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Abstract—Belief fusion consists of taking into account multiple
sources of belief about a domain of interest. This paper describes
cumulative and averaging multi-source belief fusion in the for-
malism of subjective logic, which represent generalisations of
binary-source belief fusion operators previously described. The
advantage of this approach is that we can model and analyse
belief fusion situations involving an arbitrary number of sources.

I. INTRODUCTION

There can be multiple sources of belief about a specific
domain of interest. The ability to fuse belief from different
sources produces a belief that reflects the collection of differ-
ent beliefs, and that in general can be assumed to better reflect
the ground truth than each belief in isolation. In subjective
logic, beliefs are represented as subjective opinions denoted
ωC

X where e.g. the superscript C represents the source and the
subscript X represents the target domain of the belief. With this
notation the principle of belief fusion is illustrated in Figure 1.

In general, the source of an opinion can e.g. be a human, or
it can be a sensor which produces data which in turn can
form the basis an opinion. Multiple separate sources, e.g.
denoted C1, C2, ... CN , can produce different and possibly
conflicting opinions ω

C1
X , ω

C2
X , . . .ωCN

X about the same variable
X . In this situation, multi-source fusion consists of merging
the different sources into a single source that can be denoted
�(C1,C2, . . .CN), and mathematically fusing their opinions into
a single opinion denoted ω

�(C1,C2,...CN)
X which then represents

the opinion of the merged sources. The source merger function
is here denoted by the symbol ‘�’.

Different belief fusion situations can vary significantly de-
pending on the purpose and nature of the fusion process, and
hence require different fusion operators. However, it can be
challenging to identify the correct fusion operator for a specific
situation [5].

Previous descriptions of subjective opinion fusion have
been expressed on terms of two sources [3], [4]. This paper
generalises subjective opinion fusion to multiple sources, as
illustrated in Figure 1. The generalisation to multiple sources
is useful for fusion operators that are not fully associative,
such as for averaging fusion which is only semi-associative.

The notation of subjective opinions is described next, fol-
lowed by a description of the equivalent notation as Dirichlet
probability density functions, and of the mapping between the
two notations. Then follow the description of the cumulative
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Fig. 1. Fusion process principle

and averaging fusion operators for multiple sources, with a
numerical example, and lastly the conclusion of the paper.

II. SUBJECTIVE OPINIONS

This section describes the concept of subjective opinion
which expresses beliefs over random variables.

In the formalism of subjective logic, a domain is a state
space of values which can represent e.g. observable or hidden
states, events, hypotheses or propositions [4]. A random value
X associated with a domain X can take values x ∈ X.

The different values of the domain are assumed to be
mutually exclusive and exhaustive, which means that the
variable can take only one value at any time, and that all
possible values of interest are included in the domain.

The available information about the particular value of the
variable is very often of a probabilistic type, in the sense that
we do not know the particular value, but we might know its
probability. Probabilities express likelihoods with which the
variable takes the specific values and their sum over the whole
domain is 1. A variable together with a probability distribution
defined on its domain is a random variable.

For a given variable of interest, the values of its domain
are assumed to be the real possible states the variable can
take. In some cases, certain observations may indicate that
the variable takes one of several possible states, but it is
not clear which one in particular. For this reason it is often
practical to consider subsets of the domain as composite
values, where the hyperdomain contains all the singletons as



well as composites values; and assign beliefs to these values
according to the available information, instead of providing a
probability distributions on the original domain.

A subjective opinion distributes a belief mass over the values
of the hyperdomain. The sum of the belief masses is less
than or equal to 1, and is complemented with an uncertainty
mass which reflects the opinion’s confidence level. Subjective
opinions also contain a base rate probability distribution
expressing prior knowledge about the specific class of random
variables, so that in case of significant uncertainty about a
specific variable, the base rates provide a basis for default
likelihoods. We give formal definitions of these concepts in
what follows.

Let X be a variable over a domain X = {x1,x2, . . . ,xk}
of cardinality k, where xi (1 ≤ i ≤ k) represents a specific
value from the domain. Let P(X) be the powerset of X. The
hyperdomain is the reduced powerset of X, denoted by R(X),
and defined as:

R(X) = P(X)\{{X},{ /0}}. (1)

All proper subsets of X are elements of R(X), but X and /0
are not, since they are not considered possible observations to
which we can assign beliefs. The hyperdomain has cardinality
2k − 2. We use the same notation for the elements of the
domain and the hyperdomain, and consider X a hypervariable
when it takes values from the hyperdomain.

Let A denote a source which can be a human, a sensor, etc.
A subjective opinion ωA

X of the source A on the variable X is
a tuple

ω
A
X = (bbbA

X ,u
A
X ,aaa

A
X ), (2)

where bbbA
X : R(X)→ [0,1] is a belief mass distribution, the

parameter uA
X ∈ [0,1] is an uncertainty mass, and aaaA

X :X→ [0,1]
is a base rate probability distribution satisfying the following
additivity constrains:

uA
X +∑

x∈R(X)
bbbA

X (x) = 1, (3)

∑
x∈X

aaaA
X (x) = 1 . (4)

In the notation of the subjective opinion ωA
X , the subscript

is the target variable X , while the superscript is the source A.
Explicitly expressing the source of opinions makes is possible
to express that different sources produce different opinions on
the same variable. Indication of opinion source can be omitted
whenever implicit or irrelevant, for example, when there is
only one source in the modelled scenario.

The belief mass distribution bbbA
X has 2k − 2 parameters,

whereas the base rate distribution aaaA
X only has k parameters.

The uncertainty parameter uA
X is a simple scalar. A general

opinion thus contains 2k + k− 1 parameters. However, given
that Eq.(3) and Eq.(4) remove one degree of freedom each,
opinions over a domain of cardinality k only have 2k + k−3
degrees of freedom.

A subjective opinion in which uX = 0, i.e. an opinion
without uncertainty, is called a dogmatic opinion. A dogmatic

opinion for which bX (x) = 1, for some x, is called an absolute
opinion. In contrast, an opinion for which uX = 1, and conse-
quently, bX (x) = 0, for every x ∈R(X), i.e. an opinion with
complete uncertainty, is called a vacuous opinion.

Every subjective opinion ‘projects’ to a probability distri-
bution PX over X defined through the following function:

PX (xi) = ∑
x j∈R(X)

aaaX (xi|x j) bbbX (x j)+aaaX (xi) uX , (5)

where aX (xi|x j) is the relative base rate of xi ∈X with respect
to x j ∈R(X) defined as follows:

aaaX (xi|x j) =
aaaX (xi∩ x j)

aaaX (x j)
, (6)

where aX is extended on R(X) additively. For the relative base
rate to be always defined, it is enough to assume aA

X (xi)> 0,
for every xi ∈X. This means that everything we include in the
domain has a non-zero probability of occurrence in general.

Binomial opinions apply to binary random variables where
the belief mass is distributed over two elements. Multinomial
opinions apply to random variables in n-ary domains, and
where the belief mass is distributed over the elements of
the domain. General opinions, also called hyper-opinions,
apply to hypervariables where belief mass is distributed over
elements in hyperdomains obtained from n-ary domains. A
binomial opinion is equivalent to a Beta probability density
function, a multinomial opinion is equivalent to a Dirichlet
probability density function, and a hyper-opinion is equivalent
to a hyper-Dirichlet probability density function [6]. Binomial
opinions thus represent the simplest opinion type, which can
be generalised to multinomial opinions, which in turn can
be generalised to hyper-opinions. Simple visualisations for
binomial and trinomial opinions are based on barycentric coor-
dinate systems as illustrated in Figures 2 & 3 below. Binomial
opinions are also equivalent to Beta PDFs (Probability Density
Functions). As a generalisation, a multinomial opinion can
be represented as a point inside a regular simplex, and is
equivalent to a Dirichlet as described next.

III. THE DIRICHLET MULTINOMIAL MODEL

A multinomial opinion is equivalent to a Dirichlet over X,
according to a specific bijective mapping described in Sec-
tion IV. For self-containment, we briefly outline the Dirichlet
multinomial model below, and refer to [2] for more details.

Multinomial probability density over a domain of cardinality
k is expressed by the k-dimensional Dirichlet PDF, where the
special case of a probability density over a binary domain (i.e.
where k = 2) is expressed by the Beta PDF.

Assume a domain X of cardinality k, and a random variable
X ∈X with probability distribution pppX . The Dirichlet PDF can
be used to represent probability density over pppX .

Because of the additivity requirement ∑x∈X ppp(x) = 1, the
Dirichlet PDF has only (k− 1) degrees of freedom. Hence,
the knowledge of (k−1) probability variables and their density
determines the last probability variable and its density.



The strength parameters for the k possible outcomes are
represented as k positive real numbers αX (x), each correspond-
ing to one of the possible values x ∈ X. When starting from
the probability distribution pppX which consists of k separate
probability functions pppX (x) : X→ [0,1], then the image of the
variable X is the probability distribution pppX which in turn
is the k-component variable of Dir(pppX ; αX ). In this way, the
functions pppX and Dir(pppX ; αX ) are chained functions. Short
notations for Dir(pppX ; αX ) are e.g. Dir(pppX ) or DirX .

Let X be a domain consisting of k mutually disjoint values.
Let αX represent the strength vector over the values of X,
and let pppX denote the probability distribution over X. With
pppX as a k-dimensional variable, the Dirichlet PDF denoted
Dir(pppX ;αX ) is expressed as:

Dir(pppX ;αX ) =
Γ

(
∑

x∈X
αX (x)

)
∏

x∈X
Γ(αX (x)) ∏x∈XpppX (x)

(αX (x)−1),

where αX (x)≥ 0 ,

(7)

with the restriction that pppX (x) 6= 0 if αX (x)< 1 .
The strength vector αX represents the prior, as well as the

observation evidence. The default prior PDF is based on the
constant non-informative prior weight W which is distributed
over the possible values of the state variable as a function of
its base rate distribution. A natural choice is to set the non-
informative prior weight to W = 2 because it gives a uniform
Beta PDF in the case of a uniform base rate distribution over
the binary variable, which is the most fundamental situation.
It is important to ensure that new evidence has a consistent
influence on the uncertainty/variance of the posterior PDF [1],
hence the non-informative prior weight must remain constant
W = 2 both in case of a Beta PDF (binary variable) or a
Dirichlet PDF (multiple-valued variables).

Singleton values in a domain of cardinality k can have a
base rate different from the default value 1/k, meaning that it
is possible to define an arbitrary additive base rate distribution
aaaX over the domain X. The total strength αX (x) for each value
x ∈ X can then be expressed as

αX (x) = rrrX (x)+aaaX (x)W , where rrrX (x)≥ 0 ∀x ∈ X . (8)

This leads to the evidence representation of the Dirich-
let probability density function denoted Dire

X (pppX ;rrrX ,aaaX ) ex-
pressed in terms of the evidence vector rrrX , where rrrX (x) is
the evidence for outcome x ∈ X. In addition, the base rate
distribution aaaX and the non-informative prior weight W are
parameters in the expression for the evidence-Dirichlet PDF.

Dire
X (pppX ;rrrX ,aaaX ) =

Γ

(
∑

x∈X
(rrrX (x)+aaaX (x)W )

)
∏

x∈X
Γ(rrrX (x)+aaaX (x)W )

∏
x∈X

pppX (x)
(rrrX (x)+aaaX (x)W−1),

where (rrrX (x)+aaaX (x)W )≥ 0,

and pppX (x) 6= 0 if (rrrX (x)+aaaX (x)W )< 1.

(9)

The notation of Eq.(9) allows the determination of the
probability densities over variables, where each value can have
an arbitrary base rate. Given the Dirichlet PDF of Eq.(9), the
expected probability distribution over X can be written as

EX (x) =
αX (x)

∑
x j∈X

αX (x j)
=

rrrX (x)+aaaX (x)W
W + ∑

x j∈X
rrrX (x j)

∀x ∈ X , (10)

which is equal to the projected probability of Eq.(5).
The evidence notation of opinions is (rrrX ,aaaX ), and a simple

mapping to belief opinions ωX ≡ (bbbX ,uX ,aaaX ) is given below.

IV. MAPPING BELIEF AND EVIDENCE OPINIONS

The representation of the evidence opinions (rrrX ,aaaX ) can
be used to determine subjective opinions. In other words, it
is possible to define a bijective mapping between evidence
opinions and belief opinions.

Let X be a random variable in domain X. Assume the
multinomial belief opinion ωX = (bbbX , uX , aaaX ), the probability
distribution pppX over X ∈ X, and Dire

X (pppX ;rrrX ,aaaX ) over pppX .
The bijective mapping between ωX and the evidence

(rrrX ,aaaX ) is based on the requirement for equality between
the projected probability distribution PX derived from ωX
and the expected probability distribution EX derived from
Dire

X (pppX ;rrrX ,aaaX ). This requirement is expressed as

PX = EX (11)
m

bbbX (x)+aaaX (x)uX =
rrrX (x)+WaaaX (x)
W + ∑

x j∈X
rrrX (x j)

∀x ∈ X . (12)

We also require that each belief mass bbbX (x) is an increasing
function of the evidence rrrX (x), and that the uncertainty mass
uX is a decreasing function of ∑

x∈X
rrrX (x). In other words,

the more evidence in favour of a particular outcome x, the
greater the belief mass on that outcome. Furthermore, the
more total evidence available, the less uncertainty mass. These
requirements are expressed as:

∑
x∈X

rrrX (x)−→ ∞ ⇔ ∑
x∈X

bbbX (x)−→ 1 (13)

∑
x∈X

rrrX (x)−→ ∞ ⇔ uX −→ 0 (14)

As already mentioned in Section III, the non-informative
prior weight is set to W = 2. These intuitive requirements,
together with Eq.(12), provide the basis for the multinomial
bijective mapping.

Let ωX ≡ (bbbX , uX , aaaX ) be a multinomial opinion, and let
Dire

X (pppX ;rrrX ,aaaX ) be a Dirichlet PDF, both over the same



variable X ∈X. The opinion ωX is equivalent to the evidence
opinion (rrrX ,aaaX ) through the mapping:

∀x ∈ X



bbbX (x) =
rrrX (x)

W + ∑
xi∈X

rrrX (xi)
,

uX =
W

W + ∑
xi∈X

rrrX (xi)
,
⇔



For uX 6= 0:
rrrX (x) =

WbbbX (x)
uX

,

1 = uX +∑
xi∈X

bbbX (xi),

For uX = 0:
rrrX (x) = bbbX (x) ·∞,

1 = ∑
xi∈X

bbbX (xi).


(15)

The mapping of Eq.(15) creates a direct mathematical and
interpretation equivalence between opinions and the evidence
parameters of Dirichlet PDFs, when both are expressed over
the same domain X. The mapping can be generalised to a
mapping between opinions over the hyper-domain R(X) and
hyper-Dirichlet PDFs [6], or can be constrained to mappings
between binomial opinions and Beta PDFs.

Figure 2 is a screenshot of the visualisation of the mapping
between binomial opinions ω

C1
X and ω

C2
X on the left and the

corresponding Beta PDFs on the right.
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Fig. 2. Mapping opinions ω
C1
X and ω

C2
X to Beta PDFs

This equivalence is very powerful because statistics tools
and methods, such as collecting statistical observation evi-
dence, can be applied to subjective opinions. In addition, the
operators of subjective logic, such as conditional deduction
and abduction, can be applied to statistical representations that
are based on the Dirichlet model.

V. BELIEF FUSION OPERATORS

There are different categories of belief fusion situations,
and each category requires its own model for the computation
of belief fusion [5]. In this paper we will only focus on
two fusion categories, namely cumulative belief fusion and
averaging belief fusion, which are described below.

A. Cumulative Belief Fusion

Cumulative Belief Fusion (CBF) is when it is assumed that
the amount of independent evidence increases by including
additional (independent) sources. For example, if witnesses
express their opinions about whether they saw the accused at
the crime scene, which when fused produces an opinion about
whether the accused really was there.

Assume a hyperdomain R(X) and a process where the
outcome variable X takes values from R(X). Assume further
that the outcome can be observed by different independent
sources which can be expressed as C = {C1,C2, . . .CN}. Let
C ∈C denote a specific source, and let ωC

X denote its opinion
about the variable X . Assume that the sources in C produce
independent opinions about the same variable X .

Observations can be vague, meaning that sometimes the
sources observe an outcome which might be one of multiple
possible singletons in X, but the sources are unable to identify
the observed outcome uniquely.

For example, assume that sources C1 and C2 observe
coloured balls being picked from an urn, where the balls
can have one of four colours: black, white, red or green.
Assume further that the observer C2 is colour-blind, which
means that sometimes he is unable see the difference between
red and green balls, although he can always tell the other
colour combinations apart. As a result, his observations can
be vague, meaning that sometimes he perceives a specific ball
to be either red or green, but is unable to identify the ball’s
colour precisely. This corresponds to the situation where X is
a hypervariable which can take composite values from R(X).

The symbol ‘�’ denotes the fusion of independent sources
C ∈ C into a single cumulative merged source denoted �(C).

Let C = {C1,C2, . . .CN} be a frame of N sources with the
respective opinions ω

C1
X ,ωC2

X , . . .ωCN
X over the same variable X .

Let C denote a specific source C ∈C. The cumulative merger
of all the sources in the source frame C is denoted �(C). The
opinion ω

�(C)
X ≡

(
bbb�(C)X , u�(C)X , aaa�(C)X

)
is the cumulative fused

opinion expressed as:

Case I: uC
X 6= 0, ∀C ∈ C :



bbb�(C)X (x) =

∑
C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)

∑
C∈C

(
∏

C j 6=C
u

C j
X

)
− (N−1) ∏

C∈C
uC

X

,

u�(C)X =

∏
C∈C

uC
X

∑
C∈C

(
∏

C j 6=C
u

C j
X

)
− (N−1) ∏

C∈C
uC

X

,

(16)



Case II: ∃ uC
X = 0, define Cdog =

{
C where uC

X = 0
}

:


bbb�(C)X (x) = ∑

C∈Cdog
γ C

X bbbC
X (x),

u�(C)X = 0

(17)

(18)

where γ
C
X = lim

uC
dog

X → 0

uC
X

∑
C j∈Cdog

u
C j
X

, ∀C ∈ Cdog (19)

The cumulative fused opinion ω
�(C)
X results from fusing the

respective opinions ωC
X of the sources C ∈C. The symbol ‘⊕’

denotes the cumulative belief fusion operator, hence we define

ω
�(C)
X ≡ ⊕

C∈C
(ωC

X ) (20)

≡ ω
C1
X ⊕ ω

C2
X ⊕ . . . ω

CN
X . (21)

It can be verified that the cumulative fusion operator is
commutative, associative and non-idempotent. In Case II of
Eq.(17), the associativity depends on preserving the relative
weights of intermediate results with the additional weight
parameter γ . In this case, the cumulative fusion operator is
equivalent to the weighted average of probabilities.

The argument base rate distributions are normally equal.
When that is not the case the fused base rate distribution over
X is specified to be the evidence-weighted average base rate.

In case of N dogmatic arguments ωC
X where C ∈ C it can

be assumed that the limits in Eq.(17) are defined as γC
X = 1/N.

B. Justification for the Cumulative Fusion Operator

The cumulative belief fusion operator of Eq.(16) is derived
by mapping the argument belief opinions to evidence opinions
through the bijective mapping of Eq.(15). Cumulative fusion of
evidence opinions simply consists of summing up the evidence
parameters, where the sum is mapped back to a belief opinion
through the bijective mapping of Eq.(15). This explanation is
in essence the justification of the cumulative fusion operator
of Eq.(16). A more detailed explanation is provided below.

Let the sources C ∈ C have respective belief opin-
ions expressed as ωC

X . The corresponding Dirichlet PDFs
Dire

X (pppX ;rrrC
X ,aaa

C
X ) contain the respective evidence vectors rrrC

X .
The cumulative fusion of these evidence vectors consists of

vector summation of rrrC
X where C ∈ C, expressed as

rrr�(C)X = ∑
C∈C

rrrC
X . (22)

For each value x ∈R(X) the evidence sum rrr�(C)X (x) is

rrr�(C)X (x) = ∑
C∈C

rrrC
X (x) (23)

= ∑
C∈C

WbbbC
X (x)

uC
X

(24)

=

W ∑
C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)
∏

C∈C
uC

X
(25)

The cumulative fused belief opinion ω
�(C)
X of Eq.(16) results

from mapping the fused evidence belief mass of Eq.(22) back
to a belief opinion by applying the bijective mapping of
Eq.(15).

bbb�(C)X (x) =
rrr�(C)X (x)

W + ∑
x∈R(X)

rrr�(C)X (x)
(26)

=

∑
C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)

∏
C∈C

uC
X + ∑

x∈R(X)

(
∑

C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)) (27)

=

∑
C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)

∑
C∈C

(
∏

C j 6=C
u

C j
X

)
− (N−1) ∏

C∈C
uC

X

, where ∃ uC
X 6= 0 .

(28)

The transition from Eq.(26) to Eq.(27) results from inserting
Eq.(25) into Eq.(26). The transition from Eq.(27) to Eq.(28)
results from applying Eq.(3).

u�(C)X =
W

W + ∑
x∈R(X)

rrr�(C)X (x)
(29)

=

∏
C∈C

uC
X

∏
C∈C

uC
X + ∑

x∈R(X)

(
∑

C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)) (30)

=

∏
C∈C

uC
X

∑
C∈C

(
∏

C j 6=C
u

C j
X

)
− (N−1) ∏

C∈C
uC

X

, where ∃ uC
X 6= 0 .

(31)

The transition from Eq.(29) to Eq.(30) results from inserting
Eq.(25) into Eq.(29). The transition from Eq.(30) to Eq.(31)
results from applying Eq.(3).



C. Averaging Belief Fusion

Averaging Belief Fusion (ABF) is when dependence be-
tween sources is assumed. In other words, including more
sources does not mean that more evidence is supporting the
conclusion. An example of this type of situations is when a
jury tries to reach a verdict after having observed the court
proceedings. The assumption is that the correctness of the
verdict does not increase as a function of the number of jury
members, because the amount of evidence is fixed by what
was presented in court.

Let C denote a group of N separate sources which can be
expressed as C= {C1,C2, . . .CN}. Assume that the sources in
C produce separate opinions based on the same evidence about
the same variable, so their opinions are necessarily dependent.
Still, their perceptions might be different, e.g. because their
cognitive capabilities are different. For example, assume that
sources C1 and C2 observe the picking of coloured balls from
an urn, where the balls can have one of four colours: black,
white, red or green. Assume that observer C2 is colour-blind,
which means that sometimes he has trouble distinguishing
between red and green balls, although he can always distin-
guish between the other colour combinations. Observer C1 has
perfect colour vision, and normally can always tell the correct
colour when a ball is picked. As a result, when a red ball is
picked, observer C1 normally identifies it as red, but observer
C2 sometimes identifies it as green. This can lead to C1 and C2
having conflicting opinions about the same variable, although
their observations and opinions are totally dependent and their
opinions are considered equally reliable. The averaging belief
fusion operator provides an adequate model for this fusion
situation.

Let C = {C1,C2, . . .CN} be a frame of N sources with the
respective opinions ω

C1
X ,ωC2

X , . . .ωCN
X over the same variable X .

Let C denote a specific source C ∈ C. The averaging merger
of all the sources in the source frame C is denoted �(C). The
opinion ω

�(C)
X ≡

(
bbb�(C)X , u�(C)X , aaa�(C)X

)
is the averaging fused

opinion expressed as:

Case I: uC
X 6= 0, ∀C ∈ C :



bbb�(C)X (x) =

∑
C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)

∑
C∈C

(
∏

C j 6=C
u

C j
X

) ,

u�(C)X =

N ∏
C∈C

uC
X

∑
C∈C

(
∏

C j 6=C
u

C j
X

) ,

(32)

Case II: ∃ uC
X = 0, define Cdog =

{
C where uC

X = 0
}

:


bbb�(C)X (x) = ∑

C∈Cdog
γ C

X bbbC
X (x),

u�(C)X = 0

(33)

(34)

where γ
C
X = lim

uC
dog

X → 0

uC
X

∑
C j∈Cdog

u
C j
X

, ∀C ∈ Cdog (35)

The averaging fused opinion ω
�(C)
X results from averaging

fusion of the respective opinions ωC
X of the sources C ∈C. By

using the symbol ‘⊕’ to designate the averaging belief fusion
operator, we define

ω
�(C)
X ≡ ⊕

C∈C
(ωC

X ). (36)

It can be verified that the averaging belief fusion operator
is commutative, idempotent, and non-associative. A form of
semi-associativity is expressed by Eq.(36) where the argument
order is irrelevant because all the arguments are fused in
one single operation. However because the averaging fusion
operator is non-associative in general, the averaging fusion
according to ω

C1�C2
X =ω

C1
X ⊕ω

C2
X is only meaningful for fusing

a single pair of sources. In general, for more than two sources
we have

(ωC1
X ⊕ω

C2
X )⊕ω

C3
X 6= ω

C1
X ⊕(ωC2

X ⊕ω
C3
X ). (37)

The only way to apply averaging fusion to more than two
arguments is thus by fusing all arguments in one operation as
described in Eq.(32) and expressed by the notation of Eq.(36).
For three argument sources, this is expressed as:

ω
�(C1,C2,C3)
X ≡⊕

(
ω

C1
X ,ωC2

X ,ω
C3
X

)
. (38)

The argument base rate distributions are normally equal.
When that is not the case the fused base rate distribution is
specified to be the average base rate distribution. In case the
opinions of the N sources in C are all dogmatic opinions, then
the limits in Eq.(33) can be set to γ C

X = 1/N.

D. Justification for the Averaging Fusion Operator

The averaging belief fusion operator of Eq.(32) is derived
by mapping the argument belief opinions to evidence opinions
through the bijective mapping of Eq.(15). Averaging fusion of
evidence opinions simply consists of computing the average of
the evidence parameters. The fused evidence opinion is then
mapped back to a belief opinion through the bijective mapping
of Eq.(15). This explanation is in essence the justification of
the averaging fusion operator of Eq.(32). A more detailed
explanation is provided below.



Let the sources C ∈ C have respective belief opin-
ions expressed as ωC

X . The corresponding Dirichlet PDFs
Dire

X (pppX ;rrrC
X ,aaa

C
X ) contain the respective evidence vectors rrrC

X .

The averaging fusion of these evidence vectors consists of
vector averaging of rrrC

X where C ∈ C, expressed as

rrr�(C)X =

∑
C∈C

rrrC
X

N
. (39)

For each value x ∈R(X) the average evidence rrr�(C)X (x) is

rrr�(C)X (x) =
∑

C∈C
rrrC

X (x)

N
(40)

=

∑
C∈C

WbbbC
X (x)

uC
X

N
(41)

=

W ∑
C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)
N ∏

C∈C
uC

X
(42)

The averaging fused belief opinion ω
�(C)
X of Eq.(32) results

from mapping the fused evidence belief mass of Eq.(39) back
to a belief opinion by applying the bijective mapping of
Eq.(15).

bbb�(C)X (x) =
rrr�(C)X (x)

W + ∑
x∈R(X)

rrr�(C)X (x)
(43)

=

∑
C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)

N ∏
C∈C

uC
X + ∑

x∈R(X)

(
∑

C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)) (44)

=

∑
C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)

∑
C∈C

(
∏

C j 6=C
u

C j
X

) , where ∃ uC
X 6= 0 . (45)

The transition from Eq.(43) to Eq.(44) results from inserting
Eq.(42) into Eq.(43). The transition from Eq.(44) to Eq.(45)
results from applying Eq.(3).

u�(C)X =
W

W + ∑
x∈R(X)

rrr�(C)X (x)
(46)

=

N ∏
C∈C

uC
X

N ∏
C∈C

uC
X + ∑

x∈R(X)

(
∑

C∈C

(
bbbC

X (x) ∏
C j 6=C

u
C j
X

)) (47)

=

N ∏
C∈C

uC
X

∑
C∈C

(
∏

C j 6=C
u

C j
X

) , where ∃ uC
X 6= 0 . (48)

The transition from Eq.(46) to Eq.(47) results from inserting
Eq.(42) into Eq.(46). The transition from Eq.(47) to Eq.(48)
results from applying Eq.(3).

VI. EXAMPLE: TRI-SOURCE FUSION

The two different fusion operators must apply to different
fusion situations. The following brief descriptions of cumula-
tive and averaging belief fusion are meant to help understand
the type of situations that each operator applies to.
• Cumulative Belief Fusion (CBF) is suitable when it

is assumed that the amount of independent evidence
increases by including more and more sources. CBF is
well suited for fusing opinions resulting from independent
statistical or sensor-generated evidence. For example, the
identification of objects by different sensor methods can
use CBF, which produces an opinion with decreasing
uncertainty about the object identity. CBF has a neutral
element which is the vacuous opinion, meaning that
vacuous opinions have no influence on the fused result.
CBF is non-idempotent, which means that in general the
fusion of equal source opinions will produce a fused
opinion which is different from the source opinions.

• Averaging Belief Fusion (ABF) is suitable when de-
pendence between sources is assumed. In other words,
including more sources does not mean that more evidence
is supporting the conclusion. An example of this type of
situations is when a jury tries to reach a verdict about guilt
after having observed the court proceedings. The verdict
does not necessarily become more certain or reliable
just by adding more members to the jury, because their
observations of the evidence presented during the court
proceedings are dependent. ABF does not have a neutral
element, which means that every opinion, also a vacuous
one, influences the fused result. ABF is idempotent,
which means that the fusion of equal source opinions
produces a result which is equal to the source opinions.

In this example we consider the situation of a frame of
three sources C = {C1,C2,C3} with their respective opinions
ω

C1
X , ω

C2
X and ω

C3
X about the binary variable X which takes

its values from the binary domain X = {x, x}. We apply the
cumulative and the averaging fusion operators to these source
arguments.



The argument opinions, as well as the cumulative and
averaging fusion opinions, are shown in Table I. The last two
rows also show the parameters of the corresponding strength
vectors rrrX computed from the mapping of Eq.(15).

TABLE I
CUMULATIVE AND AVERAGING BELIEF FUSION OF THREE SOURCES

Argument opinions: Fused opinions:
CBF. ABF

Parameters: ω
C1
X ω

C2
X ω

C3
X ω

�(C)
X ω

�(C)
X

bbbX (x) 0.10 0.40 0.70 0.651 0.509

bbbX (x) 0.30 0.20 0.10 0.209 0.164

uX 0.60 0.40 0.20 0.140 0.327

aaaX (x) 0.50 0.50 0.50 0.500 0.500

PX (x) 0.40 0.60 0.80 0.721 0.673

rrrX (x) 0.33 2.00 7.00 9.333 3.111

rrrX (x) 1.00 1.00 1.00 3.000 1.000

Figure 3 visualises the source opinions ω
C1
X , ω

C2
X and ω

C2
X

as points in the triangle on the left-hand side, as well as
the cumulative fusion opinion ω

�(C)
X and the averaging fusion

opinion ω
�(C)
X as points in the triangle on the right-hand side.

The position of each point is determined by the perpendic-
ular distance bbbX (x) from the left-side edge, the perpendicular
distance bbbX (x) from the right-side edge, and the distance uX
from the base.

a
x a

x

Projected probabilities

1C

X

2C

X
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X )(

X
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xx x x
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Fig. 3. Source opinions ω
C1
X ,ω

C2
X ,ω

C3
X and fused opinions ω

�(C)
X ,ω

�(C)
X

Both the cumulative and averaging fusion opinions have
projected probabilities that are greater than the average of the
projected probabilities of the argument source opinions. This
result is due to the fact that the strength vector rrrC3

X is greater
than both rrrC1

X and rrrC2
X together, as shown in Table I.

In Table I it can also be seen that the cumulative strength
vector rrr�(C)X = (9.333, 3.000) is the sum of the source strength
vectors rrrC1

X , rrrC2
X and rrrC3

X . Furthermore it can be seen that the
averaging strength vector rrr�(C)X = (3.111, 1.000) is the average
of the source strength vectors rrrC1

X , rrrC2
X and rrrC3

X .

Note also that the cumulative fusion opinion ω
�(C)
X has less

uncertainty mass than the averaging fusion opinion ω
�(C)
X . The

reason for this is that cumulative fusion reduces uncertainty
for each additional source argument, whereas averaging fusion
produces a fused uncertainty which lies between the most
uncertain and the least uncertain source argument.

The fundamental behaviour of cumulative belief fusion re-
sults from the accumulation of strength vectors in the evidence
space, which in turn is mapped to the opinion space. Similarly,
the fundamental behaviour of averaging belief fusion results
from computing the average of strength vectors in the evidence
space, which in turn is mapped to the opinion space. In this
way, cumulative and averaging fusion are grounded in the
statistical interpretation of the Dirichlet model.

VII. CONCLUSION

We have shown that cumulative and averaging belief fusion
can be generalised to multiple sources. These methods are
useful for modelling and analysing belief fusion in general
situations that involve an arbitrary number of sources.

The previously described averaging fusion operator for
two sources is non-associative, which therefore can not be
applied to the fusion of multiple sources. The ability to fuse
multiple sources in one operation makes averaging multi-
source belief fusion semi-associative, and thereby applicable
to fusing multiple sources in general.

Cumulative belief fusion is associative in general, and hence
the previously described cumulative fusion operator for two
sources can be applied so situations of multiple sources.
The advantage of the multi-source cumulative fusion operator
defined here is to provide a practical cumulative fusion method
which reduces complexity when fusing multiple sources.
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