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Multiplicative Hankel matrices

Let o = {a(j)} =1 be a sequence of complex numbers.
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Recall that Hy () is the (multiplicative) Hankel operator on
H?(T®) with symbol ¢.
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Multiplicative Hankel matrices

Let o = {a(j)} =1 be a sequence of complex numbers.

The multiplicative Hankel matrix, or Helson matrix, M («) is given

by
%) (b ai®)
a(2) ald) al6) ...
M(e) = [ a(3) a®6) a@) ...|={e0B)}x=1 on £N).

Recall that Hy () is the (multiplicative) Hankel operator on
H?(T®) with symbol ¢.

M(a) = Hu(p),  @(s) = D) aln)n™>.
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Integral analogue

Let a(t) be a locally integrable function on (1, 0).
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Integral analogue

Let a(t) be a locally integrable function on (1, 0).

The integral Helson operator M(a) is defined by the formula

M(a) f(t) :f a(ts)f(s)ds, t>1, feL*Q1,0).
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Integral analogue

Let a(t) be a locally integrable function on (1, 0).

The integral Helson operator M(a) is defined by the formula

0

M(a) f(t) :f a(ts)f(s)ds, t>1, feL*Q1,0).

1

M(a) is unitarily equivalent the (classical) Hankel operator H (%))
(on H2(R)),

B(E) = A(E) = j " Al V2E gy
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Let a(t) be a continuous function for ¢t > 1 and set
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Let a(t) be a continuous function for ¢t > 1 and set

When do we have the following?

e M(a) bounded = M («) bounded
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Let a(t) be a continuous function for ¢t > 1 and set

When do we have the following?

e M(a) bounded = M («) bounded
e M(a)eS, = M(a)eS,
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Let a(t) be a continuous function for ¢t > 1 and set

When do we have the following?

e M(a) bounded = M («) bounded
e M(a)eS, = M(a)eS,

How does the spectrum of M(a) relate to the spectrum of M («a)?
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Let a(t) be a continuous function for ¢t > 1 and set

When do we have the following?

e M(a) bounded = M («) bounded
e M(a)eS, = M(a)eS,

How does the spectrum of M(a) relate to the spectrum of M («a)?

Action on symbols: Formally the (analytic) symbol for M («) is

o) = [ clo 172+ iga de
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S, estimates (p < 1)
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S, estimates (p < 1)

Let 0 <p < 1. Suppose M(a) € S,,. Then M(«) € S, and

1M(a)[s, < Cpl[M(a)]ls,-
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S, estimates (p < 1)

Let 0 <p < 1. Suppose M(a) € S,,. Then M(«) € S, and

1M (@)lls, < Cpl[M(a)lls, -
Moreover, if M(a) € Sp  then M(a) € S, and

| M()lls,,.. < Cp|M(@)]s,,..-
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S, estimates (p < 1)

Let 0 <p < 1. Suppose M(a) € S,,. Then M(«) € S, and

1M (@)lls, < Cpl[M(a)lls, -
Moreover, if M(a) € Sp  then M(a) € S, and

| M()lls,,.. < Cp|M(@)]s,,..-

e Note that M(a) € S; = a(t) is continuous for ¢ > 1.
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S, estimates (p < 1)

Let 0 <p < 1. Suppose M(a) € S,,. Then M(«) € S, and

1M (@)lls, < Cpl[M(a)lls, -
Moreover, if M(a) € Sp  then M(a) € S, and

| M()lls,,.. < Cp|M(@)]s,,..-

e Note that M(a) € S; = a(t) is continuous for ¢ > 1.

@ This results fails for any p > 1.
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Suppose supp(a) < [1,eV] and ae€ LP(R), 0 <p < 1. Then

1M()[8, < CpN A%, gy
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Suppose supp(a) < [1,eV] and ae€ LP(R), 0 <p < 1. Then

1M()[8, < CpN A%, gy

Proof based on series representation for a(t):

e

1 m
Z a(m/N)t~ 2“N, 1<t<el,
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Proof based on series representation for a(t):
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Z a(m/N)t~ 2“N, 1<t<el,

Naz Miheisi (KCL) Restriction theorems



Suppose supp(a) < [1,eV] and ae€ LP(R), 0 <p < 1. Then

1M()[8, < CpN A%, gy

Proof based on series representation for a(t):

1 m
Z a(m/N)t~ R l<t<eN

1 x ~ 1y4m [eN]
— M) =5 3 Am/N)An A= (GOREE
[eV]
We compute that || A,,[s, = Z TSN +1
j=1
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Suppose supp(a)

c[1,eN] and ae LP(R), 0 < p <

1. Then
IM(@)5, < CoN 18I zy-
Proof based on series representation for a(t):
1 XL
_ lyim N
a(t) = Nm;l a(m/N)t 27"~ l1<t<e”,
= M(a) = e i a(m/N)A A, = {( k) %“%}[ .

o) = Nm:_%‘ my m — J k=1

We compute that || A,,[s, = Z J

Hence

1 & .
IM()lg, < [a(m/N)[P(N +1)P < CpN |||}, -
P NP (R)

m=—5xL
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Sketch proof of theorem

Take a “dyadic” decomposition of a:

a= Z a,, supp(a,)c [exp (2”_1) , exXp (2"“)] .

n=—aw
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Sketch proof of theorem

Take a “dyadic” decomposition of a:

Z a,, supp(a,)c [exp (2”_1) , exXp (2"“)] .

n=—aw

Peller (1980): [M(a)llg =3, 2"Han||Lp(]R
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Sketch proof of theorem

Take a “dyadic” decomposition of a:

Z a,, supp(a,)c [exp (2”_1) , exXp (2"“)] .

n=—o
Peller (1980): [M(a)llg =3, 2"Han||Lp(]R

Set a,, = ay|n. Then

[[M (o Z 1M (en)llg, < Cp Z 2" 1an 170 -

n=—0u n=—a
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Sketch proof of theorem

Take a “dyadic” decomposition of a:

Z a,, supp(a,)c [exp (2”_1) , exXp (2"“)] .

n=—o
Peller (1980): [M(a)llg =3, 2"Han||Lp(]R

Set a,, = ay|n. Then

[[M (o Z 1M (en)llg, < Cp Z 2" 1an 170 -

n=—0u n=—a

Use real interpolation to get weak-S,, estimates. O
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Non-negative operators
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Non-negative operators

Widom (1966): If M(a) is non-negative then a is continuous and
monotone decreasing.
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Non-negative operators

Widom (1966): If M(a) is non-negative then a is continuous and
monotone decreasing.

Suppose M(a) is non-negative. Then the following hold:

@ /f M(a) is bounded (resp. compact) then M («) is bounded
(resp. compact) and

[M(a)]| < CM(a)].
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Non-negative operators

Widom (1966): If M(a) is non-negative then a is continuous and
monotone decreasing.

Theorem

Suppose M(a) is non-negative. Then the following hold:

@ /f M(a) is bounded (resp. compact) then M («) is bounded
(resp. compact) and

[M(a)]| < CM(a)].

Q /fM(a)eS,, pe 2N, then M(a) € S, and

IM(a)lls, < CplIM(a)lls, -
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Non-negative operators

Widom (1966): If M(a) is non-negative then a is continuous and
monotone decreasing.

Suppose M(a) is non-negative. Then the following hold:

@ /f M(a) is bounded (resp. compact) then M («) is bounded
(resp. compact) and

[M(a)]| < CM(a)].

Q /fM(a)eS,, pe 2N, then M(a) € S, and

IM(a)lls, < CplIM(a)lls, -

Question: Does this hold for all 0 < p < o0?
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Spectral properties
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Spectral properties

Theorem

Let w = 0 be a bounded function on Ry with bounded support.
Let

Q0
a(t) = J A w()dA, E> 1
0

Then M(a) ~ M(a) + A with A€ np=0S,.
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Spectral properties

Theorem

Let w = 0 be a bounded function on Ry with bounded support.
Let

Q0
a(t) = J A w()dA, E> 1
0

Then M(a) ~ M(a) + A with A€ np=0S,.

Corollary: if M(a) is compact, then M («) is compact and their
eigenvalues obey the same asymptotics.
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Spectral properties

Theorem
Let w = 0 be a bounded function on Ry with bounded support.
Let

Q0
a(t) = J A w()dA, E> 1
0

Then M(a) ~ M(a) + A with A€ np=0S,.

Corollary: if M(a) is compact, then M («) is compact and their
eigenvalues obey the same asymptotics.

Proof based on the following reductions:
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Spectral properties

Theorem
Let w = 0 be a bounded function on Ry with bounded support.
Let

Q0
a(t) = J A w()dA, E> 1
0

Then M(a) ~ M(a) + A with A€ np=0S,.

Corollary: if M(a) is compact, then M («) is compact and their
eigenvalues obey the same asymptotics.

Proof based on the following reductions:

o M(a) ~ w(x)2((x +y + w(y)"?
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Spectral properties

Theorem
Let w = 0 be a bounded function on Ry with bounded support.
Let

Q0
a(t) = J A w()dA, E> 1
0

Then M(a) ~ M(a) + A with A€ np=0S,.

Corollary: if M(a) is compact, then M («) is compact and their
eigenvalues obey the same asymptotics.

Proof based on the following reductions:
o M(a) ~ w(x)¢(z +y + Dw(y)'/?

o M(a) ~ w(@)2(x + ) u(y)"?
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Sketch proof

Step 1: M(a) ~ w(z)*¢(z +y + Dw(y)"/2.
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Sketch proof

Step 1. M(a) ~ w(x)*¢(z +y + Dw(y)"?.
Consider

N R B0 feo [T ) 2o}

0

0

j=1
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Sketch proof

Step 1. M(a) ~ w(x)*¢(z +y + Dw(y)"?.
Consider

N R B0 feo [T ) 2o}

0

0

j=1

Then NN* = M(«) and N*N has integral kernel
w(@) 2 (z +y + Dw(y)'2.
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Sketch proof

Step 1. M(a) ~ w(x)*¢(z +y + Dw(y)"?.
Consider

N R B0 feo [T ) 2o}

0

0

j=1

Then NN* = M(«) and N*N has integral kernel
w(@) 2 (z +y + Dw(y)'2.

Step 2: M(a) ~ w(x)?(z + ) tw(y)"/2.
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Sketch proof

Step 1. M(a) ~ w(x)*¢(z +y + Dw(y)"?.
Consider

N R B0 feo [T ) 2o}

0

0

j=1

Then NN* = M(«) and N*N has integral kernel
w(@) 2 (z +y + Dw(y)'2.

Step 2: M(a) ~ w(x)l/Q(;g + y)*lw(y)l/z.
Let £ denote the Laplace transform.
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Sketch proof

Step 1. M(a) ~ w(x)*¢(z +y + Dw(y)"?.
Consider

N R B0 feo [T ) 2o}

0

0

j=1
Then NN* = M(«) and N*N has integral kernel
w(@) 2 (z +y + Dw(y)'2.

Step 2: M(a) ~ w(x)l/Q(;g + y)*lw(y)l/z.
Let £ denote the Laplace transform.

Then M(a) ~ (w'/2L)*(w'/?L)

Naz Miheisi (KCL) Restriction theorems



Sketch proof

Step 1. M(a) ~ w(x)*¢(z +y + Dw(y)"?.
Consider

N R B0 feo [T ) 2o}

0

0

j=1

Then NN* = M(«) and N*N has integral kernel
w(@) 2 (z +y + Dw(y)'2.

Step 2: M(a) ~ w(x)l/Q(;g + y)*lw(y)l/z.
Let £ denote the Laplace transform.

Then M(a) ~ (w'/2L)*(w'?L) and (w'/2L)(w'2L)* has
integral kernel w(z)Y?(z 4+ y) tw(y)Y/?.
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Modifications of Hilbert matrix

Hilbert matrix: {h(j +k 4+ 1)};r=0, h(j) = 1/5.
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Modifications of Hilbert matrix

Hilbert matrix: {h(j +k 4+ 1)};r=0, h(j) = 1/5.

Compact modifications:

o Widom (1966): h(j) = 1/j1+9  §>0.

Naz Miheisi (KCL) Restriction theorems



Modifications of Hilbert matrix

Hilbert matrix: {h(j +k 4+ 1)};r=0, h(j) = 1/5.

Compact modifications:

o Widom (1966): h(j) = 1/1*9 §> 0. Singular values
obey
Sp = exp (—7rv 26n + 0(\/5)) n — oo.

Naz Miheisi (KCL) Restriction theorems



Modifications of Hilbert matrix

Hilbert matrix: {h(j +k 4+ 1)};r=0, h(j) = 1/5.

Compact modifications:

o Widom (1966): h(j) = 1/1*9 §> 0. Singular values
obey
Sp = exp (—7rv 26n + 0(\/5)) n — oo.

e Pushnitski-Yafaev (2015): h(j) =7 '(logj) ™, ~>0.
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Modifications of Hilbert matrix

Hilbert matrix: {h(j +k 4+ 1)};r=0, h(j) = 1/5.

Compact modifications:

o Widom (1966): h(j) = 1/1*9 §> 0. Singular values
obey
Sp = exp (—7rv 26n + 0(\/5)) n — oo.

e Pushnitski-Yafaev (2015): h(j) =7 '(logj) ™, ~>0.
sp=C(y)n""+o(n™ "), n— .

Similar results for integral Hankel operators
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Modification of Multiplicative Hilbert matrix

Multiplicative Hilbert matrix: M (), «a(j) = 1/4/jlogj
(Brevig-Perfekt-Seip-Siskakis-Vukoti¢ 2016, Perfekt-Pushnitski 2018)
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Modification of Multiplicative Hilbert matrix

Multiplicative Hilbert matrix: M (), «a(j) = 1/4/jlogj
(Brevig-Perfekt-Seip-Siskakis-Vukoti¢ 2016, Perfekt-Pushnitski 2018)

Let v > 0. Suppose that for all sufficiently large j,

a(j) = 1/(+/jlog j(loglog j)7).

Then M («) is compact and the singular values satisfy

sn(M(a)) = C(y)n"7" +o(n™"), n— .
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Modification of Multiplicative Hilbert matrix

Multiplicative Hilbert matrix: M (), «a(j) = 1/4/jlogj
(Brevig-Perfekt-Seip-Siskakis-Vukoti¢ 2016, Perfekt-Pushnitski 2018)

Theorem

Let v > 0. Suppose that for all sufficiently large j,

a(j) = 1/(+/jlog j(loglog j)7).

Then M («) is compact and the singular values satisfy

sn(M(a)) = C(y)n"7" +o(n™"), n— .

Question: Does a version of Widom's theorem hold for Helson
matrices?
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Idea of the proof

Consider a(t) = 1/(+/tlogt(loglogt)?)
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Idea of the proof

Consider a(t) = 1/(+/tlogt(loglogt)?)

a(t) has an approximate integral representation:

C
a(t) = f | log /\|*’Yt*%*)‘d)\ 4+ error, O0<c<1.
0

D'

a(t)

Naz Miheisi (KCL) Restriction theorems



Idea of the proof

Consider a(t) = 1/(+/tlogt(loglogt)?)

a(t) has an approximate integral representation:

C
a(t) = f | log /\|*’Yt*%*)‘d)\ 4+ error, O0<c<1.
0

D'

a(t)

Pushnitski-Yafaev (2015):

e M(a) compact with s, = C(y)n™" + o(n™7);
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Idea of the proof

Consider a(t) = 1/(+/tlogt(loglogt)?)

a(t) has an approximate integral representation:

C
a(t) = f | log /\|*’Yt*%*)‘d)\ 4+ error, O0<c<1.
0

D'

a(t)

Pushnitski-Yafaev (2015):

e M(a) compact with s, = C(y)n™" + o(n™7);
e Mferror) € S, » with p=1/(y +1)
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Idea of the proof

Consider a(t) = 1/(+/tlogt(loglogt)?)

a(t) has an approximate integral representation:

C
a(t) = f | log /\|*’Yt*%*)‘d)\ 4+ error, O0<c<1.
0

D'

a(t)

Pushnitski-Yafaev (2015):

e M(a) compact with s, = C(y)n™" + o(n™7);
e Mferror) € S, » with p=1/(y +1)

Result follows from restricting to integers and applying standard
spectral perturbation theory.
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Thank you!
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