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Amplituhedra of genus 0



Adjoints of simple polytopes
   simple convex polytope 

 
   simple hyperplane arrangement


flats of  which do not contain a face of 

P ⊂ ℝℙd

∂P = H1 ∪ ⋯ ∪ Hk

ℛ(P) = { ∂P P}

 is an adjoint polynomial of  if A ∈ ℝ[x0, …, xd]k−d−1 P A ∈ I(ℛ(P))

 is an adjoint hypersurface of V(A) ⊂ ℝℙd P

Theorem (Kohn-Ranestad ’19)  has a unique adjoint hypersurface.P

``residual arrangement’’



Adjoints of simple polytopes
ℛ(P)

AP(x, y) = 0



Adjoints of polygons
The adjoint of a -gon  is a curve of degree k P ⊂ ℝℙ2 k − 3

|ℛ(P) | = (k
2) − k h0(ℙ2, 𝒪(k − 3)) = (k − 1

2 ) = (k
2) − k + 1



Adjoints of polygons
Theorem (KPRRSSST ’21) The adjoint curve  of a -gon 

 is hyperbolic with respect to any point in . It has the 

maximal number of  real nested ovals. 

V(AP) k
P ⊂ ℝℙ2 P

⌊
k − 3

2
⌋



Adjoints of polygons
A complex -gon  is a point in  k P

(ℙ2)∨ × ⋯ × (ℙ2)∨

Dk

The adjoint map sends  to its adjoint polynomial: P

αk :
(ℙ2)∨ × ⋯ × (ℙ2)∨

Dk
⤏ ℙℂ[x, y, z]k−3 αk(P) = AP

Theorem (KPRRSSST ’21)   is dominant and generically finite of 
degree at least 864. 

α7

dim 2k dim (k − 1
2 ) − 1

Theorem (Agostini, Plaumann, Sinn, Wesner ’24)   deg(α7) = 864

We do not understand the image of α8



Adjoints of polygons



Adjoints of rational polypols
Data defining a rational polypol  in :P ℙ2

 distinct rational plane curves  of degree k C1, …, Ck d1, …, dk

 vertices , transverse intersectionsk vi,i+1 ∈ Ci ∩ Ci+1

Assume that  has only nodal singularitiesC = C1 ∪ C2 ∪ ⋯ ∪ Ck

type (1,1,2) type (2,2,2)



Adjoints of rational polypols

ℛ(P) = Sing(C)∖{v1,2, …, vk−1,k, v1,k} ``residual arrangement’’

 is an adjoint polynomial of  if A ∈ ℂ[x, y, z]d1+⋯+dk−3 P A ∈ I(ℛ(P))

Theorem (KPRRSSST ’21)  has a unique adjoint curve.P

 is an adjoint curve of V(A) ⊂ ℙ2 P

Data defining a rational polypol  in :P ℙ2

 distinct rational plane curves  of degree k C1, …, Ck d1, …, dk

 vertices , transverse intersectionsk vi,i+1 ∈ Ci ∩ Ci+1

Assume that  has only nodal singularitiesC = C1 ∪ C2 ∪ ⋯ ∪ Ck



Adjoints of rational polypols
The adjoint map sends (C1, …, Ck, v1,2, …, v1,k) ↦ AP



Adjoints of rational polypols



Positive geometries from 
cubic surfaces

X = V( f ) ⊂ ℙ3 Y = { 27 lines on X}



Blowing up 6 points in ℙ2

Fij =  line passing through Ei, Ej Gi =  conic through Ej, j ≠ i



Blowing up 6 points in ℙ2



Blowing up 6 points in ℙ2



130 regions
Let  be a smooth cubic surface with 27 real lines and no 
Eckardt points. The complement   consists of  connected 
components:  triangles,  quadrilaterals and  pentagons.

X ⊂ ℙ3

Xℝ∖Yℝ 130
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The arrangement  is positive: . Each of the  
curvy polygons is a positive geometry for . The combinatorial 
rank equals the real combinatorial rank: 

(X, Y) g(X, Y) = 0 130
(X, Y)

cr(X, Y) = crℝ(X, Y) = 109.

Theorem (Sturmfels, T.). 

130 regions and 109 forms

Proof. g(X) ≤ g(X, Y ) ≤ g(X) +
27

∑
i=1

g(Li, Li ∩ ∪j≠iLj)

 is simple normal crossing:(X, Y )

cr(X, Y ) = dimℂ H0(X, KX +
27

∑
i=1

Li) = dimℂ H0(X, − 8KX) = (8 + 3
3 ) − (5 + 3

3 ) = 109.



130 regions and 109 forms

The dual complex  is 
the complement of the 
Schläfli graph 

Δ(Y)

|V | = 27

|E | = 135

H̃1(Δ(Y )) = |E | − |V | + 1 = 109



Constructing the forms



Constructing the forms


