Inf165 Chapter 2

18th September 2003

Exercises

2.1
a) r'(t)y=e=1+4r(), 7(0) =3(®—1)=0

. . tnt1)—Y(tn
b) Use the approximation y'(t,) ~ %ty()-

Yn+1 — Yn

At =1+4+4yn = Ynt+1 =Yn + At(]- + 4yn)

) Use the approximation z'(t,+1) ~ %{z(t").

Zn+l — 2n 2Zn + At

i L ==

At Fdznn = 2 = TN
=1 | a=¢ | r(At)=0.12
d) | y2= 35 | 22=135 | r(2At) =0.30
Ys = 308 | 23 =55 | 7(3At) =0.58

€) See the program ex21.m.

f) E/At ~ 109.
2.2
a) r't)y=e +2t=r(t)+2t—1, r(0) ="+ 02 =1

. . tnt1)—yY(tn
b) Use the approximation y’(¢,) ~ %ﬂ()-

% = Yn + 2, — ti = Ynt+l = Yn + At(yn — 2%, — ti)
) Use the approximation 2’ (t,1) ~ %{z(t").
Zna1— 2 2n + A2ty —t2,)
%t" = Ypp1 + 2pt1 — t31+1 = Znpr = n - +nAt n+1



d)

yi=11 | z =113 | r(At) =1.115
ys = 1.229 | 2z, = 1.296 | r(2At) = 1.269
ys = 1.388 | 23 = 1.497 | r(3At) = 1.440

€) See the program ex22.m.

fy E/At~ 3.1

2.3

a)

b)

r(1) = ree’®! (= 5.18 - 10%4)

Upper estimate is 1100e%° (= 5.70 - 10%4).
Lower estimate is 90050 (= 4.67 - 10%4).

) Upper estimate is 1100e%° (= 1.26 - 10%9).

Lower estimate is 900e® (= 2.12 - 10%9).
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a)

b)

r(1) = 8790 (= R)

Upper and lower estimate is 8790.

¢) Upper and lower estimate is 8790.

d)

Upper estimate is 10000, lower estimate is 7000.

2.5
a) a = 0.03,79 = 5.3, =years since 1800; r(t) = 5.3e%93¢,

b) When defining ¢ as the year the formula becomes r(t) = 5.3¢0-03(t-1800),

c) See the program ex25.m.

d) r(1980) = 1173.

€) See the program ex25.m. 290 is a good value for R. (Try it!) This gives the result

r(1980) = 233.4.

2.6

a)

1
— A/ 2) =

If r, is 1 then r,41 = 1. By simple induction we find that if ro = 1 thenr, =1
foralln > 0.

=02 Tpy1 = 2%“(—1+At+ \/(l—At)2) =0

If r, is 0 then r,4+1 = 0. By simple induction we find that if ro = 0 thenr, = 0
foralln > 0.



b) f(1) =1 —r, We know that (1 — r,) > 0sincer, > 1.

f(rn) = =Atr, (1 —rp,) This must be negative, as we know that 7, (r, — 1), and

At, are all positive.

¢) f(0) = —r,, We know that r,, > 0.

f(=o0) = lim (1—At)r+Atr’ —7r, >0

r——00

e) Forr, > 1:
flrn) = =Atr,(1 —r,) >0
fy=1-r,<0

2.7

a)

u(tyir) = / o () dt = / o (8) di+ / o (8) dt
—00 —00 t

n

u(tn)+ / () at

n

b) Trapezoid: Replace ft"“ flu(t))dt |with| 3t (f(ups1) + fun)) |in (2.58).

tn

¢) Midpoint: Replace | [*"** f(u(t)) dt

tn

with| Atf (3 (wpi1 +un))

d) Simpsons: Replace ft"“ f(u(t)) dt

tn

in (2.58).

with| &8 (f(unt1) + 4F (3 (Unt1 + un)) + f(un))

in (2.58).

€) See the program ex27.java.

2.8
a) y(t)
b) y(t) = %

c) y(t) = ln(%t2 +e)

et

Projects

241
a) Ifs(t) =z/(z + e t(1 —z)) then

s'(t) =

ze t(1 — 1)

and

@t i-o)

=s(l—

5);
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Figure 1: Solutions of s(¢) for different values of z. Differences in = seems to have
little effect on the solution at high values of ¢, except for when z = 0.
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Figure 2: S(z)
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b) See figure 1.

c) +d) See figure 2.

e)

f)

0)

S,(x)z:U+e’1(1—a:)—(1—e’1)a:: 1

(z+e1(1—1))2 elelz —z—e )2

We have from the Taylor series that S(z + ¢) ~ S(z) + &S'(z). This means that
small perturbations, ¢, of the initial data will be more significant the greater S’(x)
is compared to S(z). We see from figure 2 that S’(x) is small compared to S(x)
exept at very low values of z. We conclude that small perturbations of the initial
data will only have a significant effect on the solution close to (x = 0). This is
consistent with the results in figure 1.

Ifu(t) = z/(x + et(1 — z)) then

e e )
and :c
w0 = 1= T
For (0 < z < 1) : limy_, o, u(t) is z divided by infinity.
For(z =1):u(t) = 1_%0 =1.
For (z > 1) :u (t —1In ﬁ) is  divided by z — .

h) See figure 3.

i) U(1) =1, U(1.0000454) = 0.5000110. Close to (z=1) the expression is extremely

unstable with respect to small perturbations in z.

24.2

a)

b)

The Taylor series can be written as

3y (1)
u(t+k) =34 n!(t) o+ 2 44!(0 k.

n=0

The final term is the remainder term, and is often simlpy written as O(k*).

(33
() s) 2 (3) )

u(tny1) = u

u

+
W= N TN

(%)21/’ ((n + %) At) + é (%)31/” ((n + %) At) +O(AtY)
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Figure 3: Solutions of u(t) for different values of ¢. Differences in z seems to have
little effect on the solution at high values of ¢, except for when z = 1.

(33
()23 (1)
) (0o)) -3 () o

¢) Combining the two equations from exercise b gives

w(tnt1)—u(tn) = Atu' (t, 1 )+6 (A;) u ((n + %) At) +O0n11(AtH) 0, (AY).

We consider all but the first term to be the remainder, O(At3), and divide by At on
both sides of the equation, leading to

u(tny1) — u(tn)

~ =u'(tpy1) + O(At?).

d) Equation (2.69) means we can replace u'(t, 1) with f(u(t,, 1)) in the equation
from exercise c.

€) We take the Taylor series of the functions f (u(t,)) and f(u(tn41)):

f(ultn)) = f(U(tn+1/2))+(—%U'(nﬂl/z)+(9(At2))f'(U(tn+1/2))+0(At2)



Flu(tngr)) = f(u(tn+1/2))+(%u'(rH—tl/z)+O(At2))f’(u(tn+1/2))+O(At2)

Combining the two equations gives

S F(t0) + F(ultns1) = f(ultngas2)) + OAP).

Combining this with the result from exercise ¢ we find that

W) Z0lln) () + O(AR)
= f(ult,y1)) + O(AP)

= S0t + fultaia)) + O(AP).

f) Removing O(At?) from the equation in e gives us the approximation u,, ~ u(t,,):

Untt —Un  [(uny1) + f(un)
At o 2
A A
un+1 - th(un—}—l) = Un + th(un)

g) See the program pro242.java. Attime T' = 5 the results are:
N | (error explicit Euler)/A¢ | (error imlicit Euler)/At | (error Crank-Nicolson)/A¢?

50 2.09 3.07 0.42
100 2.27 2.76 0.42
200 2.38 2.62 0.42

h) See the program pro242h.java. At time T = 1 the results are:
N | (error explicit Euler)/At | (error imlicit Euler)/At | (error Crank-Nicolson)/A¢?

20 1.89 1.75 3.31

40 1.80 1.76 3.23

80 1.78 1.77 3.21
i) Ingeneral,

Wllar) 20 - 2 (flu(ta) + Flultasn) + O(AP)

We can approximate f(u(tn+1)) by f(un + Atf(uy)). The error in this approxi-
mation is O(At?). This produces the formula

A ) + Flun + At (un))].

Upt1 = Up +
n+ n 9

This is known as the Heun scheme.



j) See the program pro242j.java.

N | (error Heun)/At?

Repeating the experiments in exercise g (T' = 5): 15000 8;(7)
200 0.82
N | (error Heun)/A¢?
. . . . .20 2.59
Repeating the experiments in exercise h (T' = 1): 40 5 45
80 2.33

k) The explicit Euler scheme can be derived from the Taylor series of u(t,, + At):

W(tny1) = u(tn + At) = u(ty,) + At/ (t,) + O(At?)

This leads to the approximation

Unt1 = Up+ Atul,
= Up+ f(tnaun)-

The implicit Euler scheme is derived in a similar fashion:
u(ty) = u(tpyr — At) = u(tpy1) — Atu' (thy1) + O(AE)

This leads to the approximation

!
Up = Unpyr — Atug,

= Uptp1 — Atf(tni1, Unyr).

The Crank-Nicholson scheme is derived as in exercise f, replacing f(u,) with
f(tn,un) and f(uny1) With f(tnt1, unt1).

The Heun scheme is derived as in exercise i, replacing f(u,) with F; = f(tn, uy),
and f(uy, + 0tf(uy,)) with F5 = f(tn41,un + AtF;.

[) We adjust the program pro242j.java so that it uses the fourth order Runge-Kutta

scheme, giving the following results:

Repeating the experiments in exercise g (T = 5):
N error/At error/At? | error/At® | error/At* | error/A¢®

50 | 3.83-107° [ 3.83-107* | 3.83-1073 | 3.83-102 0.383
100 | 5.00-10=¢ | 9.91-10=* | 2.00-10=3 | 4.00- 1072 0.80
200 | 6.38-107 | 2.55-1075 | 1.02-1073 | 4.08 - 1072 1.63

Repeating the experiments in exercise h (T' = 1):
N error/At error/At? | error/At® | error/At* | error/At®
40 | 8.33-107° | 3.33-1073 0.133 5.33 ‘ 213

80 | 1.15-107% | 9.19-10~* | 7.36-10~2 5.88 471
160 | 1.46-107% | 2.34-10~* | 3.75-102 6.00 959




1—t

m) Ifu(t) = e~ ()° then

and

n) The program pro242n.javacan be used to compare the schemes. (NOTE: If one uses
a different funcion f, the Crank-Nicolson and Implicit Euler segments of the program will
probably need adjustment.)

Programs (MATLAB and JAVA)

ex21l.m

function ex21(N,T)

4 Solves the expression from exercise 2.1,
% using both explicit and implicit schemes.
% Compares with exact solution.

%

% example: ex21(50,1)

X

Dt=T/N;

t=0:Dt:T;

y(1)=0; z(1)=0; r(1)=0;

for i= 2:(N+1);
t(i)=t(i-1)+Dt;
y(1)= y(i-1)+ Dt*(1+4*y(i-1));
z(i)=(z(i-1) +Dt)/(1-4*Dt);
r(i)= (exp(4*t(i))-1)/4;

end

plot(t,r, t,y,’r--",t,z,7’9g-.7);
legend("exact solution”,’explicit scheme”,”implicit scheme’,2);

% Errors:

Ee= abs(y(N+1)-r(N+1));
disp(sprintf(CError explicit/Delta t: %g ’,Ee/Dt));

Ei=abs(z(N+1)-r(N+1));
disp(sprintf(CError implicit/Delta t: %g *,Ei/Dt));
ex22.m

function ex22(N,T)
% Solves the expression from exercise 2.2,



% using both explicit and impicit schemes.
% Compares with exect solution.

%

% example: ex22(50,1)

Dt=T/N;
t=0:Dt:T;

y(1)=1;
z(1)=1;
r(1)=1;

for i= 2:(N+1);
t()=t(i-1)+Dt;
y(i)= y(i-1)+ Dt*(y(i-1)+2*t(i-1)-t(i-1)*t(i-1));
z(D)=-D)+dt*2*t(i)-t(1)*t(i)))/(1-Dt);

r(i)= exp(e(i))+r(i)*t(i);

end

plot(t,r, t,y,’r-->,t,z,’9g-.7);
legend("exact solution’,’explicit scheme”,”implicit scheme”,2);

% Errors:

Ee= abs(y(N+1)-r(N+1));
disp(sprintf(CError explicit/Delta t: %g ’,Ee/Dt));

Ei=zabs(z(N+1)-r(N+1));
disp(sprintf(CError implicit/Delta t: %g *,Ei/Dt));

ex25.m

function F = ex25(R)

% Calculates the population of the United States,
% using the both the exponential model

% and the logistic model.

%

% example: ex25(290)

X

ro=5.3; a=0.03;

% exponential model:
t=1800:1900;
r=r0 * exp(a*(t-1800));

% actual population

Y=1800:10:1900;
P=[5.3, 7.2, 9.6, 12.9, 17, 23.2, 31.4, 38.6, 50.2, 63, 76.2];

10



% logistic model:
I= rO*R_./(rO0 + (R - rO)*exp(-a*(t-1800)));

plot(t,r,t,1,7g--",Y,P, rx’);
xlabel (’year”); ylabel(Cpopulation (millions)”);
title(CCPopulation of the United States”);
legend("exponential growth model”,
[’ logistic model, R=",int2str(R)], actual population’,2);

ex27.java

/* Program for exercise 2.7.
* uses three different schemes to solve (2.38)
* and compares the solutions to the exact solution.
* example: java ex27 1 100
*/

class ex27

{
public static void main(String[] args)

{
double N, T;

double u, ul, u2, u3, Dt, Et, Em, Es;

T
N

Double.parseDouble(args[0]);
Double.parseDouble(args[1]);

System.out.print(T= " +T+" N= "+N+'"\n"");
Dt=T/N;
System._out.print("'Dt= "+ Dt+'"\n"");

u=-10/(1+10*T);

ul=-10;
for (Iint i=1; i<N+1l; i++) {
ul=C 1 - Math_.sqrt(1- Dt*(Dt*ul*ul +2*ul)))/Dt;

}

System.out.print("Trapes: u= "+ ul +'"\n");

u2=-10;
for (int i=1; i<N+1l; i++) {
u2=( 2 - Dt*u2 - 2*Math.sqgrt(1- 2*Dt*u2))/Dt;
3
System_out.print('Midpoint: u= "+ u2 +'"\n");

u3=-10;

for (int i=1; i<N+1l; i++) {
u3=3*( 1-((Dt*ul3)/3)- Math.sqrt(l- Dt*Dt*u3*u3/3 -2*Dt*u3))/(2*Dt);

11



}

System_out._print(’'Simpson: u= "+ u3 +"\n"");

Et=Cul - u);
Em=(u2 - u);
Es=(u3 - u);

System.out.print("Exact solution: "+ u +"\n");
System.out._print("Error/Dt*Dt (Trapes): "+ Et/(Dt*Dt) +'\n'");
System.out._print("Error/Dt*Dt (Midpoint): "+ Em/(Dt*Dt) +'\n'");
System.out._print("Error/Dt*Dt (Simpson): "+ Es/(Dt*Dt) +'\n'");
}

}

pro242.java

/* Program for Project 2.4.2.
exercise g): u’=u, u(0)=1.
Solves u at time T in three ways:
explicit Euler (ul)
implicit Euler (u2)
and Crank-Nicolson (u3)
example: java pro242 5 100

/

ook X ok ok X

*

class pro242

{
public static void main(String[] args)

{
double N, T;
double ul, u2, u3, Dt, k, E_exp, E_imp, E_CN;

Double.parseDouble(args[0]);

T
N = Double.parseDouble(args[1]);

System.out_print('T: "™ +T+" N: "+N+"\n'");
Dt=T/N;
System.out.print(''Dt: "+ Dt+'"\n"");

ul=1;
u2=1;
u3= 1;
for (int i=1; i<N+1l; i++) {
ul= ul + ul*Dt;
u2= u2/(1-Dt);
u3= u3*(1 + Dt*0.5)/(1 - Dt*0.5);

by
System.out.print("Explicit Euler: u= "+ ul +'"\n");

System.out.print("Implicit Euler: u= "+ u2 +'"\n");
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System.out.print(’Crank-Nicholson "+ u3 +"\n'");
k=Math.exp(T);

E_exp=Math.abs(ul-k)/k;
E_imp=Math_abs(u2-k)/k;
E_CN=Math.abs(u3-k)/k;

System.out.print("Exact solution: "+ k +'"\n");
System.out.print("Error explicit/Dt "+ E_exp/Dt +'"\n'");
System.out._print("Error implicit/Dt "+E_imp/Dt +'\n"");
System.out.print("Error Crank/Dt "+E_CN/Dt +'"\n"");
System.out.print("Error Crank/Dt™2 "+E_CN/(Dt*Dt) +'\n'");

}
}

pro242h.java

/* Program for Project 2.4.2.
exercise h): u’=u(l-u), u(0)=10.
Solves u at time T in three ways:
explicit Euler (ul)

implicit Euler (u2)

and Crank-Nicolson (u3)

example: java pro242h 1 20

*ox % ok % ¥

*/

class pro242h

{
public static void main(String[] args)

{
double N, T;
double ul, u2, u3, Dt, k, C, E_exp, E _imp, E_CN;

Double.parseDouble(args[0]);

T
N Double.parseDouble(args[1]);

System.out.print(*T: " +T+" N: "+N+'"\n"");
Dt=T/N;

C=10.0/9.0;

System.out.print("'Dt: "+ Dt+'"\n"");

ul=10;

u2=10;

u3= 10;

for (int i=1; i<N+1; i++) {
ul= ul + ul*Dt*(1-ul);
u2=(Dt -1 + Math.sqgrt(l1 - 2*Dt +4*Dt*u2 +Dt*Dt))/(2*Dt);
u3=(0.5*Dt-1+Math.sqrt(1-Dt+Dt*Dt*0.25+2*Dt*u3+Dt*Dt*u3*(1-u3)))/Dt;

}
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System.out._print("Explicit Euler: u= "+ ul +'"\n");
System.out.print(Implicit Euler: u= "+ u2 +'"\n");
System.out.print("’Crank-Nicholson "+ u3 +'"\n"");

k=(C*Math.exp(T))/(C*Math.exp(T)-1);

E_exp=Math.abs(ul-k);
E_imp=Math.abs(u2-k);
E_CN=Math.abs(u3-k);

System.out.print(""Exact solution: "+ k +'"\n');
System.out.print("Error explicit/Dt "+ E_exp/Dt +'"\n"");
System.out._print("Error implicit/Dt "+E_imp/Dt +"\n"");
System.out.print("Error Crank/Dt "+E _CN/Dt +'"\n"");
System._out._print(*'Error Crank/Dt™2 "+E_CN/(Dt*Dt) +'\n'");

}
}

pro242n.java

/* Program for Project 2.4.2.

* exercise n)
Solves u at time ’Time” in five different ways.

* measures how long time it takes, and finds the error
* example: java pro242 1.1 20000

*/
class pro242n

{
public static void main(String[] args)

{

double N, Time;

double startTime, endTime;

double u, uO, Dt, solution, F1, F2, F3, F4;
double epsilon=0.25;

*

Time = Double.parseDouble(args[0]);
N = Double.parseDouble(args[1]);

Dt=Time/N;
u0 = Math.exp(-1/(epsilon*epsilon));
solution = Math.exp(-(1-Time)*(1-Time)/(epsilon*epsilon));

System.out.print("Exact solution: "+ solution +"\n");

// Explicit Euler
startTime = System.currentTimeMillis();
u=u0;
for (int i=1; i<N+1; i++) {
u=u+Dt*F(i*Dt,u,epsilon);
}
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//

//

//

//

endTime = System.currentTimeMillis();

System.out._print("Explicit Euler: T= "+ Time + " N= "+ N+ "\n"");
System.out.print(®* solution: "+ u +"\n"");

System.out._print("" absolute error: "+ Math.abs(u-solution) +'"\n');
System.out._print(” time (milliseconds): "+ (endTime -startTime) +'"\n'");

Implicit Euler
startTime = System.currentTimeMillis();
u=u0;
for (int i=1; i<N+1; i++) {

u=u/(1-Dt*F((i+1)*Dt,1,epsilon));

}

endTime = System.currentTimeMillis();
System.out.print("Implicit Euler: T= "+ Time + " N= "+ N+ "\n"");
System.out.print( solution: "+ u +"\n"");
System.out._print("" absolute error: "+ Math.abs(u-solution) +'"\n');
System.out._print("* time (milliseconds): "+ (endTime -startTime) +'\n");

Crank-Nicolson
startTime = System.currentTimeMillis();
u=u0;
for (Iint i=1; i<N+1l; i++) {

u=(u+Dt*f(Dt*i,u,epsilon)/2)/(1-Dt*fF((i+1)*Dt,1,epsilon)/2);

}

endTime = System.currentTimeMillis();
System.out.print('Crank-Nicolson: T= "+ Time + " N= "+ N+ "\n"");
System.out.print(™ solution: "+ u +"\n"");
System.out._print("® absolute error: "+ Math.abs(u-solution) +"\n");
System.out._print(’* time (milliseconds): "+ (endTime -startTime) +'"\n"");

Heun
startTime = System.currentTimeMillis();
u=u0;
for (Iint i=1; i<N+1l; i++) {

F1=F(i*Dt,u,epsilon);

F2=F((i+1)*Dt,u+Dt*F1,epsilon);

u=u+Dt*(F1+F2)/2;

}

endTime = System.currentTimeMillis();
System.out._print('Heun: T= "+ Time + "™ N= "+ N+ "\n"");
System.out.print( solution: "+ u +"\n"");
System.out._print("" absolute error: "+ Math.abs(u-solution) +'"\n');
System.out._print(” time (milliseconds): "+ (endTime -startTime) +'"\n'");

Runge-Kutta

startTime = System.currentTimeMillis();

u=u0;

for (int i=1; i<N+1l; i++) {
F1=F(i*Dt,u,epsilon);
F2=F((i+0.5)*Dt,u+Dt*F1/2,epsilon);
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F3=F((i+0.5)*Dt,u+Dt*F2/2,epsilon);

FA=F((i+1)*Dt,u+Dt*F3,epsilon);

u=u+Dt*(F1+2*F2+2*F3+F4)/6;

}

endTime = System.currentTimeMillis();
System.out.print('Runge-Kutta: T= "+ Time + " N= "+ N+ '"\n"");
System.out._print(®* solution: "+ u +"\n"");
System._out.print("® absolute error: "+ Math.abs(u-solution) +'"\n");
System.out._print(" time (milliseconds): "+ (endTime -startTime) +'"\n'");

}

public static double f(double t, double u, double eps)

{
double res=u*2*(1-t)/(eps*eps);
return res;

}

}
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