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Viewed through crossed polarisers

Spatially varying anisotropy, n(r)

n(r) has singularities, or defects



Oseen-Frank theory

3 / 19

n(r), local orientation



Oseen-Frank theory

3 / 19

n(r), local orientation

Oseen-Frank energy,

E [n] =
∫

Ω

K1

2
(∇·n)2+K2

2
(n·(∇×n))2+K3

2
(n×(∇×n))2,

invariant under rotations, n→ −n
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solutions are S2-valued harmonic maps
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solutions are S2-valued harmonic maps
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n(r), local orientation

One-constant approximation,

E [n] =
∫

Ω

L

2
(∇n)2, (∇n)2 =

3
∑

i,j=1

(∂inj)
2.

Euler-Lagrange equation,

∆n = −(∇n)2n,

solutions are S2-valued harmonic maps

Would like to resolve the structure of defects. . .
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ρ(r, e), 1-particle distribution

ρ(r, e) =
∞
∑

l=0

l
∑

m=−l

clm(r)Ylm(e)

Assume uniform density,
∫

S2

ρ(r, e) d2e = 1 =⇒ c00(r) = 1.

Assume nematic (not polar),
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N -particle distribution ρN (rj , ej) →
ρ(r, e), 1-particle distribution

ρ(r, e) =
∞
∑

l=0

l
∑

m=−l

clm(r)Ylm(e)

Assume uniform density,
∫

S2

ρ(r, e) d2e = 1 =⇒ c00(r) = 1.

Assume nematic (not polar),

ρ(r, e) = ρ(r,−e) =⇒ clm = 0, l odd

Lowest-order nontrivial terms,

c2,m(r) =

∫ 2

S
ρ(r, e)Y ∗

2m(e) d2e, m = −2, . . . , 2

Same information is contained in

Qjk(r) =

∫

S2

ρ(r, e)ejek d
2e− 1

3
δjk

The Q-tensor Q(r) is a real 3 × 3 symmetric traceless

matrix-valued function.
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Q 7→ RQRT

Isotropic λ1 = λ2 = λ3

Q = 0

Prolate uniaxial λ1 > λ2 = λ3

Q = s(n⊗ n− 1
3
I), s > 0

Connection to Frank theory. . .

Oblate uniaxial λ1 = λ2 > λ3

Q = s(n⊗ n− 1

3
I), s < 0

Biaxial λ1 > λ2 > λ3

Q = λ1n1⊗n1+λ2n2⊗n2+λ3n3⊗n3,
λ1 + λ2 + λ3 = 0
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Want f(Q), rotationally invariant.

f(Q) =
A

2
TrQ2 +

B

3
TrQ3 +

C

4
( TrQ2)2,

bulk energy. C > 0

A > 0, isotropic Q is a (local) minimum,

A < 0, isotropic Q is a local maximum

B > 0, oblate uniaxial is favoured

B < 0, prolate uniaxial is favoured

A, B, C ∼ 103J/m3

We take

A = −a2, B = −b2, C = c2.

In this regime, minimisers of f are prolate uniaxial of the

form

Q = s+(n⊗ n− 1

3
I),

s+ =
b2 + (b2 + 24a2c2)1/2

4c2



Landau-de Gennes IV – Full energy

7 / 19

E [Q] =

∫

Ω

1

2
Tr (∇Q)2 +

1

L
f(Q),

Tr (∇Q)2 =
∑

ijk(∂iQjk)
2, one-constant elastic energy

L, elastic constant
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E [Q] =

∫

Ω

1

2
Tr (∇Q)2 +

1

L
f(Q),

Tr (∇Q)2 =
∑

ijk(∂iQjk)
2, one-constant elastic energy

L, elastic constant

Relation to Oseen-Frank theory (Majumdar + Zarnescu).

For Ω ⊂ R
3, fix n∗(r) smooth on ∂Ω. Let n denote the

minimiser of the one-constant Oseen-Frank energy with

n = n∗ on ∂Ω. Let Q∗ := s+(n∗ ⊗ n∗ − 1
3
I) on ∂Ω. Let

QL denote global minimizer of LdG energy with Q = Q∗ on

∂Ω. If r0 is not a singularity of n, then as L→ 0,

QL(r0) → s+(n(r0)⊗ n(r0)−
1

3
I).
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E [Q] =

∫

Ω

1

2
Tr (∇Q)2 +

1

L
f(Q),

Tr (∇Q)2 =
∑

ijk(∂iQjk)
2, one-constant elastic energy

L, elastic constant

Relation to Oseen-Frank theory (Majumdar + Zarnescu).

For Ω ⊂ R
3, fix n∗(r) smooth on ∂Ω. Let n denote the

minimiser of the one-constant Oseen-Frank energy with

n = n∗ on ∂Ω. Let Q∗ := s+(n∗ ⊗ n∗ − 1
3
I) on ∂Ω. Let

QL denote global minimizer of LdG energy with Q = Q∗ on

∂Ω. If r0 is not a singularity of n, then as L→ 0,

QL(r0) → s+(n(r0)⊗ n(r0)−
1

3
I).

Current research is directed at the fine structure of defects in

the Landau-de Gennes model. Cf vortices in the

Ginzburg-Landau model, where the order parameter is a

complex scalar (in place of Q-tensor).

Universal features of defects play a role in mesoscopic

descriptions.
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DR ⊂ R
2, 2-d disk about 0 of radius R

We consider Q-tensors on DR satisfying ”defect boundary

conditions”

Q(R, φ) = Qk(φ),

where

Qk(φ) = s+

(

nk ⊗ nk −
1

3
I

)

,

nk = (cos(k
2
φ), sin(k

2
φ), 0).

E [Q] =
∫
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f(Q) = −a2

2
Tr (Q2)− b2

3
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DR ⊂ R
2, 2-d disk about 0 of radius R

We consider Q-tensors on DR satisfying ”defect boundary

conditions”

Q(R, φ) = Qk(φ),

where

Qk(φ) = s+

(

nk ⊗ nk −
1

3
I

)

,

nk = (cos(k
2
φ), sin(k

2
φ), 0).

E [Q] =
∫

DR

1

2
Tr (∇Q)2 + 1

Lf(Q), full energy

f(Q) = −a2

2
Tr (Q2)− b2

3
Tr (Q3) + c2

4
( Tr (Q2))2,

bulk potential

A =
{

Q ∈ H1(DR), Q(R, φ) = Qk(φ)
}

,

admissible space

Full problem (FP): Minimise E [Q] for Q ∈ A.

Euler-Lagrange equation,

L∆Q = −a2Q− b2 Tr (Q2 − 1

3
TrQ2 I) + c2 Tr (Q2)Q.
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• Uniaxial

Ỹ (r, φ) = f(r)Qk(φ) = f(r)

(

nk(φ)⊗ nk(φ)−
1

3

)

,

with f(0) = 0 and f(R) = s+.
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• Uniaxial

Ỹ (r, φ) = f(r)Qk(φ) = f(r)

(

nk(φ)⊗ nk(φ)−
1

3

)

,

with f(0) = 0 and f(R) = s+.

Won’t satisfy EL, as ∆Ỹ cannot be expressed as a

function of Y .

• Biaxial (with a principal axis along e3)

Y (r) = u(r)Fk(φ) + v(r)F3(φ),

where

Fk(φ) =
√
2



nk(φ)⊗ nk(φ)−
1

2





1 0 0
0 1 0
0 0 0







 ,

F3 =

√

3

2

(

e3 ⊗ e3 −
1

3
I

)

.

Then

Qk = s+

(

1√
2
Fk −

1√
6
F3

)

.

Substituting Y into the Euler-Lagrange equations leads

to 2 coupled ODE’s for u and v . . .
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Consider Y (r) = u(r)Fk(φ) + v(r)F3(φ).
Restricted energy,

ER[u, v] =
∫ R

0

[

1

2
(u′

2
+ v′

2
+
k2

r2
u2 +

1

L
g(u, v)

]

r dr,

where g(u, v) = f(Y ).

Admissible space,

AR =
{

(u, v) |
√
ru′,

√
rv′,

u√
r
,
√
rv ∈ L2(0, R),

u(R) =
s+√
2
, v(R) = − s+√

6

}

.
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Consider Y (r) = u(r)Fk(φ) + v(r)F3(φ).
Restricted energy,

ER[u, v] =
∫ R

0

[

1

2
(u′

2
+ v′

2
+
k2

r2
u2 +

1

L
g(u, v)

]

r dr,

where g(u, v) = f(Y ).

Admissible space,

AR =
{

(u, v) |
√
ru′,

√
rv′,

u√
r
,
√
rv ∈ L2(0, R),

u(R) =
s+√
2
, v(R) = − s+√

6

}

.

Restricted problem (RP): Minimise ER[u, v] for (u, v) ∈ AR.

Euler-Lagrange equation,

1

r
(ru′)′ − k2u

r2
=
u

L

[

−a2 +
√

2

3
b2v + c2

(

u2 + v2
)

]

,

1

r
(ru′)′ =

v

L

[

−a2 − 1√
6
b2v + c2

(

u2 + v2
)

]

+
1√
6L
b2u2.
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Theorem 1. There exists a global minimiser (u, v) of the

restricted problem (RP), and u and v satisfy its

Euler-Lagrange equations.

u ∈ C∞(0, R) ∩ C0[0, R], and u(0) = 0.

v ∈ C∞(0, R) ∩ C1[0, R], and v′(0) = 0.



Result for Restricted Problem

11 / 19

Theorem 1. There exists a global minimiser (u, v) of the

restricted problem (RP), and u and v satisfy its

Euler-Lagrange equations.

u ∈ C∞(0, R) ∩ C0[0, R], and u(0) = 0.

v ∈ C∞(0, R) ∩ C1[0, R], and v′(0) = 0.

Proof: Existence, interior smoothness and boundary

continuity follows from standard results and calculations. The

boundary conditions at r = 0 are consistent with

Y (r, φ) = u(r)Fk(φ) + v(r)F3 being analytic.
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Theorem 1. There exists a global minimiser (u, v) of the

restricted problem (RP), and u and v satisfy its

Euler-Lagrange equations.

u ∈ C∞(0, R) ∩ C0[0, R], and u(0) = 0.

v ∈ C∞(0, R) ∩ C1[0, R], and v′(0) = 0.

Proof: Existence, interior smoothness and boundary

continuity follows from standard results and calculations. The

boundary conditions at r = 0 are consistent with

Y (r, φ) = u(r)Fk(φ) + v(r)F3 being analytic.

In fact, the global minimiser (u, v) of the restricted problem

satisfies the Euler-Lagrange equation for the full problem.

But it needn’t be a global or even a local minimiser of the full

problem (in fact, for |k| > 1, it isn’t – Bauman, Park, Phillips

(2012)). . .
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Bulk potential,

f(Q) = −a
2

2
Tr (Q2)− b2

3
Tr (Q3) +

c2

4
( Tr (Q2))2

.For b2 = 0,

f0(Q) =
c2

4

(

TrQ2 − a2

c2

)2

+ const.

Minimisers of the bulk energy:

For b2 = 0, minimisers are characterised by

TrQ2 =
a2

c2
=

2

3
s2+,

and may be identified with S4.

For b2 6= 0, minimisers are characterised by

TrQ2 =
2

3
s2+

and prolate uniaxiality,

−λ1 = −λ2 = 1

2
λ3 > 0,

and may be identified with RP 2.

For b2 = 0, biaxiality is no longer penalised. . .
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Special energy,

ES0[Q] =

∫

DR

1

2
Tr (∇Q)2 +

1

L
f0(Q)

where

f0(Q) =
c2

4

(

TrQ2 − a2
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Admissible space,

AS =
{

Q ∈ H1(DR), Q(R, φ) = Qk(φ)
}
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Special energy,

ES0[Q] =

∫

DR

1

2
Tr (∇Q)2 +

1

L
f0(Q)

where

f0(Q) =
c2

4

(

TrQ2 − a2

c2

)2

.

Admissible space,

AS =
{

Q ∈ H1(DR), Q(R, φ) = Qk(φ)
}

.

Special problem (SP): Minimise ES0[Q] for Q ∈ AS .

Euler-Lagrange equation,

L∆Q = (c2Q2 − a2)Q.

The global minimiser of the restricted problem remains a

candidate. . .
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(u′
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+ v′
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+
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u2 +
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4L
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c2

)2
]

is even in u and v. Therefore, ũ := |u| and ṽ := −|v|
constitute a global minimiser.
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restricted energy with b2 = 0. Then u ≥ 0 and v < 0 on

[0, R].

Proof: For b2 = 0, the restricted energy density

[

1

2
(u′

2
+ v′

2
+
k2

r2
u2 +

c2

4L

(

u2 + v2 − a2

c2

)2
]

is even in u and v. Therefore, ũ := |u| and ṽ := −|v|
constitute a global minimiser.

By Theorem 1, ũ and ṽ are smooth on (0, R), and ũ
satisfies the Euler-Lagrange equation

ũ′′ +
ũ′

r
− k2ũ

r2
=

1

L
(c2(ũ2 + ṽ2)− a2)ũ.
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Lemma. Let Y = uFk + vF3 be a global minimiser of the

restricted energy with b2 = 0. Then u ≥ 0 and v < 0 on
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+
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(

u2 + v2 − a2

c2

)2
]

is even in u and v. Therefore, ũ := |u| and ṽ := −|v|
constitute a global minimiser.

By Theorem 1, ũ and ṽ are smooth on (0, R), and ũ
satisfies the Euler-Lagrange equation

ũ′′ +
ũ′

r
− k2ũ

r2
=

1

L
(c2(ũ2 + ṽ2)− a2)ũ.

Suppose ũ(r0) = 0. Then ũ′(r0) = 0. Then EL would

imply that ũ = 0, contradicting the boundary condition

ũ(R) = u(R) > 0. So ũ 6= 0 on (0, R), so that u ≥ 0 on

[0, R].
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Proof: For b2 = 0, the restricted energy density

[

1

2
(u′

2
+ v′

2
+
k2

r2
u2 +

c2

4L

(

u2 + v2 − a2

c2

)2
]

is even in u and v. Therefore, ũ := |u| and ṽ := −|v|
constitute a global minimiser.

By Theorem 1, ũ and ṽ are smooth on (0, R), and ũ
satisfies the Euler-Lagrange equation

ũ′′ +
ũ′

r
− k2ũ

r2
=

1

L
(c2(ũ2 + ṽ2)− a2)ũ.

Suppose ũ(r0) = 0. Then ũ′(r0) = 0. Then EL would

imply that ũ = 0, contradicting the boundary condition

ũ(R) = u(R) > 0. So ũ 6= 0 on (0, R), so that u ≥ 0 on

[0, R].

A similar argument shows that v < 0 on [0, R].
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4
( TrQ2)2, where
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∫
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(∇P )2 + V P 2 and V = (−a2 + c2) TrY 2.

For P ∈ H2
0 (DR, S),

I(P ) =

∫

DR

TrP (LP ),

where L = −∆+ V is a Schrödinger operator.

Hardy trick: Suppose Ψ ∈ H2(Ω) is a nonvanishing null

eigenfunction of L = −∆+ V . Then for f ∈ H2
0 (Ω),

I(f) =

∫

Ω

Ψ2

(

∇ f

Ψ

)2

≥ C||f ||L2.

In the present case, Lv = 0, from the Euler-Lagrange

equation, and v < 0 from Lemma. Hence:



Result for special problem

15 / 19

Theorem 2. Let Y = uFk + vF3 be a global minimiser of

the restricted energy with b2 = 0. Then Y is the unique

global minimiser of the full problem (FP) with b2 = 0.

Proof: For Q ∈ A, calculation gives

E0(Q)− E0(Y ) = I(Q− Y ) +

∫

DR

c2

4
( TrQ2)2, where

I(P ) =
∫

DR
(∇P )2 + V P 2 and V = (−a2 + c2) TrY 2.

E0(Q)− E0(Y ) ≥ C||Q− Y ||L2 .



Result for special problem

15 / 19

Theorem 2. Let Y = uFk + vF3 be a global minimiser of

the restricted energy with b2 = 0. Then Y is the unique

global minimiser of the full problem (FP) with b2 = 0.

Proof: For Q ∈ A, calculation gives

E0(Q)− E0(Y ) = I(Q− Y ) +

∫

DR

c2

4
( TrQ2)2, where

I(P ) =
∫

DR
(∇P )2 + V P 2 and V = (−a2 + c2) TrY 2.

E0(Q)− E0(Y ) ≥ C||Q− Y ||L2 .

But what do the solutions look like. . .
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E0[Q] =

∫

DR

1

2
Tr (∇Q)2 +

c2

4L

(

TrQ2 − a2

c2

)2

.

For L→ 0, the bulk potential term acts as a constraint,

TrQ2 =
a2

c2
.

This motivates the following:

EL0 =
∫

DR

1

2
Tr (∇Q)2

AL0 = {Q ∈ H1(DR) | TrQ2 =
a2

c2
a.e.}

Limit problem (LP0): Minimise EL0[Q] for Q ∈ AS0.

Euler-Lagrange equation,

∆Q = − c
2

a2
(

Tr (∇Q)2
)

Q.

Solutions of EL are S4-valued harmonic maps.
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.

This motivates the following:

EL0 =
∫
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Tr (∇Q)2

AL0 = {Q ∈ H1(DR) | TrQ2 =
a2

c2
a.e.}

Limit problem (LP0): Minimise EL0[Q] for Q ∈ AS0.

Euler-Lagrange equation,

∆Q = − c
2

a2
(

Tr (∇Q)2
)

Q.

Solutions of EL are S4-valued harmonic maps.

Relation to full problem established via Γ-convergence.

Three explicit solutions to the limit problem are available. . .
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• Two biaxial solutions

Y±(r, φ) =
a2

c2
(cosψ±(r)Fk(φ)− sinψ±(r)F3) ,

tan 1

2
ψ±(r) =

1√
3

( r

R

)∓|k|
.

Y− is the unique global minimiser of EL0.
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• For k even, a uniaxial solution (‘escape to the third

dimension’ – Cladis-Kléman).

U(r, φ) =

√

3

2

a2

c2

(

m⊗m− 1

3
I

)

,

m(x, y) =

(

2Re f, 2Im f, 1− |f |2
)

1 + |f |2 ,

f(x, y) =

(

x+ iy

R

)k/2

,

m is a harmonic map from DR to S2. In general, if

m : DR → S2 is harmonic, then U : DR → S4 is not

harmonic. However, if m is conformal, then U is

harmonic.
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• For k even, a uniaxial solution (‘escape to the third

dimension’ – Cladis-Kléman).

U(r, φ) =

√

3

2

a2

c2

(

m⊗m− 1

3
I

)

,

m(x, y) =

(

2Re f, 2Im f, 1− |f |2
)

1 + |f |2 ,

f(x, y) =

(

x+ iy

R

)k/2

,

m is a harmonic map from DR to S2. In general, if

m : DR → S2 is harmonic, then U : DR → S4 is not

harmonic. However, if m is conformal, then U is

harmonic.

EL0(Y−) = |k|πa
2

c2
, EL0(Y+) = EL0(U) = 3|k|πa

2

c2
.
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Y−, k = 1
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Y−, k = −1
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U, k = 2
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E [Q] =

∫

DR

1

2
Tr (∇Q)2 +

1

L
f(Q).

For b2 6= 0, expect U(r, φ) ∼ s+Qk(φ) outside a core of

radius d, where

d ∼
√
L

c
∼ 1 micron, core radius.

For b2 = 0, the “core” is the whole domain.
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E [Q] =

∫

DR

1

2
Tr (∇Q)2 +

1

L
f(Q).

For b2 6= 0, expect U(r, φ) ∼ s+Qk(φ) outside a core of

radius d, where

d ∼
√
L

c
∼ 1 micron, core radius.

For b2 = 0, the “core” is the whole domain.

Crossover: “biaxial penalty” = “core energy”

b2 ∼ L

R2
.

For b2 6= 0 and R large, Y is unstable for |k| 6= 1 (Ignat,

Nguyen, Slastikov, Zarnescu, in preparation). In line with

expectation that n defects of index ±1/2 have less energy

that one defect of strength n (energy ∼ (index)2).

They have also established the stability of the Y profile for

|k| = 1 (in preparation).
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