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Abstract. Having various concrete industrial applications in mind we focus
on surface fitting to large scattered data sets. We describe a general method
for modelling data which incorporates both filtering using triangulations, and
hierarchical interpolation based on compactly supported radial basis functions.
The uniformity of the data points plays a significant role. The utility of the
method is confirmed by its adaptability to the specific requirements of several
realistic applications.

§1. Introduction
This contribution has been inspired by various concrete industrial applications aris-
ing from different branches of science dealing with geophysical and meteorologic
applications, surface and terrain modelling, oceanography etc. All such applica-
tions require data fitting to large scattered data sets. In particular, for d ≥ 1 we are
given a set S ⊂ IRd+1 containing finitely many samples from the (d+1)-dimensional
Euclidean space IRd+1 and we make no assumptions on their spatial distribution.
In order to match the expectations of those wishing to approximate the given data,
we are supposed to find a model which best reflects their mental interpretation of
it.

For the purpose of this paper we require that the given data set has been sam-
pled from a hypersurface which can be mapped injectively onto a d-dimensional
hyperplane H by a projection p. This is quite a realistic assumption for the ap-
plications that we have in mind. Without loss of generality and for simplicity of
notation we shall consider the special case where

H = span {e1, . . . , ed} ⊂ IRd+1
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and p is given by

p(x) = (x(1), . . . , x(d))T for all x = (x(1), . . . , x(d+1))T ∈ IRd+1.

Here, {ej}d+1j=1 denotes as usual the standard basis of IR
d+1, i.e. eTj · x = x(j) for

x ∈ IRd+1 and 1 ≤ j ≤ d+ 1. As a consequence, the given problem can be reduced
to the approximation of a real-valued (unknown) function f : IRd → IR which is
sampled at N ∈ IN pairwise distinct locations from a set X = {x1, . . . , xN} ⊂ IRd,
so that

fk = f(xk) ∈ IR 1 ≤ k ≤ N

yields the data to be considered for the approximation and the convex hull Ω =
conv (X) ⊂ IRd fixes the domain of interest.

In this paper we shall, for the special case d = 2, study a selection of concrete
applications from industry involving different types of scattered data. Section 2 will
give a classification of these and provide further background information.

As is well known, scattered data typically exhibit a large difference between
the two quantities

Q(X) = max
x∈Ω

min
1≤k≤N

‖x− xk‖,

and
q(X) = min

1≤j<k≤N
‖xj − xk‖/2.

Indeed it can often be observed that, due to the peculiarity of certain sampling
techniques, in some regions some points are nearly coincident while in others there
are large holes. In this case there is tremendous variation in the density (sparsity)
of the data. It should be intuitively very clear that especially for a large number
N , the stability of any approximation process will be reduced if the ratio

ρ(X) = q(X)/Q(X),

which we call the uniformity of X is extremely low. Note that 0 < ρ(X) ≤ 1 for if
j, k satisfy ‖xj−xk‖/2 = q(X), then Q(X) ≥ min1≤`≤N ‖(xj+xk)/2−x`‖ = q(X).

In Section 3 we will use triangulation methods in order to suggest preprocessing
on the given input data which locates and removes sample points whose contribution
we consider to be of least significance. Thus the modelling itself will then only
operate on a selected subset Y ⊂ X. For this purpose we shall use a specific
interpolation scheme on Y involving compactly supported radial basis functions.

Both the data filtering strategy and the interpolation method are part of our
earlier paper [3]. These concepts are adapted here to the exceptional requirements
of rather delicate concrete applications.

As already confirmed by observations from related papers (see e. g. [4] and
references therein) it is a well-known fact that there is no method which turns
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Fig. 1,2. track data (4706 points) and feature data (5462 points).
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Fig. 3,4. clustered data (7928 points) and contour data (23092 points).

out to possess best possible performance for all possible applications of this kind.
Therefore we are far from tempted to try to improve on the whole range of available
methods. Instead we would rather like to illustrate the flexibility and robustness
of our method and moreover show the utility of compactly supported radial basis
functions in this context. Numerical results are given in Section 4.

§2. Classification of Scattered Data and Applications

In this section we shall consider a specific collection of real world applications which
served as motivation for this work. Figures 1-4 show different types of scattered
data sets on which we shall report here.

It is rather a matter of taste whether we should consider these data sets as
large. The largest sample among these contains 23092 data points and some people
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might argue that this is rather ridiculous compared to the amount they have in
mind. Indeed, in industry there are applications which incorporate point samples
many times larger than these [2] and we do not want to set an upper bound here.
However, for the presentation of this paper we find it appropriate to work with this
selection in order to demonstrate the efficacy of our method. Let us consider each
of these as a model problem for possibly larger applications.

• Track Data

The sample to be seen in Figure 1 belongs to the broad class of geological data.
In particular, here we have seismic lines whose spatial distribution is organized
along several specific tracks since these data are gathered from ships. This sample
set was taken in a North Sea region with the intention of recovering its sea-floor.
To be more precise, the main concern of this application is to detect fault lines
in the surface which represent discontinuities in geological layers caused by severe
movements of the earth’s crust. Their localization is of vital importance since they
provide useful information for geologists about the occurrence of oil reservoirs and
their correct volume (see [5]).

• Feature Data

Figure 2 shows a highly accurate laser sample of a car wing. The technical
process behind this application, known as reverse engineering, requires the creation
of a digital surface model from the measured data of a physical object, as far as
possible automatically. This makes in particular the detection of possible features of
the design object essential since these reflect its main characteristics. The expected
output is a smooth as possible highly accurate approximation to the given data by
a surface which, in view of the rendering process, needs to be easily evaluated.

• Clustered Data

In Figure 3 we have a sample of an area of terrain around Gjøvik near Lilleham-
mer. The given data set is subject to significant variation of its density (sparsity).
While the data is rather sparse in flat regions of the terrain, high density samples
(clusters) roughly mimic its spatial structure. The sample was produced by using
photogrammetry techniques and it was part of the preparation for the 1994 Olympic
Winter Games. A model of the area was required for the underground construction
of the ice-hockey arena.

• Contour Data

The sample to be seen in Figure 4 was taken via satellite. It shows a discrete
sample of the contour lines of the Hurrungane mountain area in the central part of
South Norway.

§3. Data Modelling

In this section we focus on the modelling of the given input data. Bearing in mind
the possible types of data of the previous section, it is quite obvious that a successful
working method is required to be equipped with enough flexibility for the purpose
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of its adaptation to the data. In particular, a competitive method needs to possess
reasonable performance with respect to (at least) all of the following four properties:

• stability of the calculation process,
• good reproduction quality,
• low computational costs,
• fast evaluation of the solution model.
We cannot optimize all of these four requirements simultaneously. Instead we

have to balance them with respect to priorities given by specific expectations of
each underlying application.

For this purpose, in this section we describe a method which is designed for
scattered data approximation to general large data sets. The method is based on
techniques presented in an earlier paper [3], and we adapt it here to the kind of
industrial applications we have in mind. In order to keep this presentation self-
contained we recall the basic ingredients of the method in [3]. It can roughly be
divided into the following two steps.

• data filtering,
• interpolation.
The first one will output a selected subset Y = {y1, . . . , yNM

} ⊂ X of the given
locations while the latter one will use a hierarchical scheme for the interpolation at
locations from Y which we shall briefly describe here:

Having specified a nested sequence of subsets

YN1
⊂ YN2

⊂ · · · ⊂ YNM
=: Y ⊂ X

for k = 1, . . . ,M , at level k we will use interpolants of the form

sk =

Nk∑

j=1

c
(k)
j φαk

(‖ · −yj‖)

for the interpolation on YNk
subject to

sk|YNk
= f − (s1 + . . .+ sk−1)|YNk

in order that s := s1 + . . .+ sM matches f on Y .

All interpolants are generated by scaled versions of a specific compactly sup-
ported radial function φ : [0,∞) → IR. To be precise, for a positive real number
αk the k-th interpolant sk is a linear combination of shifts of the scaled version
φαk

(·) := φ(·/αk).
For the well-posedness of each of the interpolation problems, φ is required to

be positive definite on IR2:
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Definition 3.1. A continuous radial function φ : [0,∞)→ IR is said to be positive
definite on IRd, iff the matrix

A = (φ(‖xj − xk‖))1≤j,k≤N

is positive definite for all possible N ∈ IN and all possible choices of sets X =
{x1, . . . , xN} ⊂ IRd containing N pairwise distinct points from the d-dimensional
Euclidean space IRd.

Note that the use of compactly supported positive definite radial functions will
generate collocation matrices which are not only symmetric and positive definite
but also sparse. This allows us to use preferably the conjugate gradient method
for the inversion of Aφ,YNk

at each level k at low computational costs. Moreover
due to their local representation, function values of each of the sk can quickly be
accessed. For a selection of suitable compactly supported positive definite radial
functions and their construction we recommend the paper [7] by Schaback.

As already observed in [3], when interpolating on the set X or any subset of it,
the best possible situation for balancing the stability and approximation behaviour
is when the uniformity of the set is maximized. Indeed, if X is the set to be
interpolated on, and we combine for some positive real numbers δ and η the two
requirements q(X) ≥ δ and Q(X) ≤ η, then because ρ(X) ≥ δ/η, the uniformity of
X gives an upper bound for the ratio between δ and η. Since δ is in view of the
stability desired to be as high as possible, while η is required to be sufficiently low
for the reproduction, ρ(X) is consequently desired to be maximized. If we ignore
the effect of points in X near the boundary on the value of ρ(X), we will find
that X is optimal, in this sense, when its Delaunay triangulation consists purely of
equilateral triangles. We refer to the text book [6] and the article [8] (and references
therein) for details on Delaunay triangulations.

Therefore, for simplicity, suppose for the moment that Ω = IR2 and that X =
{x1, x2, x3, . . .} is an infinite sequence of pairwise distinct points in IR2 satisfying

Q(X) = sup
x∈IR2

inf
k≥1

‖x− xk‖ <∞, q(X) = inf
1≤j<k

‖xj − xk‖/2 > 0. (1)

One quickly deduces from (1) that any ball in IR2 of greater radius than Q(X)
contains at least one point of X and that no ball in IR2 contains an infinite number
of points of X. Now let D(X) = {Ti}i be the (infinite) Delaunay triangulation
of X, whose edges are denoted by {Ej}j . Then, from standard facts concerning
Delaunay triangulations [6,8], we observe that

Q(X) = sup
i

r(Ti), q(X) = inf
j
|Ej |/2,

where r(Ti) denotes the radius of the circumcircle of triangle Ti and |Ej | is the
length of Ej .
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Theorem 3.1. Let X = {x1, x2, x3, . . .} be a sequence of pairwise distinct points
in IR2, satisfying (1). Then the uniformity of X, defined by ρ(X) = q(X)/Q(X), is
bounded above by

ρ(X) ≤
√
3/2

where equality holds if and only if every triangle in D(X) is equilateral.
Proof: Let Ei1 , Ei2 , Ei3 , be the edges belonging to Ti and define

ρ(Ti) =
min{|Ei1 |, |Ei2 |, |Ei3 |}

2r(Ti)
.

Then from the definition of ρ(X), we find that

ρ(X) =
infj |Ej |
2 supi r(Ti)

= inf
i

infj |Ej |
2r(Ti)

≤ inf
i
ρ(Ti).

Now since ρ(Ti) is invariant under uniform scalings, we may assume that r(Ti) = 1.
Then we see that ρ(Ti) is maximized when the minimum of the lengths of Ti’s three
edges is maximized and, resorting to trigonometry, this clearly occurs iff all three
lengths are

√
3. Thus ρ(Ti) ≤

√
3/2 for all i and so ρ(X) ≤

√
3/2 as claimed.

Moreover if ρ(X) =
√
3/2, then ρ(Ti) =

√
3/2 for all i and so all triangles are

equilateral.

For the remainder of this section we shall concentrate on the aforementioned
data filtering strategy to be applied on a given finite set X. The method which we
refer to as the thinning algorithm can be found below. It is based on successive
knot removal from X for the purpose of increasing and maintaining the uniformity.

Algorithm 3.1. (Thinning Algorithm)

Input: a set X of N scattered centres and a fixed K < N .
(1) Let YN = X and compute D(YN )
(2) For decreasing i = N, . . . ,K + 1

(a) determine the x ∈ Yi where the density is highest
(b) let yi = x and Yi−1 = Yi \ {x}
(c) compute D(Yi−1)

(3) Let (y1, . . . , yK) be any ordering of YK .
Output: an ordering y1, . . . , yN of X.

For step (2a) it remains to define a measure of density for choosing a point x
to remove from Yi. In [3], we chose x to be an endpoint of any shortest edge in
D(Yi). The choice of which of these endpoints to remove was based on minimizing
the longest of their incident edges.



8 Floater and Iske

Note that the above algorithm is very stable and easy to implement provided
that corresponding code for triangulation methods is available.

The construction of the initial Delaunay triangulation requires asymptotically
O(N logN) operations and in our current implementation the thinning algorithm
requires O(N2). However if one used techniques from [1], the maintenance of the
location of the closest pair would require only O(logN) operations at each step. In
that case, the location of the removable point would require only O(logN) opera-
tions and the thinning algorithm in total only O(N logN).
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Fig. 5,6. subset of track data (413 points) and feature data (1000 points).
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Fig. 7,8. subset of clustered data (1690 points) and contour data (2352 points).

§4. Numerical Results
In this section we shall provide a small excerpt from our numerical results. In
Figures 5-8 we find the subsets Y for each of the data sets from Section 2 after their



Scattered Data Approximation 9

4.58

4.59

4.6

4.61

4.62

4.63

4.64

4.65

x 10
5

6.577

6.578

6.579

6.58

6.581

6.582

6.583

6.584

x 10
6

2000
2500
3000

−200

−100

0

100

200

300

100

200

300

400

500

0

200

400

Fig. 9,10. recovery of the North Sea floor, rendering of the car wing.
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Fig. 11,12. display of the terrains around Gjøvik and Hurrungane.

filtering. For the interpolation we used φ(r) = (1− r)4+(4r+1) (see [9]) throughout
all of our examples. The rendering of the data models can be found in Figures 9-12.

Since the track data itself doesn’t contain any finer details of the sea-floor we
decided to use one step for the interpolation at Y413 where α1 = 5000 is about ten
times Q(Y413). In contrast, both the clustered and contour data sets incorporate
finer details according to the topographical structures of the terrains. For this reason
we decided to work with hierarchical interpolation atM = 3 steps. The breakpoints
Nk were chosen as large as possible such that ρ(YNk

) ≥ 2−(k+1) holds and we set
αk = 50 q(YNk

). Finally, as to the feature data we note that this application requires
first and foremost a highly accurate reproduction of the surface. For these data types
we recommend using one step with a large scale for the interpolation on a uniform
as possible large subset Y . We chose N1 = 1000 and α1 = 200 ≈ 50 q(Y1000).
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CHRX-CT94-0522 and ERB CHBG CT 93 0408. We are indebted to several people
at SINTEF who supported us during the compilation of this paper. The track data
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