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D =
∑
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(1) (an) ⊂ C, Dirichlet coefficients

(2) λ = (λn), 0 ≤ λn ↗ +∞, frequency

(3) s ∈ C, complex variable
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A natural space of general Dirichlet series

Definition

Let D∞(λ) denote the space of all λ-Dirichlet series
∑

ane
−λns

that converge on [Re > 0] and define a bounded limit function

g : [Re > 0]→ C, s 7→
∞∑
n=1

ane
−λns .

‖D‖∞ = sup
s∈[Re>0]

|g(s)|

Theorem (Defant + S. [11], 2020)

For every frequency λ = (λn) and D ∈ D∞(λ)

sup
n∈N
|an(D)| ≤ ‖D‖∞.

In particular, (D∞(λ), ‖ · ‖∞) defines a normed space.
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Spaces of general Dirichlet series

(1) λ = (n) = (0, 1, 2, . . .), z = e−s :

H∞(D) = D∞((n)) = H∞(T)

(2) λ = (log n), Bohr’s transform, HLS 1997:

H∞(Bc0) = D∞((log n)) = H∞(T∞)

Theorem (S. [11], 2020)

In general (D∞(λ), ‖ · ‖∞) does not form a Banach space.

∃ ’natural’ Banach space X ( H∞[Re > 0] : D∞(λ) ↪→ X and

D∞(λ) is a Banach space ⇔ X = D∞(λ)
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Holomorphic almost periodic functions on half planes

Definition

Let Hλ∞[Re > 0] denote the space of all holomorphic and
bounded g : [Re > 0]→ C such that every restriction

gσ : R→ C, t 7→ g(σ + it), σ > 0

defines an almost periodic function on R and for every x ∈ R the
xth Bohr coefficient of g

ax(g) = lim
T→∞

1

2T

∫ T

−T
gσ(it)e(σ+it)xdt

vanishes, whenever x /∈ {λn | n ∈ N}.
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defines an almost periodic function on R and for every x ∈ R the
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ax(g) = lim
T→∞

1

2T

∫ T

−T
gσ(it)e(σ+it)xdt

vanishes, whenever x /∈ {λn | n ∈ N}.

Theorem

Hλ∞[Re > 0] forms a Banach space for every frequency λ.
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Theorem (S. [11], 2020)

Let λ be an arbitrary frequency. Then isometrically

D∞(λ) ↪→Hλ∞[Re > 0], D 7→ g .

Moreover, if D ∈ D∞(λ) with limit function g , then

an(D) = aλn(g), n ∈ N.

Theorem (Defant + S. [5], 2020)

Let λ be an arbitrary frequency. Then
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The outstanding theorem of Bohr for λ = (log n)

Theorem (Bohr’s theorem for λ = (log n), 1913)

Assume that D =
∑

ann
−s is somewhere convergent and its limit

function g extents to [Re > 0] to a bounded and holomorphic
function. Then D converges on [Re > 0] with uniform convergence
on every [Re > ε], ε > 0.

Definition

We say that Bohr’s theorem holds for λ, whenever every
somewhere convergent λ-Dirichlet series D with limit function g ,
that extents to [Re > 0] to a holomorphic and bounded function,
converges uniformly on [Re > ε], ε > 0.
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Another natural space of general Dirichlet series

Definition

We say that Bohr’s theorem holds for λ, whenever every
somewhere convergent λ-Dirichlet series D with limit function g ,
that extents to [Re > 0] to a holomorphic and bounded function,
converges uniformly on [Re > ε], ε > 0.

Definition

Let Dext
∞ (λ) denote the space of all somewhere convergent

D =
∑

ane
−λns whose limit function extent to [Re > 0] to a

bounded and holomorphic function.

Observation: Bohr’s theorem holds for λ, whenever every
D ∈ Dext

∞ (λ) converges uniformly on [Re > ε], ε > 0.



Excursion: Concrete conditions on λ for Bohr’s theorem

Algebraic condition:

{λn | n ∈ N} is Q-linearly independent (Bohr, 1913).

Geometric condition:

L(λ) := sup
D∈D(λ)

σa(D)− σc(D) = 0 (Bohr, 1913)

σc(
∑

e−λns) = L(λ) = lim sup
N→∞

log n

λn
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Excursion: Concrete conditions on λ for Bohr’s theorem

Algebraic condition: λ = (log pn), pn = nth prime
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Excursion: Concrete conditions on λ for Bohr’s theorem

Analytic conditions:

(1) Bohr’s condition (BC), 1913:

(log n)

∃` > 0 ∀δ > 0 ∃C > 0 ∀n ∈ N : λn+1 − λn ≥ Ce−(`+δ)λn

(2) Landau’s condition (LC), 1921:

(
√

log n)

∀δ > 0 ∃C > 0 ∀n ∈ N : λn+1 − λn ≥ Ce−e
δλn

(3) Bayart’s condition (BaC), 2021:

λ2n+k = n2 + ke−e
n2

, where
k = 0, . . . , 2n − 1

∀δ > 0 ∃C > 0 ∀n ∈ N ∃m ∈ N : log
(λm + λn
λm − λn

)
+(m−n) ≤ Ceδλn .

Strict inclusions:
(BC )⇒ (LC )⇒ (BaC )
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Application: Completeness of D∞((log n))

By Bohr’s theorem:

D∞((log n)) = Dext
∞ ((log n)).

Claim:

Dext
∞ ((log n)) ⊃ H(log n)

∞ [Re > 0],

g ∼
∑

alog n(g)n−s

σa(
∑

n−s) = 1.

For s ∈ [Re > 1] we have∑
|alog n(g)n−s | ≤ ‖g‖∞

∑
|n−s | <∞

Hence ∑
alog n(g)n−s ∈ Dext

∞ ((log n)).
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The equivalence theorem part I

Theorem (Defant + S. [5], 2020)

Let λ be a frequency. Then TFAE:

(1) Bohr’s theorem holds for λ.

(2) D∞(λ) is a Banach space.

(3) D∞(λ) = Hλ∞[Re > 0].

(4) For every σ > 0 there exists C = C (λ, σ) such that

sup
N
‖

N∑
n=1

an(D)e−σλne−λns‖∞ ≤ C‖D‖∞, D ∈ D∞(λ).

Crucial ingredients of the proof:

(1) Introduction of Hardy spaces of general Dirichlet series

(2) A Carleson-Hunt type theorem
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Abstract Hardy spaces as completion for 1 ≤ p <∞
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Definition

Let Hp(λ) be the Banach space formed by the completion of

P(λ) = span{e−λns | n ∈ N} with respect to (2).

(1) λ = (n), z = e−s :

Hp((n)) = Hp(T)

(2) λ = (log n), Bayart 2002:

Hp((log n)) = Hp(T∞)

(3) λ arbitrary :
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λ-Dirichlet groups

Let G be a compact abelian group and β : (R,+)→ G a
homomorphism of groups.

Assume that β is continuous and has
dense range. Let λ = (λn) be a frequency.

G T

R

hλn

[t 7→ e−iλnt ]
β

(hλn ◦ β)(t) = e−iλnt , t ∈ R

Definition

The pair (G , β) is called a λ-Dirichlet group, whenever

∀ n ∈ N ∃! hλn ∈ Ĝ : hλn ◦ β = e−iλn·

! For every frequency λ there is such a pair (G , β) !
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∀ n ∈ N ∃! hλn ∈ Ĝ : hλn ◦ β = e−iλn·

! For every frequency λ there is such a pair (G , β) !



λ-Dirichlet groups

Let G be a compact abelian group and β : (R,+)→ G a
homomorphism of groups. Assume that β is continuous and has
dense range. Let λ = (λn) be a frequency.

G

T

R

hλn

[t 7→ e−iλnt ]

β

(hλn ◦ β)(t) = e−iλnt , t ∈ R

Definition

The pair (G , β) is called a λ-Dirichlet group, whenever
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Hardy spaces of general Dirichlet series

Let λ be a frequency, (G , β) a λ-Dirichlet group and 1 ≤ p ≤ ∞

Definition

Hλ
p (G ) := {f ∈ Lp(G ) | supp f̂ ⊂ {hλn | n ∈ N}}

B : Hλ
p (G ) ↪→ D(λ), f 7→

∑
f̂ (hλn)e−λns

Definition

Hp(λ) := B(Hλ
p (G )) with ‖D‖p := ‖f ‖p, whenever B(f ) = D

Theorem (Defant + S. [7], 2020)

! Hp(λ) is independent of the chosen λ-Dirichlet group !
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Examples

(1) λ arbitrary:

R = {γ : (R,+)→ T | γ homomorphism},

βR : R→ R, x 7→ [t 7→ e−ixt ],

Hp(λ) = Hλ
p (R)

(2) λ = (log n), pn = nth prime:

βT∞ : R→ T∞, t 7→ p−it = (p−itn )

Bayart’s invention of Hp-spaces, 2002:

Hp((log n)) = Hp(T∞)
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Examples

(1) λ arbitrary:

R = {γ : (R,+)→ T | γ homomorphism},

βR : R→ R, x 7→ [t 7→ e−ixt ],

Hp(λ) = Hλ
p (R)

(3) λ = (0, 1, 2, . . .):

βT : R→ T, t 7→ e−it ,

Hp((n)) = Hp(T)



Immediately arising (vague) questions

(1) Let f ∈ Hλ
p (G ), where 1 ≤ p ≤ ∞. What can we say about

convergence respectively summability of the Fourier
series of f ∑

f̂ (hλn)hλn ?

(2) Links between D∞(λ), H∞(λ) = Hλ
∞(G ) and Hλ

∞[Re > 0]?
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Special case p =∞

Theorem

Let λ = (λn) be an arbitrary frequency and (G , β) a λ-Dirichlet
group. Then as Banach spaces

Hλ∞(G) = H∞(λ) = Hλ∞[Re > 0],

such that
f̂ (hλn) = an(D) = aλn(g).
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Special case p = 2: The Carleson-Hunt theorem

Theorem (see [5] and [3])

Let λ be arbitrary with λ-Dirichlet group (G , β). Then for every
f ∈ Hλ2 (G)

∥∥ω 7→ sup
N
|

N∑
n=1

f̂ (hλn)hλn(ω)|
∥∥
2
≤ CH2‖f ‖2.

In particular, almost everywhere on G

f =
∞∑
n=1

f̂ (hλn)hλn



Proof of Bohr’s theorem implies completeness

Corollary

Let D =
∑

ane
−λns with (an) ∈ `2 and f ∈ Hλ

2 (G ) such that

an = f̂ (hλn) for all n ∈ N. Then for almost every ω ∈ G the
vertical limit of D

Dω(s) =
∑

anhλn(ω)e−λns

converges a.e. on [Re = 0]. For s = σ + it ∈ [Re > 0]

∞∑
n=1

anhλn(ω)e−λn(σ+it) =

∫
R
f (ωβ(y))Pσ(y − t)dt.
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Lemma

Let λ = (λn) be arbitrary with λ-Dirichlet group (G , β) and
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ane
−λns | = sup
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|
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Together,

D converges uniformly on [Re > ε], ε > 0.



The full equivalence theorem

Theorem

(1) Bohr’s theorem holds for λ.

(2) D∞(λ) is a Banach space.

(3) D∞(λ) = Hλ∞[Re > 0].

(4) For every σ > 0 there exists C = C (λ, σ) such that

sup
N
‖

N∑
n=1

an(D)e−σλne−λns‖∞ ≤ C‖D‖∞, D ∈ D∞(λ).

(5) D∞(λ) = H∞(λ).

(6) Bayart’s Montel theorem holds in D∞(λ).



Immediately arising (vague) questions

(1) Let f ∈ Hλ
p (G ), where 1 ≤ p ≤ ∞. What can we say about

convergence respectively summability of the Fourier
series of f ∑

f̂ (hλn)hλn ?

(2) Links between D∞(λ), H∞(λ) = Hλ
∞(G ) and Hλ

∞[Re > 0]?
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Theorem (Defant + S. [5], 2020)

Let λ be arbitrary with λ-Dirichlet group (G , β) and
1 < p <∞. Then for every f ∈ Hλp (G)

∥∥ω 7→ sup
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|
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p
≤ CHp‖f ‖p.

In particular, almost everywhere on G

f =
∞∑
n=1

f̂ (hλn)hλn

Substitutes for p = 1 under two aspects:

(1) translations

(2) changing the summation method (Riesz means)
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Theorem (Defant + S. [5], 2020)

If λ satisfies (LC), then for every λ-Dirichlet group (G , β) for
every u > 0 there exists ∃C > 0 such that for every f ∈ Hλ

1 (G )

∥∥ sup
σ>u
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N
|

N∑
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In particular, for almost every ω ∈ G for every u > 0

∞∑
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f̂ (hλn)e−uλnhλn(ω) = f ∗ pu(ω).
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Special case p = 1: Riesz summability

Theorem (Defant + S. [4], 2020)

For every k > 0 there is a constant C = C (k) such that for every
frequency λ and f ∈ Hλ1 (G) we have

‖ω 7→ sup
x>0
|Rλ,kx (f )(ω)|‖1,∞ ≤ C‖f ‖1.

In particular, for almost every ω ∈ G

f (ω) = lim
x→∞

∑
λn<x

f̂ (hλn)
(
1−

λn

x

)k
hλn(ω)



Special case p = 1: Riesz summability

Let f ∈ Hλ
1 (G ) and x , k ≥ 0. Then the polynomial

Rλ,kx (f ) =
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is called the (λ, k)-Riesz mean of f of length x and order k.
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Special case p = 1: Riesz summability

For every f ∈ H1(T) for almost every z ∈ T:

f (z) = lim
x→∞

∑
n<x

f̂ (k)
(
1− n

x

)
zk = lim

x→∞

1

x

x−1∑
n=0

n∑
k=0

f̂ (k)zk

Theorem (Defant + S. [4], 2020)
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Special case p = 1: Riesz summability

For every f ∈ H1(T∞) for almost every z ∈ T∞:

f (z) = lim
x→∞

∑
log(pα)<x

f̂ (α)
(
1− log(pα)

x

)
zα

Theorem (Defant + S. [4], 2020)
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Other aspects and outlook

(1) Fréchet spaces of general Dirichlet series [8]

(2) Vector valued aspects [2]: H∞(λ,X ), X Banach space.

(3) Summability on the imaginary line [Re = 0] for D ∈ D∞(λ):

λ = (n),Carleson theorem: a.e. convergence

λ = (log n), BayKonQue: Example of a.e. divergence

But: a.e. f (it) = lim
x→∞

∑
log n<x

ann
−it(1− log n

x
)k , k > 0.

λ = (λn) arbitrary: Principle of localization? Dini-test?
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(1) Fréchet spaces of general Dirichlet series [8]

(2) Vector valued aspects [2]: H∞(λ,X ), X Banach space.

(3) Summability on the imaginary line [Re = 0] for D ∈ D∞(λ):

λ = (n),Carleson theorem: a.e. convergence

λ = (log n), BayKonQue: Example of a.e. divergence

But: a.e. f (it) = lim
x→∞

∑
log n<x

ann
−it(1− log n

x
)k , k > 0.

λ = (λn) arbitrary: Principle of localization? Dini-test?



Other aspects and outlook
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