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1. BACKGROUND

Cardiac tissue consists of excitable cells (myocytes) that expand and contract in re-
sponse to electrical impulses. The heart is composed of billions of myocytes working
together as a highly synchronised structure that produce the wave-like contractions that
constitute the heartbeat. Between neighbouring myocytes there are low resistance areas,
so-called gap junctions, that bridge the cytoplasm of neighboring cells and form pathways
for cell-to-cell flow of electric current. The gap junctions supply nonlinear intercellular
communication by allowing the movement of molecules, ions, and electric signals be-
tween the intracellular spaces of neighbouring myocytes. The electrical action potential
propagation is crucial for cardiac function. Hodgkin and Huxley [31] introduced the first
mathematical model describing the propagation of action potentials in excitable (neuronal)
cells. This model was later adapted to cardiac cells.

The propagation of electrical signals in cardiac tissue is well described by the so-called
bidomain model [15, 34]. Fix a final time T > 0 and a bounded open subset Ω ⊂ Rn

(n = 3) representing the cardiac tissue. The bidomain equations result from applying
the continuity equation (conservation of electrical charge via Kirchhoff’s law) and Ohm’s
electrical conduction law to the intracellular and extracellular domains. Denote by Ji, Je
the current densities in the intracellular and extracellular domains, respectively. Moreover,
denote by Im the membrane current per unit volume and by Ii, Ie the injected stimulating
currents. The continuity equations are

(1.1) ∇ · Ji = −Im + Ii, ∇ · Je = Im + Ie.

The negative sign in the first equation reflects that the current leaving the intracellular
domain is positive. Ohm’s general conduction law says that electrical transport properties
of materials exhibit linear behaviour. In our context this means that voltage developing
across a cell membrane is linearly proportional to the current flowing through it. Given
this, one assumes that the intracellular and extracellular current densities Ji, Je can be
written in terms of potentials ui, ue as follows:

(1.2) Ji = −Mi∇ui, Je = −Me∇ue,

where Mi, Me are the intracellular and extracellular conductivity tensors, respectively.
Denote by v := ui − ue the transmembrane potential v. The continuity equations (1.1)
now take the form

(1.3) −∇ · (Mi∇ui) = −Im + Ii, −∇ · (Me∇ue) = Im + Ie.
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By adding these equations, we obtain

−∇ · ((Mi +Me)∇ue)−∇ · (Mi∇v) = Ii + Ie in Ω× (0, T ).

The membrane current Im splits into a capacitive current Ic, since the cell membrane
acts as a capacitor, and an ionic current, due to the flowing of ions through different ion
channels, pumps and exchangers:

(1.4) Im = β (Ic + Iion) , Ic = cm∂tv, Iion = Iion(v, w),

where β is the ratio of membrane surface area to tissue volume and cm > 0 is the (surface)
capacitance of the membrane per unit area. The (nonlinear) function Iion(v, w) represents
the ionic current per unit surface area, which depends on the transmembrane potential v
and a vector w of ionic (recovery, gating, concentrations, etc.) variables. In the literature,
we find many phenomenological or physiological models for the conduction dynamics of
the ion channels. These membrane models differ in complexity and the level of detail with
which they represent the biology [14, 15, 25, 33]. A simplified model, frequently used for
analysis, assumes that the functional form of Iion is a cubic polynomial in v. The ionic
variables w are governed by an ODE system,

(1.5) ∂tw = H(v, w) in Ω× (0, T ),

where, as alluded to above, various membrane models exist for cardiac cells, giving raise
to different choices for H(v, w) (and Iion). In the FitzHugh-Nagumo model [25, 33], for
example, the functions H , Iion take the form

H(v, w) = av − bw, Iion(v, w) = −λ

w − v(1− v)(v − θ)


,

where a, b,λ, θ are parameters that depend on the cell type in question (myocytes, neurons,
etc.). For some background material on cardiac membrane models and their mathematical
structure, we refer to [14, 15].

Inserting (1.4) into both equations in (1.3) we arrive at the bidomain system

(1.6)
βcm∂tv −∇ · (Mi∇ui) + βIion(v, w) = Iapp in Ω× (0, T ),

βcm∂tv +∇ · (Me∇ue) + βIion(v, w) = Iapp in Ω× (0, T ).

The bidomain model simplifies if Mi = λMe for some constant λ > 0. In this case the
two equations can be combined into a single parabolic reaction-diffusion equation, still
coupled with (1.5). This simplifcation is known as the monodomain model.

The intra- and extracellular domains are often assumed to be electrically isolated, giving
raise to zero flux boundary conditions on the potentials ui, ue:

(1.7)

Mj(x)∇uj) · ν = 0 on ∂Ω× (0, T ), j = i, e,

where ν denotes the exterior unit normal vector to the boundary.
We impose initial conditions on the transmembrane potential and gating variable:

(1.8) v(0, x) = v0(x), w(0, x) = w0(x), x ∈ Ω.

Finally, note that the Neumann-type boundary conditions (1.7) determines the electrical
potentials ui, ue only up to an additive constant. To ensure a unique solution, one may
impose the normalization condition



Ω

ue(t, x) dx = 0, ∀t ∈ (0, T ).

As a fundamental manifestation of the “bidomain” nature of the model, the equations
in (1.6) are degenerate in the sense that the 2nd order diffusion operators are not acting
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on the transmembrane potential v but rather the domain-specific potentials ui, ue. This
degeneracy is also reflected in the lack of natural initial data linked to ui, ue, cf. (1.8).
As a result, the bidomain equations do not belong to a standard class of (parabolic) partial
differential equations. Over the years, this fact has resulted in many theoretical articles
developing different mathematical frameworks for the well-posedness of properly defined
solutions. A variational approach in the L2 setting was first developed in the work [16].
In [7] (see also [5]) and [10], the authors used a nondegenerate approximation system
to which they applied the Faedo-Galerkin scheme to prove the well-posedness of weak
solutions. In [11], existence and uniqueness results were provided using the “bidomain”
operator and semigroup techniques. Applying a fixed point approach, strong solutions
were considered in [35] for a rather general class of membrane models. In [27, 28], the
bidomain system was analyzed in the Lp-setting (p ≥ 1), while [26] used the theory of
critical spaces to construct global strong solutions. In [6], the authors interpret and analyze
the bidomain system as a gradient flow. The well-posedness of a modified bidomain model
(accounting for damaged tissue) was established in [4].

For papers proving convergence of numerical methods, see [5, 8] and also [29, 30] for
papers dealing with the simpler monodomain model.

2. FRACTIONAL BIDOMAIN SYSTEM

Abnormal propagation of electric excitation has severe medical consequences that may
lead to cardiac arrhythmias. Despite the mounting experimental evidence suggesting a re-
lationship between heterogeneities and arrhythmogenesis, there remain fundamental ques-
tions about how the microstructural properties of cardiac tissue affect the macroscopic con-
duction properties. Therefore, it is important to have mathematical models that can help
unveil multiscale emerging phenomena and explain arrhythmic behaviour without resolv-
ing the dynamics down to the microscopic scale (which is computationally too expensive).

There have been several attempts recently to tweak the monodomain/bidomain models
to better incorporate specific details about cardiac microstructure. Of interest to us are the
articles [3, 12, 17, 19, 20, 24] employing space-fractional diffusion operators, in particular
[12, 20]. Fractional diffusion operators may supply a rationale for the multiscale nature of
biological systems, without resolving all the spatial scales down to the microscopic level.
As a result, we overcome the need to define the tissue properties at each spatial level;
instead, they are immersed in an assumed fractal tissue structure.

Motivated by [12], we will replace the standard diffusion operators ∇ · (Mj∇uj),
cf. (1.6), by the fractional diffusion operators (−∆)

sj uj , j = i, e, that incorporate multi-
scale effects of transport processes in heterogeneous media. For s ∈ (0, 1), the fractional
Laplace operator (−∆)

s is defined by [2, 22, 32]

(2.1) (−∆)
s
u(x) = Cn,s PV



Rn

u(x)− u(y)

|x− y|n+2s dy, for u ∈ C∞
c (Rn) (say),

where Cn,s is a normalization constant. The acronym PV refers to the Cauchy principial
value of a singular integral, i.e.,

(−∆)
s
u(x) = lim

r↓0



Rn\Br(x)


u(x)− u(y)


Ks(x, y) dy,

where Ks(x, y) :=
Cn,s

|x−y|n+2s . Note that (2.1) requires an input function u : Rn → R to be
defned on the entire Rn. We will discuss the bounded domain Ω case later. It is instructive
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to write the fractional Laplacian in the form

(−∆)
s
u(x) = −1

2



Rn


u(x+ y)− 2u(x) + u(x− y)


dµ(y),

which reveals that (−∆)
s is a sort of second order difference operator, weighted against

the (singular) measure dµ(y) =
Cn,s

|y|n+2s dy.
The integral operator (2.1) accounts for long-range dispersal phenomena, meaning that

particles may travel long distances in a short amount of time, via the (singular) kernel
Ks(x, ·). The “fractional” order of (−∆)

s is encoded in the number s ∈ (0, 1), with
s = 1 describing a perfectly homogeneous domain and s ↓ 0 corresponding to a domain
with increasing inhomogeneity. We can equivalently define the fractional Laplacian as a
pseudo-differential operator with symbol |ξ|2s in the following way [32, Section 1.1]:

F

(−∆)

s
u

= |ξ|2s F(u),

where F is the Fourier transform. Thus, in the Fourier space, the fractional Laplacian be-
comes multiplication with the symbol |ξ|2s. This is consistent with the classical Laplacian
−∆, which corresponds to s ↑ 1 and thus multiplication with |ξ|2.

Using the fractional Laplacians (−∆)
sj , we replace the standard bidomain system (1.6)

by the “fractional” bidomain system

(2.2)

∂tv + (−∆)
si ui + Iion(v, w) = Iapp in Ω× (0, T ),

∂tv − (−∆)
se ue + Iion(v, w) = Iapp in Ω× (0, T ),

∂tw = H(v, w) in Ω× (0, T ),

where we have also included the ODE system (1.5). We impose initial conditions (1.8) on
the transmembrane potential v and gating variable w. We will come back to the precise
assumptions on H , Iion as well as the (meaning of the) boundary condition. In an attempt
to simplify the notation, we have here taken cm = β = 1, cf. (1.6).

Informally, one can think of the system (2.2) as resulting from a nonlocal Ohm-type
constitutive law, i.e., from a nonlocal version of (1.2), defined in terms of a fractional space
derivative to better capture nonlinear conductivity and anomalous diffusion processes in
cardiac tissue. The word anomalous refers to the non-Gaussian nature of the governing
dynamics, which can be explained using Levy statistics. The fundamental solution for the
Cauchy problem of the fractional diffusion equation ∂tu+(−∆)

s
u = 0 can be interpreted

as a probability density (evolving in time) of a Lévy (jump-diffusion) process.
In [12], the authors interpret the fractional monodomian model as a smooth transition

from the case of a homogeneous domain to a domain with an increasing amount of het-
erogeneity as the order s of the fractional diffusion operator (−∆)

s decreases. Besides
offering a biophysical justification for the use of fractional diffusion operators in cardiac
modelling, they present a series of numerical solutions of the fractional diffusion model
that compare favourably against experimental data.

Note that that the fractional bidomain system is defined on a bounded domain Ω ⊂ Rn,
whereas the fractional Laplacians (−∆)

sj , j = i, e, requires that the input functions uj

are defined on the entire Rn. To use (2.1), we tactically extend the definition of any input
function u : Ω → R to Rn setting u ≡ 0 on Rn \ Ω, and work with an appropriate
interpretation of the Neumann (exterior) boundary condition [23] (see also [1]).

The well-posedness (existence, uniqueness, and stability) of weak solutions to (2.2),
with an appropriate Neumann-type boundary condition, is established in [9]. The work [9]
will serve as a starting point for this investigation.
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3. PROJECT 1

Following [9], prove the well-posedness of the fractional bidomain model with non-
homogenous Neumann-type (and general mixed Robin) boundary conditions, and more
realistic membrane models (i.e., more complex ODE models for H, Iion), see [10, 14, 29,
30, 15, 35] for some relevant references.

4. PROJECT 2

Develop and prove convergence (via the compactness method [13]) of a numerical
method for monodomain/bidoman models with fractional diffusion, see for example [5,
8, 18, 21, 29, 30]. Implement and test the numerical method.
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