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Scattering Amplitudes

encode elementary particle
interactions and determine
probabilities of various outcomes.



Scattering Amplitudes
encode elementary particle
interactions and determine

probabilities of various outcomes.

Scattering Amplitudes are
the most basic observables In
fundamental physics.



Particle Physics Experiments

accelerate particles to high energies, smash
them together and see what comes out.

The LHC is the world’s
largest and most
powerful collider.
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Particle interactions
are described by
the Standard Model
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Particle interactions

are described by
the Standard Model

using the language of
Quantum Field Theory
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Particle interactions are described by the Standard Model
using the language of Quantum Field Theory:

particles are excitations of quantum fields
described by

Standard Model Lagrangian
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We will only focus on the first line:

—20.900,95 — 95 f**°0u9709,90 — 3955 F 9,909,950 -

which describes gluon interactions
in Quantum Chromodynamics
(part of Standard Model)



Quantum Chromodynamics (QCD)
The theory of strong interactions.

It describes the strong nuclear force which
binds together

quarks inside protons and neutrons.
Gluons mediate the strong force.
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We will only focus on the first line:

—20.900,95 — 95 f**°0u9709,90 — 3955 F 9,909,950 -

which describes gluon interactions
in Quantum Chromodynamics
(part of Standard Model)



Scattering Amplitudes are computed via
Feyn man d iagra ms. A

pictorial representations of | g8
mathematical expressions










Organizing Feynman diagrams
Amplitudes are indexed by

4,5, ... = number of particles (4-point, 5-point, etc)
0,1, 2, 3 =loop order (tree, one-loop, etc)

“the L-loop n-particle amplitude” is, in principle,
computed by summing all Feynman diagrams with n
external edges and L internal loops, and then
integrating over all loops.



Organizing Feynman diagrams

Leading order

(LO), tree
Next-to-leading Next-to-next-to
order (NLO), leading order

one-loop (NNLO), two-loops



Feynman Diagrams: gluon scattering

a, b, v -
b lc:;u&i‘uii"rfi
= gfabe [gyu(k - P)p r gup(p - q)p, s gpu(q — k) V] :;,_;i:‘\;l"heory
a’) ,-l' C) p b, 14
= —z'ng"'b"fc‘ie(g“pg"" - g‘“’g"p)+ permutations QUANTUM FIELD
L
d’ a C, P

To calculate any amplitude:
write down all Feynman diagrams,
sum them up



Feynman Diagrams: gluon scattering

a, it b,v

= gf* (g (k = D)p + 9up(P — Q) + 9pu(g — k)]

y THIS WILL BE TOPIC 1 OF MY LECTURES
a,p G o

= —ig? fabe fede(gupgvo — gh gVP) 4+ permutations

d,o ¢, p
To calculate any amplitude:

write down all Feynman diagrams,
sum them up



Complications

Number of diagrams for gg —> ng process:

n 2 3 4 5 6 7 8

# 4 25 220 2485 34300 559405 10525900

Each diagram is a complicated expression:

g2 fabe fede [gm,(k —P1)p + gup(Pl — Pa)pu + Gpu(Pa — k)] Elllféfgez
X 15 [gor(k — p2)? + grP(p2 — P3)o + 9P (P3 — k)], kK = p1 + P4
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Five Gluon Amplitude
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Six Gluon Amplitude: gg—>gggg
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What to do?
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Spinor Helicity Variables

Instead of labeling gluons by momentum
and polarization, label gluons by a pair of
spinors and a helicity plus or minus

oo
pi =a’ )\a)\a
(i]) = )\?)\?eab




Spinor Helicity Variables

Instead of labeling gluons by momentum and
polarization, label gluons by a pair of spinors and
a helicity plus or minus

THIS WILL BE TOPIC 2 OF MY LECTURES
E pﬂ7€#© E Aa,’}:d’

pi =a" )\a)\“

aa’ '

<Z]> — )‘?)‘?‘Eab
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Parke-Taylor Formula

(i j)*
(12)(23)-(n 1)

Parke-Taylor formula (1986)




Why is it important?

o It is astonishing that such an amazing formula
can exist!

o The clear lesson is: Traditional Feynman rules
are inefficient!

« The quest to figure out why leads to a new
field of research.



1986 — 2003

— Berends-Giele recursion:
prove Parke-Taylor formula

— Bern-Dixon-Kosower methods:
generalized unitarity for loops

pp — bbH or pp — ttH pp — W+ two jets

-
o~
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Perturbative Gauge Theory as a String Theory
in Twistor Space

Edward Witten
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Dedicated to Freeman Dyson for his 80th birthday

Abstract: Perturbative scattering amplitudes in Yang-Mills theory have many unex-
pected properties, such as holomorphy of the maximally helicity violating amplitudes.
To interpret these results, we Fourier transform the scattering amplitudes from momen-
tum space to twistor space, and argue that the transformed amplitudes are supported on
certain holomorphic curves. This in turn is apparently a consequence of an equivalence
between the perturbative expansion of A” = 4 super Yang-Mills theory and the D-inst-
anton expansion of a certain string theory, namely the topological B model whose target
space is the Calabi-Yau supermanifold CP?/4,
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Amplitudes and Twistors

Witten (2003): gluon amplitudes have rich
mathematical structure when Penrose
transformed to twistor space P?

A, 1y ) = [ dXePX AN X, T)

n—q | . - q
positive helicity o negative helicity ~7

“— gluons

Amplitudes are supported
on curves in twistor space.

degree = g-1




Curves in Twistor Space

degree = g-1

&%L = @ = 0 d=-1 d=0
__{ig) d=1
- (12)(23)+(n1) /

Parke-Taylor formula (1986)




Twistor String Theory

Calculating Amplitudes:
Solving Algebraic Equation (RSV)

2+ 3+
/v 1+ ‘ 4- = a404—|—a303—|—a202—l—a10—|—a0=0
6- 5-

Calculating Amplitudes:
Using Simplest Building Blocks (CSW)

+

.|+ _‘
+ - +— -
_ + ‘ - = ! + a few more
_ +
+
_ +

-1+




Tree Diagrams

Thanks to these developments, there exist several
simple and efficient algorithms for computing
analytically any desired tree-amplitude.

Britto Cachazo
Feng Witten
(2005)

gg9—ng

7 8

Feynman
diagrams

559505 10525900

Modern
Methods

10 20




Tree Diagrams

Thanks to these developments, there exist several
simple and efficient algorithms for computing
analytically any desired tree-amplitude.

THIS WILL BE TOPIC 3 OF MY LECTURES

Britto Cachazo
Feng Witten
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Amplitudes Virtuous Circle
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Scattering Amplitudes:
rich and fast growing field

literature

scattering amplitude

Date of paper

1924

2026

1000
papers



Amplitudes 2029, Chicago o { Amplitudes 2024
Amplitudes 2028, Rome
Amplitudes 2027, Germany
Amplitudes 2026, London
Amplitudes 2025, Seoul
Amplitudes 2024, Princeton
Amplitudes 2023, CERN (424) / Y L0
Amplitudes 2022, Prague . T L | Conference

92| 16-20 June 2025

Amplitudes 2020, Zoom
Amplitudes 2019, Dublin
Amplitudes 2018, SLAC
Amplitudes 2017, Edinburgh
Amplitudes 2016, Stockholm
Amplitudes 2015, Zurich
Amplitudes 2014, Paris
Amplitudes 2013, Bavarian Alps
Amplitudes 2012, Hamburg
Amplitudes 2011, Michigan
Amplitudes 2010, London
Amplitudes 2009, Durham (56)




2019




Amplitudes blossomed in many directions

Mathematics:

, , New Formulations of
Combinatorics 05

Commutative Algebra 13 Fundamental PhYSICS
Algebraic Geometry 14

Gravitational String Theory
Waves

Classical
Gravity

Amplitudes )} megiiy

LHC .
Phenomenology / \ Supergravity

QCD Super-Yang-Mills




Plan of Lectures: Anastasia

Motivation for Scattering Amplitudes
Feynman Rules

Helicity Amplitudes

BCFW recursion relations

Examples: n-point MHV, 6-point NMHV



