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Multiplicative Hankel matrices

Let α � tαpjquj¥1 be a sequence of complex numbers.

The multiplicative Hankel matrix, or Helson matrix, Mpαq is given
by

Mpαq �

�
����
αp1q αp2q αp3q . . .
αp2q αp4q αp6q . . .
αp3q αp6q αp9q . . .
...

...
...

. . .

�
���
� tαpjkquj,k¥1 on `2pNq.

Recall that H8pϕq is the (multiplicative) Hankel operator on
H2pT8q with symbol ϕ .

Mpαq � H8pϕq, ϕpsq �
¸
n¥1

αpnqn�s.
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Integral analogue

Let aptq be a locally integrable function on p1,8q .

The integral Helson operator Mpaq is defined by the formula

Mpaqfptq �
» 8
1

aptsqfpsq ds, t ¡ 1, f P L2p1,8q.

Mpaq is unitarily equivalent the (classical) Hankel operator Hpψq
(on H2pRq),

ψpξq � papξq � » 8
1

aptqt�1{2�iξ dt.
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Restrictions

Let aptq be a continuous function for t ¡ 1 and set

αp1q � 0, αpjq � apjq, j ¥ 2.

When do we have the following?

Mpaq bounded ùñ Mpαq bounded

Mpaq P Sp ùñ Mpαq P Sp

How does the spectrum of Mpaq relate to the spectrum of Mpαq?

Action on symbols: Formally the (analytic) symbol for Mpαq is

ϕpsq �
» 8
�8

ζps� 1{2� iξqpapξq dξ.
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Sp estimates (p ¤ 1)

Theorem

Let 0   p ¤ 1 . Suppose Mpaq P Sp . Then Mpαq P Sp and

||Mpαq||Sp ¤ Cp||Mpaq||Sp .

Moreover, if Mpaq P Sp,8 then Mpαq P Sp,8 and

}Mpαq}Sp,8 ¤ Cp}Mpaq}Sp,8 .

Note that Mpaq P S1 ñ aptq is continuous for t ¡ 1 .

This results fails for any p ¡ 1 .
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Lemma

Suppose supppaq � r1, eN s and pa P LppRq , 0   p ¤ 1 . Then

‖Mpαq‖pSp
¤ CpN‖pa‖pLppRq.

Proof based on series representation for aptq :

aptq �
1

N

8̧

m��8

papm{Nqt� 1
2�im

N , 1   t   eN ,

ùñMpαq �
1

N

8̧

m��8

papm{NqAm, Am �
!
pjkq�

1
2�im

N

)reN s
j,k�1

.

We compute that }Am}Sp
�

reN ş

j�1

j�1 ¤ N � 1 .

Hence

‖Mpαq‖pSp
¤

1

Np

8̧

m��8

|papm{Nq|ppN � 1qp ¤ CpN‖pa‖pLppRq.
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Sketch proof of theorem

Take a “dyadic” decomposition of a :

a �
8̧

n��8

an, supppanq �
�
exp

�
2n�1

�
, exp

�
2n�1

��
.

Peller (1980): ‖Mpaq‖pSp
� °

n 2
n‖pan‖pLppRq

Set αn � an|N . Then

‖Mpαq‖pSp
¤

8̧

n��8

‖Mpαnq‖pSp
¤ Cp

8̧

n��8

2n‖pan‖pLppRq.

Use real interpolation to get weak-Sp estimates.
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Non-negative operators

Widom (1966): If Mpaq is non-negative then a is continuous and
monotone decreasing.

Theorem

Suppose Mpaq is non-negative. Then the following hold:

1 If Mpaq is bounded (resp. compact) then Mpαq is bounded
(resp. compact) and

‖Mpαq‖ ¤ C‖Mpaq‖.
2 If Mpaq P Sp , p P 2N, then Mpαq P Sp and

‖Mpαq‖Sp ¤ Cp‖Mpaq‖Sp .

Question: Does this hold for all 0   p   8?
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Spectral properties

Theorem

Let w ¥ 0 be a bounded function on R� with bounded support.
Let

aptq �
» 8
0
t�

1
2
�λwpλqdλ, t ¡ 1.

Then Mpαq �Mpaq �A with A P Xp¡0Sp .

Corollary: if Mpaq is compact, then Mpαq is compact and their
eigenvalues obey the same asymptotics.

Proof based on the following reductions:

Mpαq � wpxq1{2ζpx� y � 1qwpyq1{2

Mpaq � wpxq1{2px� yq�1wpyq1{2
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Sketch proof

Step 1: Mpaq � wpxq1{2ζpx� y � 1qwpyq1{2 .

Consider

N : L2pR�q Ñ `2pNq, f ÞÑ
"» 8

0
j�x�

1
2wpxq1{2fpxqdx

*8
j�1

.

Then NN � �Mpαq and N �N has integral kernel
wpxq1{2ζpx� y � 1qwpyq1{2 .

Step 2: Mpaq � wpxq1{2px� yq�1wpyq1{2 .
Let L denote the Laplace transform.

Then Mpaq � pw1{2Lq�pw1{2Lq and pw1{2Lqpw1{2Lq� has
integral kernel wpxq1{2px� yq�1wpyq1{2 .
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Step 2: Mpaq � wpxq1{2px� yq�1wpyq1{2 .
Let L denote the Laplace transform.

Then Mpaq � pw1{2Lq�pw1{2Lq and pw1{2Lqpw1{2Lq� has
integral kernel wpxq1{2px� yq�1wpyq1{2 .
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Modifications of Hilbert matrix

Hilbert matrix: thpj � k � 1quj,k¥0 , hpjq � 1{j .

Compact modifications:

Widom (1966): hpjq � 1{jp1�δq, δ ¡ 0 . Singular values
obey

sn � exp
�
�π

?
2δn� op?nq

	
nÑ8.

Pushnitski-Yafaev (2015): hpjq � j�1plog jq�γ , γ ¡ 0 .

sn � Cpγqn�γ � opn�γq, nÑ8.

Similar results for integral Hankel operators
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Modification of Multiplicative Hilbert matrix

Multiplicative Hilbert matrix: Mpαq, αpjq � 1{?j log j
(Brevig-Perfekt-Seip-Siskakis-Vukotić 2016, Perfekt-Pushnitski 2018)

Theorem

Let γ ¡ 0 . Suppose that for all sufficiently large j ,

αpjq � 1{p
a
j log jplog log jqγq.

Then Mpαq is compact and the singular values satisfy

snpMpaqq � Cpγqn�γ � opn�γq, nÑ8.

Question: Does a version of Widom’s theorem hold for Helson
matrices?
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Idea of the proof

Consider aptq � 1{p?t log tplog log tqγq

aptq has an approximate integral representation:

aptq �
» c
0
| log λ|�γt� 1

2
�λdλloooooooooooomoooooooooooonraptq

� error, 0   c   1.

Pushnitski-Yafaev (2015):

Mpraq compact with sn � Cpγqn�γ � opn�γq ;

Mperrorq P Sp,8 with p � 1{pγ � 1q
Result follows from restricting to integers and applying standard
spectral perturbation theory.
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Thank you!
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