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We start with R” = {x = (X1, ...X»)} and its complexification

= {Xx+i§ = (xy + i&, .. Xp + i§n} =: RY. We will think of C"
as the superspace of R".
A superformon R" is a form on C"
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where the coefficients a, y do not depend on &.
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The complex structure on C", J, acts on superforms. If ais of
bidegree (p, 0) we sometimes write J(a) = a*. If J(a) = a, ais
symmetric, a4 = ay /.



We also define positivity for symmetric (p, p) forms:

a>o0

an aq /\a#/\...am/\aﬁzo.

Here m=n—p, oj are (1,0).
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Integration

Let a = apdx A d¢ be superform of bidgree (n, n). We define its
(super)integral as

where

/d§ = Gy = (—1)nnH)/2

(if ¢ are oriented and orthonormal). This is essentially the
Berezin integral, the constant ¢, is choosen so that

/aodX1 ANd&...dxp AN dEp >0

if ag > 0.

The superintegral does not depend on the orientation of R”, but
it does depend on a choice of scalar product on R".
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Supercurrents

A supercurrent of bidimension (p, q) is a linear form on the
space of compactly supported superforms with the usual
topology. It has bidegree (n — p, n — q) and can be written

T = Z T/7JdX[ A dfj
l|=n—p,|J|=n—q

where T, , are distributions (for us, mostly measures).

Notice that a 'superfunction’ is a function on R". Therefore, a
'supermeasure’, i. e. an (n, n)-current of order zero, is a
measure on R".

For instance (following Bedford-Taylor) we can define
(da#¢)"/n!

for ¢ convex and not necessarily smooth. It is the Alexandrov
Monge-Ampére measure of ¢.
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Let V be a hyperplane in R". lts complexification Vs is a
complex hyperplane in RZ so we can (super)integrate
(n—1,n—1)-forms over Vs. Thus V defines a supercurrent,

[V]s of bidegree (1,1) .
A short computation gives that
[Vs = [V] A 0¥,
where n is a unit normal (sign chosen so that [V]s > 0).
A subspace of codim p defines a supercurrent in the same way

[V]s = co[V] A n¥ A ..
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Submanifolds

If M is a submanifold of R"” of dimension m and codimension
p = n— m, we define its associated supercurrent by

M]s = co[M] A 0 A ..nfi = (xdSy)ny A i A ..ng AN
o 1 b 1 b

where n; form an ON-basis for its normal space. Hence
M= [1Me 757/

Is it closed? When p = 1 we have
d[M]s = —cp[M] A F,

where F = dn™. This is (when restricted to M) the second
fundamental form of M, the derivative of the Gauss map. This
vanishes only when nis constant, i e M is a linear subspace.
But, ...
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Minimal submanifolds
A small computation gives
d[M]s A 872 /(n—2)! = tr(F)n” |[[M]s A 8" /(n— 1)L

Here tr(F) =: H is the trace of the second fundamental form
and Hriis the mean curvature vector. Hence

[M]s A 372

is closed if and only if the mean curvature vanishes, ie M is a
minimal manifold.
In general dimension m

d[Mls A B /(m— 1)1 =" tr(F) [M]s/\ﬂm/ml

with F; = dn and Y tr(F;)n; is again the mean curvature
vector. So, [M]s ™1 is closed precisely when M is minimal.
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(n—1,n—1),ie of bidimension (1,1). But it is not an arbitrary
(n—1,n— 1)-current; it has the form S = AA 3™, where

A > 0. This is a positivity condition on S, which is not shared by
all (n—1,n—1)-currents.

Now assume that M is minimal, so that Sis closed. If uis a

function
dd#uS = (dd#u) A S.

This defines a Laplace operator on M which has no first order
or second order terms, just like on a complex manifold. One
verifies that the Newton kernel

Emz = —(1/(m— 2))|X|L_2

is subharmonic on [M]s.
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Volume computation a la Lelong

We look at the volume of M intersected with a ball of radius r

o(r) = |Mn B(O,r)|:/ [Mls A B™/m! = am, SAB.

Ix|<r |x|<r
Stokes’ gives

o(r) = am/ d¥|x[2/2 A S = amr”’/ G*E NS —
|x|=r

Ix|=r

|x|<r

From this we get the monotonicity theorem; o(r)/r™ is
increasing. We also get that the Laplacian of E;,_» on M
contains a point mass at the origin.



General domains

The proof used that |x| is constant on the boundary of the ball.



General domains

The proof used that |x| is constant on the boundary of the ball.
For a general domain, say that |x — a|” = w(x) on the
boundary.



General domains

The proof used that |x| is constant on the boundary of the ball.
For a general domain, say that |x — a|” = w(x) on the
boundary. A similar computation gives

Theorem

Let D be a bounded domain and assume that |x — a|™ = w(x)
on the boundary of D. Let M be a minimal manifold without
baoundary in D that contains a.



General domains

The proof used that |x| is constant on the boundary of the ball.
For a general domain, say that |x — a|” = w(x) on the
boundary. A similar computation gives

Theorem

Let D be a bounded domain and assume that |x — a|™ = w(x)
on the boundary of D. Let M be a minimal manifold without
baoundary in D that contains a. Assume w is convex.



General domains

The proof used that |x| is constant on the boundary of the ball.
For a general domain, say that |x — a|” = w(x) on the
boundary. A similar computation gives

Theorem

Let D be a bounded domain and assume that |x — a|™ = w(x)
on the boundary of D. Let M be a minimal manifold without
baoundary in D that contains a. Assume w is convex. Then

M| > wnw(a).
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As a consequence we get a result by Alexander-Osserman and
Brendle-Hung:

Theorem
Let a be a point in the unit ball. Let M be an m-dimensional
minimal manifold in the ball that contains a. Then

M| > wm(1 — |af?)™2.
To see how this follows we note that, on the boundary,

Ix—af®=1+|a®-2a-x.

So we can choose w(x) = (1 + |af> — 2a- x)"/2,
w(a) = (1 - [a]?)™2.
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Mean curvature flow

Let M be an arbitrary submanifold of R"” of dimension m,

S=[MsAB™ "/ (m— 1)

What is dd# S? Recall that when m=n — 1

dS = —[M] A F.

Thus d#dS does not have measure coefficients, which looks
bad. But it turns out that dd# S has a nice interpretation in
terms of the mean curvature flow.

Recall that H := 3 tr(F; ) (Fj = dn) is the mean curvature
vector field. It does not depend on tl'j1e choice of ON-basis n;.
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Assume M is compact without boundary. Intuitively the mean
curvature flow of M is defined as follows: We move M a very
short time in the direction of —H. Then we get a new manifold,
with a new H. Then repeat. More formally: Let V be a vector
field defined in a neighbourhood of M and let M flow by V to get
a one-parameter family of M;. Assume V restricts to the mean
curvature field on each M;. Then this flow is the mean curvature
flow.

The flow exists for short times, but always collapses in finite
time. (Look at a sphere.)
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Recall that .
as = H#J[M]S AB™/ml.

This gives .
d?S = —H|[M]s5™/m!.

Hence dd# S has the form

dd#S = —dH|o.

By Cartan’s formula, this is the Lie derivative of o along the flow
(since do = 0). Keeping track of signs etc we get
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Theorem
Let M; be moving under the mean curvature flow. Then

;[M,]s ABT/ml = —|H2[M{s A 87 /m! — dd#S.

Integrating this we see that the volume decreases under the
mean curvature flow. Integrating against a function p we get

d/ pth:—/ p|Fl|2th—/dd#p/\S.
at My M,

If p is convex, this is negative, so

/ pdVi
My

decreases. As a consequence, if My is contained in a convex
set, M; stays there.



Thanks!



