
Belief Mosaics of Subjective Opinions
Audun Jøsang

University of Oslo
Norway

josang@mn.uio.no

Abstract—Subjective opinions are the belief arguments used
with the operators of subjective logic. Binomial, multinomial and
hypernomial opinions are three different classes of subjective
opinions. The traditional visualisations of binomial and multi-
nomial opinions are in the form of a point inside a simplex,
which is equivalent to a barycentric coordinate system. However,
hypernomial-opinions which are the most general class of sub-
jective opinions cannot be visualised in the same way. This paper
describes how subjective opinions including hypernomial opinions
can be represented and visualised as mosaics of polygonal belief
shapes within a simplex. Examples of belief mosaics are shown
using binomial multinomial and hypernomial opinions which
are also compared to their equivalent representation as Beta,
Dirichlet and hyper-Dirichlet PDFs.

I. I NTRODUCTION

Subjective Logic (SL) is a framework for reasoning under
uncertainty, where situations are modeled in terms of (random)
variables in the same way as e.g., Bayesian networks. SL
incorporates elements from both probability models and logic,
and offers a rich set of operators to infer new opinions
based on input argument opinions [6]. Uncertainty in terms
of vacuity and vagueness are basic elements of uncertainty
of opinion [6], which can be used to explain the Ellsberg
paradox [2, 6] in decision making. Furthermore, dissonance
and consonance are intra-belief element of uncertainty [7],
but their influence on human decision making has not been
studied as far as we are aware of. In Wang and Singh [10] the
concept of ‘dissonance’ (in their terminology calledambiguity)
is proposed as a characteristic of opinions for the purpose of
representing belief inconclusiveness. More recently, Choet al.
[1] also discusses inconclusiveness in binomial opinions in the
case of approximately equal belief and disbelief masses.

Although subjective opinions can formally express proba-
bilities affected by uncertainty and vagueness, their represen-
tation can be subtle and difficult to understand. The ability
to easily interpret this type uncertainty and vagueness is
important for supporting decision making based on subjective
opinions.

The three main classes of subjective opinions are binomial,
multinomial and hypernomial opinions. The geometric visual-
isations of binomial and multinomial opinions can be in the
form of a point inside a simplex, equivalently to a barycentric
coordinate system [6]. For example, a binomial opinion is
represented as a point inside an equilateral triangle, called
the ‘opinion triangle’. A trinomial opinion is representedas
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a point inside a tetrahedron. In addition to the belief point
inside the simplex comes the base rate point placed at the
base line/plane of the triangle/simplex. The most general class
of subjective opinions are hypernomial opinions, but they
can not be represented as a single point inside a simplex
in the same way as for binomial and multinomial opinions.
However, it is possible to represent and visualize a hyper-
opinion in the form of a mosaic composition of geometric
shapes inside a simplex. More specifically, belief masses
correspond to polygonal shapes that can be composed as
a mosaic within a simplex. This paper explains the belief
mosaic representation of subjective opinions and illustrates
this principle with examples of binomial, multinomial and
hypernomial opinions.

The type of opinion (or beliefs) depends on the random
variable it applies to, i.e. binomial opinions for binary vari-
ables, multinomial opinions for random variables, and hyper-
opinions for hypervariables. In the sections below we describe
how each opinion type is represented as a point in a simplex,
as a PDF (Probability Density Function) or as a belief mosaic.

II. B INOMIAL OPINIONS

In SL, a binomial opinion on a given propositionx is
represented byωx = (bx, dx, ux, ax) where the opinion applies
to the valuex in the binary domainX = {x, x̄} and the
additivity requirement ofωx is given asbx + dx +ux = 1. To
be specific, each parameter indicates,

• bx: belief mass supportingx being TRUE;
• dx: disbelief mass supportingx being FALSE (̄x TRUE);
• ux: uncertainty mass representingvacuity of evidence

about which value inX is TRUE; and
• ax: base rate (prior probability) ofx being TRUE.

Subjects can express e.g.true/false or agree/disagree with
binomial opinions. The projected probability [6] ofx is:

Px = bx + axux. (1)

A. Opinion Triangle

A binomial opinion can be represented as a point inside an
equilateral triangle, which is a 3-axis barycentric coordinate
system representing belief, disbelief, and uncertainty masses,
with a point on the baseline representing base rate probability,
as shown in Figure 1. The axes run through the vertices
along the altitudes of the triangle. The belief, disbelief,and
uncertainty axes run through the vertices denoted byx, x̄, and
u, correspondingly, which have coordinates(1, 0, 0), (0, 1, 0),
and (0, 0, 1), correspondingly.



In Figure 1 below,ωx = (0.40, 0.20, 0.40, 0.90), with
projected probabilityPx = 0.76, is shown as an example. A
strong positive opinion, for example, would be representedby
a point towards the bottom right belief vertex.

Fig. 1. Visualisation of a binomial opinion

In case the opinion point is located at the left or right vertex
of the triangle, i.e. hasdx = 1 or bx = 1 (andux = 0), the
opinion is equivalent to Boolean TRUE or FALSE, in which
case subjective logic is reduced to binary logic. In case the
opinion point is located on the base line of the triangle, i.e.
hasux = 0, then the opinion is equivalent to a probability.

B. Binomial Beta PDF

A binomial opinion is equivalent to a Beta PDF (probability
density function) through a specific bijective mapping. Given
the binary domainX = {x, x̄} and the state valuex ∈ X,
Beta(px) is the probability density function Beta(px; α, β) :
[0, 1] → R≥0 wherepx + px̄ = 1. The Beta PDF is given by:

Beta(px; α, β) =
Γ(α+ β)

Γ(α)Γ(β)
(px)

α−1(1− px)
β−1 (2)

where α > 0, β > 0, p(x) 6= 0 if α < 1 and p(x) 6= 1
if β < 1; and the additivity requirement should hold with∫ 1

0
Beta(px; α, β) dpx = 1. The strength parametersα and

β can simply be represented by the base rateax and the
observation evidence(rx, sx) where rx is the amount of
positive evidence andsx is the amount of negative evidence:

α = rx + axW, β = sx + (1− ax)W . (3)

W is the non-informative prior weight in the absence of
positive evidencerx or negative evidencesx.

By using Eq.(3) to expressα andβ in terms of the evidence
observations(rx, sx), the base rateax and the non-informative
prior weightW , we get the evidence notation of the Beta PDF,
denoted Betae(px; rx, sx, ax) expressed as:

Betae(px; rx, sx, ax) ≡ Beta(px; αx, βx),

where(rx + axW ) > 0 and (sx + (1−ax)W ) > 0,

with restrictions

{
px 6= 0 if (rx + axW ) < 1,
px 6= 1 if (sx + (1−ax)W ) < 1.

(4)

The non-informative prior weight is set toW = 2, which
ensures that the prior Beta PDF (i.e. whenrx = sx = 0) with
default base rateax = 0.5 is the uniform PDF.

The Beta PDF has the probabilitypx as variable, where the
expected probability is given by Eq.(5):

E(x) =
α

α+ β
=

rx + axW

rx + sx +W
. (5)

Equivalence between a binomial opinion and a Beta PDF can
be achieved through the following mapping:

bx=
rx

rx+sx+W
, dx=

sx
rx+sx+W

, ux=
W

rx+sx+W
. (6)

The mapping of Eq.(6) gives equality between the projected
probability P(x) of an opinion and the expected probability
E(x) of the corresponding PDF, as expressed by Eq.(7):

P(x) = E(x). (7)

The example Beta(px; 3.8, 1.2) = Betae(px; 2.0, 1.0, 0.9)
is illustrated in Figure 2. Through the equivalence defined by
Eq.(6), this Beta PDF is equivalent to the example opinion
ωx = (0.4, 0.2, 0.4, 0.9) from Figure 1.
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Fig. 2. Beta(px; 3.8, 1.2) ≡ ωx = (0.4, 0.2, 0.4, 0.9)

In the example of Figure 2 whereα = 3.8 and β = 1.2,
the expected probability isE(x) = 3.8/5.0 = 0.76, which is
indicated with the vertical line. This expected probability is of
course equal to the projected probability of Figure 1, because
the Beta PDF is equivalent to the opinion through Eq.(6).

The equivalence between binomial opinions and the Betae

PDFs is very powerful, because subjective-logic operators(SL
operators) can then be applied to Beta PDFs, and statistics
operations for Beta PDFs can be applied to opinions. In
addition, it makes it possible to determine binomial opinions
from statistical observations.

C. Binomial Belief Mosaic

The belief mosaic of binomial opinions can be considered to
be a degenerate mosaic since the shapes are mono-dimensional
which are simple edges.

In Figure 3 below, the edges are shown as thin rectangles
to make them more visible. The same binomial opinions



ωx = (0.40, 0.20, 0.40, 0.90) as used in the triangle and PDF
representations above is illustrated in the figure. The relative
length of each edge represents the belief and uncertainty
masses. The edges corresponding to the two belief massesbx
anddx are shown in blue, whereas the uncertainty massux is
shown in white.

Fig. 3. Mosaic representation of binomial opinion

The base rate is shown at relative distance 0.9 along
the white edge representing uncertainty mass. The projected
probability is positioned at relative distance 0.76 along the
whole composite edge. The base rate and projected probability
points are always in the same position due to the geometric
structure of the mosaic belief representation.

III. M ULTINOMIAL OPINIONS

In SL, a multinomial opinion on a domain (state space)X

of k different statesx is represented byωX = (bX , uX ,aX)
where X ∈ X is a random variable and the cardinality
k = X > 2. The additivity requirement ofωx is given as∑

x∈X
bX(x) + uX = 1, and

∑
x∈X

aX(x) = 1. The opinion
parameters’ meanings are:

• bX : belief mass distribution overX;
• uX : uncertainty mass representingvacuity of evidence;
• aX : base rate distribution overX.

The projected probability distribution of multinomial opinions
is given by:

PX(x) = bX(x) + aX(x)uX , ∀x ∈ X (8)

A. Multinomial Simplex Representation

In general, a multinomial opinion can be represented as
a point inside a regular simplex. In particular, a trinomial
opinion can be represented inside a tetrahedron (a 4-axis
barycentric system).

Assume the random variableX on domain X =
{x1, x2, x3}. Figure 4 shows the multinomial opinionωX

with the following parameters:

Belief mass distribution bX =(0.20, 0.20, 0.20),
Uncertainty mass uX =0.40,
Base rate distribution aX =(0.750, 0.125, 0.125).

(9)

The projected probability distribution computed with Eq.(8)
is pX = (0.50, 0.25, 0.25), which is shown with a dot on the
base plane of the tetrahedron in Figure 4.

B. Multinomial Dirichlet PDF

Multinomial probability density over a domain of cardinality
k is represented by thek-dimensional Dirichlet PDF where the
special case withk = 2 is the Beta PDF as discussed above.
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Fig. 4. Visualisation of a trinomial opinion

Let X denote a domain ofk mutually disjoint values, letαX

denote the strength vector over the values ofX and letpX

be the probability distribution overX. The Dirichlet PDF with
pX ask-dimensional variable is defined by:

Dir(pX ; αX) =
Γ
(

∑

x∈X
αX(x)

)

∏

x∈X
(αX(x))

∏

x∈X

pX(x)(αX (x)−1) (10)

whereαX(x) ≥ 0 andpX(x) 6= 0 if αX(x) < 1.
The total strengthαX(x) for each state valuex ∈ X can

be given by:

αX(x) = rX(x) + aX(x)W,whererX(x) ≥ 0, ∀x ∈ X

(11)
whereW is non-informative weight representing the amount
of uncertain evidence andaX(x) is the base rate distribution.
Given the Dirichlet PDF, the expected probability distribution
overX can be obtained by:

EX(x) =
αX(x)∑

xi∈X

αX(xi)
=

aX(x)W + rX(x)

W +
∑

xi∈X

rX(xi)
. (12)

The observed evidence in the Dirichlet PDF can be mapped
to the corresponding multinomial opinions as:

bX(x) =
r(x)∑

xi∈X

r(xi) +W
, uX =

W∑
xi∈X

r(xi) +W
. (13)

By using Eq.(11) to express theα vector in terms of the
evidence observationrX , the base rate distributionaX and the
non-informative prior weightW , we get the evidence notation
of the Dirichlet PDF, denoted Dire(pX ; rX ,aX) which is
expressed as

Dire(pX ; rX ,aX) ≡ Dir(pX ; αX),

where(rX(x) + aX(x)W ) > 0, restricted by

pX(x) 6= 0 if (rX(x) + aX(x)W ) < 1.

(14)



The example opinion shown in the tetrahedron of Figure 4
is equivalent to the Dirichlet PDF of Figure 5 below. By using
the mapping of Eq.(13) the belief mass parameters of Eq.(9)
translate into the evidence vectorrX = (1.0, 1.0, 1.0) which
can be plugged into the Dirichlet PDF Dire(pX ; rX ,aX). The
base rate distribution is as before:aX = (0.75, 0.125, 0.125).
The resulting plot is illustrated in Figure 5 below.

Fig. 5. Dire(pX ; rX ,aX)

The expected probability distributionEX of Dire is equal
to the projected probability distributionPX of ωX , meaning
thatEX = PX = (0.5, 0.25, 0.25).

C. Multinomial Belief Mosaic

In Figure 6, the blue polygons represent belief masses on
x1, x2 and x3. It is equivalent to the multinomial opinion
shown in the tetrahedron in Figure 4 and the Dirichlet PDF
shown in Figure 5. The relative height of each polygon from
the side edge represents the belief masses. The relative size
of the white triangle in the middle represents the uncertainty
mass. The projected probability distributionPX is situated
relative to the whole triangle, whereas the base rate distribution
aX is situated relative to the uncertainty triangle. Due to the
geometry of the mosaic belief representation in this particular
example the two points are in the same position.

It is interesting to note that the mosaic representation has
one dimension less than the simplex belief representation of
opinions. In this example the belief opinion in Figure 4 is
represented as a point in a tetrahedron whereas the belief
mosaic representation only needs a triangle.

IV. H YPER-OPINIONS

Note that for binomial and multinomial opinions described
in the previous sections, belief mass can only be assigned to
singleton state values, which thereby excludes assigning belief
mass to composite value in the hyper-domain. However, in our
subjective reality, we often have vague/confused beliefs about
possibly true state values due to missing or noisy evidence and
cognitive limitations. This kind of beliefs can be expressed by
hyper-opinions as described below.

Fig. 6. Mosaic representation of trinomial opinion

A. Hyper-Opinion Representation

Hyper-opinions allow us to express vague belief about
values in a domainX where belief mass can be assigned to
both singleton and composite state valuesx ∈ R(X). Belief
mass assigned to composite valuesx ∈ R(X) represents
vagueness in the opinion from a source. The powersetP(X) of
a domainX is defined asP(X) ≡ X

2 wich contains all subsets
including {X} itself and the emptyset{∅}. A hyperdomain
R(X) is called a reduced powerset because it excludes{X}
and{∅}. A hyperdomain is defined by:

Hyperdomain: R(X) = P(X)\{X, ∅} (15)

Given X as a hyper variable inR(X), a hyper-opinion on
X is represented byωX = (bX , uX ,aX) where the opinion
contains the parameters:

• bX : belief mass distribution overR(X);
• uX : uncertainty mass representingvacuity of evidence;
• aX : base rate distribution overX.

where
∑

x∈R(X) bX(x) + uX = 1 and
∑

x∈X
aX(x) = 1.

The projected probability distribution of a hyper-opinionis:

PX(x) =
∑

xi∈R(X)

aX(x|xi)bX(xi) + aX(x)uX , ∀x ∈ X. (16)

Here,aX(x|xj) is the relative base rate given by:

aX(x|xi) =
aX(x ∩ xi)

aX(xi)
, ∀x ∈ X, xi ∈ R(X), (17)

whereaX(xi) 6= 0.
Note that the probability additivity

∑
x∈X

PX(x) = 1
holds for binomial and multinomial opinions. Forx ∈ R(X)
however, the probability additivity does not hold because
P

H
X(x) is super-additive, expressed as

∑
x∈R(X) P

H
X(x) ≥ 1.

For x ∈ R(X) it is correct to say thatPH
X is a hyper-

probability distribution, not a probability distribution.
In DST (Dempster-Shafer Theory) [9], the belief mass on

valuex is denotedm(x), and the belief mass distribution is
called abasic belief assignment (bba). It is possible to define a



direct bijective mapping between the bba of DST and the belief
mass distribution and uncertainty mass of hyper opinions, as
expressed by Eq.(18):





m(x) = bX(x), ∀x ∈ R(X),

m(X) = uX .
(18)

Technically, the bba of DST and the belief/uncertainty
representation of subjective opinions are thus equivalent. Their
interpretations however are different. Subjective opinions can
not have belief mass assigned to the domainX itself. This
interpretation corresponds to the Dirichlet model, where only
observations of values ofX (orR(X)) are counted as evidence.
The domainX itself can not be an observation in the (hyper-)
Dirichlet model, and hence can not be counted as evidence.
Another difference between the belief representation in DST
and the opinion representation in SL is that the DST belief
representation does not take base rates into account. As a result
the projected (called‘pignistic’) probability in DST [9] can
only be computed with default base rates equal to the relative
cardinalities of (hyper) values in the domain, whereas the
projected probability of subjective opinions can be computed
with any base rate distribution.

B. The Hyper-Dirichlet PDF Representation

Hyper-opinions can be represented by Dirichlet PDFs and
the hyper-Dirichlet distribution [3]. To do so, we can project
a hyper-opinion into a multinomial opinion. This means we
approximate the hyper-opinion with a multinomial opinion,
artificially assuming that for every pair of belief values,
xi, xj ∈ R(X), they do not share any belief withxi ∩xj = ∅,
implying that the overlapping of any composite beliefs are
ignored. Although this may generate some inaccuracy in
practice, this provides a way to convert a hyper-opinion to
a multinomial opinion. This allows the Dirichlet distribution
to be applied in the hyperdomainR(X) that excludes any
overlapping of composite set beliefs.

Let X be a domain composed ofk mutually disjoint values
where the hyperdomainR(X) has the cardinalityκ = (2k −
2). αX is the strength vector overκ number ofx’s where
x ∈ R(X). Given the hyper-probability distributionpH

X and
αX that are bothκ-dimensional, the Dirichlet hyper-PDF over
pH
X , called Dirichlet HPDF, denoted byDirHX(pH

X ; αX(x)), is
represented by:

DirHX(pH
X ; αX(x)) =

Γ
(∑

x∈R(X) αX(x)
)

∏
x∈R(X) Γ(αX(x))

∏

x∈R(X)

pH
X(x)(αX(x)−1),

(19)

whereαX(x) ≥ 0 andpH
X 6= 0 if αX(x) < 0.

The strengthαX(x) for each (hypernomial) state valuex ∈
R(X) can be given by:

αX(x) = rX(x) + aX(x)W, ∀x ∈ R(X), (20)

whererX(x) ≥ 0, aX(x) =
∑

xj⊆x,xj∈X a(xj).

By using Eq.(20) to express the strength vectorα in terms
of the evidence observationrX , the base rate distributionaX

and the non-informative prior weightW , we get the evidence
notation of the Dirichlet HPDF, denoted DireH(pX ; rX ,aX)
which is expressed as

DireH(pX ; rX ,aX) ≡ DirH(pX ; αX),

where(rX(x) + aX(x)W ) > 0, restricted by

pX(x) 6= 0 if (rX(x) + aX(x)W ) < 1.

(21)

Note thatEX = PX , and that the expected probability of
any of thek valuesx ∈ X can be obtained by:

EX(x) =

aX(x)W +
∑

xi∈R(X)

aX(x|xi)rX(xi)

W +
∑

xi∈R(X)

r(xi)
, ∀x∈X. (22)

Eq.(22) above is the generalization of the expected probability
in Eq.(12) of a traditional Dirichlet PDF.

Hyper-opinions can be mapped from a Dirichlet HPDF for
∀x ∈ R(X) as:

bX(x)=
r(x)∑

xi∈R(X)

r(xi) +W
, uX =

W∑
xi∈R(X)

r(xi) +W
. (23)

Note that bX(x) can be used to deriveb′X(x) in Eq.(25)
which can remove the vagueness of hyper-opinions with
the sacrifice of estimation accuracy in the probability of a
singleton opinion.

The advantage of the Dirichlet HPDF is to provide an
interpretation and equivalent representation of hyper-opinions.
However, it is not meaningful to visualise the Dirichlet HPDF
over the hyper-probability distributionpH

X itself, because it
would fail to visualise the important fact that probabilityis
assigned to overlapping valuesx ∈ X. A visualisation of prob-
ability density should therefore be done over the probability
distribution pX , where probability on specific valuesx ∈ X

can be seen or interpreted directly.
The HPDF (hyper-Dirichlet PDF) [3, 6] does what is needed

and can be obtained by integrating the evidence parameters
for the Dirichlet HPDF to produce evidence parameters for
a PDF over the probability variablepX . In other words, the
evidence on singleton values of the random variable must be
computed as a function of the evidence on composite values
of the hypervariable.

In addition to the factors consisting of the probability prod-
uct of the probability variables, it requires a normalisation fac-
tor B(rX ,aX) which can be computed numerically. Hankin
also provides a software package for producing visualisations
of hyper-Dirichlet PDFs over ternary domains [3].

The hyper-Dirichlet PDF is denoted HDire
X(pX , rX ,aX).

Its mathematical expression is given by Eq.(24) below.

HDireX(pX ; rX ,aX) =

1
B(rX ,aX)

(
k∏

i=1

pX(xi)
(aX(xi)W−1)

κ∏
j=1

pX(xj)
rX(xj)

)
.

(24)



Let us consider an example where a genetic engineering
process produces eggs of three different mutations. The muta-
tions are denoted byx1, x2 andx3 respectively, which form
the domainX = {x1, x2, x3}. The specific mutation of each
egg can not be controlled by the process, and five different
sensor are used to determine the mutation that each egg has.
Assume that the sensors are relatively unreliable meaning that
they sometimes detect the wrong mutation and sometimes are
not always able to determine the mutation exactly, so that that
they can only exclude one out of the three possibilities. Hence,
the sensors observe values of the hyperdomainR(X).

Five sensors are used to simultaneously to detect the mu-
tation. We consider the case where one sensor has detected
mutationx3 and the four other sensors have detectedx1 or
x2 (i.e. the value{x1, x2}). From previous observations the
base rate probability of mutations have been determined. The
evidence parameters, corresponding belief masses, and the
base rates are given in Table I.

TABLE I
OBSERVATIONS AND CORRESPONDING BELIEF MASSES.

Observ. Belief Masses Base Rates Probability
x1 0 0.00 0.4 0.44
x2 0 0.00 0.3 0.33
x3 1 0.14 0.3 0.23
x1,2 4 0.57
x1,3 0 0.00
x2,3 0 0.00
uX 0.29

The resulting plot is illustrated in Figure 7 below.

Fig. 7. Hyper-Dirichlet PDF HDireX(pX ; rX ,aX)

C. Hypernomial Belief Mosaic

In Figure 8, a blue polygon represents belief masses on
singleton valuesx1, x2 or x3, whereas a light green polygon
represents vague belief mass on composite valuesx1,2, x1,3

or x2,3. Note that there is only one of each type of polygon
in the figure, i.e. there is only the blue polygon forbX(x3)
and the green polygon forbX(x1,2). From the edge of the
outer triangle the relative height of a blue polygon corresponds
to its singleton belief mass. A green polygon has a concave

shape. The relative orthogonal distance from the outer edge
to the inner corner of the concave green polygon corresponds
to its composite belief mass. Also, the concave polygon slides
from the edge of the outer triangle towards the opposite edge
parallel to the director line of the base rate distribution.In
the case of Figure 8 the base rate is slightly skewed towards
x1 becauseaX(x1) has the greatest base rate. The mosaic
belief representation is equivalent to the hyper-Dirichlet PDF
shown in Figure 7. The projected probability distribution
PX is always situated inside the white triangle representing
uncertainty mass.

Fig. 8. Mosaic representation of hypernomial opinion

It interesting to not that the mosaic representation is ableto
display hypernomial opinions whereas the same opinions can
not be represented as a single point in a simplex.

D. Projection of Hyper-Opinion to Multinomial Opinion

It is possible to project hyper-opinions to multinomial opin-
ions. The projection from a hyper-opinion to a multinomial
opinion be denoted byω′

X = (b′X , uX ,aX) where b′X is a
belief mass distribution overX ∈ X, uX is a uncertainty
mass, andaX is the base rate distribution.b′X is computed
by:

b
′

X(x) =
∑

x′∈R(X)

aX(x|x′)bX(x′) (25)

Notice thatx ∈ X while x′ ∈ R(X). The projection of hyper-
opinions to multinomial opinions removes information about
vague belief in the representation of opinions. The advantage
is possibly that a decision maker is able to see a particular
opinion without the veil of vagueness, which facilitates a more
direct and intuitive interpretation of the opinion.

By applying the projection to the opinion of the previous
example the projected multinomial opinion and corresponding
evidence parameters emerge, as given in Table II.

The resulting plot is illustrated in Figure 9 below.
The projected multinomial opinion is visualised as a belief

mosaic in Figure 10. Since this is a multinomial opinion
there are only blue polygons representing the singular belief



TABLE II
PROJECTED MULTINOMIAL OPINION.

Observ. Belief Masses Base Rates Probability
x1 2.3 0.33 0.4 0.44
x2 1.7 0.24 0.3 0.33
x3 1.0 0.14 0.3 0.23
uX 0.29

Fig. 9. Dire(pX ; r′

X ,aX)

massesbX(x1), bX(x2) andbX(x3), in addition to the white
uncertainty triangle in the middle. The width of a blue polygon
from the outer edge corresponds to its belief mass. The
mosaic belief representation of Figure 9 is equivalent to the
projected Dirichlet PDF shown in Figure 9. The projected
probability distributionPX is situated inside the white triangle
representing uncertainty mass, and are the exact same positions
as in the hypernomial belief mosaic of Figure 8.

Fig. 10. Mosaic representation of the projected multinomial opinion

There is an obvious similarity between the belief mosaic
representations of the hyper-opinion and its corresponding
projected multinomial opinion. The difference lies in the
vague belief mass represented by the convex green polygon
of the hyper opinion, which is transformed into two separate

blue polygons for the projected opinion. The difference in
interpretation is that the projected opinion indicates more intra-
opinion conflict, because it seems that the sensors detected
different mutations. In reality the sensors were unable to
detect whether the mutation wasx1 or x2. The difference in
interpretation can be important when judging the result, and
also when assessing the reliability of the sensors.

V. ZADEH’ S EXAMPLE WITH BELIEF MOSAICS

Zadeh’s example [11] describes the case where the sources
are two medical doctors, let them be called Alice and Bob, who
have their separate dogmatic and partially conflicting opinions
with regard to three possible diagnosesX = {x1, x2, x3} of a
patient. Opinions from different sources on the same domain
X can be fused with various belief fusion operators depending
on the category of the situation [5].

Without specifically considering the category of the situa-
tion in Zadeh’s example we show the fused results of BCF
(Belief Constraint Fusion), CBF (Cumulative Belief Fusion)
and WBF-VM (Weighted Belief Fusion with Vagueness Max-
imisation) [5]. Note that BCF is called Dempster’s Rule in
the DST literature [9]. Readers are referred to [5] for detailed
descriptions, we only give qualitative descriptions of these
operators below.

Belief Constraint Fusion (BCF), or Dempster’s rule, is a
method for fusing constraints from sources that are unwilling
to compromise. Situations of this type are e.g. when agents
express different preferences with regard to a common deci-
sion that the agents must agree on [4], or when the analyst is
presented with specific hints that are guaranteed to be valid[8],
which is expressed by saying that the sources are ‘reliable’.
BCF produces counter-intuitive results in the situation of
medical doctors in Zadeh’s example.

Cumulative Belief Fusion (CBF) is when it is assumed
that the amount of evidence increases by including additional
sources of independent evidence. An example of this type of
situation is when different witnesses express their opinions
about whether they saw the accused at the crime scene, and
where their independent testimonies can be fused to produce
an opinion about whether the accused really was there.

The weighted belief fusion (WBF) operator produces aver-
aging beliefs weighted by the opinion confidencecX = 1−uX .
When the arguments are conflicting multinomial opinions the
fused result will be a dissonant multinomial opinion. However,
humans would tend to leverage belief on overlapping values
and prefer vagueness over dissonance [7]. When vagueness
is preferred the WBF-VM operator can be used because it
transforms dissonance into vagueness. WBF-VM can arguably
be a suitable fusion operator in the case of the medical doctors
in Zadeh’s example.

The notation for these fusion operators are:

Dempster’s Rule / BCF: ωA&B
X = ωA

X ⊙ ωB
X (26)

CBF: ωA⋄B
X = ωA

X ⊕ ωB
X (27)

WBF-VM: ωÂ̇⋄B
X = ωA

X
̂̇⊕ωB

X (28)



The argument belief masses of the sources Alice and Bob
are given on the left-hand side in Table III, and the resulting
fused opinions are given on the right. Base rates are omitted.

Sources: Results of fusion operators:
Alice Bob BCF CBF WBF-VM

ωA
X ωB

X ωA&B
X ωA⋄B

X ωÂ̇⋄B
X

bX(x1) = 0.99 0.00 0.000 0.495 0.000
bX(x2) = 0.01 0.01 1.000 0.010 0.010
bX(x3) = 0.00 0.99 0.000 0.495 0.000
bX(x1,2) = 0.00 0.00 0.000 0.000 0.000
bX(x1,3) = 0.00 0.00 0.000 0.000 0.990
bX(x2,3) = 0.00 0.00 0.000 0.000 0.000
uX = 0.00 0.00 0.000 0.000 0.000

TABLE III
FUSION OF OPINIONS FROMZADEH’ S EXAMPLE

The fused opinionωA&B
X resulting from BCF (Dempster’s

Rule) is visualised in Figure 11. The arrow indicates to which
state value the belief mass is assigned.

Fig. 11. Mosaic of opinionωA&B
X fused with BCF (Dempster’s Rule)

The fused CBF opinionωA⋄B
X is visualised in Figure 12.

Fig. 12. Mosaic of opinionωA⋄B
X fused with CBF

The fused WBF-VM opinionωÂ̇⋄B
X is shown in Figure 13.

In Figure 13 a uniform base rate distribution is assumed,
which makesPX equal in Figure 12 and Figure 13.

Fig. 13. Mosaic of opinionωÂ̇⋄B
X fused with WBF-VM

VI. CONCLUSION & FUTURE WORK

The belief mosaic representation presented in this paper
adds to previously proposed representations and visualisations
of subjective opinions. This richness of representations is use-
ful for human interpretation and for decision making involving
various types of uncertainty and vagueness.

A possible future work direction could be to conduct an
experiment with participants in order to investigate how the
uncertainty characteristics and the visualisations of subjective
opinions can affect decision making performance.
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