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Abstract: This paper concerns two fundamental interpolants to convex bivariate scat-
tered data. The first, u, is the supremum over all convex Lagrange interpolants and is
piecewise linear on a triangulation. The other, l, is the infimum over all convex Hermite
interpolants and is piecewise linear on a tessellation. We discuss the existence, uniqueness,
and numerical computation of u and l and the associated triangulation and tessellation.
We also describe how to generate convex Hermite data from convex Lagrange data.
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1. Introduction.

The problem of finding convex interpolants to convex scattered data is studied, with par-
ticular emphasis on piecewise linear interpolants. In [4 ], [3 ], [2 ] lower and upper bounds
of all convex interpolants to scattered data were introduced and partially analyzed. Both
bounds are themselves convex interpolants and are fundamental to the problem of con-
structing smoother convex interpolants. In this paper we continue the analysis of both
bounds in the bivariate case and discuss numerical algorithms for computing them.

The swapping algorithm for computing the upper bound has been discussed by Scott
[11 ] and Mulansky [7 ]. In section 2 we provide an extensive analysis of this algorithm.
In particular we derive from it properties of the upper bound. Proofs of results similar to
those in [4 ] are simplified by using this constructive approach. Some points concerning
the uniqueness of the triangulation are clarified.

In section 3 a construction of admissible tangent planes for extending bivariate La-
grange data to Hermite data is provided. Moreover the existence of admissible tangent
hyperplanes in general dimension, which was discussed in [2 ], [3 ], is revised.

Section 4 is devoted to the lower bound and its associated tessellation. We introduce an
algorithm for finding this tessellation. The triangulation associated with the upper bound
and the tessellation associated with the lower bound can be viewed as generalizations
of Delaunay triangulations and Voronoi diagrams respectively (see [5 ], [8 ]). Finally, in
section 5 we present some numerical results obtained from the algorithms.
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2. The swapping algorithm.

Suppose we are given a sequence X = (x1, . . .xn) of distinct points in IR2 and associated
scalar values f = (f1, . . . , fn). Then, the Lagrange data set (X, f) is called convex (resp.,
strictly convex) if there exists a convex (resp., strictly convex) function F satisfying

F (xi) = fi, ∀i ∈ {1, . . . , n} (2.1)

In Proposition 4.2 of [4 ] it was shown that (X, f) are convex data if and only if

fj ≤
∑

i∈I

λifi, for any λi ≥ 0 (i ∈ I) such that
∑

i∈I

λi = 1,
∑

i∈I

λix
i = xj , (2.2)

where I is any subset of {1, . . . , n} with exactly 3 elements.
For given convex data (X, f) we define the function

u(x|X, f) := min

{

n
∑

i=1

λifi |
n

∑

i=1

λi = 1, λi ≥ 0, 1 ≤ i ≤ n,
n

∑

i=1

λix
i = x

}

, (2.3)

which we call the upper bound (or upper envelope) of all convex interpolants. In Lemma
4.1 and Proposition 4.1 of [4 ], it was shown that (X, f) is convex if and only if u(x|X, f)
is a convex interpolant to the data. In fact, in [4 ],[2 ], it was discussed that if F is any
convex interpolant to (X, f) then

F (x) ≤ u(x|X, f), ∀x ∈ [X],

where [X] denotes the convex hull of X. Therefore, if (X, f) is convex then the upper
bound can be seen as the maximum among all convex interpolants to the data:

u(x|X, f) = max{F (x)|F is a convex interpolant to (X, f)}. (2.4)

In [4 ] it is also shown that u(x|X, f) is a piecewise linear function over a triangulation. We
shall give an alternative proof of this fact (Corollary 2.6 and Corollary 2.8) and a practical
construction (Algorithm 2.2) of this upper bound u(x|X, f). The objective of this section
is to analyze further properties of the upper bound from another point of view.

Definition 2.1. A triangulation T with set of vertices X is a set of triangles T =
{T1, . . . , TN} such that
(1) |Ti ∩ X| = 3 and Ti = [Ti ∩ X] for all i ∈ {1, . . . , N},
(2) ∪N

i=1Ti = [X],
(3) IntTi ∩ IntTj = ∅, for any i 6= j.

We use the notation Triang(X) for denoting the set of all triangulations with set of
vertices X.

Given any data (X, f) (not necessarily convex) each triangulation T ∈ Triang(X)
defines a unique continuous piecewise linear interpolant F (x|X, f ; T ) defined on [X] whose
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restriction to each triangle Ti coincides with the unique linear interpolant to (xα(i), fα(i)),

(xβ(i), fβ(i)), (xγ(i), fγ(i)), where xα(i),xβ(i),xγ(i) are the three vertices of Ti.
Let T ∈ Triang(X) be any triangulation of X. A quadrilateral of T is the union of

any two adjacent triangles, that is T ∪ S, where T, S ∈ T , |T ∩ S ∩ X| = 2. Therefore
e = T ∩ S is an edge of the triangulation. The vertices of the quadrilateral are the four
elements in (T ∪ S) ∩ X. The sides of the triangles T , S which are not the common edge
e are called the sides of the quadrilateral. The common edge e and the line joining the
two vertices not in e are called diagonals. The quadrilaterals of the triangulation can be
classified into three types: a degenerate quadrilateral is any quadrilateral containing three
collinear vertices, a convex quadrilateral is any nondegenerate quadrilateral which is the
convex hull of its vertices and a concave quadrilateral is any nondegenerate quadrilateral
which is not convex, that is, it contains an interior angle greater that π.

Fig. 1. A convex quadrilateral, a degenerate quadrilateral and a concave quadrilateral.

Let us describe now an elementary operation which allows us to define a new trian-
gulation from a given one. Let T ∪ S be any convex quadrilateral. Any three vertices of
the quadrilateral whose convex hull does not coincide with T or S determine precisely two
adjacent triangles T ′, S′ such that T ∪S = T ′ ∪S′. A swap is the operation performed on
the triangulation T which produces the new triangulation (T \{T, S}) ∪ {T ′, S′}. A swap
cannot be applied to degenerate or concave quadrilaterals because, in these cases, the new
set of triangles is not a valid triangulation.

T S T'

S'

e

e'

Fig. 2. A swap replaces T ,S by T ′, S′. The edge e is replaced by e′.

Let T0 be a triangulation of [X] and T1 be a triangulation obtained from T0 by swapping
one edge of a convex quadrilateral Q := T ∪ S = T ′ ∪ S′, where {T, S} = T0\T1 and
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{T ′, S′} = T1\T0. Let v0(x) := F (x|X, f ; T0) and v1(x) := F (x|X, f ; T1). Then v0 and v1

agree on [X]\Q. Let e and e′ be the two diagonals of the quadrilateral and y = e ∩ e′.
Then one of the following situations must occur:
(a) v0(y) = v1(y). In this case v0|Q = v1|Q is a linear function and v0(x) = v1(x), for all

x ∈ [X].
(b) v0(y) < v1(y). In this case v0|Q is a convex function and v1|Q is concave. Moreover

v0|Q ≤ v1|Q and therefore v0(x) ≤ v1(x), for all x ∈ [X] and the strict inequality
holds for some x ∈ [X].

(c) v0(y) > v1(y). In this case v0|Q is a concave function and v1|Q is convex. Moreover
v0|Q ≥ v1|Q and therefore v0(x) ≥ v1(x), for all x ∈ [X] and the strict inequality
holds for some x ∈ [X].
This observation suggests an algorithm for computing a triangulation T ∗, for convex

data (X, f), for which the interpolant F (x|X, f ; T ∗) is convex. This algorithm was first
proposed by Scott [11 ]. We give here a more extensive analysis of the algorithm for the
purpose of proving further results.

Algorithm 2.2. (Swapping algorithm)
1. construct a starting triangulation T0 and let i := 0.

2. search for a convex quadrilateral Q of Ti such that the restriction to Q of v(x) :=
F (x|X, f ; Ti) is concave but nonlinear.

3. if such a quadrilateral Q exists then define Ti+1 from Ti by swapping the diagonal
edges of Q, let i := i + 1 and go to step 2.

4. else define T ∗ := Ti and output T ∗.
end.

Let us remark that the algorithm has to stop in a finite number of steps. In fact, the
sequence of functions obtained is decreasing:

F (x|X, f ; T0) ≥ · · · ≥ F (x|X, f ; Ti−1) ≥ F (x|X, f ; Ti) ≥ · · ·

and since they take different values at at least one point, all the functions are distinct.
Therefore all triangulations Ti produced by the algorithm must be different. Since there
exists only a finite number of triangulations of X, the algorithm stops. Moreover, T ∗

satisfies the stopping criterion, that is, the restriction of F (x|X, f ; T ∗) to each convex
quadrilateral is a convex (and possibly linear) function. So, we have proved the following:

Proposition 2.3. Let (X, f) be interpolation data and let T ∗ ∈ Triang(X) be the trian-
gulation obtained from the swapping algorithm. Then, for any convex quadrilateral Q of
T ∗, F (x|X, f ; T ∗)|Q is a convex function.

Now we prove an auxiliary result:

Proposition 2.4. Let (X, f) be interpolation data and suppose that T ∈ Triang(X) is a
triangulation for which the restriction of F (x|X, f ; T ) to all quadrilaterals is convex. Then
F (x|X, f ; T ) is convex and so (X, f) are convex data.

Proof: Let v(x) = F (x|X, f ; T ). Let y, z ∈ [X] and l = [y, z]. It is sufficient to show
that v|l is convex. Clearly v|l is piecewise linear. Therefore v|l is convex if and only if it
is convex in a neighbourhood of each crossing of l with any edge or vertex of T .
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Suppose first that l does not intersect any point in X. Since any edge e of T crossed
by l is a diagonal of a quadrilateral Q and v|Q is convex, it follows that v|l is convex.

Now, if l intersects at least one point in X, there exists yn, zn ∈ [X], such that yn → y,
zn → z and ln := [yn, zn] does not intersect any point in X. Since v|ln is convex and the
limit of convex functions is convex, we conclude that v|l is convex.

The swapping algorithm can be used as a test for checking if the given data are convex
as well as a way of constructing a convex piecewise linear interpolant:

Proposition 2.5. Let (X, f) be interpolation data and let T ∗ be any triangulation ob-
tained from the swapping algorithm. Then (X, f) are convex data if and only if the
restriction of F (x|X, f ; T ∗) to all concave or degenerate quadrilaterals of T ∗ is convex.

Proof: Let v(x) = F (x|X, f ; T ∗).
Assume first that (X, f) are convex data and let Q be any degenerate or concave

quadrilateral. Let xi, xj , xk and xl be the four vertices of Q chosen such that xl ∈
[xi,xj ,xk]. Then there exist λ1, λ2, λ3 ≥ 0, λ1 +λ2 +λ3 = 1 such that xl = λ1x

i +λ2x
j +

λ3x
k. From (2.2) one finds that

fl ≤ λ1fi + λ2fj + λ3fk,

which implies that v|Q is a convex function.
Conversely, let us assume that v|Q is a convex function for all degenerate or concave

quadrilaterals Q. Since T ∗ has been obtained from the swapping algorithm, Proposition
2.3 implies that v|Q is convex for all convex quadrilaterals. Now using Proposition 2.4, we
see that v is convex and (X, f) are convex data.

The following corollary is an immediate consequence of Propositions 2.3, 2.5, and 2.4.

Corollary 2.6. Let (X, f) be convex data. If T ∗ is any triangulation obtained from the
swapping algorithm, then F (x|X, f ; T ∗) is a convex interpolant to the data.

We now prove further properties concerning T ∗.

Proposition 2.7. Let (X, f) be convex data.
(a) Let T ∈ Triang(X) and G be any convex interpolant to (X, f). Then

G(x) ≤ F (x|X, f ; T ), ∀x ∈ [X].

(b) If T ∗ is any triangulation obtained from the swapping algorithm

F (x|X, f ; T ∗) = min
T ∈Triang(X)

F (x|X, f ; T )

= max{G(x)|G is a convex interpolant to (X, f)},

that is F (x|X, f ; T ) is a minimum in the set of all piecewise linear interpolants to
(X, f) over triangulations of [X] and a maximum in the set of all convex interpolants
to (X, f).

Proof:
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(a) Let x ∈ [X] = ∪N
i=1Ti. Now, choose j ∈ {1, . . . , N} such that x ∈ Tj . Let

α, β, γ ∈ {1, . . . , n} be such that Tj = [xα,xβ ,xγ ]. Then, there exist λ1, λ2, λ3 ≥ 0,
λ1 + λ2 + λ3 = 1 such that x = λ1x

α + λ2x
β + λ3x

γ . Then

G(x) = G(λ1x
α + λ2x

β + λ3x
γ) ≤ λ1fα + λ2fβ + λ3fγ = F (x|X, f ; T ).

(b) From Corollary 2.6 we see that F (x|X, f ; T ∗) is a convex interpolant to the data.
Now using (a) we obtain:

G(x) ≤ F (x|X, f ; T ∗) ≤ F (x|X, f ; T )

for any x ∈ [X]. Now taking into account that F (x|X, f ; T ∗) belongs to the set of all
piecewise linear interpolants to (X, f) over triangulations and also to the set of all convex
interpolants to (X, f), (b) follows.

We now derive the uniqueness of the convex piecewise linear interpolant:

Corollary 2.8. Let (X, f) be convex data and T1, T2 any two triangulations of X. If both
F (x|X, f ; T1) and F (x|X, f ; T2) are convex functions then

F (x|X, f ; T1) = F (x|X, f ; T2), ∀x ∈ [X].

Therefore there exists a unique convex piecewise linear interpolant to (X, f) on triangula-
tions of X and furthermore it coincides with u(x|X, f), defined in (2.3).

Proof: Let v1(x) = F (x|X, f ; T1) and v2(x) = F (x|X, f ; T2). Since both v1 and v2 are
convex piecewise linear interpolants over triangulations of X we find from Proposition
2.7(a) that v1(x) ≤ v2(x) and v2(x) ≤ v1(x). Therefore v1(x) = v2(x). Now using (2.4),
we also find that u(x|X, f) = v1(x) = v2(x).

Although there is a unique convex interpolant to given convex data (X, f) in the set

{F (x|X, f ; T )|T ∈ Triang(X)},

the corresponding triangulation T ∗ at which the minimum is obtained may not be unique.
The following proposition provides a condition in order to guarantee the uniqueness of T ∗.

Proposition 2.9. Let (X, f) be convex data and let T ∗ be any triangulation obtained
from the swapping algorithm. If F (x|X, f ; T ∗)|Q is nonlinear over all quadrilaterals Q of
T ∗, then T ∗ is the unique triangulation in Triang(X) whose corresponding interpolant is
convex. Furthermore T ∗ is unique, that is, it is independent of the starting triangulation
T0 ∈ Triang(X).

Proof: Let T ′ ∈ Triang(X) be such that T ′ 6= T ∗ and F (x|X, f ; T ′) is convex. From
Corollary 2.8, F (x|X, f ; T ′) = F (x|X, f ; T ∗). Now, there exist two non-parallel edges
e = [xα,xβ ] of T ∗ and e′ = [xα′

,xβ′

] of T ′, whose (relative) interiors intersect at some
point y /∈ X. Since

F (y|X, f ; T ∗) = F (y|X, f ; T ′),
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the four points (xα, fα), (xβ , fβ), (xα′

, fα′), (xβ′

, fβ′) must lie in the same plane.
Now let T, S be the two triangles in T ∗ containing e. Since e′ crosses both triangles at y

it follows that the restriction of F (x|X, f ; T ∗) to Q = T∪S has to be a linear function which
contradicts the hypothesis. Therefore, T ∗ is the unique triangulation whose corresponding
interpolant is convex.

Since the swapping algorithm always produces a convex interpolant, T ∗ is unique.

Let us remark that the condition that no four data (xα, fα), (xβ , fβ), (xγ , fγ), (xδ, fδ)
can lie in the same plane is stronger than only requiring non-planarity of the vertices of all
quadrilaterals of some given triangulation. Therefore we may state the following corollary.

Corollary 2.10. Let (X, f) be convex data such that no four data (xα, fα), (xβ , fβ),
(xγ , fγ), (xδ, fδ), α, β, γ, δ ∈ {1, . . . , n} lie in the same plane. Then the triangulation T ∗

output by the swapping algorithm is unique.

In Corollary 2.3 of [3 ] it was stated that if the data are strictly convex, then T ∗ must
be unique. This statement was based on the observation that four data (xα, fα), (xβ , fβ),
(xγ , fγ), (xδ, fδ) cannot be planar when one of the points, xδ say, belongs to the triangle
determined by the other three, that is

xδ ∈ [xα,xβ ,xγ ].

Thus, strict convexity of (X, f) implies that F (x|X, f ; T ∗)|Q is nonlinear over all degenerate
and concave quadrilaterals Q of T ∗. However, it does not imply nonlinearity in convex
quadrilaterals. In fact, the uniqueness of T ∗ may fail as the following example shows:

Example 2.11. Let X = ((1, 1), (−1, 1), (−1,−1), (1,−1)) and f = (2, 2, 2, 2). The func-
tion G(x, y) = x2 + y2 is strictly convex and interpolates (X, f). Therefore (X, f) are
strictly convex data. However the four points (1, 1, 2), (−1, 1, 2), (−1,−1, 2), (1,−1, 2) lie
on the same plane and so the linear function u(x, y) = 2 is a convex interpolant to the data
set. Since the two possible triangulations of the quadrilateral [X] yield the same function
u, it follows that T ∗ may be either of them. In fact, the swapping algorithm does not
change the starting triangulation.

The assumption that no four points among strictly convex data can lie on the same
plane is therefore false. Unfortunately this false assumption was stated in Corollary 2.3
of [3 ] and implicitly used in the proof of Proposition 3.2 of [2 ]. Although Proposition
3.2 of [2 ] as stated remains true, we devote part of the next sections to deal with the
construction of admissible tangent planes and revise the construction and properties of the
lower bound mentioned in those papers.

Finally, by sampling data (X, f) from the convex function f(x1, x2) = (x1)
2 + (x2)

2,
we can regard T ∗ as a generalization of a Delaunay triangulation of X. A triangulation
of X is said to be a Delaunay triangulation if the interior of the circumcircle through the
three vertices of any triangle contains no other points in X [10 ], [8 ].

Lemma 2.12. Let T be any triangulation of X, Q = T ∪ S be any convex quadrilateral
in T and fi = (xi

1)
2 + (xi

2)
2. Then F (x|X, f ; T )|Q is concave if and only if the interior of

the circumcircle of T contains the fourth vertex of Q.
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Proof: Let f(x1, x2) = x2
1 + x2

2. Further, let the equation of the circumcircle of T be
(x1 − a)2 + (x2 − b)2 = r2 and let g(x1, x2) = 2ax1 + 2bx2 − a2 − b2 + r2. Then the point
(x1, x2) lies inside the circle, if and only if f(x1, x2) < g(x1, x2).

Now let the fourth vertex be xj = (xj
1, x

j
2). Since g is linear and interpolates f at the

vertices of T , F (x|X, f ; T )|Q is concave if and only if fj < g(xj
1, x

j
2) and this is equivalent

to xj lying inside the circumcircle of T .

Proposition 2.13. If fi = (xi
1)

2 + (xi
2)

2, then any triangulation T ∗ obtained from Algo-
rithm 2.2 is a Delaunay triangulation of X.

Proof: It was shown independently by Lawson [6 ] and Sibson [12 ], see Theorem 4.2
in [10 ], that a Delaunay triangulation is obtained from a swapping algorithm which is
identical to Algorithm 2.2 except that in Step 2 one searches for a convex quadrilateral
Q = T ∪S such that the interior of the circumcircle through the vertices of T contains the
fourth vertex of Q. Thus we apply Lemma 2.12 and deduce that both swapping algorithms
yield the same triangulation.

3. Construction of admissible tangent planes.

In the previous section we analyzed the problem of constructing a convex interpolant to
given convex data (X, f). Since the constructed interpolant u(x|X, f) is a piecewise linear
function over a triangulation T ∗, it is not a C1 function except in the very special case
when u(x|X, f) is a linear function, that is (X, f) are both convex and concave data. In
this section we approach the question of constructing smooth convex interpolants to given
convex data.

For general convex data, there may be no smooth convex interpolant as the following
example shows:

Example 3.1. Let

X = ((−2, 0), (−1, 0), (0, 0), (1, 0), (2, 0), (0, 1)), f = (2, 1, 0, 1, 2, 0).

Here we find there is a unique triangulation T ∗ of X and that u(x|X, f) = |x| for x ∈ [X].
Furthermore any other convex interpolant G to the data must coincide with u along the
segment [(−2, 0), (2, 0)] and so

lim
x→0+

G(x, 0) − G(0, 0)

x
= 1, lim

x→0−

G(x, 0) − G(0, 0)

x
= −1

which implies that G cannot be differentiable at (0, 0).

A necessary and sufficient condition on the data in order to ensure the existence of
a convex interpolant which is smooth in a neighbourhood of each xi ∈ X is not easy to
describe. It has been shown in Lemma 3.1 of [1 ] and in Theorems 3.3 and 3.4 of [2 ] that
the data admit smooth convex interpolants if they are strictly convex. This has been done
by using suitable tangent planes for Lagrange data to generate Hermite data. We provide
an explicit construction of admissible tangent planes.

8



For this purpose we need to introduce Hermite interpolation problems. Given a fi-
nite sequence of distinct points X = (x1, . . . ,xn), xi ∈ IR2, i = 1, . . . , n, real values
f = (f1, . . . , fn) and vectors G = (g1, . . . ,gn), gi ∈ IR2, i = 1, . . . , n we may pose a
Hermite interpolation problem: find a continuous function F , which is differentiable in a
neighbourhood of each xi such that

F (xi) = fi, ∇F (xi) = gi, i = 1, . . . , n. (3.1)

The Hermite data set (X, f ,G) is said to be convex (resp., strictly convex) if there
exists a convex (resp., strictly convex) interpolant to the data. We begin with a lemma.

Lemma 3.2. Let g : IR2 → IR be a convex function and h : IR2 → IR be a linear function
and suppose there exists a nonempty convex open set Ω ⊂ IR2 such that g(x) = h(x) for
all x ∈ Ω. Then g(x) ≥ h(x) for all x ∈ IR2.

Proof: Let x be any point in IR2 \Ω and suppose that g(x) < h(x). Let l be any straight
line passing through x and the interior of Ω. Further let y1,y2 be any two points in Ω∩ l,
with y2 nearer to x, so there exists λ ∈ (0, 1) such that y2 = (1 − λ)y1 + λx. Then

h(y2) = g(y2) ≤ (1 − λ)g(y1) + λg(x) < (1 − λ)h(y1) + λh(x) = h(y2),

which is a contradiction.

The previous lemma can be applied to the piecewise convex interpolant u(x|X, f) over
a triangulation T ∗ of [X]:

Proposition 3.3. Let (X, f) be strictly convex Lagrange data. Then a sequence G =
(g1, . . . ,gn) of vectors in IR2 satisfying

gi · (xj − xi) < fj − fi, ∀i 6= j ∈ {1, . . . , n} (3.2)

can be constructed.

Proof: Let T ∗ be any triangulation associated with the upper bound u(x|X, f). For any
i ∈ {1, . . . , n}, let us define

Σi := {S ∈ T ∗|xi ∈ S}.

For any S ∈ Σi, let gS be the gradient of the linear function which coincides with u(x|X, f)
at S. Then from Lemma 3.2 we know that

fi + gS · (x − xi) ≤ u(x|X, f), ∀x ∈ [X],

and taking x = xj we obtain

gS · (xj − xi) ≤ fj − fi. (3.3)

Now let us distinguish two cases.
(I) Assume that xi ∈ Int([X]). Then define

gi :=

∑

S∈Σi
wSgS

∑

S∈Σi
wS

,
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where wS > 0, S ∈ Σi, are any positive weights. From (3.3) it easily follows that

gi · (xj − xi) ≤ fj − fi, ∀j ∈ {1, . . . , n}\{i}.

Now let j ∈ {1, . . . , n}\{i}. Since xi ∈ Int(∪S∈Σi
S), there exists S0 = [xi,xk,xl] ∈ Σi,

xj /∈ S0 such that xi ∈ [xj ,xk,xl]. From the strict convexity of the data we deduce
that

gS0 · (xj − xi) < fj − fi,

that is the strict inequality holds at least for one triangle S0 ∈ Si. Therefore (3.2)
holds.

(II) Assume that xi is a boundary point of [X]. Let e′, e′′ be the boundary edges of
T ∗ containing xi and let g′, g′′ be the unit normal vectors to e′, e′′ pointing to the
exterior of [X]. Then define

gi :=

∑

S∈Σi
wSgS

∑

S∈Σi
wS

+ w′g′ + w′′g′′,

where wS , S ∈ Σi, w′, w′′ are given positive weights. If the edges e′, e′′ and the vector
xj − xi are not parallel then at least one of the strict inequalities

g′ · (xj − xi) < 0, g′′ · (xj − xi) < 0

must hold and then (3.2) is confirmed.
Otherwise there exists xk such that [xi,xk] ∈ {e′, e′′}, xk 6= xj and xi ∈ [xj ,xk].
Let S0 ∈ Σi be the unique triangle containing the edge [xi,xk]. Then from the strict
convexity of the data

gS0 · (xj − xi) < fj − fi,

and (3.2) is obtained.

In Proposition 3.1(i) of [2 ] it was shown that if (X, f) are strictly convex Lagrange
data then

fj <
∑

i∈I

λifi, for any λi > 0 (i ∈ I) such that
∑

i∈I

λi = 1,
∑

i∈I

λix
i = xj , (3.4)

where I is any subset of {1, . . . , n} with at least 2 elements.
Using Proposition 3.3 combined with Theorem 3.4 and Corollary 3.5 of [2 ] we obtain

the following result.

Proposition 3.4.

(i) A set of Lagrange data (X, f) is strictly convex if and only if (3.4) holds.
(ii) A set of Hermite data (X, f ,G) is strictly convex if and only if (3.2) holds.
(iii) For given strictly convex Lagrange data (X, f) there exists G such that (X, f ,G) is

strictly convex.
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(iv) For given strictly convex Lagrange or Hermite data, there exists a strictly convex
interpolant F ∈ C∞([X]).

Proposition 3.3 provides an explicit construction of admissible tangent planes for
bivariate data. Although this paper mainly concerns the bivariate case, we provide now
an existence proof of admissible tangent hyperplanes for data X ∈ IRs for any dimension
s ≥ 1. Let us recall Farkas’ Lemma (cf. Corollary 22.3.1 of [9 ]) which can be stated in
the following form.

Lemma 3.5. (Farkas’ Lemma) Let aj ∈ IRp, j = 1, . . . ,m, b ∈ IRp. Then the system of
inequalities y · aj ≤ 0, j = 1, . . . ,m, y · b > 0 has no solution y ∈ IRp if and only if there
exist nonnegative real numbers µ1, . . . , µm such that b =

∑m
j=1 µja

j .

We now apply Farkas’ Lemma to obtain a correct proof of Proposition 3.2 of [2 ]. Let
us remark that (3.2) and (3.4)

Proposition 3.6. Let X = (x1, . . . ,xn) and f = (f1, . . . , fn) where xi ∈ IRs and fi ∈ IR
for all i be data satisfying (3.4). Then there exists a sequence G = (g1, . . . ,gn) of vectors
in IRs satisfying (3.2).

Proof: Since all xi ∈ IRs are distinct, it can be easily shown that (3.4) is equivalent to

fi <
∑

j 6=i

λjfj , for any λj ≥ 0 (j 6= i) such that
∑

j 6=i

λj = 1,
∑

j 6=i

λjx
j = xi.

Given i ∈ {1, . . . , n}, let us define for j = 1, . . . , n

aj :=

{

(xj − xi, fj − fi, 1), if j 6= i,
(0, . . . , 0, 1, 0), if j = i,

and
b := (0, . . . , 0, 0, 1) ∈ IRs+2

Then taking

µj =

{

λj if j 6= i,
−

∑

j 6=i λj(fj − fi) if j = i,

we see that if
n

∑

j=1

µja
j = b

and µj ≥ 0 for j 6= i, then µi = −
∑

j 6=i λj(fj − fi) is necessarily negative. Therefore there

does not exist any sequence of nonnegative numbers µ1, . . . , µn such that b =
∑n

j=1 µja
j .

By Farkas’ Lemma, this is equivalent to the existence of some y = (y1, . . . , ys+1, ys+2)∈
IRs+2 such that y · ah ≤ 0, h = 1, . . . , n, y · b > 0. Let z = (y1, . . . , ys) then we have:

z · (xj − xi) + ys+1(fj − fi) + ys+2 ≤ 0, j 6= i,

ys+1 ≤ 0, ys+2 > 0.
(3.5)

11



There are two possibilities:
(a) ys+1 < 0: Then defining gi := −1

ys+1
z, we derive from (3.5) that

gi · (xj − xi) ≤ (fj − fi) −
ys+2

ys+1
< fj − fi.

(b) ys+1 = 0: Then z · (xj − xi) > 0 for all j 6= i. Therefore there exists some κ > 0 such
that gi := −κz satisfies gi · (xj − xi) < fj − fi for all j 6= i.

So this means that Proposition 3.4 can be extended to data in any dimension s ≥ 1.

4. The lower bound.

In the previous section it was shown how admissible tangent planes can be constructed
from strictly convex Lagrange scattered data resulting in strictly convex Hermite data. In
this section we suppose we are given strictly convex Hermite data (X, f ,G). We discuss
a particular convex interpolant l : IR2 → IR to this data which is a lower bound for all
convex interpolants, i.e. if F : IR2 → IR satisfies (3.1), then

F (x) ≥ l(x) ∀x ∈ IR2.

Though l is not itself globally smooth, it is continuous and piecewise linear.
We recall from Proposition 3.4 (ii) that (X, f ,G) is strictly convex if and only if (3.2)

holds. Define hi : IR2 → IR as

hi(x) = fi + gi · (x − xi), x ∈ IR2,

so that hi is the linear function which coincides with the tangent plane defined by xi, fi,
and gi. Then (3.2) is equivalent to

hj(x
i) < fi, ∀i 6= j, (4.1)

i.e., every tangent plane lies strictly below every data point other than the one it interpo-
lates. In [2 ] it was shown that the function l : IR2 → IR,

l(x) = max
i

hi(x),

is a lower bound for all interpolants F satisfying (3.1).
The function l naturally generates a tiling of the plane. For each i, j = 1, . . . , n, i 6= j,

let
Ωi,j = {y ∈ IR2 : hi(y) ≥ hj(y)}.

From (4.1), Ωi,j is a half-plane containing xi, not containing xj , and whose boundary is
the infinite straight line hi(x) = hj(x). Now let

Ωi = {y ∈ IR2 : hi(y) ≥ hj(y),∀j = 1, . . . , n, j 6= i}.
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Since Ωi =
⋂

j 6=i Ωi,j , Ωi is a convex polygon containing the point xi and no other. Fur-

thermore, there is an open neighbourhood around each xi which is contained in Ωi (see
Remark 2.3 of [1 ]). Moreover, the interiors of the Ωi are pairwise disjoint and the union
of the Ωi covers the whole of IR2. Thus the set L = {Ωi}

n
1 forms a tiling or tessellation of

the plane.
Now we observe that l is piecewise linear, linear on each polygonal tile Ωi, with

l(x) = hi(x), x ∈ Ωi,

for all i. Moreover, since there is an open neighbourhood around each xi which is contained
in Ωi, l is a convex interpolant to (X, f ,G).

As usual with tilings, two points xi and xj are said to be neighbours, with respect to
L if the boundaries of their polygons Ωi and Ωj intersect.

Definition 4.1. We say that xi and xj are weak neighbours if the boundaries of their
polygons Ωi and Ωj intersect at a single point. If their intersection contains a line segment,
they are called strong neighbours.

The common part of the boundaries of the polygons of two neighbours xi and xj

is denoted by ei,j . We note that in the trivial case when all straight lines of the form
hi(x) = hj(x) are parallel, all the ei,j are parallel infinite straight lines. Otherwise each
ei,j is either a point, a line segment, or a semi-infinite line.

Definition 4.2. We say that two strong neighbours xi and xj are direct neighbours if the
line segment [xi,xj ] intersects the interior of ei,j .

Figure 3 shows an example where two strong neighbours are not direct.

Fig. 3. Two strong neighbours which are not direct.

A useful characteristic of L is that every point in X has at least one direct neighbour.

Proposition 4.3. For any i ∈ {1, . . . , n}, let j ∈ {1, . . . , n} be such that hj(x
i) =

maxk 6=i hk(xi). Then xi and xj are direct neighbours.

Proof: Let i ∈ {1, . . . , n} and let j be such that hj(x
i) = maxk 6=i hk(xi). Now let

k ∈ {1, . . . , n}, k 6= i, j. Then clearly,

hk(xi) ≤ hj(x
i),

13



by definition of j. Furthermore, from (4.1),

hk(xj) < fj = hj(x
j).

Combining these inequalities, we see that for any λ ∈ (0, 1],

hk((1 − λ)xi + λxj) < hj((1 − λ)xi + λxj). (4.2)

Now let q be the intersection point of the line segment [xi,xj ] and the infinite line defined
by the equation hi(x) = hj(x). Then q = (1−λ)xi +λxj for some λ ∈ (0, 1). Now observe
that from (4.2), hk(q) < hj(q) = hi(q), for all k 6= i, j. Therefore q belongs to both Ωi

and Ωj and so xi and xj are neighbours and q ∈ ei,j . Moreover, since inequality (4.2) is
strict, q must lie in the interior of ei,j .

Using Proposition 4.3 and other properties of L, we now propose the following al-
gorithm for finding its polygons, assuming that all neighbours are strong (the algorithm
can easily be extended to cover all strictly convex data sets). To ensure that no edges
are infinite in both directions, we also assume that not all straight lines hi(x) = hj(x),
i, j = 1, . . . , n, i 6= j are parallel.

In the following we denote the unique point x ∈ IR2 for which hi(x) = hj(x) = hk(x),
as pi,j,k, if it exists, for any distinct i, j, k ∈ {1, . . . , n}. For any i = 1, . . . , n, the algorithm
constructs a list P = (p1, . . . ,p|P|) of the vertices of Ωi in an anticlockwise direction. If
Ωi is closed, then (p1, . . . ,p|P|) are its |P| vertices. If Ωi is open, then (p2, . . . ,p|P|−1) are
its vertices, while p1 is the direction of the first semi-infinite edge and p|P| is the direction
of the last semi-infinite edge. The value of a flag poly stat is returned as closed if Ωi is
closed, and open otherwise.

Algorithm 4.4. (Find the polygon Ωi)
1. Find a direct neighbour xji of xi. Let P = ∅.

2. Find the point q, the intersection of [xi,xji ] and ei,ji
. Find also the direction e ∈ IR2

of ei,ji
in the anticlockwise direction relative to xi. Let r := q, d := e, j := ji and

a := 1.
3. Let

Ki,j = {k ∈ {1, . . . , n} : k 6= i, j, pi,j,k exists and (pi,j,k − r) · d > 0}.

4. If Ki,j = ∅, ei,j is semi-infinite. Let P := (p1, . . . ,p|P|,d).
4.a. If a = 0 stop. Let poly stat := open and output P and poly stat.
4.b. Else reverse the list, i.e. let P := (p|P|, . . . ,p1), and let r := q, d := −e, j := ji,

a := 0 and goto 3.
5. Else let k ∈ Ki,j such that

||pi,j,k − r|| = min
l∈Ki,j

||pi,j,l − r||.

Then pi,j,k is the end point of ei,j in the direction d. Let P := (p1, . . . ,p|P|,pi,j,k).
5.a. If k = ji, then stop. Let poly stat := closed and output P and poly stat.
5.b. Else let r := pi,j,k and j := k. Let d be the direction of the edge ei,j in the

anticlockwise direction relative to xi if a = 1, clockwise if a = 0. Then goto 3.
end.
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In Section 2 it was shown that if the Lagrange data (X, f) are sampled from the
function f(x1, x2) = (x1)

2 + (x2)
2, then T ∗ is a Delaunay triangulation. We will now

see that analogously an interesting special case of L is obtained when the Hermite data
(X, f ,G) are sampled from the same function. For i = 1, . . . , n let

θi = {y ∈ IR2 : ||y − xi|| ≤ ||y − xj ||,∀j = 1, . . . , n},

where || · || denotes the Euclidean norm in IR2. Then θi is called a Voronoi polygon and
the collection V = {θi}

n
1 is a tessellation of the plane called the Voronoi diagram [8 ]. An

observation similar to the following has been made in [5 ].

Proposition 4.5. Let fi := ‖xi‖2 and gi = 2xi. Then L is the Voronoi diagram V.

Proof: Since in this case,

hi(y) = fi + gi · (y − xi) = 2xi · y − ‖xi‖2 = ||y||2 − ||y − xi||2

we have that hi(y) ≥ hj(y) iff ||y − xi|| ≤ ||y − xj || and so Ωi = θi.

It is well known, see for example [8 ], [10 ] that if some data set X has a unique
Delaunay triangulation, then it is the dual, as a planar graph, of the Voronoi diagram. It
is interesting to note however that in general, even if the triangulation T ∗ obtained from
Algorithm 2.2 is unique, it may not be the dual of L. Indeed consider the convex data
set in which X = {(−1 − ǫ,−1), (1,−1), (1, 1 + ǫ), (−1, 1)}, f = {2 + 2ǫ, 2, 2 + 2ǫ, 2} and
G = {(−2, 2), (1,−1), (2, 2), (−1, 1)}; see Figure 4. For all ǫ in the range (−1/2,∞), one
finds that L is identical, having four semi-infinite edges and one finite edge whose end
points are y1 = (−1/2,−1/2) and y2 = (1/2, 1/2). Furthermore, l(y1) = l(y2) = 0. Now
for ǫ > 0, T ∗ is unique and contains an edge joining x2 and x4. It is thus clearly the dual
of L. However when −1/2 < ǫ < 0, the edge is replaced by one joining x1 and x3 and so
T ∗, which is again unique, is no longer the dual of L.

3x

2x

4x

1x

3x

2x

4x

1x

Fig. 4. T ∗ and L need not be dual graphs..

5. Numerical examples

Two strictly convex functions f1(x, y) = x2 +y2 and f2(x, y) = x4 +y4, have been sampled
on a set X of 30 random points in the domain (−0.7, 0.7) × (−0.7, 0.7).

Lagrange and Hermite data were sampled on X and Figures 5 and 6 show the triangu-
lations T ∗ and the tessellations L for f1 and f2. In the special case of f1, T

∗ is a Delaunay
triangulation and L is the Voronoi diagram. Figures 7 and 8 show the corresponding
upper and lower bounds u and l. Figures 9 and 10 show shaded images and contour lines
of respectively u and l with respect to f2.
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Fig. 5. Triangulation T ∗ and tessellation L of a sample from f1.
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Fig. 6. Triangulation T ∗ and tessellation L of a sample from f2.

Fig. 7. Upper and lower bounds of the sample from f1.
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Fig. 8. Upper and lower bounds of the sample from f2.

Fig. 9. Upper bound of the sample from f2.

Fig. 10. Lower bound of the sample from f2.
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