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Abstract

We derive upper and lower bounds on the determinant of an expo-
nential matrix. They can be transformed into corresponding bounds
for the determinant of a univariate Gaussian matrix.
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1 Introduction

Consider the n X n matrix

etiyr ... eTilYn

A= [e"Y] 00, 0= : : ) (1)

exnyl e eznyn

for real 11 < 19 < -+ < x, and y; < Yo < -+ < Y,. It includes the Van-
dermonde and generalized Vandermonde matrices as special cases, see, for
example, Pinkus [23, Section 4.2]. In this paper, we study upper and lower
bounds on the determinant of A. The motivation comes from Schumaker’s
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conjecture about partial interpolation by multivariate Bernstein polynomi-
als [2], [19], [11]. The conjecture can be recast as the non-singularity of
Hadamard (element-wise) products of matrices in the form of A, and the
hope is that bounds on the determinant of A, or the technique used to find
them, may help in the future towards a solution to the conjecture. Bounds
on the determinant A have also been applied, either directly or indirectly, to
the error analysis of interpolation by exponential functions by Yarotsky [27]
and to finding optimal points for interpolation by exponentials and Gaussian
radial basis functions by Bos and de Marchi [4].

Let us recall some basic facts about A. The determinant of A is posi-
tive, which was shown by Pdlya in 1920 using a form of Descartes’ Rule of
Signs, see Pdlya and Szeg6 [24, Part Five, Problem 76] and Gantmacher and
Krein [13]. Since all square submatrices of A have the same form as A it-
self, they too have positive determinant, and thus A is totally positive in the
sense that all its minors are positive. Every totally positive matrix satisfies
the Hadamard inequality: its determinant is bounded above by the product
of its diagonal elements (this follows from Sylvester’s determinant identity;
see [13, Théoreme 1], [23, Section 1.4], and [8, Chapter 6]), and so

dot(A) < ervt+ean,

Another consequence of total positivity is the spectral theory of Gantmacher
and Krein [13] (which builds on Perron-Frobenius theory and properties of
compound matrices). So the eigenvalues of A are real, positive, and distinct,
and the eigenvectors satisfy sign-change properties; see [23, Theorem 5.3].

We can also express the determinant of A using the remarkable Harish-
Chandra-Itzykson-Zuber formula [16, 18, 14], which involves an integral over
unitary matrices (see Section 2), and is connected to Schur functions [21, 7, 1].
While this formula is far from elementary to derive, it was observed by Bos
and de Marchi [4] that the integrand can be bounded above and below using
the trace inequality of Coope and Renaud [5], and this leads to corresponding
bounds on det(A), which are as follows. Let x := (z1,29,...,2,) and y :=
(y1,Y2, - - -, Yn) and denote by V(x) the Vandermonde determinant

V(x) =V(ry,xe,...,x,) = H (xj — ;)

1<i<j<n



J"_

! 1]i,j:1,_,,n). Let ¢,, be the ‘superfactorial’

(the determinant of the matrix [z

Then the bounds are

Theorem 1

Cn—1 det(A) <
—VxVy) T

Z1Yn+T2Yn—1++Tny1 T1Y1+T2y2++TnYn

e

On the other hand, it would be preferable to have a more elementary proof
of Theorem 1. This turns out to be the case, due to the fact that we can
alternatively express det(A) recursively, as an integral over a rectangle in
R"! in which the integrand is itself an exponential determinant, but of
order n — 1 (Lemma 1). In this way we obtain Theorem 1 by proving it first
in the case n = 2, and using induction on n for n > 3. But not only that,
using this recursive approach, we obtain better bounds, which are as follows.
Define the sum,
S(X) =T+ X9+ + Ty,

and denote the permanent of A by per(A).

Theorem 2
1 det(A) 1

= eS®sy)/n o TN o T A
(& er .
< VeV < &P

To see that this is an improvement, let S,, be the symmetric group of per-
mutations of (1,2,...,n), and for each permutation o € S,,, let

Go = > Tilioi). (2)
i=1

Then the rearrangement inequality [15, Thm 368] bounds ¢,:

Zl’iynﬂﬂ' < ¢s < Zl’zyz (3)
i—1 i=1



Let m, and m, be the arithmetic and geometric means of the exponentials

et o€ S,,
1 P " 1/n!
ma::mZe, mg::<He> .
O'ESn O'ESTL
Then,
1
= aper(A),
and since .
Dobo=D 1 > Yoty = (n = Ds(x)s(y),
€Sy i=1  o€Sh
we find

my = ")/,
and so Theorem 2 can be rewritten as

< Gl det(A)
TTVEVEY) T

M.

and by (3),

ex1yn+x2yn—1+~--+xny1 < my <mg < €x1y1+x2y2+~~-+rnyn'

While the recursive proofs of Theorems 1 and 2 are elementary, they are
not simple either. When we apply the induction step, the difficult task is to
compute the resulting integral, and the integrand is either a Vandermonde
determinant or the product of a Vandermonde determinant and a function
of the sum of the variables. It turns out that there is an identity relating
this kind of integral to divided differences, which is derived in [12]. For the
lower bound of Theorem 2, we also need an estimate on a divided difference
from below, and for this we use an error formula from [10]. For a survey of
divided differences, see de Boor [6], and for some basic theory, see Isaacson
and Keller [17, Section 6.1] and Steffensen [26]. For the upper bound of
Theorem 2, we need an auxiliary result concerning the maximization of a
function that is both convex and symmetric.

The bounds of Theorem 2 can be transformed into corresponding bounds
for the determinant of a univariate Gaussian matrix, and an application of
the lower bound is a simple method for selecting the shape parameter. We
treat this in Section 10.



2 The unitary matrix integral

The unitary matrix integral formula ((3.15) of Gross and Richards [14]) is

Cn—1 det(A) _ / etr(XUYU*) dU, (4)
V(x)V(y) U(n)
where the integration is over the group of n x n unitary matrices U with
respect to the normalized Haar measure. Here, X = diag(zy,xs,...,x,),

Y = diag(y1, Y2, - -, yn), U* is the conjugate transpose of U, and tr denotes
the trace. Multiplying out the matrices in the integrand, and taking the
trace gives

tr(XUYU*) =x"(Uo Uy,

with x and y treated as column vectors, and where o denotes the Hadamard
product. It follows that if U = [u;;], then

tr(XUYU*) = x"Vy,
where V' = [v;;] is the real matrix with elements v;; = |u;;|®. Since U is
unitary, V' is doubly stochastic: v;; > 0, and

n n

wg=1, di=1..nm Y v=1 j=1..n

j=1 i=1

So by the Birkhoff-von Neumann theorem [3, p. 63], we can express V as a
convex combination of the permutation matrices P, = [p;;] defined by

1 if j=0();
pij:{ (>

0 otherwise.

So there are weights A\, > 0 with ZJESn As = 1 such that
V=> AP,
oESy

Therefore,

XVy =Y AX"Py =" Ao,

O'ESn UESn



with ¢, as in (2), and so by (3),

n n
Z TiYni1i <X Vy < Z il
i=1 =1

Applying this to the integrand of (4), and since dU is normalized to give
volume 1, we deduce Theorem 1.

3 The case n =2

Next we give an elementary proof of both Theorems 1 and 2 when n = 2. In

this case,
det(A) = e’ — ¢,

where a := x1ys + 22y1 and b := 21y; + 22y, and

Vx)V(y) = (22 —21)(y2 —tn) = b —a,
and so
det(A) e’ —e”
Vx)V(y) b—a’
a first order divided difference of the exponential function. By the mean
value theorem, there is some £ € (a,b) such that

b __ La
e e’ ot
b—a ’
and so ,
e’ — e
ea S S eb’
b—a
and
exlyz-i-:czyl < det<A)

T1Y1+T2Y2
V)V(y) © ’
which is Theorem 1 when n = 2. However, we can improve on these bounds
by expressing the difference e’ — e in terms of the hyperbolic sine,

e’ — et = 24t/ 2 ginh (b—a)/2).
Using the well known estimates

t <sinh(t) < tcosh(t), t>0,

6



we then find that

~— b—a 2
and so 4 t(A) )
(@1+@2) (i +12)/2 « _9€ < Zper(A
e >~ >~ Zper 9
VeV < 27

which is Theorem 2 when n = 2.

4 A multiple integral

To prove Theorems 1 and 2 for n > 3 we express det(A) as a multiple integral
whose integrand is the determinant of an exponential matrix of order n — 1.
Let R(x) C R"! denote the ‘sequential’ rectangle

R(x) := [z1, 2] X |29, 23] X -+ X [Xy_1, Tp), (5)

and for a continuous function f : R(x) — R, denote its integral in R(x) as

f(t dt_/ //ftutm--- o) dbydty - dino,
R(x)

where t := (t1,2,...,t,—1) € R(x). Consider again A in (1) with n > 3.
Choose any column index k € {1,2,...,n} and define

’ Yj+1 — Yk j:ka"'7n_17

and
wr = (=) gy, (7)
Then
Uy < o < U <0< up <+ <Up_q, and wy > 0.
Lemma 1
det(A) = e*0wi gy / det(By(t)) d,
R(x)
where
6t1u1 .. 6t1un—1
etnflul . etnflunfl



Proof. For i =1,...,n, we divide the i-th row of A by e*¥ so that
det(A) = e®1¥k ... "k det(A') = e5®¥ det(A),
where
erTIuL L. eTlUR-1 ] eT1UE ... pTlUn—1
A =

el'nul . el'nuk—l 1 eivnuk v e emnunfl

Next we subtract row n — 1 of A’ from row n which does not change det(A’),
and write the differences as

Tn
et — efn-1l = uj/ evidt, j=1,...,n—1.

Tn—1

Then, with [ = f;n"_l dt, we can replace row n by

tu tug tu tUp—
[ul/e 1,...,uk1/e k 1,O,uk/e k,...,unl/e n 1]. (8)

Next we subtract row n — 2 from row n — 1, and then we can replace row
n—1 by (8) but now with [ = """ dt. We continue like this until we have

modified the second row of A’ to (8) with [ = fff dt. Now det(A") reduces
to a determinant of order n — 1, which can be written as the product of wy
and the stated multiple integral of det(By(t)). O

5 The bounds of Theorem 1

We now prove Theorem 1 in general and suppose that n > 3. We can choose
any k € {1,...,n} and apply Lemma 1, and since t; < to < -+ < t,
and u; < ug < -++ < u,_1 in the matrix By(t), we can apply the induction
hypothesis to deduce that

Co_s det( By (t))
- VeV T

t1up—1+-F+tn—1u1

e tiur+-Htp—1uUn—1

Since V(u) = V(y1, - Ye—1, Yr+1, - - -, Yn) and

wr =Wk —y1) W = Y1) Wrrr — Y&) -+ (Yn — Yi),



we find

wrV () = V(y), 9)
and so
/ V(t>et1un—1+---+tn—1u1 dt < Cn—2 det(A) < / V(t>et1u1+---+tn—1un—1 dt.
R(x) ~ Viy)esue = Jpeg
Since uq,...,ug_1 are negative and wuy, ..., u,_1 are positive,
tlun—l + - tn—kuk Z T1Up—1 + -+ Ln—kU,
bpp1—kUk—1 + -+ lp1U1 = Tppo_pUp—1 + - + Tpuq,
and so
S(X)yp + U1 + - F o1 > T1Yy + -+ Tl
Similarly,
tiug + -+ Flpqup—1 < U+ T Up—1,
lpug + -+t qUp—1 < Ty + - + Tplip_1,
and so
S(X)yk + tiug + -+t U1 < Ty F TpYn.
Therefore,
eﬂ:lyn+...+xny1/ V(t) dt S Cn—2 det<A) S €x1y1+---+xnyn/ V(t) dt.
R(x) V(y) R(x)
By Corollary 1 of [12],
1
V(t)dt = —=V(x), (10)
R(x) (n—1)!

and observing that ¢,_o(n — 1)! = ¢, completes the proof.

6 Divided difference error formula

For proving the lower bound of Theorem 2, we use a formula for the error
incurred when approximating a divided difference by a normalized derivative.

Let vi,vq,...,v, € R, let U be their mean
—_— vt vt U,
= - ,



and let

S (Ui —@>2.

1=0

Lemma 2 If f is C"! in the smallest interval containing v, ...,v, then
there exists & in that interval such that

_ ") S Y
[vl,vg, Ce ,Un]f = m + §m

Proof. This was shown in Theorem 2 and Lemma 3 of [10]. O

7 The lower bound of Theorem 2

To prove the lower bound of Theorem 2, we suppose n > 3. We can apply
Lemma 1 with any k € {1,...,n}, and by the induction hypothesis,

V(t)V(u)es(t)S(u)/(n—l) .

and recalling (9),
1

Cpn—2

det(A) >

V (y)es0ous / V(£)es(®s)/(n=1) g (11)
R(x)

If s(u) = 0, then, by (10), the integral in (11) becomes V' (x)/(n—1)!, and the
lower bound follows from the fact that y, = s(y)/n. Otherwise, s(u) # 0,
and we can write the integral in (11) as

/R VO G)

where

Then by Theorem 1 of [12],
[ VO G0) = VO e
R(x

10



where

n

D = CL’1+"'+5L’n_i+l'n+2_i+"'+l'n: ( ZL’j) — Tnt1—i- (12)

J=1

Since f"*V(a) = w2e™ > 0 for all o € R, Lemma 2 implies

1 n-1)(P1+ -+ Dn 1 Ty 4o n
[p17p27"-7pn]f > ‘f( 1)( ) — ( e (p1+--+pn)/ )

(n—1) n n—1)!
From (12),
p1+...+pn:n< xj>_zxn+1—i:(n—1)zxj,
J=1 i=1 j=1
and so ,
V(£)f Y (s(t)) db > V (x)esWse)/n,
and .
det(A) > V(X)V(y)es(x)(yHS(U)/n)_
Cn—1
Since

IO %(nyk + i(yj - yk)) =),

n n

the proof is complete.

8 Maximization on R(x)

In order to prove the upper bound of Theorem 2, we will make use of the
following auxiliary result. Observe that the sequential rectangle R(x) in (5)
is contained in the (n — 1)-dimensional cube [z, z,]" .

Lemma 3 For a convex function f : [vy,2,]" ' — R that is symmetric in
its variables,

t) = i)
tgl}gé)f( ) = max f(vi)

where
Vi = (T1, .., i1, Tig1, -, Ty), T=1,...,n. (13)

11



So f attains its maximum in R(x) at one of n of the 2"~ vertices of R(x).

Proof. Since f is convex on R(x), it attains its maximum at a vertex of R(x).
Let t = (t1,...,t,—1) be a vertex of R(x). Then

tje{l'j,CCj+1}, ]:1,,77,—1

So x; and z,, occur at most once in t but for 2 < 7 < n — 1, z; may occur
twice, in which case

tj—l =I; = tj. (14)
Let m(t) denote the number of repeated x; in t, i.e., the number of indices

j€12,...,n— 1} such that (14) holds. We will show that if m(t) > 0, then
there are vertices t’ and t” of R(x) with m(t’') = m(t”) = m(t) — 1 such that

f(t) < max{f(t), f(t")}. (15)

By repeating this argument, this will imply that the maximum of f over the
vertices of R(x) is attained at a vertex t with m(t) = 0, in which case t is
one of the v; in (13).

To prove (15), choose some j € {2,...,n — 1} such that (14) holds.
Then there must be at least one index ¢ € {1,...,7 — 1} such that z; ¢
{t1,...,t;—2}. Let i be the largest such index. Similarly, there must be at
least one index k € {j +1,...,n} such that =4 ¢ {t;11,...,t,—1}. Let k be
the smallest such index. We now have

. Tpy1, T =1,...,5—1,
" T, r=jg,...,.k—1.

Since t; = x; and z; < x; < x3, we can express t as

t=(1—Xa+ Ab,

where
A= BT xi,
T — X
and
= (tl, e 7tj—1a {L’i,tj+1, e ,tn_l),

a
b= (t1,...,tj—1, Tk, tjr1, - - tno1),

12



and by the convexity of f in [z, z,|"!

f(t) <max{f(a), f(b)}.

Y

However,

a = (tl, c ,ti,1,$i+1, ceey Iy, l’i,t]qu, .. ,tnfl),
and its elements are not non-decreasing, and so a is not a vertex of R(x).
But we can re-order the elements to be non-decreasing, defining

r_
a' = (t,. .t T, i, Tty ta).

Then, by the choice of i and j, a’ is a vertex of R(x) and m(a’) = m(t) — 1,
and f(a’) = f(a) by the symmetry of f.
The point b may or may not be a vertex of R(x), and there are two cases.
If K =7+ 1 then b is a vertex with m(b) = m(t) — 1. Otherwise, k > j + 2
and then
b= (tl, Ce 7tj717'75k,$j+17 Ce 7xk717tk7 Ce ,tnfl),

which is not a vertex. Reordering the elements gives
I
b= (tla R 7tj—17 Tjy1,--- 7xk—l7xk7tk7 s 7tn—1)7

and then b’ is a vertex with m(b’) = m(t) — 1 and f(b’) = f(b). Thus we
have proved (15). O

9 The upper bound of Theorem 2

For the upper bound of Theorem 2, let n > 3. For any k € {1,...,n}, we
can apply Lemma 1, and by the induction hypothesis applied to By(t), and
recalling (9),

det(A) < —— =y (y) / V(6)per(By(t)) dt.

Cn—1 R(x)
Taking the average of this over kK =1,...,n implies
1
det(4) < V() [ Vorsee
NCp—1 R(x)

13



where
n

f(t) = Z e*¥eper(By(t)).

k=1
Then

/ V(t)dt max f(t),
R(x)

NCp_1 tER(x)

and by (10),
det(A) < 2V (x)V(y) max /(6).

Cn teR(x

Next, observe that swapping rows of By (t) does not change its permanent,
and so per(By(t)) is symmetric in ¢y, ..., t, 1, and therefore so is f(t). Fur-
ther, for any real vector A = [\, ..., \,_1]7, the function

g(t) — eMtitAatat A1t -1 7

is convex because the Hessian of g is H(g) = gAA", and so for any v € R*" 1,
v H(g)v = (vIA)?g > 0.

Therefore, per(By(t)), being the sum of functions g(t), is also convex, and
so f(t) is convex as well. Therefore, by Lemma 3, f attains its maximum in
R(x) at one of the vertices v; in (13). Now observe that

[ eﬂclul ... emun—l T
eli—1ur .., eli—1Un—1
e 1+1U1 e e 1+1Un—1
eznflul R eznflunfl

Multiplying its rows by the factors

exlyk emi—lyk7 6$i+lyk’ . 7633713!1@7

g e ooy

respectively, we deduce that

e’ per(By(v;)) = " per(Ay),

14



where A;, is the submatrix of A formed by deleting row ¢ and column k.
Therefore, by the Laplace expansion of per(A) by its i-th row we find

n

fvi) = Z e"Wrkper(Ay) = per(A), foralli=1,... n.

k=1

Thus the maximum of f in R(x) is per(A), which proves the upper bound of
Theorem 2.

10 Gaussian matrices

A matrix related to A is the univariate Gaussian matrix

Bi=[e M (16)
where t1,...,t, € R are distinct and A > 0 is a parameter. This is the matrix
that arises when we interpolate data at ¢1,...,¢, with a linear combination

of the Gaussian radial basis functions
By(t) 1= N2 1, (17)

see Micchelli [22], Fasshauer [9]. We obtain bounds on det(B) from the
bounds of Theorem 2. Let

_ 1 n n _ n
ti=—) t, S = t; — )% N .= .
3 20 (2
Corollary 1 For B in (16),

e det(B) 1
< < —
Cno1 — AVV(6)?2 T ey

per(B). (18)

Proof. We may assume that t; < --- < t,. We multiply both row ¢ and
column i of B by /2, and then

det(B) = e AT+ det(B'),

where

77777



With the substitutions z; := v/At; and Y = \/th, the matrix B’ becomes A
in (1). So the upper bound of Theorem 2 implies

1
det(B") < — ANV (t)*per(B’),
Cn

and thus the upper bound for det(B) follows.
The lower bound of Theorem 2 implies

)\Nv(t)2e)\s(t)2/n’

and so

As is well known,

3

1y, )2

S (S =

i=1 [

(by replacing ¢; by (¢t; —t) + ¢ in the first sum) and thus we obtain the lower
bound of (18). O

Various methods have been proposed for optimizing the shape parameter
in radial basis interpolation; see [25], [9, Section 5.2], [20]. As a general
rule, for the Gaussians (17), it is usual to choose A at least to be inversely
proportional to the squares of the distances among the ¢;. We can use the
lower bound of Corollary 1 to make a choice of A that agrees with that general
rule. We can write the lower bound as

1

Cn—1

det(B) > V()2 F(N),

where

F()\) := Me™9,

The function F'(\) approaches zero both as A — 0 and as A — oo, and this

suggests choosing the parameter A to maximize F'. The maximum is attained
when F'(\) =0, i.e., when

A=A, o= % = —"(”2_ 1)/;(@ e

16



A Error, f; | Error, fo
0.0l x A\, | 2.8x10°° 0.47
0.1x X\ |58x1078 0.030

As 5.4 x 1078 0.020
10 x A, 0.013 0.044
100 x A, 0.13 0.10

Table 1: Effect of choice of A

The following numerical examples were used to test various values of .
We took n =101 and ¢; = (i — 1)/100, i = 1,2,...,101, and

fa(x) == 22v1 — x,

We computed the interpolant for A = 10*)\,, with k = —2,—1,0,1,2. The
max errors in [0, 1] for f; and f, are shown in Table 1, and we see that k = 0
gives the smallest error for both f; and fs, suggesting that A\, seems to offer
a good choice of shape parameter. Figure 1 shows the Gauss interpolant to

£ with A = \,.

fi(z) = x cos(3mz), 0<z<1.

0.5+

-0.5 ¢

-1

0 0.25 0.5 0.75 1

Figure 1: Gauss interpolant to f; with A = A,.
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