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Let H be the (Hilbert) Hardy space of Dirichlet series:

H = Zannfs: Hf||§{:Z\an]2<+oo

n>1 n>1

Let also G be the set of symbols ¢ : C;/5 — Cy, inducing a bounded
composition operator C, on H.
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Let H be the (Hilbert) Hardy space of Dirichlet series:

Zan ’f||H—Z‘an’2<+OO

n>1 n>1

Let also G be the set of symbols ¢ : C;/5 — Cy, inducing a bounded
composition operator C, on H.

Recall (Gordon - Hedenmalm) that ¢ : C;/, — Cy/, belongs to G if and
only if p(s) = cps + ¢(s), where ¢p is a non-negative integer (called the
characteristic of ¢, i.e., char(¢) = ), and ¥(s) = > 77| con~° converges
uniformly in C, for every € > 0 and has the following properties:

(a) If cg =0, then w(Co) - (Cl/2-

(b) If cg > 1, then either ¢ = 0 or ¥(Cop) C Co.
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Let H be the (Hilbert) Hardy space of Dirichlet series:

H = Zannfs: Hf||§{:Z\a,,]2<+oo

n>1 n>1

Let also G be the set of symbols ¢ : C;/5 — Cy, inducing a bounded
composition operator C, on H.

Recall (Gordon - Hedenmalm) that ¢ : C;/, — Cy/, belongs to G if and
only if p(s) = cps + ¢(s), where ¢p is a non-negative integer (called the
characteristic of ¢, i.e., char(¢) = ), and ¥(s) = > 77| con~° converges
uniformly in C, for every € > 0 and has the following properties:

(a) If o = 07 then w(CO) - (Cl/2-
(b) If cg > 1, then either ¢ = 0 or ¥(Cop) C Co.

We shall denote by C(H) = {C, : ¢ € G} C L(H).
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|
Main question for this talk

What can be said about the topological structure of C(H)?
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What can be said about the topological structure of C(H)? In particular,

@ When do two composition operators C,, and C,, belong to the same
component of C(H)?

@ When are two composition operators C,, and C,, equal modulo some
compact operator?
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Main question for this talk

What can be said about the topological structure of C(H)? In particular,

@ When do two composition operators C,, and C,, belong to the same
component of C(H)?

@ When are two composition operators C,, and C,, equal modulo some
compact operator?

First result on the unit disc.
Theorem (Shapiro - Sundberg (1990))

The set of compact composition operators is an arcwise connected set in
C(H(D)).
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|
Main question for this talk

What can be said about the topological structure of C(H)? In particular,

@ When do two composition operators C,, and C,, belong to the same
component of C(H)?

@ When are two composition operators C,, and C,, equal modulo some
compact operator?

First result on the unit disc.
Theorem (Shapiro - Sundberg (1990))

The set of compact composition operators is an arcwise connected set in
C(H(D)).

The characteristic of a symbol (which is an integer) prevents this result
from extending to H.
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Proposition
The map C(H) — No, ¢ > char(yp) is continuous. J

Proof.
Let (¢k)k, ¢ € G such that C,, — C, and assume that

char(py) # char(yp) for all k.
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Proposition
The map C(H) — No, ¢ > char(yp) is continuous. J

Proof.

Let (¢k)k, ¢ € G such that C,, — C, and assume that
char(py) # char(yp) for all k.

First case : char(yp) = 0.

Let Ks be the reproducing kernel at s € C; /5. Then C;(Ks) = Ky(s)-
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Proposition
The map C(H) — No, ¢ > char(yp) is continuous. J

Proof.
Let (¢k)k, ¢ € G such that C,, — C, and assume that
char(py) # char(yp) for all k.

First case : char(yp) = 0.
Let Ks be the reproducing kernel at s € C; /5. Then C;(Ks) = Ky(s)-

When o — +0o0 one has ¢(0) — c1 and Re(pk(0)) — +oo for k > 1.
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Proposition
The map C(H) — Ny, ¢ — char(y) is continuous. J

Proof.

Let (¢k)k, ¢ € G such that C,, — C, and assume that

char(py) # char(yp) for all k.

First case : char(yp) = 0.

Let Ks be the reproducing kernel at s € C; /5. Then C;(Ks) = Ky(s)-
When o — +0o0 one has ¢(0) — c1 and Re(pk(0)) — +oo for k > 1.
Hence, K, (o) = K¢ whereas K ;) — 1. Therefore,

HCcp - Cw” = HC; - Cs:kH
> limsup || C5(K,) — C3, (Ko)Il/ 1Ko |l

o—400

> limsup [[Ky(o) — Ky (o)l

o—+00

> Ko — 1] > 0.
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Second case : char(yp) = ¢p > 0 and char(pk) > co for an infinite number
of integers k.
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Second case : char(yp) = ¢p > 0 and char(pk) > co for an infinite number
of integers k.
Write ¢(s) = cos + c1 + > _,5p can™°. Then

27@(5) — 27C0527C12— ZnZZ cpn—*°
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Second case : char(yp) = ¢p > 0 and char(pk) > co for an infinite number
of integers k.
Write ¢(s) = cos + c1 + > _,5p can™°. Then

27@(5) _ 27C0527C12— Zn22 chn™*

27T H exp(—cpn°log2)
n>2
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Second case : char(yp) = ¢p > 0 and char(pk) > co for an infinite number
of integers k.

Write ¢(s) = cos + c1 + > _,5p can™°. Then
27@(5) _ 27C0527C12— Zn22 Cnn*S

27T H exp(—cpn°log2)
n>2

2-asp-a [ <1 + Zk: din (1) _s> .

n>2

In particular, writing 27%() = > p>1an~°, one has a,; = 0 provided
j < cpand ap =274,
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Second case : char(yp) = ¢p > 0 and char(pk) > co for an infinite number
of integers k.
Write ¢(s) = cos + c1 + > _,5p can™°. Then

27@(5) _ 27C0527C12— Zn22 Cnn*S
27T H exp(—cpn°log2)

n>2

2-asp-a [ <1 + Zk: din (1) _s> .

n>2

In particular, writing 27%() = > p>1an~°, one has a,; = 0 provided
j < cpand ap =274,

Similarly, writing 27%%(9) = 3 _ b,(k)n™5, one has by« (k) = 0 for those
k such that char(¢k) > co. This contradicts bye (k) — an.
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Second case : char(yp) = ¢p > 0 and char(pk) > co for an infinite number
of integers k.
Write ¢(s) = cos + c1 + > _,5p can™°. Then

27@(5) _ 27C0527C12— Zn22 cpn—*

27T H exp(—cpn°log2)
n>2

2-asp-a [ <1 + Zk: din (1) _s> .

n>2
In particular, writing 27%() = > p>1an~°, one has a,; = 0 provided
j < cpand ap =274,

Similarly, writing 27%%(9) = 3 _ b,(k)n™5, one has by« (k) = 0 for those
k such that char(¢k) > co. This contradicts bye (k) — an.

Third case : char(y) = cg > 0 and char(yk) < ¢o for all k.
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With a fixed characteristic

Theorem

Let cg € Ng. The set of compact composition operators with characteristic
equal to ¢y is arcwise connected.
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Preliminaries - Hedenmalm, Lindqvist, Seip

@ T can be identified with the dual group of (Q, ) by

zeT® = xz, xXz(2) =21, x2(3) =22, ..., Xz(Pm) = Zm-
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@ T can be identified with the dual group of (Q, ) by
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@ For x e T™® and f =), a,n° € H, define f,(s) = >, anx(n)n~°.
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Preliminaries - Hedenmalm, Lindqvist, Seip

@ T can be identified with the dual group of (Q, ) by
zeT® = xz, xXz(2) =21, x2(3) =22, ..., Xz(Pm) = Zm-
@ For x e T™® and f =), a,n° € H, define f,(s) = >, anx(n)n~°.

Proposition
Letf, F € H. TFAE :

o There exists (1x) C R, f(-+imx) — F uniformly on compact subsets of Cy 5.

o There exists x € T, F = f,.
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Preliminaries - Hedenmalm, Lindqvist, Seip

@ T can be identified with the dual group of (Q, ) by
zeT® = xz, xXz(2) =21, x2(3) =22, ..., Xz(Pm) = Zm-
@ For x e T™® and f =), a,n° € H, define f,(s) = >, anx(n)n~°.

Proposition
Letf, F € H. TFAE :

o There exists (1x) C R, f(-+imx) — F uniformly on compact subsets of Cy 5.

o There exists x € T, F = f,.

© Let f € H. For almost all x € T, f, converges in Co,
i (it) = limy_ fy (0 + it) exists for almost all t € R and

1712 = | [ 16t Pdu(eydm).
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Preliminaries - Hedenmalm, Lindqvist, Seip, Gordon

Q Let f € H, p = cos + ¢ € G. Define ¢, = cps + 1. Then

(fo SO)X = fyco © py.
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Theorem

Let ¢y € Ng. The set of compact composition operators wich
characteristic equal to cg is arcwise connected.

Let 9 = cos + Yo, ¢1 = ¢ + Y1 be two compact composition operators
on H.
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Theorem

Let ¢y € Ng. The set of compact composition operators wich
characteristic equal to ¢ is arcwise connected.

Let 9 = cos + Yo, ¢1 = ¢ + Y1 be two compact composition operators

on H. Define ¢\ = cos + (1 — Ao + A1 Is the map A — C,, € C(H)
continuous? Is each C,, compact?
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Theorem

Let ¢y € Ng. The set of compact composition operators wich
characteristic equal to ¢ is arcwise connected.

Let 9 = cos + Yo, ¢1 = ¢ + Y1 be two compact composition operators
on H. Define ¢\ = cos + (1 — Ao + A1 Is the map A — C,, € C(H)
continuous? Is each C,, compact?

Fix f € H and let us estimate || Cy, () — C,,, ()]|.

1Cor(F) = Co (A2 < / / (F o o)y (it) — (F 0 ox )y (i) Pdpu(£)dm(x)
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Theorem

Let ¢y € Ng. The set of compact composition operators wich
characteristic equal to ¢ is arcwise connected.

Let 9 = cos + Yo, ¢1 = ¢ + Y1 be two compact composition operators
on H. Define ¢\ = cos + (1 — Ao + A1 Is the map A — C,, € C(H)
continuous? Is each C,, compact?

Fix f € H and let us estimate || Cy, () — C,,, ()]|.
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Theorem

Let ¢y € Ng. The set of compact composition operators wich
characteristic equal to ¢ is arcwise connected.

Let 9 = cos + Yo, ¢1 = ¢ + Y1 be two compact composition operators
on H. Define ¢\ = cos + (1 — Ao + A1 Is the map A — C,, € C(H)
continuous? Is each C,, compact?

Fix f € H and let us estimate || Cy, () — C,,, ()]|.

1Cor(F) = Co (A2 < / / (F o o)y (it) — (F 0 ox )y (i) Pdpu(£)dm(x)

= / |y © (SOA)x(it) — fyo 0 (¢A’)x(it)‘2dﬂdm~

Assume that ¢o(C+), ¢1(C) C C, for some a > 1/2. Then
(#x)x(it) € C, for all x and all A so that

[ 0 () (it) = fie o () ()2 < GlIFI](0a)x (it) = (ox ) (it)[*.
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Recall that o) = cos + (1 — A)woo + Ab1. Then

(@x)x(it) = (oa)x(it) = (A = X) ((o)x (it) — (¥1)x(it))-
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Recall that o) = cos + (1 — A)woo + Ab1. Then

(@x)x(it) = (oa)x(it) = (A = X) ((o)x (it) — (¥1)x(it))-

Therefore,

1Cor(F) = Co (F)2 < CalA— NP F2 / / (W) (it) — (Y1) (it) Pdpudim.
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Recall that o) = cos + (1 — A)woo + Ab1. Then

(@x)x(it) = (oa)x(it) = (A = X) ((o)x (it) — (¥1)x(it))-

Therefore,

1Cor(F) = Co (F)2 < CalA— NP F2 / / (W) (it) — (Y1) (it) Pdpudim.

If |1o| and |¢/1] are bounded, we finally find

ICon (F) = Co (OIZ < MIA = N2 | |2,
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Theorem

Let ¢y € Ng. The set of compact composition operators wich
characteristic equal to cy is arcwise connected.

Until now we have shown that, if g = cps + 1o and p1 = cos + 1 are
such that

@ po(Cy), ¢1(C4) C C, for some a > 1/2;
@ 1, Y1 are bounded

then there is a continuous arc of compact composition operators between
Cpo and Gy, .
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Theorem

Let ¢y € Ng. The set of compact composition operators wich
characteristic equal to cg is arcwise connected.

Until now we have shown that, if g = cps + 1o and p1 = cos + 1 are
such that

® vo(Cy), ¢1(Cy) C C, for some a > 1/2;

@ 1, Y1 are bounded
then there is a continuous arc of compact composition operators between
Cpo and Gy, .

Let ¢ inducing a compact composition operator. Find a continuous arc of
compact composition operators between C, and Cz where ¢ satisfies the
above assumptions.

Consider for o € [0,1], v5 = (- + o). Then ; satisfies the above
assumptions. Is the map o € [0,1] — C,, continuous?
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Let ¢ € G such that C, is compact and let ¢, = ¢(- + o).

Lemma
The map o € [0,1] — C,,_ is continuous. J
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Let ¢ € G such that C, is compact and let ¢, = ¢(- + o).

Lemma
The map o € [0,1] — C,,_ is continuous. J

Proof.
For o > 0 define T,(f) = f(- + o), so that C,, = T, o C,. Now,
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Let ¢ € G such that C, is compact and let ¢, = ¢(- + o).

Lemma
The map o € [0,1] — C,,_ is continuous. J

Proof.
For o > 0 define T,(f) = f(- + o), so that C,, = T, o C,. Now,

Q Forafixed g € H, T,(g) = To,(g) as o — 0p.
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Let ¢ € G such that C, is compact and let ¢, = ¢(- + o).

Lemma
The map o € [0,1] — C,,_ is continuous. J

Proof.
For o > 0 define T,(f) = f(- + o), so that C,, = T, o C,. Now,

Q Forafixed g € H, T,(g) = To,(g) as o — 0p.
@ The family {7, : o € [0,1]} is equicontinuous.
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Let ¢ € G such that C, is compact and let ¢, = ¢(- + o).

Lemma
The map o € [0,1] — C,,_ is continuous. J

Proof.
For o > 0 define T,(f) = f(- + o), so that C,, = T, o C,. Now,

Q Forafixed g € H, T,(g) = To,(g) as o — 0p.
@ The family {7, : o € [0,1]} is equicontinuous.
@ The set {C,(f): ||f]| <1} has compact closure.
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Let ¢ € G such that C, is compact and let ¢, = ¢(- + o).

Lemma
The map o € [0,1] — C,, is continuous. J

Proof.
For o > 0 define T,(f) = f(- + o), so that C,, = T, o C,. Now,

Q Forafixed g € H, T,(g) = To,(g) as o — 0p.
@ The family {7, : o € [0,1]} is equicontinuous.
@ The set {C,(f): ||f]| <1} has compact closure.

The lemma follows from a (standard) compactness argument.
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Two general statements

Theorem (Positive characteristic)

Let po and @1 € G with char(pg) = char(¢1) =: co > 1 and write them

©o = oS + o, Y1 = coS + 1. Assume moreover that there exists C > 0
such that

@ |0 — p1| < Cmin(Reypop, Repi);
o ||, [¥1] £ C;
o |yl 91l < C.

Then C,, and C,, belong to the same component of C(H).

’

’
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Two general statements

Theorem (Positive characteristic)

Let po and @1 € G with char(pg) = char(¢1) =: co > 1 and write them
w0 = €oS + o, p1 = oS + 1. Assume moreover that there exists C > 0
such that

@ |0 — p1| < Cmin(Reypop, Repi);
° ||, [¢n] < C;
° [¢ol, ¥4l < C.
Then C,, and C,, belong to the same component of C(H).

’

’

Theorem (Zero characteristic)

Let pg and ¢1 € G with char(pg) = char(¢1) = 0. Assume that there

. . (Repo—1/2 RNep1—1/2
exists C > 0 such that |po — ¢1] < Cmin ( rpol  Titol > Then

C,, and C,, belong to the same component of C(H).
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|
|dea for the proof

Let o, 1 € G. As before, define vy = (1 — A)po + A\p1. Write

1Cor(F) = Cop (I < / o ((02)x(8)) = fico (030 )(it)) | d pucim.
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|
|dea for the proof

Let o, 1 € G. As before, define vy = (1 — A)po + A\p1. Write

1Con (F) = G (D)% < / o ((22)x (i) — o ((0)x (it))|*d pndm.
Observe that

fro((ex)x (1) — Feo((93)x (i) = ((21)x(it) — (o) (it)) X
)\/

/ oo ((9r)x(it))dr
A
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|
|dea for the proof

Let o, 1 € G. As before, define vy = (1 — A)po + A\p1. Write

Observe that

fro () = Fia (o)) = (o) it) — (9ol (it)) %
)\/
/ o () (i) dr
A
By Jensen's inequality,
Al
_ 2 ry2 it) — i) |2
)= Con (AP = W =aF [ [ [ Ientie) = (ool

% |feo (9 r)x (i) [Pdp(t)dm(x)dr.
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Therefore, it suffices to show that there exists C > 1 such that, for all
r €[0,1],

/ / (i) — (o) D)2 (' © )y (i) 2dp(t)dm(x) <
¢ [ 1adiydu(dmt).
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Therefore, it suffices to show that there exists C > 1 such that, for all
r €[0,1],

/ / (i) — (o) (1) 2|(F' 0 o)y (i)2dp(t)dm(x) <
c / 17 (it) Pdp(t)dm( ).
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Therefore, it suffices to show that there exists C > 1 such that, for all
r €[0,1],

/ / (i) — (o) (1) 2|(F' 0 o)y (i)2dp(t)dm(x) <
c / 17 (it) Pdp(t)dm( ).

One wants to prove that

11 = 00) G, (F)lle < ClIFlle-
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.
Therefore, it suffices to show that there exists C > 1 such that, for all
r e [0,1],
/ [(21)x (i) = (20)x (it) 2 |(F" 0 0r)x (it) Pdpu(£)dm(x) <

//|f lt|du Ydm(x).
One wants to prove that

11 = 00) G, (F)lle < ClIFlle-

= {f = pamm 1 1P = fowfi Jo 1Rc(5)Pododpdm < +oc |
Lemma
fet < ' €A J
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Therefore, it suffices to show that there exists C > 1 such that, for all
r e [0,1],
/ [(21)x (i) = (20)x (it) 2 |(F" 0 0r)x (it) Pdpu(£)dm(x) <

//|f lt|du Ydm(x).
One wants to prove that

11 = 00) G, (F)lle < ClIFlle-

= {f = pamm 1 1P = fowfi Jo 1Rc(5)Pododpdm < +oc |
Lemma
fet < ' €A J

Therefore, it suffices to prove that

11 = ©0) G, (F)ll3e < ClIF[|a-
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General problem: boundedness of weighted composition
operators from A to H

Let w: Cy/o — C be a Dirichlet series, ¢ € G. When do
wC, : f — w - f o @ defines a bounded operator from A to H?
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General problem: boundedness of weighted composition
operators from A to H

Let w: Cy/o — C be a Dirichlet series, ¢ € G. When do
wC, : f — w - f o @ defines a bounded operator from A to H?

The assumptions we have made give an answer when w = ¢1 — ¢ and
¥ = Pr-
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Let w: Cy/o — C be a Dirichlet series, ¢ € G. When do
wC, : f — w - f o @ defines a bounded operator from A to H?

The assumptions we have made give an answer when w = ¢1 — ¢ and
¥ = Pr-

Two different proofs:
@ For ¢g = 0, we reduce to Hardy and Bergman spaces of the unit disc
and use Carleson measures.
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General problem: boundedness of weighted composition
operators from A to H

Let w: Cy/o — C be a Dirichlet series, ¢ € G. When do
wC, : f — w - f o @ defines a bounded operator from A to H?

The assumptions we have made give an answer when w = ¢1 — ¢ and
¥ = Pr-

Two different proofs:
@ For ¢g = 0, we reduce to Hardy and Bergman spaces of the unit disc
and use Carleson measures.
@ For ¢g > 1, we work directly with Dirichlet series in A and in ‘H and
use some Nevanlinna counting functions.
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Application 1: linear symbols

Let (gj)j=1,...,d be multiplicatively independent positive integers and let
0o = oS+ ¢1 + Zj’:l cqjqj_S €3g, co>1.
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-
Application 1: linear symbols

Let (gj)j=1,...,d be multiplicatively independent positive integers and let
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2

d d
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Application 1: linear symbols

Let (gj)j=1,...,d be multiplicatively independent positive integers and let
o = €S+ c1 + Z}jzl quqj_s €3G, c>1.
For ¢ > 0 sufficiently small, define

2

d d
p1 = cos + c1 + Z cq; " +d|a+ Z cqq;°
j=1 Jj=1

Cy and C,, are in the same component. Moreover, if ¢ has unrestricted
range then :

e C,, is not compact

e C,, is not compact

e C,, — Cyy is not compact.

This disproves a conjecture of Shapiro and Sundberg in this setting
(already disproved on H2(ID) by Bourdon and by Moorhouse and Tonge).

F. Bayart (UCA) Topological structure Oslo, June 2021 17 /23



-
Application 2: coefficients of the Bohr lift

Let o(s) = cos +(s) € G, ¥(s) = SN, c,n~° be a Dirichlet polynomial
symbol with ¢y > 1. Define the Bohr lift By of ¢ by

N

By(z) = Z cnzyt -z

Then By maps D9 into C..
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Application 2: coefficients of the Bohr lift
Let o(s) = cos +(s) € G, ¥(s) = SN, c,n~° be a Dirichlet polynomial
symbol with ¢y > 1. Define the Bohr lift By of ¢ by

N

By(z) = Z cnzyt -z

Then By maps D9 into C..

Let [(By) = {z € T? : Re(B(z)) = 0}.

Definition

Let z € I'(Bvy). We say that ¢ has Dirichlet contact of order n at z if
there exists a neighbourhood U of z in T such that, for all w € U,

‘%m(8¢(w) — B¢(z))|2” < iRe(Bw(W)).
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N
Coefficients of the Bohr lift

Corollary

Let vg, 1 € G be Dirichlet polynomial symbols with

char(yg) = char(y1) > 1. Assume that I'(Bvyyg) = [(Bi1) and that, for all
z € [(By), there exists n € N such that

o Biy(z) = Bi(z);
@ o and @1 have a Dirichlet contact of order 2n at z;
o for |a| < 2n—1, 0,B¢%0(z) = 0uBi1(2).
Then C,, and C,, belong to the same component of C(H).
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Open questions and work in progress

© How to prove that two composition operators do not belong to the
same component? In particular, what about ¢o(s) =s+1—27° and
p1(s) =s+1—-37°7
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Open questions and work in progress

© How to prove that two composition operators do not belong to the
same component? In particular, what about ¢o(s) =s+1—27° and
p1(s) =s+1—-37°7

@ Do there exist isolated composition operators on H? (true on H?(DD)
by a result of Berkson)

© Do the compact composition operators form a connected component
of C(H)? (false in H?(ID) by a result of Gallardo, Gonzalez, Nieminen
and Saksman)

© Can we use these methods to give conditions implying that C,, — C,,
is compact?
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Theorem

Let po and p1 € G with char(yg) = char(p1) = 0. Assume that

. [ Repo—1/2 Reps —1/2
— = r 0.
loo — p1| =0 (mln ( it oo Mtonl as RNe(s) —

Then C,y — C,, is compact.
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Theorem
Let po and p1 € G with char(yg) = char(p1) = 0. Assume that

. [ Repo—1/2 Reps —1/2
1 R 0.
loo — p1| =0 <m|n ( it oo Mtonl as Re(s) —

Then C,y — C,, is compact.

What happens for ¢y > 17 For instance,

Conjecture
Let ©o, 1 € G be Dirichlet polynomial symbols with
char(pp) = char(pi1) > 1. Assume that ['(Bio) = ['(Bw1) and that, for all
z € ['(By), there exists n € N such that
e Bi(z) = By(z);
@ ¢ and @1 have a Dirichlet contact of order 2n at z;
o for |a| < 2n, 0oBibo(z) = 0aB1(2).
Then C,, — C,, is compact???
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CAM CENTRE INTERNATIONAL DE RENCONTRES MATHEMATIQUES
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See you soon there!
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Thank you!
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