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A METHOD FOR APPROXIMATING FRACTIONAL POWER AVERAGE
RELAXATION TIMES WITHOUT INVERSION OF MULTIEXPONENTIAL

RELAXATION DATA
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A method is presented for approximating fractional power averages of relaxation times for data equispaced in
log time, without the need to invert multiexponential relaxation data. This form of average permits giving
emphasis to short or long times depending on the choice of thep value, thus giving the possibility of representing
different specific properties of porous media. This method has been tested on a large number of nuclear magnetic
resonance (NMR) relaxation measurements in porous samples. This new algorithm appears to be robust with
respect to both measurement and computation, and its major advantage is that it does not depend on a particular
inversion method. Moreover, it permits a very fast computation. © 1998 Elsevier Science Inc.
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INTRODUCTION

In the nuclear magnetic resonance (NMR) relaxation
studies of porous media it is often necessary to represent
a wide distribution of relaxation times by means of a
single parameter time. Some, but not all, methods in-
volve the steps of resolving the data into a number of
discrete exponential components or a quasi-continuous
distribution of components to compute some forms of
“average” time. The fractionalp-power averageT( p) [
^Tp&1/p is able to give various different emphases to long
and short times, depending on thep value. In this paper
we present a computation we callRobustaapproximation
(RA) that gives approximationsTr

( p), or simplyTr if p is
specified separately, toT( p) without requiring the reso-
lution of relaxation data into sums of exponential com-
ponents. The method is a generalization of the RA com-
putation for the geometric mean.1

Here we present the computation based on a sequence
of n data pointsSi taken at timesti at equal intervals in
ln t, where t is data time. We assume thattn is long
enough for substantially complete relaxation. An algo-

rithm is derived to show thatTr
( p) is given by the implicit

equation:

Tr < S 1 1 p

G~2 1 p!
@ pge2t1/Tr 1 t0

p f~t0/Tr!#D 1/p

. (1)

The symbols are defined below.
In a companion paper,2 in which these computed

times use 126 data points starting at 0.4 ms, it is shown
that for 21 , p , 20.3 the approximation toT( p) is
not very close, butTr appears nevertheless to be a good
form of “average” time for estimation of irreducible
water saturation. The approximation is very close forp
values closer to zero,2 and therefore it is a good form for
estimating permeability.2,3

COMPUTATION

The integral *0
` tp21S(t) dt gives the Tp-average

relaxation time ift values are data times,T values are
relaxation times,p . 0, and the relaxing signalS(t) is
normalized toS(0) 5 1, S(`) 5 0. That is,*0

` tp21S(t)
dt 5 G( p) *0

` Tpa(T) dT 5 G( p)^Tp&, wherea(T) is
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amplitude for a distribution of relaxation times. How-
ever, asp 3 0, it becomes impractical to take data at
sufficiently short times to represent the integrals ade-
quately. In the limiting case, asp approaches zero from
either side, we have the RA to the geometric-mean time,1

the neutral position between time and rate averages. For
positive or negative fractional values ofp . 21 we will
generalize the RA.

The G Integral
In analogy with the RA to geometric mean time,

consider the integralG 5 *t0

` tp21S(t) dt, S(t) 5 ¥

cie
2t/Ti, and¥ ci 5 1, wherep is not zero or a negative

integer. TheT values are component relaxation times for
multiexponential relaxation. The limitt0 will be related
to the shortest data time. We lets i 5 t0/Ti. Using the
dimensionless integration variablet 5 t/Ti, we have
G 5 ¥ ciTi

p *s i

` tp21e2t dt 5 ¥ ciTi
pI (si), where, for

a fixedp, I (s) 5 *s
` tp21e2t dt. For p . 0 ands 5

0, this is the Euler integral for the gamma function. For
21 , p , 0, one integration by parts gets us to the
range ofp where the integral from 0 tò exists and gives
the gamma function, but two integrations by parts get to
the range easily found in tables. It is then useful to
continue to integrate by parts to get a power series ins:

I ~s! 5 2
spe2s

p
2

s11pe2s

p~1 1 p!
2 · · ·

2
sm1pe2s

p~1 1 p!~2 1 p!· · ·~m 1 p!

1
1

p~1 1 p!~2 1 p!· · ·~m 1 p! E
s

`

tm1pe2t dt. (2)

We let *s
` 5 *0

` 2 *0
s, with *0

` 5 G(m 1 p 1 1) and
*0

s 5 spe2sO(sm11). Using the recursion relation
zG( z) 5 G( z 1 1) and neglecting the term inO(sm11),
we haveI (s) ' 2(sp/p) f(s) 1 G(2 1 p)/[ p(1 1
p)], with

f~s! 5 e2sS1 1
s

1 1 p
1

s2

~1 1 p!~2 1 p!
1 · · ·

1
sm

~1 1 p!~2 1 p!· · ·~m 1 p!D (3)

G 5 2
t0
p

p O cif~s i! 1
G~2 1 p!

p~1 1 p! O ciTi
p, (4)

becauses i 5 t0/Ti. We note thatG does not exist for
p 5 0 or p 5 21. We assume that sample relaxation
times are covered sufficiently thats , 1 in Eq. (3) and

note that more terms are needed in Eq. (3) asp 3 21.
We do not know thes i values to use inf(si), but f(s i)
is fairly close to unity if the data extend to times well
below the shortest significant component times, that is,
s i ,, 1. If we substitute some fixed valueTold for Ti in
s i, Eq. (4) becomes:

G <
1

pS2t0
pf~t0/Told! 1

G~2 1 p!

1 1 p
^Tp&D (5)

The g Sum
For our data the signal is sampled with equal spacing

in ln time. The step in time is by a factor ofe2q, where
q 5 [ln( tn/t1)]/[2(n 2 1)], and thestep in lnt is 2q.
We assume thatSn 5 S(tn) ' S(`), and we normalize
S so that Sn 5 0 and S1 5 1. We approximate the
integralG by the sumg, with:

g 5 2q O
i51

n21

Siti
p. (6)

The timeti for each sampled signal should be at the
center of a corresponding interval fromui21 to ui in the
integral G such that*ui21

ti tp21 dt 5 *ti

ui tp21 dt. The
ratio ui/ui21 5 e2q, giving (ui21/ti)

p 5 e2q/cosh(pq).
The timet0 for the beginning of theG integral is then:

t0

t1
5 S e2q

cosh~ pq!D
1/p

< exp ~2q 2
1
2

pq2!. (7)

For G we normalized the signal to unity att 5 0 and
zero att 5 `. For the sumg the best we could do was
to normalize to unity att 5 t1 and zero att 5 `. We
can partially compensate for this by multiplyingg by
e2t1/Told, where, as in Eq. (5),Told is an estimate. We
now have:

G <
1

pS2t0
pf~t0/Told! 1

G~2 1 p!

1 1 p
^Tp&D

< g exp ~2t1/Told!. (8)

Using Eq. (7) fort0, Eq. (3) forf, Eq. (6) forg, and either
` or some typical value forTold:

T~ p! ; ^Tp&1/p < Tnew; S 1 1 p

G~2 1 p!
@ pg exp ~2t1/Told!

1 t0
p f~t0/Told!#D 1/p

. (9)
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We use a simple approximation to the gamma func-
tion4 and iterate as necessary (ordinarily just once ifupu
is small) to get the RATr 5 Tnew 5 Told, which is Eq.
(1). The dependence of the right side of Eq. (9) onTold

is weak, and a few iterations by usingTnew from (9) in one
iteration forTold in the next give an easily computed result.

CONCLUSIONS

The relaxation timeTr
( p) is well specified, it does not

require inversion of relaxation data, and it is quickly
computed despite involving one or a few iterative steps.
It is a close approximation toT( p) 5 ^Tp&1/p for small
upu, and even outside this range, it has given as good or
better correlations2 with Swi and k than other forms of
“average” relaxation times. An advantage ofTr

( p) is that
it does not depend on details of an inversion method.
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