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1 Background and outline of the problem

For a sequence of non-negative independent and identically distributed random
variables X1, X2, . . . , Xn estimations of the probability of failure:

α = P(

n∑
i=1

Xi < γ)

for small values γ > 0 are used to study loss of signal in a wireless channel with
n receivers [3] and for risk estimations in mathematical finance [1].

If n is large or γ is sufficiently small or the random variable X1 is heavy-
tailed, then the event {

∑n
i=1Xi < γ} is rare and the value of α becomes very

small. For such rare events, it is challenging to acheieve a small relative error
when approximating α by the Monte Carlo method, since for the estimator

αMC =
1

M

M∑
j=1

1Yj<γ

with Yj
iid∼ P∑N

i=1Xi
, the the relative mean-squared error (MSE) becomes

E
[
|αMC − α|2

]
α2

=
Var(Yj)

Mα2
.

From this we see that to bound the relative MSE by ε2 > 0, requires that one
uses

M ≥ Var(Yj)

(εα)2

samples. It is clear that the standard Monte Carlo is an extremely costly method
for computing such probabilities of failure.

Alternative methods have been proposed in the literature for improving the
efficiency of solving this problem, such as importance sampling [2], or to approx-
imate the probability density function (PDF) of Yj by asymptotic formulas [1].
The potential for applying deterministic quadrature-based methods for approx-
imating the PDF of Yj and, by integration, also the probability of failure α
remains to be studied.
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2 Main goals of the project

The proejct involves reading up on the different methods for estimating prob-
abilities of rare events, describing the different approaches and comparing the
performance for a collection of sampling problems. To develop a quadraure-
based approach for approximating the PDF of Yj , and study theoretical prop-
erties of this approach when applied to rare-event estimation. If time permits,
study extension of methodology to independent but not identically distributed
random variables.

3 Required background

An introductory course on numerical analysis is needed. One should be familiar
with random variables, the standard Monte Carlo method, and be able to work
with random variables and numerical integration of deterministic scalar-valued
functions on a computer.
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