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Abstract

A proof that Wronskians of non-zero B-splines are positive is given,
using only recursive formulas for B-splines and their derivatives. This
could be used to generalize the de Boor-DeVore geometric proof of
the Schoenberg-Whitney conditions and total positivity of B-splines to
Hermite interpolation. For Wronskians of maximal order with respect
to a given degree, positivity follows from a simple formula.

Keywords: B-splines, Wronskians, collocation, Schoenberg-Whitney condi-
tions, total positivity.

1 Introduction

In order to generalize the Schoenberg-Whitney conditions [17] and the total
positivity property of B-splines to Hermite interpolation it is necessary to
show that Wronskians of B-splines are positive whenever the B-splines them-
selves are positive. In this paper we prove this latter property using only
recursions for B-splines and their derivatives.

The fact that a Hermite B-spline collocation matrix is non-singular un-
der the Schoenberg-Whitney conditions was shown by Karlin and Ziegler [12,
Theorem 3] as a special case of a more general result for Chebyshev splines.
A more direct proof using Rolle’s theorem was derived by de Boor [7]. Schu-
maker [18] proved it by bounding the number of zeros of a spline, and a
version of this latter proof appears again in [19, Theorem 4.67].
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A proof of the total positivity of collocation matrices of B-spline values
(all minors are non-negative) was derived by Karlin [11, Ch. 10, Theorem 4.1]
based on determinant identities. de Boor in [7] also specified which minors
are positive and generalized to the Hermite case [7, Theorem 2.

Later, de Boor and DeVore [8] had the idea of deriving these results
using Bohm’s knot insertion algorithm [1], which seems a simpler approach.
Due to the linearity of determinants with respect to their columns, one can
express the determinant of a given collocation matrix of B-spline values as a
non-negative linear combination of the determinants of collocation matrices
of refined B-splines. Once enough knots have been inserted between each
pair of interpolation points, any resulting collocation matrix is diagonal and
trivially has a non-negative determinant, which is also positive if the diagonal
elements are positive; see [8, Theorem 2].

A similar approach was used to obtain the generalization to Hermite in-
terpolation [8, Theorem 3]. The same knot-insertion strategy can be applied
in order to isolate the distinct interpolation points. It then remains to show
that the submatrix associated with each distinct interpolation point has a
positive determinant if its B-splines are positive at that point. These de-
terminants are Wronskians of non-zero B-splines, and it was proposed in [§]
to establish their positivity by further, repeated knot insertion. This, how-
ever, requires dealing with one-sided derivatives, and motivates looking for
an alternative proof, that only involves ‘real” derivatives, i.e., that does not
involve values or derivatives of B-splines that only make sense as right or
left limits at a knot. Indeed, there is such a proof, that of Theorem 1 be-
low, which only uses the two recursion formulas for derivatives (3) and (4).
For B-spline Wronskians of maximal order, positivity follows from a simple
formula (Lemma 1) of which we give some examples.

The positivity of B-spline Wronskians of first order (2 x 2) also leads
to a proof of the hodograph property of rational spline curves in B-spline
form [9] and the log-concavity property of B-splines [10]. Wronskians also
play a central role in the theory of Chebyshev systems [11, 13, 14, 15, 20].

It is common practice to carry out Hermite interpolation by splines of
degree d on an interval [a, b] by letting the first d+1 knots equal a and the last
d+1 equal b and take the limits of the B-splines and their derivatives from the
right at a and from the left at b. For this reason, we also derive the positivity
of one-sided Wronskians at a knot of multiplicity d + 1 in Theorems 2 and 3.



2 Wronskian of maximal order

Let t = (¢;); be a knot vector, i.e., a real sequence such that ¢; < t;4; for
all i. Let d > 0 and suppose that ¢; < t;;411. Then we define the B-spline
B;q by

Bia(x) == (tizar1 — ti)lti tists - - tivart](- —2)%, z €R, (1)

where [t;, ..., t;i1q+1] is a divided difference and uy := max{u,0}. We recall
that B, 4 is a piecewise polynomial of degree d which is positive in (¢;, t;+4+1),
zero outside [t;,t;14+1], and has continuity of order C4~™ at a knot of t of
multiplicity m.

Suppose that for some m > 0,

t#_m < t‘u_m_;'_l = = t“ =< t#_i'_l. (2)

Thus, if m = 0 then ¢, < < t,4; and x is between knots, while if m > 1
then z is at a knot of multiplicity m.

Next let d > m. Then the non-zero B-splines of degree d at x are
B, _q4,--.,By_maq Let Wy denote their Wronskian at x,

By-ga(r) -+ Buma(r)
W, = L—Cf,d(x> L—n?,d(x) ,
d—m d—m
Bi—d,d)@) T Bi_m,?i(x)

and for 0 < r <d, let
d" = d(d—- 1)V (d =+ 1)L

Here and elsewhere an empty product is defined to equal 1 (as in the case
r=0).
Lemma 1 For d > m,

d

n—m
Wa = d[dfm]/ H H (tjrk — t5)-

k=m+1 j=p—k+1



Proof. The proof is by induction on d > m. If d = m then the formula holds
because
Wi = By—mm(z) = 1.

Otherwise, d > m. Then since B,,_q4, ..., By—m,q sum to 1 at z,
u—m
By—aa() =1~ ) Bjalw),
J=pu—d+1
(k) — (k)
BY, (x)=0— > BY), k=1....d-m.
Jj=p—d+1

Substituting these into the first column of Wy gives

1- Z”_m 41 Bia(z)  Buayralz) -+ Buma(r)
W, — 0— =p—d+1 B;d( ) B;lj,—d-i-].,d(x) B,Z md(x)
d= ) ) .
d—m d—m d—;vz
0— ] u— d+1 B](d )<ZL’) B;(L d+)1 d(x) B;(J,fm,()i(x)
Then adding all columns except the first to the first gives
BL—dH,d(x) T BL md( )
Wq = : : :
d—m d—m
B @) - BLT@)

Next, applying to every element of this determinant the recursion [5, 3]
k-1 k-1

Bg(‘,d—l)<37) B B](‘+1,d)—1(5’3) )

tiva —t;  tiray —tjn

B(x) = d(

and defining the column vectors

d d—m—1 T
Wi = [Bju1 (), Bjaa (), B V@),
j+d — U
we find
W= ’Wufd+l — Wy—d+2y- -y Wp—m—1 — Wyom, Wufm"

Then, adding the last column to the second to last column, then adding the
second to last column to the third to last column, and so on, we deduce that

ddfm
Wd = |Wp,—d+17 cee 7Wu—m| = n—m Wd—la
j=p—d+1 (tj-i-d - t])
and the result follows from the induction hypothesis. O
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3 Examples

Let us consider some examples of the formula of Lemma 1. The first two

non-trivial cases are 41
m
Wht1 = ——7,

bprr — tpem
and
(m+2)(m + 1)
(tu-l-l - tu—m—l)(tu-&-? - tu—m)(tu-i—l - tu—m) ‘
For special cases of the knot vector, we obtain simpler formulas for general
degree. Suppose that t is uniform, with ¢; = ¢. Then the B-splines are
cardinal and there are two cases. If m =0 then p < x < p+ 1 and then

Wm+2 —

Jldl
Wd - w == 1, d > O

If m =1 then x = p and then

dld—1]

d — W - 1, d Z 1
Suppose m = 0 and
tyg=--=1t,=0, and t, = - =tluaps = 1.

Then 0 < z < 1 and B,_q4(x), ..., B,a(x) are the Bernstein polynomials of
degree d at x,

d

B _atja(z) = ( ,)ch(l —)¥ j=0,1,...,d

J

In this case,
Wy = d¥, d>0.

Finally, consider the case m = 0 of Lemma 1 for any knot vector such that
t, < tup1. It is well known that the B-splines B,,_44,..., B, are linearly
independent in (¢,,t,+1). This was already established by Curry and Schoen-
berg [4] and also follows, for example, from Marsden’s identity [16]. The case
m = 0 of Lemma 1 gives an alternative proof of this since it implies that the
Wronskian Wy as a function of x € (t,,?,41) is non-zero. We note that W,
is also constant for x € (t,,t,11) which is expected since B,,_44, ..., B4 are
polynomials of degree < d in (t,,,+1).
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4 Wronskian of general order

Suppose again that t, m, and x are as in (2). Then choose some d > m and r,
0 <r < d—m, and an increasing sequence of indices j = (jo, j1,- - -, J») such
that

p—d<jo<ji<--<j<p—m,

and consider the Wronskian of order r,

Bjya(z) -+ Bj a(z)

! /
Wia = jo,fl(aj) jr,_d(f”)
J<g?d($) B](':,)d(x)

Theorem 1 W; 4 > 0.

Proof. For fixed r > 0, the proof is by inductionon d >m+r. f d=m+r
thenr =d—mand j = (u—d,...,u—m) and so Wj4 = W, > 0 by Lemma 1.
Otherwise, d > m + r. Then recall the recursion [6, 2]

d
k k k
BY () = ——— (s Bl (0) + BB 41 (@), (4)
where
i = x_tj ﬁ — tj+d+1 — X
Totma =ty T e — tia)

Since r < d —m < d we can apply this to all the elements of Wj 4. Then,
using the linearity of W 4 with respect to its rows and columns,

T d
Wj’d:gﬂ Z YeWited—1,

ec{0,1}r+1

where € := (¢g, €1,. .., €.), and

r

Ye = H ((1 — ek)ozjk + ekﬁjk) > 0.

k=0

Let € € {0,1}"™! and set j’ := j+e€. Then j is non-decreasing. If any two
elements of j* are equal then the corresponding columns of Wy 41 are equal.
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If j{, = pr—d then the first column of Wy 4_; is zero and if j, = p—m+1 then
the last column of Wy 44 is zero. Thus in all these three cases, Wy 4_1 = 0.
Otherwise,

pdt 1<y <ji<-<f<p—m, (5)

and then, by the induction hypothesis, Wy 41 > 0. Thus W, > 0 if there
is at least one € € {0,1}"! with the property that j' := j + € satisfies (5).
To see that there is one, observe that since d > m + r, there must be some
index p € {u —d,...,u —m} that does not belong to j. Then € € {0,1} !

defined by
€k = e
0 if Jk > D,
has this property. O

5 Knots of multiplicity d + 1

Suppose that
tpa=- =ty =2 <tu,

and for some r, 0 < r < d, consider the Wronskian at x with limiting values
from the right,

By_ga(z+) -+ Bu_gyra(z+)
W, — B;Ld,fz@wf) B/{Ld+':‘,d(x+) .
B a(a4) o B, a(a)

Its positivity follows from

Theorem 2
dlr]

H;=1<tu+i — x)roil

Proof. One could use the recursion (3) to show that W, is lower triangular
and to compute its diagonal elements by induction on degree. Alternatively,
we can simply take a limiting case of the formula of Lemma 1. Suppose
initially that

W+ -

tu—d-i—r < tu—d+r+1 == tu =r< tu+1~



Then we can let m := d — r in Lemma 1, so that
pn—d+r

d[r]/ H H Livk —

k=d—r+1 j=p—k+1

Then letting tu_d, ..y ty—dqyr — x, the denominator converges to
pu—d—+r T
H H tivk — @) H ((tlH-l — ) (s — x)),
k=d—r+1 j=p—k+1 k=1
and the result follows. O

Conversely, suppose that

t'u <x:tu+1:"':tu+d,
and for some r, 0 < r < d, let
B,u r‘d(m_) o Bu,d(x_)
L |Ba) o Bl
B a=) - Blja-)
Theorem 3
dlrl
W_ = =

[[imi (@ = tumi) =
Proof. Similar to W, one could show by (3) that W_ is ‘lower triangular’,
although this time the diagonal of the triangle goes from the lower left ele-
ment to the upper right. However, it is again easier to take an appropriate
limit of the formula of Lemma 1. Suppose initially that

ty<x=t1="=%trar <lurdri1-

Then we can let m := d — r in Lemma 1 and replace u by @+ d —r and we
find

putd—r

Wa=d/ I T G-

k=d—r+1 j=p+d—r—k+1

Then letting ¢,+4—r+41,---,tu+a — @, the denominator converges to
d ptd—r r
I II G@-w=I1tew) =t
k=d—r+1 j=p+d—r—k+1 k=1
and the result follows. O
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