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Abstract
In this paper we study the n-width problem for the Sobolev space of periodic functions, H.(0,27). Building

per
on a theorem of Pinkus we show that it admits optimal even-dimensional spline spaces of all degrees > r — 1.
Then, by using a theorem of Karlovitz, we show that it does not admit any optimal spline space of odd

dimension > 1.
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1. Introduction

In computer-aided design, geometric objects are often modelled using parametric spline curves and
surfaces, and analysis of the model typically involves solving a PDE. One of the basic ideas of isogeometric
analysis (IGA) is to solve these PDEs in a finite element framework where, as far as possible, the elements
are chosen to be the spline basis functions used to represent the geometry [6, 2, 3, 1]. If necessary, these
spline bases can then be refined, by inserting knots, or by raising their degree, in order to generate more
degrees of freedom, and achieve a better approximation to the solution of the PDE.

Thus, isogeometric analysis motivates a mathematical study of the approximation power of spline spaces,
especially with respect to the L? norm. To do this, we need to restrict our attention to some suitable class
of functions to approximate. From the point of view of elliptic PDEs, a natural class of functions to
approximate on an interval (a,b) is the Sobolev space

H"(a,b) = {u € L*(a,b) : u'® € L*(a,b), a=1,2,..,r}.

Kolmogorov [8] showed that for any n > r there is an n-dimensional space that is optimal for the L?
approximation of functions in this class. The space is spanned by the polynomials of degree at most r — 1
and the first n — r eigenfunctions of an associated eigenvalue problem. Later, it was shown by Melkman and
Micchelli [10] that there are two spaces of splines that are also optimal for this problem, one of degree r — 1,
the other of degree 2r — 1. Later, we showed in [4] that these two spline spaces are only the first of a sequence
of optimal spline spaces of degrees Ir — 1, [ = 1,2,3,.... Thus, from the point of view of approximating
functions in H"(a,b), one can argue that splines of any degree of the form Ir — 1, ] = 1,2,3, ..., with the
right knot vector, are equally good. In the important case r = 1 there are optimal spline spaces of every
degree, and the knot vectors are uniform.

For r > 2 it is an open question whether there are optimal spline spaces of degrees other than of the form
Ir — 1. This was a motivation for our paper [5] in which we studied the related problem of approximating
functions in H"(a,b) that are restricted to satisfy certain boundary conditions, specifically the condition
that derivatives of either odd or even order are zero at the endpoints a and b. We were able to show that
for these restricted classes of functions, there are indeed optimal spline spaces of all degrees d > r — 1, and,
moreover, all their knot vectors are uniform, making them easy to use in practice.
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In this paper we study an alternative restriction of the Sobolev space H" (a,b), namely periodic boundary
conditions. This space is of interest when solving PDEs with periodic boundary conditions. For simplicity,
we will fix (a,b) = (0,27), and we will denote by H'__ the subspace of H" (0, 27),

per

Hloo=H.(0,27) = {u€ H"(0,27) :  w*(0) =ul¥(27), a=01,...,r—1}.
Finding optimal spaces for periodic function spaces is a classical problem and various results have been
derived. In [12, Chapter IV, Section 6] Pinkus studied the L? approximation of functions u € HJ.., and
measured the error relative to the L? norm of u(" (also called the H" semi-norm of u). He proved that
the 2m-dimensional space consisting of uniform, periodic splines of degree » — 1 is in this case optimal, i.e.
minimizes the relative error. In fact, he proved a more general result regarding spaces defined by cyclic
variation diminishing operators. In [11] he also showed optimality of this spline space in various other cases
of L? approximations to periodic functions with bounded rth derivative in L?. See also [12, Chapter V,
Section 4].

Evans et al. [3] also studied the problem of L? approximation of functions u € H pers but they measured the
error relative to the full H” norm of u. Based on their numerical results they conjectured [3, Conjecture 5.2]
that in this case there is a sequence of optimal 2m-dimensional spline spaces, one for every degree > r — 1.
Similar optimality results for this sequence have already been shown in other periodic LP settings; see
Theorems 8.1.11 and 8.1.13 of [9] for more details.

By applying the aforementioned L? result of Pinkus, together with the techniques developed in [5], we
will in this paper partially confirm [3, Conjecture 5.2]. The only difference is that, similar to Pinkus, we
study the L? error relative to the H” semi-norm, and not the full H” norm.

2. Kolmogorov n-widths

We denote the norm and inner product on L? = L?(0,27) by

27

IFI2= (0. (fg9)= [ flt)gt)dt,

0

for real-valued functions f and g. Let A be a subset of L?, and X,, an n-dimensional subspace of L2. Then

E(A,X,) = inf |lu—
(4, Xn) iggvg{n\\u v

is the distance to A from X, relative to the L? norm. The Kolmogorov L? n-width of A is then defined by

dn(A) = inf B(A, X,).

A subspace X, is called an optimal subspace for A provided that
d,(A) = E(A, X,).
For r > 1 we define the set of functions

Aley ={u € H]

per ) < 1)

er

r

per» We have

then, if X, is optimal for A
lu = Poul| < di(Apee) u ™,

where P, is the L? projection onto X,, and d,, (A
subspaces of L2.

per) is the least possible constant over all n-dimensional



3. Kernels and convolutions

Let K be any integral operator

27

Kf(z)= ; K(z,y)f(y)dy,

whose kernel is K (z,y). We denote its adjoint by K*, defined as
(f,K*g) = (Kf,9).

The kernel of K* is given by K*(z,y) = K(y, x).
For r > 1, consider the function classes A", defined by

g JUEEE(B), r=2i+1,
-V (KK*)Y(B)  r=2i,

where B = {f : || f|| < 1} is the unit ball in L2. As shown in [5] the n-widths of these function classes satisfy
dn (A7) =d,(A)".

Furthermore, it follows from [5, Theorem 4] that if X0 is optimal for A! = K(B) and Y, is optimal for
K*(B) then, for each r > 1, the subspaces

n

Xt =
(KK*)K(YD), d=2i+1,

n

{(KK*)i(XO), d=2i,

are optimal for the function classes A" for all d > r — 1. We note that these function classes, and subspaces,
were defined in [5] with respect to L?(0,1) rather than L2(0,2x), but [5, Theorem 4] is independent of the
length of the interval.

In this paper we will only consider an integral operator K satisfying K* = —K. For such a K the
function classes A", r > 1, have the much simpler representation

A= K(B),
since f € B if and only if —f € B. Moreover, one can obtain the following corollary of [5, Theorem 4].
Corollary 1. Assume K satisfies K* = +K and let X2 be optimal for A'. Then, for eachr > 1, the spaces
X¢ = KU(x0)
are optimal for the function classes A™ for alld > r — 1.
Proof. X? plays the role of both X? and Y,¥ in [5, Theorem 4. 0

Let * denote the convolution operator on [0, 27) defined by

m*ﬂuozﬁﬂgu—vam% W

and observe that if the kernel of K is given by K(z,y) = g(z —y), then K f(x) = (¢ * f)(x) for g in (1), and
so [5, Theorem 4] and Corollary 1 also applies to function classes defined in terms of a convolution.



4. Spline spaces
Suppose T = (711, ..., 7x) is a knot vector such that
0<m <+ <7 <27,

and let Iy = [0,71), I; = [15,7j41), j =1,...,k—1, and I} = [r}, 2n]. For any d > 0, let II; be the space of
polynomials of degree at most d. We then define the spline space Sy - by

Sqr={s€C™0,2n] : s|;, €My, j =0,1,...,k},

which has dimension k + d + 1. We will study two kinds of periodic spline spaces. The first is the (k + 1)-
dimensional space

Sdrper = {5 € Sar: s90) =59 2r1), a=0,...,d—1}.

The other is the k-dimensional space
Sd,r,pcr - {S € Sd,-r,pcr : S(d) (0) = S(d) (27‘()}

Observe that the extra boundary condition imposed on S’d’.r,per ensures that s|7, is fully determined by s|z,
(and vice versa) for s € Sq 7 per-

5. Optimality of splines of even dimension

Let us start by considering the uniform knot vector 7 = (11,...,7am—1), m > 1, given by
gm .
=0 j=1,....2m—1, (2)

whose associated spline space Sq - per has even dimension 2m. We will show that this space is optimal
for AT ford>r—1.

per

We first represent the set A, in terms of a convolution. Let the function D be the linear Bernoulli

polynomial with respect to the interval [0, 27),

D(z) = , x € [0,2m). (3)

It has the property that
2m

D(z)dz =0,
0
which we can write as D 1 1. We then extend D to a 27 periodic function on the whole real line by letting
D(z + 2kn) = D(x), k€Z. (4)

This function is the Bernoulli monospline of degree 1. We refer the reader to [12] and [9] for more details
about its properties.

Lemma 1. If f L1 andu= D= f, thenu L 1, and u is the unique solution to the boundary value problem
W)= f(@), we0.2n),  u(0) = u(n). (5)

Proof. Let w= D * f. We show first that u 1 1. We have

/0277 u(w)dz = /027r ( Ozﬂ D(z —y) d:r) f(y)dy =0,
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since D L 1 and D is 27m-periodic. Next we find the derivative of u. For z € [0,27), we split the integral
defining (D * f)(z) into two parts,

2

u(z) = (D f)(z) = | D(x —y)f(y) dy = G(x) + H(z),

where
Trt—x+y

G(x) = / Do — ) f(y) dy = / £y dy,

and
27

27
H) = [ D(e—y)f(y)dy = /

x

—-T—x+y

o f(y)dy.

Then we differentiate G and H with respect to  and use the Leibniz integral formula,

G =500~ 5 [
1 2

dx 2
d T
TH@) =30 - o= [ S,

x

and it follows that u'(z) = f(z) due to the assumption that f L 1.
The boundary condition follows from

27 27
u(2m) —u(0) = / o (z)dz = f(z)dz =0,
0 0
since f L 1. To see that u is unique, suppose f = 0 in (5). Then u must be a constant, but to satisfy u 1 1
we must have u = 0. O

Remark: Observe that if f is not orthogonal to 1 then D x f = D (I — Q)f, where Q denotes the L?
projection onto the space of constant functions. We will make use of this in (8).

Using Lemma 1 we get the well-known representation of Al (see e.g. [12, p. 97]) as

1 11
Aper =1l & Aper7
with ~
Apr ={Dxf:|fl <1, fL1}

per

Pinkus [12, p. 133] proved the following.
Theorem 1. The widths of Al . are given by

per

1

=dyn (Al )= — > 1.
) 2 ( per) m’ mZ

d2m—1 (Al

per
Furthermore,
[1,sin(x), cos(x), ..., sin(m — 1)z, cos(m — 1)z]

is an optimal (2m — 1)-dimensional subspace for dgm,l(All)er), and

2m—1 2m—1

Xom ={b+ > bD(-—jr/m): > b; =0}

Jj=0 Jj=0

is an optimal 2m-dimensional subspace for dam(A},,).



From the definition of the Bernoulli monospline we find that

X

D(z — jm/m) = o

+q;(z),  j=0,1,....2m—1,

where ¢;(x) is some piecewise constant function with a breakpoint at jm/m. The condition

then ensures that the monomial z is not in the space Xo,,. Thus, Xon = So,r per, With 7 as in (2).
Remark: As stated in the introduction, Pinkus proved a more general result than Theorem 1. In fact, it
follows from his proof that all the function classes A7, 7 > 1, admit S, _1 7 per as an optimal 2m-dimensional

space for every m > 1, where 7 still is as in (2). Moreover, the n-widths of A% satisfy d,,(A%..) = dn(AL,)".

per per per
Now, observe that if @ is the L? projection onto the space of constant functions, then
{F- =L fL1}={I-Q)f: Ifl <1} = -Q)(B), (6)

which follows from the fact that ||[(I — Q)f]| < ||f|l- To prove optimality of higher order spline spaces, we
let K be the integral operator with the kernel

K(z,y) = D(z —y), z,y € [0,2m).

Then Kf = D % f, and so using Lemma 1, r times, together with (6), we have

A;er = HO @ A;ew (7)
where A;er for r > 1, is defined by
Ar. = K"(B). (8)

As was done in the proof of Lemma 1 one can use the definition of D in (4) to obtain an explicit
representation of the kernel of K,

O S 9)
T \r— ey, x>y

If K* denotes the adjoint of K, then K*(z,y) = K(y, ), and so using (9) one can verify that K* = —K.
We are now ready to invoke Corollary 1.

Theorem 2. Suppose r > 1 and T is as in (2). Then Sgr per is an optimal 2m-dimensional spline space
for the function class A%, for alld >r —1 and m > 1.

per

Proof. Observe that 1 € S r per, and so we can define the (2m — 1)-dimensional spaces Sy, by
Sa={5€ Sarper:s L1}

Since the derivative of a spline is a spline on the same knot vector of one degree lower, it follows from

Lemma 1 that S; = Kd(S'o). Using Theorem 1 we know that So r per is optimal for Aécr, and so 5'0 is
1

optimal for the set Aper.
It then follows from Corollary 1, with Sy playing the role of the (2m — 1)-dimensional space X9,
that Sy is optimal for A7 _. for all d > r — 1. Lastly, since both S; L 1 and A’_. L 1, we conclude that

per per

Sd,rper = Lo @ S, is optimal for A;er =1l ® A;er foralld >r —1. O



5.1. Shifted knot vector

Next, let us show that the optimality result generalizes to more general uniform knot vectors, formed
by augmenting the knot vector 7 in (2) with 0 and then shifting it to the right, provided we use the second
kind of periodic spline space. To be precise, let & = (&1, ..., &), where & € (0,7/m) and

77 .
£j+1:€j+a, ]:17"'72m_1' (10)

Then the space Syd,&per is 2m-dimensional. It has the same dimension as Sq r per With 7 as in (2) because
it has one more interior knot but also one more boundary condition.

Corollary 2. The 2m-dimensional space S’d,.,.,per is optimal for Ay, for alld >r —1.

Proof. Any function f € A”_. can be extended to a 27 periodic function f on R, similar to how we defined

per
D in (4). Since "=V is continuous for f € A, the restriction to [0,27) of the shifted function f(- —0) is
also in A7, for all 6 € R and r > 1. Then, since

If = sl =17 =0) = 3(- =),
we can shift all the knots in the spline spaces in Theorem 2. ]

6. Non-optimality of splines of odd dimension

In this section we show that the only optimal spline space of odd dimension for Af,, is the 1-dimensional

space of constant functions. To prove this we make use of a theorem of Karlovitz [7] that provides a necessary
condition for optimality.

T

pers then every function in Xom—1

Lemma 2. If Xo,,-1 is an optimal (2m — 1)-dimensional space for A
must be orthogonal to both sin(mx) and cos(mz).

Proof. First observe that if Xa,,_1 does not contain the constant functions then E(A”

bers X2m—1) = 00 and

so it cannot be optimal for Af, . Thus, if X, 1 is an optimal (2m — 1)-dimensional space for Af,. we can
write it as ~

Xom—1 = o & Xom-—2,
and use (7) to conclude that Xs,, o is an optimal (2m — 2)-dimensional space for fl;er. Since A;er = K"(B)

it is well known [12, p. 6] that the optimal space Xopm_o is extremal for the Rayleigh-Ritz characterization

ir v : i : (K"(K")"f.f) . (K> f, f)
E(AY.., Xom—2) = inf E(Al_,Yo,_2)= inf su —— "2 — inf su —_—
( pe 2 2) Yo o ( pe 2 2) Yoo fLY2£72 (f, f) Yoo fLY2272 (f, f)
and the result then follows from [7, Theorem 1] with K?" playing the role of the operator @ in [7]. O
Note that [7, Theorem 1] also implies that an optimal 2m-dimensional space for Ale, must only be

orthogonal to a linear combination of sin(maz) and cos(mz), and not both at the same time. One can verify
that this is true for the optimal spline spaces in Theorem 2 and Corollary 2.
Now let 7 = (71,...,7m) be the knot vector given as
(2 —Dm

T; = — j=12..,m, (11)

and let S‘d7,,per be the m-dimensional spline space on this knot vector.



Lemma 3. Suppose T is as given in (11). Then the space Sd,‘r,per is the unique polynomial spline space of
degree d and dimension > m (and among all possible boundary conditions) that is orthogonal to both sin(mz)
and cos(mz).

Proof. We proceed by induction. First let d = 0 and consider an arbitrary knot vector n = (11, ...,m%) on
the interval [0, 27]. If the piecewise constant spline space Sp 5, is orthogonal to both sin(ma) and cos(maz),

then 1 must satisfy
Nj+1 Mj+1
/ sin(maz)dx = / cos(mx)dx = 0,
n; n;

for all j = 1,2,...,k (where j = k corresponds to cyclic integration, i.e. first integrate from 7 to 27 then
add the integral from 0 to 7;). Thus, 7 = 7 in (11) and Sy, = SO,T,per-

Now assume the result is true for degree d and again consider an arbitrary knot vector n = (11, ..., nx)
on [0, 27]. Let Sqt1,, be a spline space of degree d + 1 on 7, with possibly reduced smoothness at the knots
(repeated knots), that is orthogonal to both sin(ma) and cos(ma). For s € Sg41., we have, using integration
by parts on each knot interval, that

2m k 2m
/0 s(z) cos(maz)dz = % Z(s(n{) - s(n;r)) sin(mn;) — % ; §'(z) sin(maz)dx,
j=1
27 1 k
/0 s(x) sin(max)dz = —[s( —s(2m) + Z — s(n; ")) cos(mn;)]

2m
) cos(ma)dz,
o

with s’ € Sg,. If we first consider the splines of maximal smoothness in Syi1,,, (s € C?%) then, using
the induction hypothesis, we find that 7 = 7 in (11), since the derivative operator is onto in this case.
If we now consider an arbitrary spline s € Sqy1 -, we find that S(T;_) = s(7;) and s(0) = s(27). Thus,

Sd+1,n = Sd+1,7',per- o

Theorem 3. No spline space of degree d > 0 is optimal for doy,—1(AL,,) when m > 1.

per)

Proof. Assume for the sake of contradiction that there is an optimal spline space for day,—1(Aj,,) of some
degree d. From Lemma 2 we know that this space must be orthogonal to both sin(ma) and cos(maz), and so
from Lemma 3 it has to be the m-dimensional space Sq - per, with 7 as in (11). However, this m-dimensional

space cannot be optimal for da, 1(Aj}.,), since dr, (A;er) > dam—1(Ape,) whenever m > 1. a

While the above theorem is a negative result, it is worth pointing out that the numerical experiments
carried out in [3] indicate that periodic spline spaces of odd dimension are ‘very close’ to being optimal when
their degree is high enough. This possibility is also supported by [4, Lemma 1], which essentially implies
that the distance to A}, from any periodic spline space can only improve, or at worst stay the same, as
their degree increases.

Conclusions

The main conclusion to be drawn from this paper and the papers [4] and [5] is that imposing maximal
smoothness on spline spaces does not impede approximation power as their degree increases. In fact, with
the right knot vectors, these spaces can achieve optimal approximation. This holds true when approximating
functions in Sobolev spaces with or without various natural boundary conditions. This agrees with various
numerical results carried out in the IGA framework [6]. Specifically, in this paper we have shown that the

space of periodic functions H],, (0,27) admits optimal even-dimensional spline spaces of all degrees > r — 1.
8



However, except for the trivial case that the dimension is one, optimality does not hold for odd-dimensional
spline spaces. As mentioned in the introduction, optimality of the even-dimensional spline spaces has already
been shown in many other periodic LP-settings, but as far as we are aware it is an open question whether
odd-dimensional spline spaces are optimal in any other case of LP approximation to periodic functions with
bounded rth derivative in LY for p, g # 2.
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