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Amplituhedra of genus O

Positive Genus Pairs from Amplituhedra

Joris Koefler, Dmitrii Pavlov, Rainer Sinn

Theorem 3.1. Let Z be a generic n x (k +m) matriz with positive maximal minors. Then,
for any choice of integers k, m, and n > k+m, satisfying either k=1, k+m=n, ork=m =2,
the boundary divisor 0, Ankxm € Gr(k,k +m) of the amplituhedron makes a genus zero pair
with the ambient Grassmannian. That 1is,

9(Gr(k,k+m),0,Ankm) =0

for the choices of k,n and m as above.

Theorem 4.1. Let n and k be positive integers such that n > 2(2k —1). Further let Z be
generic and have positive mazimal minors, and 0, A, 2(Z) c Gr(k,k +2) be the algebraic
boundary of the amplituhedron. Then, the genus of the pair (Gr(k,k+2),0,Ank2(Z2)) is at
least 1 + %Ck, where C}, is the k-th Catalan number. In particular, for k > 3 it is positive.



Adjoints of simple polytopes
P c RP? simple convex polytope

oP = H, U ---UH, simple hyperplane arrangement

R(P) = {flats of P which do not contain a face of P}

____________ D Q= N

A€ Rlxy,....,x;5];_45_1isan of PifA € I(A(P))

V(A) C RP?is an of P

Theorem (Kohn-Ranestad ’19) P has a unique adjoint hypersurface.



Adjoints of simple polytopes
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Adjoints of polygons

The adjoint of a k-gon P C RIP? is a curve of degree k — 3
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Adjoints of polygons

Theorem (KPRRSSST ’21) The adjoint curve V(Ap) of a k-gon

P C RP?is hyperbolilcc: wigh respect to any point in P. It has the

maximal number of | 5 | real nested ovals.
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Adjoints of polygons

(|]ZD2)V X eee X (|]ID2)V
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A complex k-gon P is a point in

The adjoint map sends P to its adjoint polynomial:

(PZ)V X oo X ([|ZD2)V
. D -=> [FD(]:[X, y, Z]k—3 ak(P) — AP
k

| k—1
dim 2k d|m< i >—1

Theorem (KPRRSSST ’'21) «a; is dominant and generically finite of
degree at least 864.

.

Theorem (Agostini, Plaumann, Sinn, Wesner ’24) deg(a,) = 864

We do not understand the image of ag



Adjoints of polygons




Adjoints of rational polypols

Data defining a Pin P

k distinct rational plane curves C,, ..., C, of degree d;, ..., d,

k vertices v; ;. € C; N C,, , transverse intersections

Assume that C = C; U C, U --- U C; has only nodal singularities

y ﬁg

type (1,1,2) type (2,2,2)




Adjoints of rational polypols

Data defining a Pin P

k distinct rational plane curves C,, ..., C, of degree d;, ..., d,

k vertices v; ;. € C; N C,, , transverse intersections

Assume that C = C; U C, U --- U C;, has only nodal singularities

R(P) = Sing(OO\{Vv 2, -+ s Vit 10 V1 k)
AelClxy,zly .. 1q-3isan of PifA € I(ZA(P))

V(A) C P?is an of P

Theorem (KPRRSSST ’21) P has a unique adjoint curve.



Adjoints of rational polypols

The adjoint map sends (C, ..., Ci, Vi 5, ..., Vi) = Ap

(2,2,2,2) (1,2,2,3) (1,2,3,2) (1,1,3,3)

%@ i

(1,3,1,3) (1,1,2,4) (1,2,1,4) (1,1,1,5)




Adjoints of rational polypols




Positive geometries from
cubic surfaces

X =V(f)c P’ Y = { 27 lines on X}




Blowing up 6 points In P2

Ei, = (1:0:0), E, = (0:1:0), Es = (0:0:1),
E, = (1:-1:1), Es = (6:—4:3), Fs = (24:—-11:8).
~—_ \
_ —
— 4 <

F; = line passing through E, E; G, = conic through E, j # i



Blowing up 6 points In P2
Yo = Frabsalbse, y1 = Fisboslus, Y2 = FroFsskys, ys = Fizbaskse.

31yoy1y2 — 23yoy1ys + 19%oyys — 23y1y2ys — 32ygy1 + 45y0y; — 16y5ys + 13yay; = 0




Blowing up 6 points In P2




130 regions

Let X C P be a smooth cubic surface with 27 real lines and no
Eckardt points. The complement X\ Y consists of 130 connected

components: 10 triangles, 90 quadrilaterals and 30 pentagons.




130 regions and 109 forms

Theorem (Sturmfels, T.).

The arrangement (X, Y) is positive: g(X, Y) = 0. Each of the 130
curvy polygons is a positive geometry for (X, Y). The combinatorial
rank equals the real combinatorial rank: cr(X, ¥) = crgp(X, ¥) = 109.

Proof. !
g(X) < g(X.Y) <g(X)+ ) gL L;nUL)
=1

(X, Y) is simple normal crossing:

27
8+3 543
cr(X,Y) = dime H(X, Ky, + ZLi) = dim: H(X, — 8Ky) = ( ;r ) — < ;r ) = 109.
i=1



130 regions and 109 forms
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The dual complex A(Y) is
the complement of the
Schlafli graph
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Constructing the forms

Each of the 45 friangles corresponds_ to a tritangent plane of X in P3. We use the
name of the triangle to label the corresponding linear form h. For instance, the triangle
S = FijFuFpy gives the linear form A ki) (mn) 1N Yo, Y1, Y2, Y3. Its canonical form equals

1
w(S) = Resy Qps. (20)
f Pig) (k) (mn)

We next write h;; for the linear form given by S = E;F;;G;. Then the canonical form equals

1
[ hij

One sees from this formula that w(.S) has simple poles along each boundary line of S.

w(S) = Resx Qps. (21)



Constructing the forms

The canonical form of a 4-cycle is more interesting. We use the following observation.

Lemma 4.2. In the Schlifli graph S;7, every 4-cycle LiLyL3zLy has a unique vertex L that
has distance two from each L;. We call this vertex L the adjoint vertex of LiLoLsLy.

The name adjoint vertex hints at the fact that the distance-two line consists of the zeros
of the canonical from. For instance, for the 4-cycle S = E5F35G5Fy5 in Figure 4, the adjoint
vertex is L = F34. The canonical form has simple poles along the cycle, and zeros along L:

h43 h34
— (@ s 22
W(5) = Resx iy he 2 T RO e (22)
\\ Fs
Fys Gs




