PROBLEM SET FOR ASGARD ‘24

EMANUELE DELUCCHI

1. EXAMPLES

(1) Compute the Tutte polynomials associated to the two periodic arrange-
ments of pseudolines represented on the right-hand side of the following
picture (a fundamental region is depicted).
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(2) Let A be the arrangement of 6 affine hyperplanes given by the planes con-
taining the faces of the 3-dimensional cube with vertex set {(£1,+1,+1)}
(depicted on the left-hand side in the previous figure).

(a) Prove that the antipodal action of Zy (i.e., the non-identity element
acts by changing sign of all coordinates) acts translatively on P(.A).
If you’d like, verify the computation of the Tutte polynomial given
above.

(b) Draw the poset P(A)/Zs. Prove that its reduced order complex' has
2-torsion, by convincing yourself that this order complex triangulates
the real projective plane.

(3) (From [3])

Consider the matrices

11 1 3 1 4 1 6
Ny:=10 5 0 5 Ny:=10 5 0 5
00 5 5 0 0 5 5

and let Ay, As be the toric arrangements defined by the colums of Ny, Ny,
respectively.

(a) Prove that the column vectors of the matrices N1 and Ny define the

same arithmetic matroid (i.e., same rank- and multiplicity functions).

(b) Prove that the posets of layers P(A;) and P(Az) are not isomorphic.

(Note: you may try to draw the posets using the sage library arithmat

e, A(P(A)/22)\ 0)
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by Roberto Pagaria and Giovanni Paolini [4]. Alternatively, see the
hint in the footnote?)

(c) As was computed as in [5], the integer (co)homology of the order com-
plex of P(Ay) is (Z, Zs, Z*®), thus it has 5-torsion. (Can you reproduce
the computation? Use Sage and arithmat.)

(d) The group Z? acts on .A{ and defines a Z3-semimatroid a. Compute
the number J, — or follow the computation done in [2, Example 9.6].

(4) Consider a periodic line arrangement A4 and the associated group action
a: Z?> O P(A). In any case, by rank reasons, P(A)/Z? is homotopy
Cohen-Macaulay. Find such an « with §, > 1.

2. TRANSLATIVE ACTIONS ON POSETS

(1) Let A be a finite-dimensional simplicial complex and P its poset of cells
(ordered by inclusion). Let G act on A by simplicial isomorphisms. The
action of G on A induces an action of G on P. Prove that this action is
translative if and only if the action on A preserves a proper coloring® of A.

(2) Let P be a finite poset that admits a rank function. Consider any action
of a group G on P by poset automorphisms.
Prove that this action induces an action on the order complex A(P),
and that this latter action is always translative.

(3) Let P be a chain-finite, ranked poset with a translative action of a group
G. Prove that, for all z € P, there is an isomorphism of posets P<, o~
(P/G)<qq- See: [2, Lemma 2.13]
(More difficult: prove that, for all x € P, the poset (P/G)>qy is isomorphic
to P>,/ stab(z).

See: [2, Lemma 2.14])

(4) Use the previous exercise to prove the following. Let P be a chain-finite,
bounded-below poset with a translative action of a group G. If P is geo-
metric, then so is P/G.

See: [1, Lemma 4.4.6])
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2The property "we can number the hypersurfaces Hi, Ha, H3, Hs such that every connected
component of H; N Hy intersects every connected component of H3 N Hy” holds for exactly one
of the arrangements A; and A2

3Recall: a ”coloring” of a simplicial complex A of finite dimension d is an assignment of colors
to the vertices of A such that adjacent vertices receive different colors.
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