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Abstract

In this note we derive a solution to the problem of finding a poly-
nomial of degree at most n that best approximates data at n + 2
points in the I, norm. Analogous to a result of de la Vallée Poussin,
one can express the solution as a convex combination of the Lagrange
interpolants over subsets of n 4+ 1 points, and the error oscillates in
sign.

Keywords:  Best approximation, equioscillation, least squares approxima-
tion, polynomial interpolation.

1 Introduction

A fundamental theorem in approximation theory, due to Chebyshev, is that
the best approximation by a polynomial P(z) of degree at most n to a contin-
uous real function f on a closed interval [a, b] has the equioscillation property:
there must exist n + 2 points in [a,b] at which the error f — P alternates
in sign and equals max,ejq 4 | f(2) — P(z)| in magnitude. A similar property
holds for approximation to a finite data set: the error in the best approxi-
mation of degree at most n to a real function f on a set of m real points,
m > n—+2, is attained at a subset of n+2 of the points, with alternating sign;
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see for example Powell [11, Chap. 7], Cheney [4, Chap. 3], and Dahlquist and
Bjorck [5, Subsec. 4.5.7].

This equioscillation property led de la Vallée Poussin in [6] to make a
detailed study of the special case m = n + 2, i.e, the problem of finding the
unique polynomial P of degree at most n that minimizes

E= z‘:og}?.},%ﬂ | f(z:) — P(z3)], (1)
where g < 1 < --- < 7,41 and [ is some real function defined at these

points. There must be a constant A such that
f(x;) = P(z;) = (-1)'\, i=0,1,....,n+1, (2)

and then £ = |)|, and de la Vallée Poussin looked for the solution in the

monomial form
n

P(z) = Z c;x) (3)

j=0
by solving the linear system of n + 2 equations

n

S el 4+ (-1)A=fla;),  i=01...,n+1, (4)
§=0
in the n 4+ 2 unknowns cg, ¢y, ..., ¢, and X\. He showed, using Cramer’s rule,
that
n+1 1
A\ = (_1)n+15/z —
= loil
where
n+1
o; = ]‘_[(l‘Z — ZE]‘)
j=0
J#

and 0 is the divided difference of f,

n+1 .
0= [l’m s 7$n+1]f = Z f(o_xl)
=0 "

He also used the solution to the coefficients ¢; to derive a formula for P
as a convex combination of Lagrange polynomial interpolants. For ¢ =
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0,1,...,n + 1, let P; denote the polynomial of degree at most n that in-
terpolates f at the points g, ..., z;_1,Ti11,...,Znr1. Then P is the convex

combination
n+1 n+1

P(x) = Z o] / Z’m (5)

Recently, in [3], it was dlscovered that the polynomial solution to the
weighted least squares problem at an arbitrary number of data (m > n + 1)
can also be expressed as a convex combination of interpolants. In the special
case of n 4+ 2 data, the problem is to minimize

n+1

=D wilf(z:) = Pl

with positive weights w;, and the theorem of [3] shows that the solution can

be expressed as
n+1 n+1

Pla) = wllalP Z wllazP ©)

The formulas (5) and (6) suggest there mlght be a similar formula for min-
imization in other p norms, p > 1. The purpose of this paper is to report
that there is indeed both a convex combination formula and an oscillation
property for the minimization of

n+1

E, = def(%:) — P(z;)[”, (7)

for any p, 1 < p < co. The convex combination is as follows:

Theorem 1 For any p with 1 < p < oo, there is a unique polynomial P of
degree at most n that minimizes E, and it is given by the formula

n+1 n+1

P(z) = / Z (8)

i— 0 ‘01|q

where q is such that 1/p+1/q = 1.

The oscillation property also has its analogue in the [, case although the
oscillation is no longer equioscillation: the error alternates in sign, but varies
in magnitude.



Theorem 2 The polynomial P of Theorem 1 satisfies the equations

- A
flai) = P(z) = (1) —=——, =0,1,...,n+1, (9)
w; |03
where
n+1
_ n+1
A= 6/2 - 1|gl|q (10)

Later we discuss the case p = 1, where the solution is not always unique,
and present some numerical examples.
We note that Motzkin and Walsh in [8] and [9] also studied the minimiza-

tion of E, for p > 1 and found a characterization of P (unique for p > 1) in

terms of the polynomial T'(x) = 2"+' 4 - - - that minimizes Y7 w;|T(z;) P,

but one would need to compute the zeros of T to find P.

2 Affine combinations of the P,

We start by considering the error between f and any affine combination of
the polynomials Fy, P, ..., Pyi1.

Lemma 1 Let P be a polynomial of the form

n+1
=Y wbi(x), (11)
i=0
where p; € R and 2”:“01 wi = 1. Then
f(xg) — P(xg) = 6pgog, k=0,1,...,n+1.

Proof. For any k =0,1,...,n+ 1,

fla) — Zm Fi(zy))
= e (f(zr) = Pela) + Y il f(ze) — Pilan))
ol

= ux(f(zr) — Pe(zr)).



By the Newton error formula for the interpolation of f by P,
f(@) = Pe(z) = (. —20) -+ (z — zp—1) (T = Tp1) -+ (& — @)
X [J:Oa"')mk—l)xk—‘rl)'"7xn+1ax]f7 .TGR,

and letting x = xy gives f(xr) — Py(xx) = 0xd, which gives the result. O

Next we show that for a non-zero divided difference ¢, any polynomial of
degree at most n can be represented as an affine combination of the P;.

Lemma 2 If§ # 0 then any polynomial P of degree at most n can be repre-
sented in the form of (11), where

’“:w’ i=0,1,...,n+1. (12)
ag;

Proof. First we show ). u; = 1. This follows from the fact that

n+1

f l’z n+1 f JIZ n+1 P(
I R
:[Jfo,...,xn+1]f [$0,...,In+1]P:5—O: .
Next let
n+1

= wiPi(x)
i=0
By Lemma 1 and (12),
fxr) — Q(xr) = Spror = f(an) — Pay), k=0,1,....,n+1,

and so Q(zy) = P(xg), k=0,1,...,n+ 1, and hence Q = P. O

3 Proofs of theorems

We now prove Theorem 1.

Proof. Suppose 6 = 0. Then the unique interpolant P to f of degree at most

n + 1 at the points xg, z1,...,x,.1 has degree at most n. With this P we
have £, = 0 and P, = P, = --- = P,4; = P and so the theorem holds in
this case.



So we assume from now on that 6 # 0. Then by Lemma 2, we can look
for P in the form of (11) for some p; that sum to 1. Then, by Lemma 1,

n+1

by = |5|pzwi|ﬂi|p|0i|p,
=0

and the task is to minimize this over pu; € R subject to the constraint that
Z?jol 1; = 1. Suppose that one or more of the u; are negative. Then

n+1 n+1

=0 =0

and defining
n+1

i =il [ Il
=0
it follows that Z?Iol 1; =1, and
n+1 n+1

~ - p
By =101 Y wililloil” = B, /(D uil)” < B
i=0 §j=0

Therefore the minimum of E, can only be attained by non-negative p;, which
we assume from now on.
Next recall Holder’s inequality,

n+1 n+1 1/p n+1 1/q
D labil < (D lad) (D 10d)
=0 =0 =0

with equality if and only if
]ai\p:dbi\q, i:O,l,...,n—i—l,
for some constant ¢ > 0. Let

1
a; = w'P oy, and  b; =

w; o]

Then

Z |aibi\ = Z,uz‘ =1,
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and so -
By =107 Yl 2 107 /(D Ibitt)”

(since p/q = p — 1), with equality when

c
Pl P =
wluzyal‘ w;]_1|o_i|q7
or equivalently when
Cl/P
N el

The condition that the u; sum to 1 then implies that

1 n+1 1
Hi = =01 /Z -1
w;] |0-1’q j7=0 U);] |0-]|q

We note also from the proof that the minimum value of E,, is

n+1

1 p—1
e ()
D ’ | Z wq—1|0_i|q
=0 1
We next prove Theorem 2.
Proof. By Lemma 2 and since |o;| = (—1)""'"g;,

f(zg) — P(x) = 0(=1)" " (=)' pslos], k=0,1,...,n+1.

(13)

Substituting the expression for u; in (13) into this, we obtain equation (9)

with A as in (10).

4 The case p=1

O

In the case that p = 1, the problem is to find a polynomial P of degree < n
that minimizes F; in (7). In this case there may or may not be a unique
minimizer, but we can express the set of minimizers precisely in terms of the

Lagrange interpolants P;.



Theorem 3 Let J C {0,1,...,n+ 1} be the set of indices such that

wjloj| = izOrlninn—i—l wilog|, J€EJ

IRt RARE]

Then Ey is minimized by P(x) = 3, ; pi Pj(x) for any p; >0, j € J, such
that Z]EJ IU] =1.

Proof. As in the proof of Theorem 1, we can look for P in the form of (11)
for some p; that sum to 1, and by Lemma 1,

n+1

Ey = (0] wilpil|oil.
=0

By the same argument as previously, the minimization of F; requires non-
negative p;, and therefore

E, > |5]i7 min 1wi\oi],

—Vydyees

with equality if and only if u; = 0 for all k£ & J. a
Thus the minimum value of E; is

By =6 min 1wi|ai|,
and P(zy) = f(xy) for all k ¢ J, for any minimizer P. However, P is unique
only in the case that |J| = 1.

5 Numerical examples

Figure 1 shows examples of the minimizing polynomial P forn =1,2,3,4. In
each figure there are three curves corresponding to the values p = 1.1,2,11:
solid for p = 1.1, dashed for p = 2; and dotted for p = 11. All the weights
are equal to 1. The solid curve corresponding to p = 1.1 is close to that of
p = 1, and as expected, is close to interpolating all but one point, the point
x; with the minimum value of |o;|. The dotted curve corresponding to p = 11
is close to that of the case p = oo in which the n + 2 errors are equal.
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Figure 1: Examples with n =1,2,3,4 and p=1.1,2,11.

An efficient way to evaluate P is to recognize it as the unique solution to
the n 4+ 1 interpolation conditions

fo) = (), =

Ple) = Wl ot
3

(14)

We can first compute the o; and X in O(n?) operations, and then use any one
of several known methods of representing such an interpolant, computing its
representation in O(n?) operations, and evaluating it at a point z in O(n)
operations. For example, if we represent P in the monomial form (3) then
the matrix of the system (14) is the Vandermonde matrix A = [xf )ij=01,...n-
One can then solve this system through the ‘Newton’ LU factorization of A
discussed in [10] and [2]. In particular, it is shown in [2] how the entries of
L=! and U~! can be computed directly and recursively.
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Alternatively, following the approach of [5, Subsec. 4.5.7], one could find
the Newton coefficients of P with respect to the nodes xg, x1,...,x,, also in
O(n?) operations. Another option is to compute the weights in the barycen-
tric form [12, 7] of P as discussed in [1].
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