Inf2320 Chapter 3

3rd November 2004

Exercises

3.1
a) See the program ex31.m.

b) The results will depend on the circumstances, At = 0.005 is often sufficiently
small.

¢) For Fy = 1 and Sg = 2 both F' and S become constants.

3.2
a) If F and S solve (3.74) we can write

(1—%)F’:(1—%) (2—S)F:(%—1> (F—l)S:(%—l)S’.

b) Using integration by substitution:

¢ 1, Fo 1
/O(I_F)F dT_/F(O) 1—Edu—F(t)—ln(F(t))—(FO—lnFO)

t 9 , S(t) )
/(5—1)5 dT:/ 2 ldu=2m(S(t) - S(t) — (21nSo — So)
0 5(0) U

¢) Equation (3.76) can be rewritten on the form

F(t) —In(F(t) — (Fo —InFy) = 2In(S(t)) — S(t) — (2In So — So),
oF () =In(F () —(Fo—In Fo) 2 In(S(8)=5(t)~(21n So—So)
F 6S

e eFo ¢So

FS ~— R S

d)+e) See the program ex32.m.



3.3

a) r'(t) = 4u®(—v3) + 4v3u® = 0. The function r(t) is constant, i.e. r(t) = r(0) for
allt > 0.

b) Using Euler’s method:

Unt1 = Up + Atul, = u, — Atvd

Vni1 = Up + AV, = v, + Atud

¢) See the program ex33.m.

d) Equation (3.81) holds approximately for the numerical solutions.

34

a) In the first equation in (3.83), divide by F' and integrate on both sides:

tq t
/—F'dT = /Z—SdT,
o F 0

t
2t—/ Sdr
0

In the second equation in (3.83), divide by S and integrate on both sides:

In F(t) — In Fy

¢t t
—S'dr = F — 1dr,
ks 0
t
InS@t)—InSy = Fdr—t
0
b) Fort =1T:
S(T) = So,

T
/FdT—T:lnS(T)—lnSO = 0,
0

1 /7
—/FdT:l,
T Jo

F(T) = FOa

T
2T—/ Sdr=WmF(T)-InFy, = 0,
0

1 T
- - 9
T/o Sdr ,



¢) In the first equation in (3.89), divide by F' and integrate on both sides:

tq t
/OFFIdT = /0(2—S—e)d7',

¢
InF(t)—Ink, = (2—e)t—/SdT
0

In the second equation in (3.89), divide by S and integrate on both sides:

tl t
/ §S'd7' / F—1—-ddr,
0 0

¢
InS(t)—InSy = /FdT—(1+5)t
0

d)

T
STy =S, = /FdT:(1+6)T,
0

FT)=F = /OTS(T)dT:2—€

Projects

3.6; Analysis of a simple system
a) The Taylor series for u states that
u(t + At) = u(t) + At/ (t) + O(AL?).
By removing the last term in the equation we get an approximation, u,+1 ~ u(t +
At);
Upt1 = Up — Atv,

where v, & v(t,). Similarly, for v(t + At), we get:

Upt1 = Up + Atuy,

See the program p36.m for an implementation of this numerical scheme.

b)+c) See Figure 1.

4 At | 17100 | 1/200 | 1/300 | 1/400 | 1/500
) Te=T=m 48673 | 49331 | 49552 | 49664 | 49731

The value ¢ converges to 5.



Figure 1: Solutions of v and v from (3.95), as a function of £ and in the u — v space.
The bottom figure shows r = u? + v2. r is almost constant, implying that both u and

v are periodic functions.

€)

d , d ,
dtu () + dtv (t)

= 2u(t)u'(t) + 2v(t)v'(t)
2u(t)(=v'(t)) + 2v(t)u' (¢)
=0

This means that (t) = 7o, i.e. u?(t) + v2(t) = ud + vj.

f) From (3.95):

u'(t) = —o(t),
w(@®u(t) = —v(t)u(t),
= —o(t)'(t)

We simply take the integral on both sides of the equation:

T T
/ dBul)dt = — / w(t)! () dt,
0 0



g)
U')=d'(t)-u'(t) = —v®)+0(t)=-V(t),
Vit)y=2'"(t)-0'(t) = u@®) —ul)=-V()

This is similar to the relationship of  and v from (3.95). We know from exercise f
that this means that U (t) + V() = Uy + Vp which in turn imply that

(u(t) — u(t))® + (v(t) — 0(t))* = (uo — o)” + (vo — Do)

h) Inserting u(t) = cos(t), v(t) = sin(t) in (3.108) yields:

u'(t) = %cos(t) = —sin(t) = —v(t),
v(t) = %sin(t) = cos(t) = u(t)

Initial conditions:

u(0) = cos(0) =1,
v(0) = sin(0)=0

i) Using the program p36.m:
At | 1/100 | 1/200 | 1/300 | 1/400 | 1/500

eAt ‘ 0.0501 ‘ 0.0250 ‘ 0.0167 ‘ 0.125 ‘ 0.0100

£+ 1 5.0101 | 5.0053 | 5.0036 | 5.0027 | 5.0022

These results indicate that ea; &~ cAt, where ¢ ~ 5.

J) The Crank-Nicolson scheme for (3.108) is:

At At
Un+1 + 7vn+1 = Up — 71)7”
At _ n
Un+1 2 Unt1 = Un D) Un
Combining the two equations gives
At At
Up+1 = Up — 7 Up + Up + 7(un + un+1) ;
At At
Un4+1 = Un_T un+un_7(vn+vn+1) s
and consequently
1 At?
Un+1 = 1 T ATtQ ((1 - T) Up — Atvn) )
1 At?
Unyl = 1+ ATF (Atun + (1 - T) Uv) .



k) The Crank-Nicolson scheme is used in the program p36Kk.m, giving the results:

At | 1100 | 1200 | 1300 |  1/400 |  1/500
eat | 1.5318-10~" | 3.8295-10~° | 1.7020- 105 | 9.5738-10° | 6.1272-10°
8 1.5318 1.5318 1.5318 1.5318 1.5318

ear & dAt2, where d is 1.5318.

Programs (MATLAB)

ex31.m

function £ = ex31(S0,F0,Dt)
Implements the scheme (3.70).
% example: ex31(0.1,1.9,0.005)

o\

t=0:Dt:10;
F(1)=FO0;
S(1)=S0;

for i= 2:(10/Dt+1);

F(i)= F(i-1)+ Dt*(2 — S(i-1))*F(i-1);
S(i)=S(i-1) + Dt*(F(i-1)-1)*S(i-1);
end

subplot (2,1,1) ; plot(t,F,t,S,"—=");legend('F’,’S’);xlabel('t");
subplot (2,1,2) ; plot(F,S); xlabel('F’); ylabel('S’");

ex32.m

function £ = ex32(S0,F0,Dt)
Implements the scheme (3.70).
% example: ex32(0.1,1.9,0.005)

o\

t=0:Dt:10;
F(1)=FO0;
S(1)=S0;

K(1)=exp (F0) *exp (S0) / (FO*S0*S0)

for i= 2:(10/Dt+1);

F(i)= F(i-1)+ Dt*(2 — S(i-1))*F(i-1);
S(i)=S(i-1) + Dt*(F(i-1)-1)*S(i-1);
K(i)=exp (F (1)) *exp(S(i))/(F(1)*S(i)*S(i));
end

Ek=(K-K(1))/K(1);
plot (t,Ek);xlabel ('t’); ylabel ("Error K_n’);



E = (K(1)-K(1))/(K(1)*Dt);
disp (sprintf ('N= %g, E/Dt= %g

ex33.m

function £ = ex33(ul0,v0,N,T)
% Implements the scheme (3.82)
% example: ex33(1.2,2.3,1000,2)

Dt=T/N;
t=0:Dt:T;

u(l)=ul;
v(1l)=v0;
rO=u0"4 + v0~°4

for i= 2:(N+1);
u(i)= u(i-1) - Dt*v(i-1)"3;
v(i)=v(i-1) + Dt*u(i-1)"3;
end
rt=u(i) "4 + v(i)"4
subplot (2,1,1) ; plot(t,u,t,v,’—-");xlabel (’
subplot (2,1,2) ; plot(u,v); xlabel ('

p36.m

function £ = p36(ulb,v0,Dt)
Solves the system (3.95)
using an explicit numerical scheme.

and plots the value r=u"2+v”"2.
Writes error values to the screen.
example: p36(1,0,0.01)

o° o° o° o° o° o

t=0:Dt:5;

1)=ul; v(1l)=v0;
1)=u0"2 + v0"2;
2:(5/Dt+1)

u(i-1) - Dt*v(i—l);
v(i-1) + Dt*u(i-1);
(i-1)*u(i-1) + v (i-1)*v

for i=
u(i)=
v(i)=
r(i)

end

u

Error=abs (
Err_dt =

cos (5) —u (i
Error/Dt;

) /abs (cos (5))

disp(sprintf ('Error: %g’,Error));

(i-1);

’,10/Dt,E));

+ abs(

t’);legend(’u
u’); ylabel ('

sin(5)

v');

V(1

Plots the solutions as a function of t and in the u-v space,

))/abs (sin(5));



disp(sprintf ('Error/Delta t: %g’,Err_dt));

subplot (3,1,1) ; plot(t,u,t,v,’'r--"); xlabel('t’);legend('u’,’'v’,3);

subplot (3,1,2) ; plot(u,v); xlabel ('u’); ylabel('v’");
axis(sqgrt(r(l))*[-1.1 1.1 -1.1 1.11);

subplot (3,1,3) ; plot(t,r); xlabel('t’); ylabel('r");

p36k.m

function £ = p36k(ul,v0,Dt)

Solves the system (3.95)

using Crank-Nicolson scheme.
Writes error values to the screen.
example: p36k(1,0,0.01)

o° o° o oe

t=0:Dt:5;

u(l)=ul;v(1l)=v0;
hp=1+Dt*Dt/4; hm=1-Dt*Dt/4;

for i= 2:(5/Dt+1);
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u(i)= (hm*u(i-1)-Dt*v(i-1)) /hp;
v(i)= (Dt*u(i-1)+hm*v(i-1)) /hp;
end
Error=abs( cos(5) —-u(i))/abs(cos(5)) + abs( sin(5) -v(i))/abs(sin(5))

Errdt = Error/ (Dt*Dt)

disp (sprintf ('Error: %g’,Error));
disp(sprintf ('Error/Delta t"2: %g’,Err_dt));

plot(t,u,t,v,’r—-—"); xlabel('t’);legend(’'u’,’'v’,3);



