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Motivic Hochschild homology, j/w Hill, Ormsby, @stveer

Why?
» Import important tool to motivic world
> reveals arithmetic structure

> starting point for all trace results for algebraic K-theory
» Shed light on topological case
What?
HHS(C) = € @cmasc C,

where C is an S-algebra.
Today:

Abstract: HH,(F,) = ... in
the motivic world over an
algebraically closed field of
characteristic different from p.

» S is the motivic sphere spectrum over an algebraically closed field of char # p and

» C = MF, is the mod p motivic Eilenberg-Mac Lane spectrum

How? Muddling through as usual, with the complications and benifits of the motivic world.



What is “HH"? (bear with me) - it's the circle in a context

What is the circle,
aka Hochschild homology,
in a given context?
> Algebra: S = 7Z, the integers:
“Shukla homology" of C
» Topology: S the sphere spectrum:
“topological Hochschild homology” of C
» Motivic: S the motivic sphere spectrum:
“motivic Hochschild homology” of C.

If C is a model category with an
initial object () and final object x*
we define the spheres?

T | O
> Slziﬂio*
> etc... S =x]]s *

—_—~—

If C = commutative S-algebras over an
S-algebra C:P S7 =c
| 4 50 =C Xs C,C “@ ,’
> 5(1_- = C Qcgsc cd .

?all constructions derived

bso that S is initial and C is final
‘the “dual Steenrod algebra” (of C)
d“Hochschild homology” of C



What IS the dual Steenrod algebra 50 = F ®5 IF ?
F, p P

This column just stores stuff you
may have forgotten: everything

> Algebra: S =7, the integers, C = F,: happens to the left
> SO — ]—[(A *
W*Slgp :FP[TO]/TOzv |To| = 1. | SCLIET | P
C = commutative S-algebras over an
> Topology: S the sphere spectrum, C = HIF,, the mod p S-algebra C:
EM-spectrum: » S2is “the dual Steenrod

algebra” C ®s C,

» SLis “Hochschild homology”
Fy[mo, 71, ... =2 3
77_*5() _ { 2[ 0,71, ] p HI‘IS(C):C®C®SC C.

i FP[TO',T].?"'7517527"']/7—[‘2 pOdd
. T T
» Motivic: S the motivic sphere spectrum over a field of [ ‘1%} Ff/
char. # p,
C = MIF,, the mod p motivic EM-spectrum:
S0 _ TeMWFa[10, 1, ..., &1, &2 /77 + Tiy1 + pTigs + proiys  p =2
¥ ME, W*MFP[To,Tl4.“‘51.52.,..4]/7"-2 podd

with |7] = (0,1), [o] = (-1, ~1), |nil=(2-p' —L,p' = 1), |61 = (2-p' 2,9 — 1).



What is (... Hochschild homology) Slﬁlwp = FP ®FP®5FP FP?

C = commutative S-algebras over an

X S-algebra C:
> Algebra: S the integers:
“(gual Steenrod algebra”
T. Gl — — _ Sc=C®sC, eg.,
/(*SFP - r(/lo) |’U/O‘ =2 » Algebra: S =Z,
7"*519,, = E(mo)
» Topology: S the sphere spectrum: ( ~ Tl &
opology: =9,

) ‘/\/ < W*SFOP =
ﬂ—*si“p = Fppo] ol = 2. {®;>0F2[Ti]
®i0 E(T1) ® Fplgisa]
» Motivic: S the motivic sphere spectrum (k alg. closed): ‘.Hochsch”dzh[;mology,, e
St=C® C.
.S, = Folr][ui, xs,¢1/Z ‘ ose

—1

> 7P Mit+1 = [ij “rP—1_divided powers”
—1

> Tp Xs.f = 0 “rP—1 torsion”

> Xsf XT g = ZU €u - XsUTU{u},f+g ey € Fp, indexing tbe.



Motivic HH (S the motivic sphere spectrum/alg closed field of char # p)

P> Algebra: S the integers:

7. St = F,[r][u;, x 7
T OF, pl7]l1i, xs,¢]/ mSh =), ol =2,

» Relations | buf L‘%
M by, Pﬂﬂ divided powers
> TpillLH»l = uf “rP =1 divided powers" Hy.ov » Topology: S the sphere spt:
> Tpilxs‘f =0 “rP~ L torsion”
. 1
> XS XT,g = > €u " XSUTU{u},f+g- S, = Folpol, lpo] = 2.
yesupp(f4+g)—SUT . 2
> ing: ° polynomial )
Indexing: . ﬁ(/ Motivic world: built out of usual
» f: N — N finite non-empty support, ‘3; ') spaces and smooth k-varieties with
> S C suppf not containing min suppf (l; ‘) the affine line A! contractible and
I the projective line P! invertible.

> Coefficient ¢, € IF, given by explicit formula

> Bidegrees (?' 3) A’ = Spec(k[t])

> ‘T‘ - (0 71) "l -1
i Gm = Spec(k[t, t

> |wil=(2p',p — 1) . 1 I;ec( [t,t77])

> ‘XS,fl - US' + 1)(_17p - 1) + pszsuppf fo)‘ﬂl' Pr=S /\Gm

so, first torsion class has degree |xgs,| = (2p — 1,p — 1) mX = [SIAGY, X]
1] - m>



Motivic HI‘I, W*Sﬁp = ]FP[T] [,u,-, Xs,f]/z-, over alg closed field of char # p
S =0,

Y &

> TP = 1? coming from the 7;s
The motivic version of Bokstedt periodicity (with added 7-divisibility).

> 0 A cloud of 7P~ 1-torsion coming from theﬂs inability to kill off the>€
due to weight problems (as in the topological case Tp_lé!‘ is killed for free)
> Xsf XT,g = > €u - XSUTU{u},f+g-
u€supp(f+g)—SUT

L/\_/\



Motivic I‘IH, 7'('*51 =F,|r iy XS f I, over alg closed field of char # p
F, P His )

An immediate consequence of the Xs rs:
» Topological case: as an F,-module THH(F,) ~ . F,AS? because
1. Mzashsowald: the mod 2 Eilenberg-Macfane spectrum is a Thom spectrum by an E-map to
2. nglumberg, Cohen, Schlichtkrull (assumptions): THH(Thom) ~ ThomAB(Base)+
3. FoABQ2S? splits
» The 7P~ torsion shows that motivic Hochschild homology is not a free module.

> Consequence: at least one of the above fails motivically. =7 /. 4 s+ (<) ?



Strategy W*S%p = FP[T] [,u,-, Xs’f]/I, over alg closed field of char # p

1. Topology: Invert 7 waggieally
mr .
2. Algebra:  Mod out by 7P~1 umplicaliirs|

3. Intricate: Assemble in an “arithmetic square”

1 and 2 can both be done via the BarSS from the Motivic Steenrod algebra

0
T S]FP =

F2[T][7—077—17'~'7£17§2~~]/7_,'2_T£i+1 p:2
]FP[T][T()JTl---7517523'--]/7—,'2 POdd

and since p = 2 seems most exotic we'll look at that today.

... but first. ..



30
. 1 . . . )
What is SFP = IF, ®r,0sF, Fp? Warmup with classical cases:

Bn £5
C = commutative S-algebras over an
2 75 SO 1 S-algebra C:
E® = Tor™>¢(m,C,m.C) = m.S¢ genr
“dual Steenrod algebra”
S¢=C®sC,
. “Hochschild homology”
> Algebra: S =7, the integers, C =F;: St = C®cggsc C. eg.,
» Algebra: S =7,
E? = TorE™)(F,, F,) = [(uo) .S, = E(ro),

W*5§p = (10)
=8,

no further differentials or extensions.
» Topology: S

> Topology: S =S, the sphere spectrum, C = F,:

) {®,-20Fz[w1
*Fp ®,’20 E(Ti) ® IE?P[fiJrI]
. Tor®izo F2l7i] (Fy,Fp) = ®’.>0 E(pi) Sl _F
ES =0 ®im0 E()@F,[€141] - S, = Fplto]
Tor®izo SVTSRelSH(F ) ) = ®i20 (i) ® E(Ai+1) ‘

Bokstedt: differentials and extensions|(!)



: : : L8B!
Differentials an extensions k deciesy field, char p

oy (A way to see Bokstedt's differentials and TSP, =
extensions that works in the motivic setting
""“f';"l (even over non-alg. closed fields). T MF2[7i, Eivag] /77 - T€ivr1-pTiv1 - pro&ivs p =2
The suspension map n; oy <M T MFP[Ti,m,£i+1]/T,-2 p odd
o:S2[1] — St. T € mo,—1MF, = p>(F) repn by —1
2 g < ~ X X \2 -
& os; pET_1,_1MFy 2 F*/(F*)° (p =0 if p odd)

is not multiplicative, but power operations
gives for i > 0

sl
1. o(1i41) = (o1;)P, \’/ T@/J//% m
P 0(&i1) = p - o(Ti41) Pl g+ 0' f@ — o oy

The 1% formula is the extension 7P 1111 = u? from which — in the motivic world —
all topologically hard differentials emanate from an [elementary weight watch.]
The 2" is the beginning of the relations for the xs ¢s. Also deducible from the BarSS.




The motivic dual Steenrod algebra «[aig ciosed field, chars p

For comparison:
» Algebra: ”*Sﬂgp = E(7o),

T (MF,) = Fp[7], |7| = (0,-1) 7 Sg, = (ko)
» Topology:
2 - sq _ ]Fz[To,Tl,A.A]
o JF[r]lro, 71, .. &, /77 =Ty p=2 T T Bl 8, 1/

*<Fp Fp[T][7-07Tl'-'7517"']/7—[2 p odd W*S%P:]Fp[#O]

with |7 = (2-p' = 1,p'=1), & = (2-p' = 2,p" = 1).

‘ W*S/(\)J]FH[T_l]: usual dual Steenrod alg.ﬁ?:—']/‘) po
ré 7, S\ /7= usual odd primary dual Steenrod alg. ,45.

4

ie., W*S&FP/T =Fy[r0,71...,61,&,...]/7? also if p= 2!




1What is motivic Hochschild homology[with 7 inverteda k alg. closed field, char# p
e

For comparison:
P> Algebra: ms};p = E(7o),

TS, -1 = T« Syg, [T '] = usual Steenrod Algebra[r™"] 7. SE = ()
P Topology:
e St —1] -1 1 1 750 = JF2lro T, ] ,
Tor P (o MEp [T 7], e MEp[777]) = TS, -1 %o =\ By [ro.. . s £r, . .. ]/

is usual TorSS[7*!] and (as for Bo) z‘: WWM (o#n\ 7. S5, = Fplpo]
Ahnginns

T x SFlp [r=1] —TTx SIFIP [T_l]

]F2[Til7/JL07/JLl7"‘]//JL5‘J7Tp71,ul'+1| i i A
= 1 S = §"ING))!
:FP[T 7/1'0] X [Sij X]
mij X =157,
wi = ot luil = (2p', p' —1). T (MIF,) = Fp[r],
7l = (0,-1)

7 S, 7] = 7 Sh, [71]



What is motivic Hochschild homology mod 77 «alg. closed field, chars 2

4 %. Topology: . HF, = Fp, P h 2

E? = Tor”*sf(‘)/’Fz/T(w*MIFz/T, 7 MFo /T) B {Fz[rom,...] ,
THE Fplro, ..., &1, ... /7
= TorFZ[TU’“"”’&’”']/T"z(]Fg,Fz) = m,S§,/T ’

W*SI}I]FP = Fp[po]
Just as the topological odd case

, ) i
E? = Q) (i) ® E(Xis1), Bl 6
i>0 Trex SMEp = ]FP[T)TO)7"'7§17"‘]/TI2

Motivic: 7. (MFp) = F,p[7],

but — contrary to the topological situation — 7] = (0, —1),

weight considerations exclude differentials and extensions! | E"| - g B= ; B = 3
il=@-p' =2,p' -1)

T Sp, /T = ® ol (i) ® E(Aiy1)- TSty lr 1] = T S (7]

1 -1 +1
Tr*SM]Fp[T | = Fp[r™", 1ol

0 2
TF*SMIFP/T =Fplro, ..., &1,...1/7;

Fully algebraic: (S/7-modules) ~ (BP,.BP-comodules)



L]
Assembly 1 «k alg. closed field, chars 2

e
oM (%)
T My S, /T ;i-q ( g{-«)

? 5 Ja ,,,,,, &,...1/mi-Tén
9*0, i j+1SF, —— i jSF, *Wi,j(S%Z/T) Il =(2-2 1,2 — 1),
&l = (2-2" — 2,20 —1).
lg J(a

\
T‘i(j-ﬂ 4’&2/1:

ﬂ*(MFZ) = IF2["']7 |T‘ = (Ov _1)

0
W**SM]FZ =P, 10

TS, [r ] = Falr 0,7, ]
_ W*524F2/T:]F2[T0,'--,517 Soll
Bockstein 0 = qd: 7 j41S¢, /7 — 7 jS§, /T
5"/1'_;,_2/_1,,' = /_\,‘_;,_1’}/1'/_1,,', 55\,‘+1 = 0. ”*Srlvm'zhil] = Fo[r*, po]
7"*51}4%‘2 /T= ® (7)) ® E(Xig1)
obtained from E?! of the integral BarSSI Calculate:

i>0

1 =~ — [~
H. (7. Sg,/T,0) = Qi=0E (i) NBU oiZ?u
Note: j1; = qu;, where u; were exactly the classes that survived 7-inversion!



Assembly 2 «k alg. closed field, chars 2

This pins down the motivic Hochschild homology:
» T-torsion is not 7-divisible,

» non-torsion part assembles to

Folr, po, pia - - . 1/ 1f — Tpisa,
where qu; = fi;

> 7-torsion = the image of 0: mit1 Sk, /T = Tijr1Siyp,
maps injectively by q: m; jSyr, — i Sy, /7.

Whea P:Z, ﬂu, d‘-uﬁ{’wﬁé m#ﬂ.
MW MW%—ﬂWﬁ'
# o

!
A A Pt

Wi po old He Ly o
Com fortebts, qprcad ok (A'Ed"")

7 S, [ 1] = Fa[r ™2, o)

'”*5/%//1@/7' = Q) (@) ® E(Aiz1)
>0

Bockstein

8 = qd: mij+1Sy/T = T Sy/T

Ojr2lhi = Nis17jiis AXiy1 = 0.

Ho (. Syy/7,8) = @i>0E ()



Assembly 3 «k alg. closed field, chars 2

' . - oMo . . e EEN
All that's left to do is to figure out the multiplicative structure of the 7-torsion: + W U Q-

0 —— (7-torsion) —— 77*5,}“2 —— o[, po, pia, - - - ]/u,2 — Ty ——0

0 img ®,’Zo r(ﬂl) ® E(S‘i+1)

culminating in a pullback of commutative F,[7]-algebras

sl F 5 7 Sy, [ 1] = Fa[r ™, o]
S5, ol il /(5 = Tppis) St /7 = QT ® ECin)
*~MFy - i i
i>0
_ l _J’ — Bockstein L L
]Fg [,u,-, ng]/j — FQ [/L,']//Li 0 =q0: mij1Sy/T = TijSy/T
J = (ﬁ’27 XS,f " XT,g — Z €u 'XSUTU{u},f+g)' Ol = X1 ifii, OXis1 =0.

u€supp(f+g)—SUT _
Ha (7. S1y/7,0) = Qi=0E(fi7)



Summing up « alg. closed field, chars p

MR, By,

2 Sg, = Folr]lui, xs,¢]/Z

> XS.fXT,g = D, € XSUTU{u},fg-

_ qes The dirikd pouen
For the curious: % etp L ,f-
xs,f =0 (H 5\m+17pf(m)—pﬁm> H Vpf (n)in o dicd B prine
meS ngs exloun clusa

€u = €u,5,T,f,g = Ksufu}, Tu{minsupp(f+g)}.f.g T Ksu{minsupp(f+e)}, Tuful.f.e € Fp

7
o) ) )

where



Summing up / [Thankg for your attention (2

Immediate consequences: Motivic Hochschild homology:
1. Torsion phenomena (MHH not free ...)
2. Fixed points/Tate display extra T-divisibility
Some projects: I

1. Other rings than F, and to ground figlds that are not alg.
closed (cf equivariant stable htt)

T Sg, = Fplr][ui, xs,¢]/Z

=l o = pf?
> TP i =

» P Ixs =0

=SNG Grg =
Eu €u " XSUTU{u},f+g-

k alg. closed field, char# p

2. Develop a trace from K-theory — will it be any good?

3. Arithmetic of commutative rings€r métivic setting:

what is the importance of the cotahgent complex? /
smoothness? / HKR?. ..

4| Chromatic/equivariant properties: how does the
7P~1_divided power structure alter periodicity?

5. Tensoring over G, instead of S1.—

6. What hidden relations in topology are captured motivically?



