arguments
are totally conflicting, i.e. when the there are no common focal
elements between the sources A and B, as shown on Table III.

The values of Table III are interpreted in cumulative,
averaging and constraining situations below.

Arguments: Results of fusion operators:
Alice Bob Cumulative Averaging Constraining
ωA

X ωB
X ωA�B

X ωA�B
X ωA&B

X
bx1 = 1.0 0.0 0.5 0.5 not defined
bx2 = 0.0 0.0 0.0 0.0 not defined
bx3 = 0.0 1.0 0.5 0.5 not defined
uX = 0.0 0.0 0.0 0.0 not defined

Table III
DOGMATIC TOTALLY CONFLICTING BELIEF FUSION

– Cumulative and Averaging Fusion Situations: The dog-
matic arguments ωA

X and ωB
X express totally certain and

conflicting conflicting beliefs which according to Eq.(11) are
based on infinite evidence. This could e.g. be the case of an
urn containing balls of three different colours denoted as x 1,
x2 and x3, where agent A has picked an infinite number of x 1-
coloured balls, and agent B has picked an infinite number of
x3-coloured balls. Accumulating infinite evidence twice is still
infinite, so cumulative and averaging fusion both produce the
same dogmatic opinion which is equivalent to equally infinite
numbers of x1-coloured and x2-coloured balls.

– Constraining Fusion Situation: Alice and Bob want to
see a film together at the cinema one evening, where the only
films showing are x1, x2 and x3. Alice and Bob have totally
conflicting preferences, i.e. Alice only wants to watch x1 and
Bob only wants to watch x3. Since they can not agree, they
decide not to go to the cinema, as expressed by "not defined"
in the rightmost column of Table III.

B. Dogmatic and Partially Conflicting Opinions

In this example we consider the case of dogmatic and
partially conflicting opinions of Table IV.

Arguments: Results of fusion operators:
Alice Bob Cumulative Averaging Constraining
ωA

X ωB
X ωA�B

X ωA�B
X ωA&B

X
bx1 = 0.99 0.00 0.495 0.495 0.00
bx2 = 0.01 0.01 0.010 0.010 1.00
bx3 = 0.00 0.99 0.495 0.495 0.00
uX = 0.00 0.00 0.000 0.000 0.00

Table IV
DOGMATIC PARTIALLY CONFLICTING BELIEF FUSION

– Cumulative and Averaging Fusion Situations: With u = 0
both arguments opinions are dogmatic, which under Eq.(11)
are based on an infinite amount of evidence. For example,
assume an urn containing balls of three different colours
denoted as x1, x2 and x3. Agent A has picked an infinite
number of balls, of which 99% arex1-coloured and 1% are
x2-coloured. Agent B has also picked an infinite number of
balls, of which 1% arex2-coloured and 99% are x3-coloured.
Accumulating infinite evidence twice is still infinite evidence,
so both cumulative and averaging fusion produce the same
dogmatic opinion which must be interpreted as resuslting from
picking an infinite number of balls of which 49.5% are x 1-
coloured, 1% are x2-coloured, and 49.5% are x3-coloured.



– Constraining Fusion Situation: Alice and Bob want to
see a film together at the cinema one evening, where the only
films showing are x1, x2 and x3. Alice has 99% preference
for x1 and 1% preference for x2, whereas Bob lice has 1%
preference for x2 and 99% preference for x3. It turns out that
the only film for which both of them have any preference is
x2, so the decision to watch x2 is clear, as expressed in the
rightmost column of Table IV.

The belief mass values in Table IV are in fact equal to those
of Zadeh’s example [10] which was used to demonstrate the
unsuitability of Dempster’s rule for fusing beliefs because it
produces counterintuitive results. Zadeh’s example describes
a situation where two medical doctors express their opinions
about possible diagnoses, which typically should have been
modelled with the averaging fusion operator [13], not with
Dempster’s rule. The failure to understand that Dempster’s
rule does not represent an operator for cumulative or averaging
belief fusion, combined with the unavailability of the general
cumulative and averaging belief fusion operators for many
years (1976 [9]-2010 [13]), has often led to inappropriate
applications of Dempster’s rule to cases of belief fusion [11].

C. Uncertain Opinions

In this example we consider the case of uncertain opinions,
where the numerical values are provided in Table V.

Arguments: Results of fusion operators:
Alice Bob Cumulative Averaging Constraining
ωA

X ωB
X ωA�B

X ωA�B
X ωA&B

X
bx1 = 0.00 0.00 0.000 0.000 0.0000
bx2 = 0.00 0.25 0.167 0.125 0.2857
bx3 = 0.00 0.25 0.167 0.125 0.1429
b{x1 ,x2} = 0.50 0.00 0.333 0.250 0.2857
uX = 0.50 0.50 0.333 0.500 0.2857
ax1 = 0.60 0.60 0.80 0.80 0.80
ax2 = 0.20 0.20 0.10 0.10 0.10
ax3 = 0.20 0.20 0.10 0.10 0.10

Table V
UNCERTAIN BELIEF FUSION

– Cumulative and Fusion Situation: Both arguments opin-
ions are highly uncertain because u = 0.5, which with the
mapping of Eq.(11) must be interpreted as being based on two
observations. For example, assume an urn containing balls of
10 different colours grouped into
x1 = {red,orange,yellow,blue,green,violet}
x2 = {brown,pink}
x3 = {black,white}.
Base rates are set according to the number of colours in each
category. Agent A is colourblind and can not tell whether two
picked balls are of category x1 or x2. Agent B has picked one
ball of category x2 and one ball of category x3.

In case of cumulative fusion, the agents simply put their
opinions together to form a more certain opinions about the
composition of balls in the urn. According to Eq.(6) the most
likely category is x1 with

−→
E X(x1) = 0.45.

In case of averaging fusion it is assumed that the agents
picked two balls together. The first ball was judged by A to

be x1 or x2 (because of colourblindness, and by B to be x 2.
The second ball was judged by A to be x1 or x2, and by B to
be x3. According to Eq.(6) the most likely category is again
x1 with

−→
E X (x1) = 0.4875.

– Constraining Fusion Situation: Alice and Bob want to
see a film together at the cinema one evening, where the only
films showing are x1, x2 and x3. Assume also that the films
have a popularity rating, where 80% prefere x 1, 20% prefer
x2, and 20% prefer x3. Alice has 50% indifferent preference
for either x1 or x2, and is for the rest indifferent to all three
films. Bob has 25% preference for x2 and 25% preference for
x3, and . is for the rest indifferent to all three films. According
to Eq.(6) the most preferred film is x2 with

−→
E X (x2) = 0.424.

VI. CONCLUSIONS

Hyper opinions generalise binomial and multinomial opin-
ions, as well as traditional belief functions. This paper de-
scribes how general hyper opinions can be interpreted as hyper
Dirichlet pdfs, and explains how to select the most appropriate
fusion operator from the framework of subjective logic for
modelling a specific fusion situation. The advantage of using
hyper opinions for this type of reasoning is that the analysis
can take advantage of both traditional statistical modelling as
well as subjective logic.

REFERENCES

[1] R. K. Hankin, “A generalization of the dirichlet distribution,” Journal
of Statistical Software, vol. 33, no. 11, pp. 1–18, February 2010.

[2] A. Jøsang, S. Pope, and M. Daniel, “Conditional deduction under un-
certainty,” in Proceedings of the 8th European Conference on Symbolic
and Quantitative Approaches to Reasoning with Uncertainty (ECSQARU
2005), 2005.

[3] A. Jøsang, “Conditional Reasoning with Subjective Logic,” Journal of
Multiple-Valued Logic and Soft Computing, vol. 15, no. 1, pp. 5–38,
2008.

[4] ——, “A Logic for Uncertain Probabilities,” International Journal of
Uncertainty, Fuzziness and Knowledge-Based Systems, vol. 9, no. 3, pp.
279–311, June 2001.

[5] ——, “Multi-Agent Preference Combination using Subjective Logic,” in
International Workshop on Preferences and Soft Constraints (Soft’11),
Perugia, Italy, 2011.

[6] A. Jøsang and Z. Elouedi, “Interpreting Belief Functions as Dirichlet
Distributions,” in The Proceedings of the 9th European Conference on
Symbolic and Quantitative Approaches to Reasoning with Uncertainty
(ECSQARU 2007), Hammamet, Tunisia, November 2007.

[7] A. Jøsang, “The Consensus Operator for Combining Beliefs,” Artificial
Intelligence, vol. 142, no. 1–2, pp. 157–170, October 2002.

[8] A. Jøsang, S. Pope, and S. Marsh, “Exploring Different Types of Trust
Propagation,” in Proceedings of the 4th International Conference on
Trust Management (iTrust), Pisa, May 2006.

[9] G. Shafer, A Mathematical Theory of Evidence. Princeton University
Press, 1976.

[10] L. Zadeh, “Review of Shafer’s A Mathematical Theory of Evidence,”
AI Magazine, vol. 5, pp. 81–83, 1984.

[11] A. Jøsang and S. Pope, “Dempster’s Rule as Seen by Little Colored
Balls,” Computational Intelligence, vol. 28, no. 4, November 2012.

[12] S. Pope and A. Jøsang, “Analsysis of Competing Hypotheses using
Subjective Logic,” in Proceedings of the 10th International Command
and Control Research and Technology Symposium (ICCRTS). United
States Department of Defense Command and Control Research Program
(DoDCCRP), 2005.

[13] A. Jøsang, J. Diaz, and M. Rifqi, “Cumulative and Averaging Fusion
of Beliefs,” Information Fusion, vol. 11, no. 2, pp. 192–200, 2010,
doi:10.1016/j.inffus.2009.05.005.


