FOCUSED INFORMATION CRITERIA FOR TIME SERIES
GUDMUND HORN HERMANSEN!2 AND NILS LID HJORT?

ABSTRACT. We extend the model selection methodology of the focused information criterion (FIC) to
large classes of time series models. Compared to other classical information criteria, the FIC allows the
precise intention of the analysis to be taken into account when selecting the model. The goal is not to
find the one ‘correct’ model which does best in some broad overall sense; the FIC aims instead at finding
the model which is best suited for answering focused questions, one focus at a time. For time series
data, several interesting foci are naturally related to predictions, or formulated conditional on past
observations. The dependency on previous data requires a new and extended modelling framework,
which leads to a proper generalisation of the original criterion and motivates a conditional focused
information criterion (cFIC). In addition to the classical stationary Gaussian time series models, we
develop a FIC as a model selection strategy for the broader family of locally stationary processes. This
general class of models, which in particular includes those built up via smooth trend functions with
errors of the stationary time series kind, provides a unified framework for interpretation and focused

model selection. Our methodology is illustrated for real data problems.

1. INTRODUCTION AND SUMMARY

There is a long tradition of selecting models for time series data via so-called information criteria.
These carry a considerable appeal by typically being simple in structure and use, yielding scores
which then can be used to rank candidate models from best to worst in accordance to some predefined
measure of discrepancy. There are a number of such criteria, derived and justified from different points
of departure. Among the earlier and more popular ones are the final prediction error (FPE; Akaike
(1969)), Akaike’s information criterion (AIC; Akaike (1973)) and the Bayesian information criterion
(BIC; Schwarz (1978)); see Claeskens & Hjort (2008) for a general overview. For a more time series
oriented discussion, see Akaeél (1982) or the final chapters of Linhart & Zucchini (1986). Moreover, a
comprehensive survey of the autoregressive models, with focus on consistency, i.e. the ability to find
the correct order, or true model, can be found in McQuarrie & Tsai (1998).

In the present paper we develop focused information criteria (FIC) for a large class of time series
models. The FIC was originally developed in Hjort & Claeskens (2003) and Claeskens & Hjort (2003)
for models without dependency, e.g. classical models for i.i.d. observations, different types of regression

models and the Cox hazard regression model, see Hjort & Claeskens (2006), Hjort (2008) and Claeskens
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& Hjort (2008). Instead of aiming at a model that is ‘reasonably good at everything’, the motivation
underlying the FIC is that the intended use of the model and the focus of the investigation should
play a central part of the selection procedure. One and the same model is typically not the best for
all applications; this is e.g. evident for regression models, where some covariates may be important
for some types of questions but of lesser importance for other aspects of what is being studied.

The model preferred by the FIC will depend on a particular focus parameter of interest pu, or
focus function p(-). For stationary time series models the canonical example would be h-step ahead
predictions, i.e. the task of finding the best model for predicting future outcomes. This is already well
studied and for the autoregressive precesses, with focus on one-step ahead predictions, this leads to the
FPE criterion of Akaike (1969); see also Linhart & Gottingen (1985) and Hermansen & Hjort (2014b)
for a generalisation to more universal and also potentially misspecified time series models. In general,
a wide variety of other focused questions emerges naturally for time series processes, for example
estimation of conditional probabilities for thresholds being exceeded, determination of confidence
bounds, the influence of certain covariates, etc., or more direct features like certain covariance lags,
properties of the spectral density for frequencies close to zero, and so on.

In the first half of our paper, Sections 3-7, we focus mainly on standard stationary Gaussian
time series. These will be seen to be a special case of the locally stationary models of Dahlhaus
(1997) discussed in Section 9. The class of locally stationary processes provides a good framework
for interpretation and inference, serving also as a basis for a unified theory. Moreover, it includes the

important class of stationary models with trends, studied in Section 8, with

Yi =m(t/n,B)+e&, fort=1,...,n, (1.1)

where m(u, 8) is a smooth function of u, defined on the unit interval, and ¢, is a stationary time series
process with zero mean, defined by a parametric covariance function Cy(h), for all lags h > 0. The
machinery we develop will be able to pick the best models of this type, selecting among both trends
and covariance functions, for a given focus question.

The potential candidate models are assumed to be nested between some specified ‘narrow’ and
‘wide’ models. The narrow model is typically some standard or baseline model, with the wide model
extending the narrow one by including additional parameters. Let S represent an arbitrary submodel,
defined by including some and excluding others of these extra parameters, and define jig to be the
corresponding submodel estimate for fi;ue, i.e. the focus function evaluated in the true model. The
basic strategy, which will lead to our FIC, is to aim for the candidate model S that attains the
smallest mean squared error. This is then solved in a large-sample framework, where the FIC formula
will emerge as an unbiased, large-sample approximation for the respective mean squared errors. The

model with the smallest FIC score is hence the model that obtains the smallest estimated mean squared
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error. Note that for such comparisons of submodel estimators to be relevant, the focus p worked with

has to be meaningful across all competing models.
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FIGURE 1.1. The different submodel estimators for the three foci of (1.2) (left-right) are plotted against
the estimated precision, i.e. mse(S) = FIC(S) for each submodel S. The estimates are
based on 100 simulated realisations from an autoregressive model defined by the param-
eters o = 1 and p = (—0.04,0.21,—0.22, —0.10,0.33), see Brockwell & Davis (1991) for
technical details regarding the model assumptions. The numbers represent the different

model orders, where ‘0’ corresponds to the simple independence model.

A consequence of a focused model selection strategy is that different models can be preferred for
different foci. This is in sharp contrast to the AIC and the BIC, which lead to one ‘best’ model,
aiming respectively at the one minimising a certain Kullback—Leibler divergence from the underlying
true data generating mechanism to the model in question, and the one maximising the posterior model
probability. In general, we anticipate the FIC to prefer simple models when these suffice and only
more complex models when such are required by the focused question and the given data (also, more
sophisticated models would be selected with more data). This effect is illustrated in Figure 1.1 with
a simulated dataset from an autoregressive model of order five. The candidates are the autoregressive
models of order zero to five, where order zero corresponds to the simple independence model. Here

we consider three different foci:
(i) p (1) =C(1), (i) p2(Ypn+1) = Yoy  and  (iii) p3(0) = Pr{Y,41 < 0, Y12 < 0}, (1.2)

where C(1) = Cov(Y;,Yi+1) and (ii) represent the one-step ahead prediction. The methodology
required for handling these is developed in Section 3-6. Here the AIC, which does not differentiate
between the different foci, turns out to prefer the widest model, the autoregressive model of order five,
whereas the BIC chooses the smallest model with independence. As seen via the FIC plots, the FIC

selects different best models for the three different foci.
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Our examples and illustrations often use these autoregressive models, partly for reasons of con-
venience. The methodology developed and our computer scripts (for the R software) are very general
and allow for a variety of time series models, including the so-called moving average (MA) and the
mixture with the autoregressive (ARMA) models; see for example Brockwell & Davis (1991) for details
on these.

In Claeskens & Hjort (2003) only models for independent realisations were considered. Therefore,
in order to develop FIC methods for the time series framework, parts of the original theory must
be redeveloped to fully accommodate the time series processes. In addition, several interesting foci
are more natural if formulated as conditional on the already observed series, as when predicting
annual global mean temperature for the coming years, given the recently observed past. As another
illustration, assume we observe a speedskater run an Olympic 10k race, and wish to assess, two laps
before the finish, that he will set a new world record; we will return to these issues in Example
8.1 below. Handling such questions is not covered by the existing theory. In a properly extended
framework, we derive a generalisation of the FIC which is capable of using such ‘data-dependent’
focus functions and we will also introduce the conditional focused information criterion (cFIC), both
of which take the dependency on data in the focused questions properly into account, see Section 6
below.

Although the FIC has received attention and gained decent popularity, it has not really been
embraced in the time series communities. To our knowledge there are only a few attempts that use
this kind of methodology in time series analysis. In Claeskens et al. (2007) a version of the FIC
was derived for autoregressive models, which can also include a polynomial trend component. They
considered only types of h-step ahead predictions as their foci, however. A related study is given by
Rohan & Ramanathan (2011), where these ideas are extended to the class of ARMA models. In our
view, by considering only h-step ahead predictions, these studies do not take full advantage of the
underlying potential and flexibility of the FIC idea. The ability to easily change and consider several
foci is one of its main strengths, and should be exploited further.

In the present work we extend the original framework developed in Hjort & Claeskens (2003)
and Claeskens & Hjort (2003), and derive generalisations that are valid for a large class of time
series processes. We start with a motivating illustration in Section 2, and in Section 3 we work with
the standard mean-zero stationary Gaussian time series processes. Tools for model averaging and in
particular FIC averaging (AFIC) are developed in Section 4. The class of foci is then extended in
Sections 5 and 6, where we first introduce sample size dependent functions and then extend these
further to so-called data-dependent focus functions. This motivates, in turn, a second generalisation
and also a conditional version of the original FIC construction. In Section 7 an alternative derivation
is given, which shows that the FIC based on the Whittle approximation to the Gaussian log-likelihood
function, cf. Whittle (1953), works just as well as with the full likelihood version. In addition to being
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interesting in its own right, this provides an alternative, simpler and numerically more robust method
for estimating the FIC scores. Several examples and illustrations are given throughout the paper,
most of which are based on real data sets. In all of these the calculations are done using the full
Gaussian log-likelihood. In the allude simulation studies, however, both the full log-likelihood and the
Whittle approximation are tested, resulting in similar conclusions. In Section 8 we extend the FIC
arguments to include stationary models with a smooth trend component. The most general results of
our paper are then derived within the framework of locally stationary processes, in Section 9. Finally,

some concluding remarks are offered in Section 10, some of them pointing to further research.

2. THE NUMBER OF SKIING DAYS AT BJ@RNHOLT

As an introductory illustration, we consider the number of skiing days in a winter season, i.e. the
number of days with at least 25 cm snow, at the particular location of Bjgrnholt in Oslo’s skiing
and recreation area Nordmarka. Besides being of great interest to skiing enthusiasts, this number is
a good indicator of how cold a winter is and is also an indication of the general temperature over
a given period of time. In Figure 2.1 the global linear trend (dotted line) is seen to be decreasing
with estimated slope about —0.9, indicating that the number of skiing days has on average declined
by almost one day each year since the mid 1950s. The models we employ for this data set are all
autoregressive models of order less than or equal to three, with and without a linear trend, giving a

total of 2¢ = 16 candidate models.
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FIGURE 2.1. The number of skiing days for the winter seasons 1954-55 to 2012-13 at Bjgrnholt, a
location in the countryside just outside Oslo, are plotted with sequential one year a head
predictions from the models preferred by the cFIC, introduced in Section 6 below, and
AIC. The estimated root-mean-squared errors for the predictions are given by fmsécric =
0.845, mseaic = 0.856, and fmsegic = 0.840. As an additional interesting observation
we note that the FIC prefers the simplest models; on average the FIC uses models with

3.2 parameters, the AIC likes models with 4 and the BIC 3.5 parameters.
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The sequential one year ahead forecasts from the 1970-71 season and onwards, based on the current
history, are computed and compared for models chosen for each season by the cFIC (solid line) and
the classical AIC (dashed line) in Figure 2.1.

The AIC selects models according to the global performance, which seems to produce forecasts
that are quite sensitive to the large scale behaviour of data. This is particularly evident for the last
five seasons from 2008-09 to 2013-14. It appears that cFIC is less sensitive to this and select models
that rely more on recent behaviour, which on average results in more accurate predictions. The effect
is also illustrated in Figure 2.2 (left panel), where the submodel forecasts for the season 2014-15 is

plotted against the root-cFIC values; the more to left in the cFIC plot, the better is the estimate.
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FIGURE 2.2. A continuation of the illustration in Figure 2.1. The figure shows the different submodel
estimates plotted against the precision, which is estimated using the cFIC machinery.
The foci are the number of skiing days for the winter of 2014-2015 (left panel) and the
probability of having at least one season, within the next three years, with a minimum
of 100 skiing days (right panel). The models with constant trend are represented with
an ‘x’ and the models with linear trend are marked with an ’o’. The AIC prefers the
autoregressive model with a linear trend, the cFIC prefers the independent model with

constant trend (left panel) and the independent model with linear trend (right panel).

For simple and local phenomena (e.g. in time), such as one-step ahead predictions, low order
models will often produce accurate or reasonable forecasts, but are not necessarily expected to capture
the underlying (large scale) dynamics in data. This can be seen in Figure 2.1 and 2.2 (left panel),
with the absence of a linearly decreasing trend in several of the best models, however. By preferring
simpler models, the cFIC selects in this case models that are on average more suitable for short-term
predictions.

The hope is that focusing the model selection procedure will result in models that capture more
of the relevant features, with respect to the chosen focus, which may help to centre the attention

on what is of most importance and hopefully assist in revealing more of the underlying mechanisms
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and dynamics in real world problems. This is indicated in Figure 2.2 (right), where the change from
one-step ahead predictions to the more involved problem of estimating the probability of having at
least one winter with a minimum of 100 skiing days within the following three seasons, yields the

linear model with independent errors as the best model.

3. THE FIC FOR STATIONARY TIME SERIES

In this section we introduce the focused information criterion (FIC) for stationary Gaussian time
series processes. The derivation we give will also work as a stepping stone, introducing the main ideas
and the basic notation for the following sections, however, we first need to establish some preliminary

results and notation.

3.1. Background material and regularity conditions. Let Y; be a zero mean stationary Gaussian
time series process. The dependency structure, which in this case determines the entire model, is com-
pletely specified by the covariance function C(h) = Cov(Y;yp, Y:), defined for all lags h = 0,1,2,....
The covariance function is nonnegative-definite, which means that for all n > 1 the following holds:
a'¥,a > 0 for all vectors a € R, where ¥, is the covariance matrix with elements C(]i — j|), for
i,7=1,...,n. By Wold’s theorem, see e.g. Priestley (1981), C'(h) is such a covariance function if and
only if
C(h) = /7r e dG(w) for h=0,1,2,...,

—Tr

where the spectral distribution function G needs to be nondecreasing and right-continuous, with
G(—7m) = 0 and G(m) finite. For real valued time series, the formula above simplifies and since we
shall assume that G has a symmetric spectral density f, it follows that C(h) = 2 [ cos(wh) f(w) dw.
Note that the spectral density can be obtained as the Fourier transform of the covariance function,
ie.

flw) = — C(h)e —iwh — + ZC ) cos(wh), for 0 <w <, (3.1)

h=—00

see e.g. Brillinger (1975), Priestley (1981) or Dzhaparldze (1986). As an illustration, the spectral

density of the autoregressive model of order k is
-1

ZPJ = gj Kl - jépj COS(wj))2 + (jépj sin(wj)>2] )

see Brockwell & Davis (1991, Theorem 4.4.2). Note that some technical conditions are needed to

o2
fff,plw-wpk w 27

ensure that the corresponding process is stationary and the reader is referred to Brockwell & Davis

(1991, Ch. 3) for a complete account. If k¥ = 1 matters simplify and

0.2

fU,p(W) =

) 3.2
27(1 — 2pcosw + p2) (3:2)

which with positive ¢ and [p| < 1 corresponds to the stationary process with covariance function

C(h) = a*p"/(1 = p?).
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In our framework, the candidate models are nested between a narrow or baseline model and a
wide model, which extends the narrow one by including additional parameters. The widest model has
spectral density of the form fyige = fo, for (6,7) in a natural parameter space. The narrow model
corresponds to v = 7p, where 7y is a known vector determined by context. For standard autoregressive
models, g will typically be a vector of zeros that cancel higher order dependencies from the narrow
model. Via all possible inclusion/exclusion arrangements of the elements in ~, the result is a set of
27 potential submodels, one for each subset S of {1 ..., ¢}, ranging from the model, with S = (), to
the full wide model where S = {1 ...,q}. In practice we include only those submodels we regard as
sufficiently interesting or plausible, however.

The observed series y1, ..., y, is assumed to be a realisation from a model with spectral density

Jtrue = f00,70+6/\/ﬁ> (3'3)

where (0y,7) is an inner point in a compact parameter space © x I'. The idea behind studying
behaviour of estimators and model selectors in this local large-sample framework is to ensure that the
variances and squared biases are all of size O(1/n), leading to fruitful approximation formulae, see
Hjort & Claeskens (2003) and Claeskens & Hjort (2008, Ch. 5 & 6) for a more complete discussion
and additional comments.

A broader class of focus functions will be introduced in Sections 5 and 6, but for now assume
that the focus p = p(6,~) depends only on the underlying model through the model parameters and
that the derivatives with respect to (6,7) exist and are continuous in a neighbourhood of (6p,~o)-
The unknown model parameters are estimated by maximum likelihood and the different submodel

estimates of the focus parameter are then given by

fis = p(0s,75,70.5¢), (3.4)

where S C {1 ...,q} and S¢ is the complement of S, i.e. the indexes of the parameters we do not
estimate for that model. The idea leading to the FIC is the derivation of a large-sample approximation
for the mean squared error of \/n(fis — ttrue) for each submodel S, where pyue = (0o, y0 + d/v/n) is

the focus parameter evaluated in the true model.

3.2. The limit experiment and the FIC. Let y,...,y, be a realisation from the model defined
in (3.3) with log-likelihood function

ln(0,7) = —3[nlog(2m) +log Zn(fo)| + ynSa(for) " ynl, (3.5)

where ,(fo,y) is the covariance matrix with elements 2 [ cos(wli — j|) fo,y(w) dw for i,5 = 1,...,n,

and y;, = (y1,...,Yn). Let V.=V, = 09/0(6,~) and define

Ty = N(Un, Vi) = \}ﬁwn(ao,%) (3.6)
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the vector of scaled score functions evaluated at the null-point (6y,70). Note that the absence of a
subscript, as in V£, (0p,70), will in general indicate that the operation is with respect to all available
model parameters.

The limit distribution of Z,, under the true model (3.3) is a key component in the derivation of
the FIC. We shall need some preliminary results. Under the conditions of Assumption 3.1 below it
follows from Lemma 11.1 in the Appendix that

1 [

. o1 .
Jwide = nh—>n<;10 VarPo Zn = nh—>nolo % tr{(EO I[VZO])Q} = E v\Ifo(w)V\Ilo(w)t dw, (37)

—T
where g = 2,(f0), Yo(w) = log fo(w), fo = foy,, and Py = Py, represents the distribution associated
with a Gaussian vector of length n from the model with spectral density fo. In general, a zero in the

subscript indicates evaluation at (6y,7p). Finally, we define

T J JOO JOl
Jwide = 00 ot , with inverse J_ L = ) (3:8)
J10 J11 JlO Jll

where Jyg is the upper p x p-matrix of Jyi4e and where the other block matrices are defined accordingly.

Assumption 3.1. In a neighbourhood of (6, 70), the spectral density fy , is continuous and bounded
away from zero and infinity and also two times differentiable in (6,v), with derivatives that are

differentiable in w with uniformly continuous derivatives.

The following proposition is a key component in the derivation of the FIC, and establishes the
limit distribution of the normalised score functions under the true model (3.3). Since the stationary
models of this section can be seen as a special case of the processes discussed in Section 9, the result
below can be seen to be a special case of Theorem 9.3 and is therefore given without a separate proof.
This is also the reason the conditions in Assumption 3.1 are somewhat stronger than what is commonly
seen in classical time series literature, see Remark 7.2 for an alternative argument under weaker and

more standard conditions.

Proposition 3.2. Let yi, ...,y be realisations from the model (3.3) and let Ps = Pj,, be the associated

probability measure. Then if fg~ satisfies the conditions of Assumption 3.1

U, Jo16
Zn =+/n —d 01 + Z, where Z ~ Np+q(07 Jwide)s
Vo J110

with Jywide as defined in (3.7). Also, j\n(én,fyn) = —V2€n(§n,”yn)/n —p; Jwide, provided (én,ﬁn) — Py
(60,70)-

With the above results in place we are almost ready to derive the limiting mean squared error
for the normalised submodels estimators from (3.4). A bit more notation is needed first. Define

Q=J"=(J1— JloJ&)lJm)_l and for each submodel S C {1,...,q} define the projection matrix g
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that maps the vector v = (vq, ... ,vq)t to the subvector mgv = vg with components v; for j € S. Let

Qg = J'S = (rsQ7 1) Gg = 14Qsms@ ! and finally
v = Ji0Jgg Var(6o,70) — Viu(0o,70) and 75 = Veu(0o,70) Jog Ver(0o,70)- (3.9)

By the arguments of Section 3.2 in Hjort & Claeskens (2003), it now follows from Proposition 3.2
above that D, = /n(, — ) —d¢ D ~ Ng¢(d,Q). Moreover, by standard application of the delta
method

Vi(fis — pirne) 5 Ag = Ao + v5(6 — GD), (3.10)

where D ~ N,(6,Q) and Ag ~ N(0,7Z) are independent random variables, see Lemma 3.3 in Hjort &
Claeskens (2003). The mean squared error of (3.10) is then

mse(S, §) = ¢ + V' GsQGYv + v (I, — Gg)d6' (I, — Gs)'v. (3.11)

In the limit experiment, the quantities appearing in (3.11) are known, apart from ¢, for which the
statistical information is D ~ N, (4, @), with known variance matrix @. Since DD" has mean §6° + @,

the unbiased estimator of 8¢ is DD' — Q. Thus an unbiased risk estimate here is
r(S) = 7 + V' GsQGw + 1M(I, - Gs) (DD' - Q)(I, - Gs)'v.
Estimating the required quantities from the data at hand we arrive at
FIC(S) = 72 + 0'GsQG%D + v (I, — Gs) (D, D!, — Q) (I, — Gs)P, (3.12)

seen as an estimate of the limiting risk mse(S,0) of (3.11). We then select the model with smallest
FIC(S). Note that the fist term is common to all models and may hence be omitted, as far as the
model comparison and selection is concerned, but it is useful to keep the information intact and to
compute and display estimates of risk, as opposed to a function of the risk. See also Claeskens & Hjort
(2008, Ch. 5 & 6) for a more detailed discussion.

The FIC of (3.12) is well-motivated and works well in practice. A useful alternative emerges by
truncating the implied estimate of squared bias to zero, in cases where that term is negative. This

modified FIC is hence
FIC*(S) = 72 + 1'GsQG%D + max{h,(S),0}, (3.13)

where h,(S) = *(I, — Gs)(DnDt — Q) (I, — Gg)p. Our FIC plots in Figure 1.1 and elsewhere have
FIC*(S)'/2/\/n on the x-axis and estimates fig on the y-axis, with root-FIC scores to be interpreted

as estimates of root mean squared error (rmse).
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3.3. Estimation and detrending. To compare the performance of the submodel estimators using
the FIC machinery of (3.12), or the bias corrected (3.13), we need consistent estimates for 9, v, Gg
and g, which follows via consistent estimates of Jyiqe and V. Since the components of Vy are
assumed to be continuous in a neighbourhood of (6y,7p), the unknown Vyg is estimated using the
standard plug-in principle with a Ps-consistent estimator for (6y,~p). This is also the case for Jyide,

since under the conditions of Assumption 3.1 it follows by Lemma 11.1 in the Appendix that

~ _ . P
Jwide = Jwide(Ons V) — Jwide(00:70) = Jwides

provided (6,,7,,) is a Ps-consistent. With the maximum likelihood estimator this can be accomplished
at the usual root-n rate. Alternatively, Jyide can be estimated from the second derivative of the log-
likelihood function, which from the results of Proposition 3.2 is easily seen to result in a consistent
estimate. Note that by the local large-sample framework, estimates obtained from both wide and
narrow model can be used to estimate Jyiqe and Vg, however, to be model robust we usually prefer
estimates under the wide model.

Let ¢; be a stationary time series process and suppose we observe yi,...,¥y, from the model
Y; = m(xy, Bo) + €, where x; € RY, is a sequence of covariates and m(z¢, 8), for 8 € RP, is a function
of known parametric form. Let y; = y, — m(zy, Bn), where Bn is a consistent estimates for 5y. Then
under additional mild regularity assumptions, the detrended series 7; will behave as the underlying
stationary process ¢; with respect to the results of Section 3.2, see Hermansen & Hjort (2014a). This
shows that the detrended series, in the FIC machinery, possesses a type of oracle property, meaning
that we can remove the estimated trend (as if this was the actual true trend function) and do not risk
breaking the conclusion of the final analysis. Note that this is not true in general, for example, mean
correcting a stationary Gaussian time series process will change the structure and interpretation of

the standard AIC formula, see Hermansen & Hjort (2014b).

4. POST-SELECTION ESTIMATORS, MODEL AVERAGING AND FIC AVERAGING

For a focus parameter u, consider a model averaging estimator of the general form
= elS| Duis,
S

where the ¢(S| d) functions sum to one over all candidate models S. This class in particular encom-
passes post-selection estimators, where the ¢(S'| D,,) is 1 for the winning model and 0 for the others,
as long as the model selection scheme being used can be expressed in terms of D, as is the case for
our FIC. With arguments essentially similar to those used in Section 7.3 of Claeskens & Hjort (2008),
it holds that

V(i = pe) —+a Ao + {0 — 5(D)}, (4.1)
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where S(D) =Y ¢c(S]D)GsD. The underlying reasons for this general result to hold are that (3.10)
holds jointly, for all submodels S, and also jointly with D,, —4 D.

The limit distributions (4.1) are nonlinear mixtures of normals, and are often highly non-normal,
e.g. featuring skewnesses and multimodality. We note that result (4.1) is needed when it comes to
actual performance analysis for the implied post-selection estimators arrived at via our FIC methods,
or other model selectors. Though this feature is a vital component of model selection too, we concen-
trate in this article on motivating and building the model selectors themselves. This also includes the
smoothed FIC case, where ¢(S| Dy,) is proportional to exp{—AFIC(S)} and A is a tuning parameter.

The FIC machinery we have developed is perfectly suited to situations where the analyst focuses
on one aspect at the time, so to speak. In other situations it is more practical and suitable to consider
several foci jointly, say an above-threshold type probability of the type u(a) = Pr{Y,4+1 > a,Y, 42 >
a|data}, but where a can be one of several values. This calls for an extension of the FIC to a weighted
or averaged FIC, which we term the AFIC. It requires a list of focus parameters, say u(u), suitably
indexed by some u € U, and also a weight function w(u), indicating the relative importance of doing
well when estimating p(u). The focus parameters may form a continuum, but for convenience of
presentation we assume that there is a finite set only.

First note that result (3.10) works for each p(u), when comparing the different estimators jig(u),
so that

Vn{fis(u) — ps(u)} —a Mo(u) +v(u)' (6 — GsD).
Also, with loss Ly, (S) = nY_ {fis(u) — p(u)}?w(u), we have under mild conditions that the corre-

sponding risk converges,

m(S) = E Ln(S) — =B ) {Ao(u) + v(w)'(6 — GsD)} w(u).

Using earlier results, this may be expressed as

S) = mo(w)wu) + Y v(u)GsQGsv )+ > v(u)(I; — Gs)dd' (I, — Gs)'w(w).
The first term does not depend on S, leaving us with
tr(GsQGYA) + tr{ (I, — Gg)68* (I, — Gg)' A},

featuring the matrix A = Y v(u)v(u)'w(u). Estimating these quantities, as in Section 3.3, this leads

to
AFIC(S) = tr(GsQGsA) + max[0, tr{ (I, — Gs)(D, D! — Q)(I, — Gs) A} (4.2)

As an illustration of the AFIC concept, suppose we have a list of time series model candidates.
Let p1; be the covariance C(j), along with user defined importance weights w(j), typically decreasing
since covariances for smaller j are more important than covariances for bigger j. The AFIC apparatus

above then makes it possible to select the best of the candidate models, with this covariance perspective
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in mind. Similarly an AFIC algorithm can easily be constructed to select the best model form the

perspective of having precise estimates for p1; = f(7j/jmax), With a suitable jmax.

Illustration 4.1. An related idea is to use the FIC methodology above to construct a nonparametric
estimate for the underlying covariance function. Building this from a sequence of estimated covariance
lags, e.g. 11; = C (j) computed for j < jmax by the model that wins each FIC competition, will not work
in general, since can not guarantee that the set of estimates will become a valid covariance function,
i.e. produces positive-semidefinite covariance matrixes. By applying Wold’s theorem we are able to
work around this problem. Essentially, this result tells us that any right-continuous, non-decreasing
and bounded spectral distribution function G will provide us with a valid covariance function, see
Section 3.1. Therefore, if we change the above perspective slightly and focus on estimating the spectral
density for a set of frequencies, we may apply a similar strategy as above with p1; = f(7j/jmax). The
collection of estimates ﬁ, ey f;max with linear interpolation, can then be used as a nonparametric
estimate for underlying spectral density, which in turn, via application of (3.1), will result in valid

nonparametric estimate for the covariance function, see Figure 4.1 for a illustration.

« | — FlIC-nonparametric — FIC—-nonparametric H — FIC-nonparametric
- Periodogram . Nonparametric H ---- True
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FIGURE 4.1. The estimation is based on a sample size 64 from an autoregressive model of order four
with parameters p = (—0.06,0.17, —0.41, —0.30) and o = 1. The set of candidate models
are all submodels of the true model, i.e. of order less or equal to four. The nonparamet-
ric estimate, a mixture of autoregressive models, is show with periodogram (a classical

nonparametric estimate, see Section 7) and the true spectral density (left panel).

5. SAMPLE SIZE DEPENDENT FOCUS FUNCTIONS

The foci discussed in Sections 3 and 4 were all assumed to be functions depending on the underlying
model only through model parameters. In the time series framework this is seen to be too restrictive,
since it excludes several common and interesting focused questions. In this section we consider a simple

extension which opens the possibility for using foci which in addition to the model parameters also
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depends on the particular sample size. With the parametric spectral density fy, a simple prototype
example is p, = (1/n)log |3, (fs)|, the scaled log-determinant of the covariance matrix, which can
be seen as a general measure for the underlying spread. For the autoregressive model of order one,
there is an simple explicit formula and it can easily be shown that u, = (1/n)log|X,(fs.,)| = logo? —
(log(1 — p?))/n.

Since this larger class of foci evolve with sample size n, the large-sample arguments used earlier
are not as straightforward anymore. There is however a simple repair operation for this, and the

following corollary establishes the required conditions.

Corollary 5.1. Let y1,...,yn be realisations from the model in (3.3) and suppose the focus function
tn = 1(0,7v,n), in addition to the model parameters, depends on the particular sample size n. Then
for puy, to be a ‘valid’ focus function, i.e. that the limit distribution (3.10) follows from the large-sample
properties of the score functions (e.g. Proposition 3.2), it is sufficient that w, has existing first order

derivatives YV, for all n > 1, which converge uniformly to a limit Vg in a neighbourhood of the

point (6o, o).

Proof. The result follows by extending Lemma 3.3 in Hjort & Claeskens (2003), where the conditions

stated are easily seen to be sufficient to ensure the correct limit results. O

Remark 5.2. The result of Corollary 5.1 is more general than stated here and can be generalised
to other models under standard regularity conditions, especially, it is easily seen to be true for the

models of Sections 8 and 9.

The stronger conditions needed are canonical and easy to motivate, but may be hard to verify in
practice, which is somewhat unfortunate, since this removes some of the elegance and applicability of
the general FIC construction. In our running example, it is straightforward to show that the conditions

of Corollary 5.1 are satisfied, since Vi, = tr{%,(fs) " 'VX,(fs)}/n and

71 TV fo(w)
Viin = Vio =2 | ()

dw,

by standard limit results on Toeplitz matrices, see e.g. Dzhaparidze (1986) or Lemma 11.1 in the
Appendix below, which also ensures uniform convergence.

Note that the limit point Vg of Corollary 5.1 does not have to be the derivative of some focus
function pg that corresponds to a proper statistical question in the limit experiment, it only has to
exist, for the delta method to work. Therefore, if p, has limit ug, where pg is independent of sample
size and otherwise valid, i.e. the derivatives of pg, with respect to (6,7), exist and are continuous in a
neighbourhood of (g, 70), it motivates the idea of using g as an approximation of j,. This removes

the dependency on data, meaning that we are back to the framework of Section 3. The idea works
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well with the running log-determinant example, since
1 s
o= o=+ [ log{2m )} o
0
by Lemma 11.1 in the Appendix (e.g.). Moreover, it is easily shown that for the autoregressive models

of order one
1 s
Lo = / {2log o —log(1 — 2pcos(w) + p?)} dw = log o2,
™ Jo

which fits well with the exact formula stated above. To our understanding, this is true for autoregres-
sive models in general, meaning that po = log o2, independent of the model order.
Let A1,..., A, be the eigenvalues of the covariance matrix ¥, (fp). Then a variety of foci of this
form are motivated by the convergence
27

o = i;ﬂw o= 5 [ H(gp(w))

for functions H that are continuous on the range of fy, see Gray (2006) for additional regularity
conditions, applications and details. As a final illustration, this also introduces the idea of using
po = min,, fp(w) and py = max, fp(w) as focus parameters, with the interpretation as upper and

lower bounds for the eigenvalues.

6. DATA-DEPENDENT FOCUS FUNCTIONS AND THE CONDITIONAL FIC

Let y1, ..., yn be realisations from the stationary models of Section 3 and consider the general type
of ‘data-dependent’ focus p(data) = E{g(Y+1,. .., Ynir) |data}, for a suitable function g and a finite
number k. A simple prototype example would be g(Y41, Ynt2, Ynt3) = I (Yny1 > a, Yoyo > a, Y13 >
a) for some threshold a. Note that these depend on both the model parameters and the observed data.
The aim of the present section is to extend the previous FIC machinery to cover such focus functions
too. This will be seen to involve a nontrivial extension of the FIC criteria worked with earlier in
the literature, since these previous versions essentially all involve independent data. Moreover, it also
motivates a conditional version of the focused information criterion (cFIC; Section 6.2). Though the
following development can be similarly worked with also in the more general framework of Sections 8
and 9, we focus attention here on the stationary models of Section 3.

In the lemma below we show that working with the data-dependent foci u(data) of the above form,

is related to working with the prediction version of the problem, that of predicting g(Yn+1,-- ., Ynik)-

Lemma 6.1. Let yq,...,y, be realisations from the model of (3.3). Then the submodel S, with sub-
model predictor gs for g(Yn41, ..., Yntk), which minimises the mean squared error of g(Yn41,- -+, Ynik),

is the same model, with submodel estimator [ig, which minimises the mean squared error of prue(data) =

E {g(Yn—i-l’ ey Yn+k) ’ data}.
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Proof. The result follows essentially from the observation that

E {:q\S - g(YnJrla oo aYn+k)}2 =E {/g\S - Mtrue(data)}z
- 2E (:@S — Mtrue (data))(g(YnJrla ceey Yn—i—k) — Mtrue (data))

+E{9(Ynt1,- - Your) — Ntrue(data)}2a

where the rightmost term does not depend on the particular estimator and the cross-product is seen

to be zero, via iterated expectations. Il

Remark 6.2. The conclusion of Lemma 6.1 is more general than stated above and is easily generalised
to other models under standard regularity conditions. In addition, we note that an analogous result
still holds if the underlying perspective is changed from mean squared error to conditional mean

squared error, which will be important for the discussion in Section 6.2.

Since the submodel estimators jig for the data-dependent focus functions p(data) will depend on
the observed series through the estimated parameters, (55, 7s), and the function itself, the large-sample
arguments (3.10)—(3.12) will not work as smoothly. Moreover, it is at the outset not clear how to make
sense of the large-sample approximations with these data-dependent functions. Take the h-step ahead
predictions as an example, in a way it is a little unclear how to interpret p(data) = E{Y,1n|y1,- .-, yn}
in the limit experiment, since in the current framework it seems like Y}, should eventually be observed
and its value known, or the focus will constantly change its meaning, making it a somewhat poorly
defined question.

Before we clear up these ambiguities we consider a motivating illustration. Let y1,...,y, be
realisations from the model (3.3), where the widest model is an autoregressive model of finite order m.
Suppose furthermore that our interest is in estimating the probability that two consecutive observations
will be below a given threshold a. This focus can be worked with from different perspectives. For
example, we may consider p = Pr{Y,+1 < a, Y, 42 < a}. Since future outcomes depend on the present

state, however, it will often be more appropriate to work with
pu(data) = Pr{Y,41 < a,Yp42 < a|data} = Pr{Y,41 < a,Y,io <a|Y,—pm,...,Yn},

where the second equality follows from the Markov property of finite-order autoregressive models.

With this data-dependent focus, we can now search for the submodel S that minimises either
(i) En(iis — prue(data))®*  or (i) E{n(fis — ptrue(data))? |Yon—m = Yn-my -, Yn = yn}. (6.1)

Note that (i) is the mean of (ii).
To be specific, consider the task of estimating the probability that the final two laps in a 10k
speed skating race are both below 30.2 seconds. In this case, we might be interested in a particular

race, the one we are are watching right now, which fits well with the conditional mean squared error
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view (ii) above. Alternatively, we might be more interested in the general dynamics, the underlying
features that influence the final two lap times, which is more in the spirit of the unconditional mean
squared error (i) of (6.1), see also Example 8.1 below.

Motivated from the scenarios sketched out in (6.1), we first extend the FIC to handle the data-
dependent foci and then develop a conditional focused information criterion (cFIC), derived from the

conditional mean squared error approach to model assessment.

6.1. Introducing the FIC with data-dependent focus functions. To simplify the discussion we
reindex the observed series and let the set of realisations be given by y_,,...,y—_1, where our interest
is the behaviour of ‘future’ time points ¢ > 0. The idea is to construct a large-sample framework
where the data-dependent focus function can be thought of as fixed, with respect to the sample size,
such that the limit arguments, analogue to those of (3.10)—(3.12), have time to kick in by imagining
the series extending to the infinite past, without interfering with the chosen foci.

Define the recent history H,, = {y_m,...,y—1} to be the ‘last’ m observations and assume that

there exists a finite number m such that

(0,7, data) = p(0, 7, Hm), (6.2)

where the derivatives of u(6,~, H,,), with respect to the model parameters (6,~), are continuous in a
neighbourhood of (6, ) with probability one. The size of m may depend on the problem at hand, as
with the autoregressive models, where m is equal to the order of the largest model. The construction in
(6.2) will in many cases be a reasonable approximation, or alternatively, there might be good reasons
to restricting the history to the last m observations.

The aim is to find the submodel S that minimises

En(ﬁS - ,Utruze(,;l'[m))2 =E {E {n(ﬁs - ,Utruze(,;l'[m))2 |Hm}}v (6'3)

where pigyrue(Hm) = 100,70 +90/+v/n, Hy) and fig = ,un(éA?SﬁS, Y0,5¢, Hm). If the estimated parameters
are based the reduced data set, y_n,...,Y_(m41), it follows by application of the delta method that

Vifis — peene) | Hom % As(Hon) = Ao(Hum) + v(Hm)'(6 — GsD), (6.4)

where v(Hm) = Ji0Jdo Votio(Hm) — Ve pto(Hm) and po(Hm) = (00,70, Him), and where D ~ N, (6, Q)
and Ao(Hum) | Hin ~ N(0, 70(Hm)?), with 7o(Hm)? = Vauo(Hm) oo Vero(Hm), are independent ran-
dom variables; see also the arguments in Section 3.2 leading up to the limit distribution in (3.10). Note
that we continue to use /n, although \/n — m is actually more appropriate in the current framework,
however, since m is finite the change is irrelevant with respect to the large sample arguments. The

mean squared error of (6.4), condition on H,,, is therefore given by

mse(S, 0, Hy,) = 7‘0(3'-[m)2 + V(Hm) ' GsQGSv (M) + V(Hm)t(lq — Gs)édt(Iq —Gs)'v(Hm) (6.5)



18 GUDMUND HORN HERMANSEN'2 AND NILS LID HJORT?
and continuing the derivation from (6.3), it now follows that
E{n(fis — ferue(Hm))?} = E {mse(S, 8, Hom) | Hn}
= B {70(Hun)? + v(Ho) GsQGlsr (M)
+ v(Hm) ' (Ig — Gs)86* (I — Gs)'v(Hm)}-
for large n. This entails that

E {n(fis — ptrue)’} = 732 + v*{GsQGY + (I, — G5)56' (I, — Gg)' v ©6)
6.6
+ tr(N{GsQGY + (I; — Gs)d0' (I; — Gs)'}),

with 702 = E7o(Hm)? = VirtJog Vit 4+ tr{Jog Moo}, v* = Ev(Hm) = JioJog Vou* — V. u* and
N = Var Z/(Hm) = JloJ&)lMooJ&JIJm + M11 — Jloj(i)lM()l — M(nj&)ljlo,

where
. Moo Moy
Vu* =EVu(0o,v0, Hm) and M = = Var Vi, (00,70, Hm)-
Mo My
Then, by arguments similar to those presented in previous sections, the results above leads to a new

FIC formula for the data-dependent focus functions
FIC(S, Hm) = 762 +tr{([@*D* + N) (I, — Gs) (DD — Q) (I, — Gs)'} + tr{ (7" 7** + N)GsQGY}. (6.7)

The estimates of Gg, D,, and () are obtained in accordance with the discussion of Section 3.3 and the
mean and variance of V (6o, v0, Hm) are easiest estimated using standard parametric or nonparamet-
ric bootstraping techniques. In simulated examples, both parametric and nonparametric bootstrap

provide accurate results, even in moderate samples, indicating good convergence rates.

6.2. The conditional focused information criterion (cFIC). In several real applications, the
main interest regarding the data-dependent foci, is with the performance of the submodel estimators
given a particular set of observations, those we have actually observed. This encourages a slightly

alternative approach, namely to find the submodel S that minimises

E {n(ﬂs - ;utrue(,Hm))2 |,Hm}7

with fitrue, tin, s and m as discussed in relation to (6.2). It is this change, from mean squared error
to conditional mean squared error, that leads to the conditional focused information criterion (cFIC).
From the results of Section 6.1 above, this criterion is now easily motivated as an estimate for the
conditional mean squared error mse(S,d, Hp,) | Hm of (6.4), i.e. cFIC(S, Hy,) = mse(S, 5, Hm) | Hm,
where

CFIC(Sa Hm) = ?gn + /V\:LGS@GFSZ//\H + ’//\Z(Iq B GS)(DnD; - @)(Iq - GS)t’//\na (6~8)
for 79, = 70(Hm) and 7, = U(H,,). The above formula is essentially the same as the one derived in

(3.12), the difference lies in the interpretation, modulo the change to a (potentially) reduced dataset for
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the parameter estimation; see Remark 6.3 below. Also, the conditional mean squared error framework
is how we should interpret the FIC-scores if we neglect the fact that the foci now depend on the
observed series and use the results and formulae of Section 3.2 without any changes; see also the
comment in Remark 6.2. Moreover, the arguments presented can also be used to motivate a bias

corrected cFIC* and the model averaging and AFIC of Section 4.

Remark 6.3. In the derivations above, we assumed that a reduced sample was used for estimating the
unknown parameters. The main reason for this is that it removes the dependency between the focus
function and the estimated model parameters, which in turn simplifies the large-sample arguments.
In practice, however, the question is whether to follow this or use all observations in the estimation.
In simple simulation experiments, with small samples sizes, we observe that by using all observations
we gain some precision, with respect to the actual mean squared error, but the calculated FIC values
have larger variance. To reach general conclusions and recommendations additional efforts are needed,

however.

Illustration 6.4. As an illustration of both the conditional and unconditional mean squared error
perspective, we compare the independent and the autoregressive model of order one at making one-
step ahead predictions. Let y_,,...,y_1 be realisations from the wide model, which is parametrised
by (0o, v0+3/v/n) = (00,0/+/n), since 9 = 0. The focus is to predict the outcome of yy given the past
observations, which from Lemma 6.1 above is equivalent to comparing estimators for the conditional

expectation E {yo | data}. Since
Yoly-1--sy—n ~ N(0y—1/v/n, o3),
we have two alternative submodel estimates
[inarr = Hp =0 Or  [lwide = H1 = Ppn—1Y—1,

where p,_1 is the maximum likelihood estimator based on the reduced sample. To compare the

performance of these submodel estimators, we have to choose between the mean squared error of

V(s —yo)ly-1  or  v/n(fis — yo),

for S € {0,1}. We shall now consider these two. To make the derivations more clear, we will use the
exact expressions for conditional and unconditional mean squared error instead of the large-sample
approximations above. The optimal model, in view of the unconditional mean squared error, is the

one that has the smallest value of
E (111 — %0)’] = Ey? 1 E[(Pn-1— 0/vn —1)*|y_1] = 05E[(Pn—1 — 6/Vn — 1)

and

E [(fip — y0)?] = 039,
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meaning that we prefer the wide model if E[n(p,—1 — d/v/n — 1)?] < §. Moreover, for the conditional

mean squared error, the comparison is between
E[(f1 —y0)* | y-1] = y21El(n—1 — §/vVn — 1)%
and
E [(fip — y0)* [ y-1] = 4216,
which turns out to give exactly the same conclusion, i.e. we prefer the largest model in both cases if
E[n(pn_1 — 6/v/n —1)%] < 6. The equality of the two mean squared error perspectives follows as a

consequence of the simple structure of the models and the particular focus and we do not expect it to

be true in general.

7. THE FIC FROM THE WHITTLE APPROXIMATION

We will now give an alternative derivation of the FIC machinery motivated from the Whittle
approximation for the Gaussian log-likelihood of stationary processes, introduced by P. Whittle in
a series of works (cf. Whittle (1953)) from the 1950s. This results in an alternative, numerically
simpler and more stable version of the focused information criterion, say FIC,,, which from a large-
sample perspective is precisely as well-motivated as the version employing the exact log-likelihood.
We note that this is at the outset not to be taken for granted. In Hermansen & Hjort (2014b) it is
shown that working towards a model-robust AIC type formula, starting from respectively the full log-
likelihood and the Whittle approximation, leads to two slightly different schemes, regaring structure
and interpretation.

The Whittle approximation for the log-likelihood in (3.5) is

l(0,7) = —{ log27r+ / log (27 fp - (w fe } (7.1)
W

where In(w) = | > <, Ut exp(—iwt)|?/(27n) is the periodogram. The approximation also motivates
an alternative estimation strategy, analogue to the maximum likelihood principle, by (5,1,%) =
arg maxeﬁ{fl”vn(&v)}, often referred to as the Whittle estimator. Furthermore, the Whittle estima-
tors just defined have the same large-sample properties as the corresponding maximum likelihood
estimators, in terms of limit distributions and efficiency, see e.g. Dzhaparidze (1986).

The derivation of a FIC from (7.1) follows along similar arguments as presented in Section 3. To
avoid redeveloping previous results, we will only provide the main result needed, i.e. the analogue of
Proposition 3.2, which is summarised in the theorem below. This result also motivates an alternative
proof for Proposition 3.2, which will be shown to be true under weaker conditions than those given in

Assumption 3.1, see Remark 7.2 below.

Theorem 7.1. Let yi,...,y, be realisations from the model (3.3) and define Zn = \/ﬁ(ﬁn,?n) =
VZn(eo,%)/\/ﬁ, i.e. the Whittle version of the scaled score functions. If the spectral density fg . is
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continuous and bounded away from both zero and infinity, moreover, if fg. is two times differen-
tiable in (0,), with derivatives that are continuous and uniformly bounded in both w and (0,7) in a

neighbourhood of (0y,v0). Then

_ U, Jo16
Z, = \/ﬁ _ —d 01 + Z, where Z ~ Np+q(07 Jwide)a
Vi J110
with Jyiqe as deﬁned in (3 7) AZSO, jn(gnaﬁn) = _v2[7n(6_?n,f_yn)/n — P Jwide, pProvided (e_n,ﬁ/n) —P;

(60,70)-

Proof. First of all, observe that

PR L WVl /T R A0

A BT . fo(w)? (7.2)
— _21/7?? o V\I’()(W) dw + ijl\/ﬁy%zn(v\llo/pﬂf()])yn’

where ¥, is the covariance matrix as defined in (3.5), ¥g = log fo and fy = fp,~,- Then, the
expectation of Z, in the limit experiment is

B, Zo = =3[ [ Vi) o - Ler(im, (900 foma)]

—Tr

= \4/77? [ _7; V¥ (w)dw — _7; fd(t;z(vajg(w) dw + O(n_2/3 log* n)]

1 s 5t _ J (5
_ Vf()(UJ) [V'Y-];OO:'YW. ((A})] d(JJ + O(n—l/ﬁ log4 n) — 01
4 - fO(w) J11(5

by application of Lemma 11.1 in the Appendix, where ||, — vl < [9]|/v/n, s = En(fs) and

f6 = Jogr0+0 //n- Moreover, by similar arguments it is seen that

Varp, Zn =~ tr{[S5Sa(T 0o/ 27 fo])12}

(4m)%n
L [T f5(w)*V¥(w)VT(w)"* —2/371..6

- — ] .
) To(@)? dw+O(n 0g’n) = Jyide,

see again Lemma 11.1 for details. In order to show that the normalised Zn has a Gaussian limit
distribution, we apply a Cramér—Wold type of argument. For any a € RPTY let En = ath and
observe that

~ N 1

An= = | gw)det my%En(g/[%fo])ym (7.3)

where g(-) = a1V1VUo(-) + - + ap+qVp+q¥Po(-). From results in Hermansen & Hjort (2014a) it now
follows that (A, — Ep, Ay)/ Varp,(A,)"/? is asymptotically normal if and only if

r?gaic{)\i} / ( z: A%) v -0 (7.4)
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where Aj, ..., A, are the eigenvalues of 35%,,(g/[27 fo]), which is easiest shown by establishing bounds
on the set of eigenvalues.

The largest eigenvalue, and therefore also the nominator of (7.4), is bounded by the model
conditions, since it follows from the properties of this particular type of Toeplitz matrices that
max;<,{\;} <sup, fs(w)sup, g(w), see e.g. Gray (2006).

If the covariance functions defining 3,,(fs) and 3, (g) are absolutely summable, i.e.if 3. [Cf, (j)| <
oo and ) [Cy(j)| < oo, in a neighbourhood of (6o,70), then f; and g are in the Wiener class and
by Theorem 5.3 in Gray (2006) the matrix product X, (f5)X,(g) is asymptotically equivalent to the
circulant matrix C(f5g), defined by the eigenvalues fs5(w;)g(w;), for w; =27j/nand j =0,...,n — 1.
Then, by the properties of asymptotically equivalent matrices, it follows from the assumed model
conditions that limy, oo n ™1 Y, A7 = limy, 0o ™1 D [f5(wi)g(wi)]*> = ¢, for a finite constant ¢, which
is enough to establish (7.4) and we have the claimed limit distribution.

To show that ¥,,(fs) and X,,(g) has absolutely summable elements. Let h be an arbitrary spectral
density with derivative A’ (with respect to w) that is bounded away from infinity and can be divide
into a finite number of open subintervals 0 = wy < -+ < wg = 7, such that A’ is monotonic on each

section (wj—1,w;) and j < k. Then integration by parts leads to

Cr(y) = 2/07r cos(wj)h(w) dw = —j /07r sin(wj)h (w) dw,

for any integer j > 0. Moreover, by the second mean value theorem

2 w; 2 v; w;
Cn(j) = —~ Z sin(wj)h (w) dw = -7 [h'( )/ sin(wy) dw + h’(w;)/ sin(wy) dw},
J i=1 Y Wi—1 i=1 Wi—1 U
where v; is some number in (w;_1,w;). This implies that
4 8kK
1Cn(5) *22 (10 (wi= )] + [ (w;)]) < e

where K is a upper limit for |h/(w)| in [0, 7], which implies, by the assumed conditions, that Cy, and

Cy are both absolute summable.

For the second part of the proposition, we note that

c o= L[ [VR@@U) b)YV ) - 2h@]]
nen =g || folw? Jofw)? e

which results in the correct limit by techniques similar to those already presented above; the details

are therefore omitted. O

If u = p(6,7) depends on the underlying model only through the model parameters and if the
derivatives, with respect to (6,7), exist and are continuous in a neighbourhood of (6y,v9). Then with

its as the corresponding Whittle submodel estimator for submodel S, it follows by Theorem 7.1 that
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these will result in the same limit distribution as in (3.10). This motivates, via application of (3.11),

an alternative version for the FIC formula (3.12) by
FICw(S) = 7 + 7' GsQGSY + U (I, — Gs)(DnDY, — Q)(I, — Gs)7, (7.5)

where D,, = Vn(n — 7o) and ‘tilde’ indicates that Whittle approximation or related estimates are
in use, see also the general comments in Section 3.3. Note that the Whittle version of the FIC can
easily be shown to be valid for the extended focus functions of Sections 5 and 6. Similar arguments
also motivate a Whittle based bias corrected FIC}, and the discussion on model averaging and AFIC

of Section 4 can be seen to apply, mutatis mutandem.

Remark 7.2. Using the results of Theorem 7.1 we can now give an alternative proof for Proposition
3.2 under weaker conditions. This follows from the fact that Py and Ps are mutually contiguous,
see Davis (1973, Theorem 4.1), which essentially implies that convergence in probability means the
same thing under both measures. In particular it implies that €, = |Z, — Zn| —p, 0 if and only if
€n = |Zn— Zn\ —p; 0. Then, since the convergence of €, under Fy is known by Dahlhaus & Wefelmeyer
(1996), it is possible to derive the limit distribution of Z, under the model (3.3) from limit of Z,,
i.e. Theorem 7.1. The reason we can use such an argument here is that Z,, and Zl are functions of the
same data set, in which case convergence in probability is enough to imply convergence in distribution.
The argument actually works in both directions, meaning that Theorem 7.1 is in a sense surplus, since
it can be shown to follow from Proposition 3.2. Nevertheless, we believe the alternative proof displays

interesting use of techniques, which besides the relaxed model conditions justify its presence.

8. THE FIC FOR STATIONARY TIME SERIES MODELS WITH SMOOTH TREND

In this section we extend the stationary models by including a smooth trend component. This
is an important class of models providing a coherent framework for joint selection among features
with respect to both the trend part and the time series dependency part of an observed series. Let

Y1, ..., Yn be realisations from the model
Yot =muue(t/n) +e fort=1,...,n, (8.1)

where ¢ is a stationary Gaussian time series process with zero mean. The modelling framework is a

local large-sample framework, with true spectral density and trend given by

ftrue = f(S = f907—yO+51/\/ﬁ and Mtrue = M§ = m(ua 907 Yo + 52/\/7;)7 (82)

where (0y,v0) € © x I' C RP*Y is an inner point of the compact space © x T'.
The construction with triangular array in (8.1) may seem artificial, which it is, however, it is an

abstract construction needed to make sure that we will have a meaningful asymptotic theory, e.g. it
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guarantees that more observations will provide more information about this underlying signal, see
Dahlhaus (1997, Section 2) for additional comments and discussion.

For most standard models the set of parameters split, meaning that each element in the vector
(0,7) is uniquely related to either trend or spectral density. To make the notation less cumbersome we
essentially keep the notation above, but have in mind that = (0, 0,,) € RP*™P2 and v = (7, vm) €
R?%92  where p = p1 + p2, ¢ = q1 + g2 and 5 = yo,f + 07/+/n and Y, = Yo,m + 0 //1 are vectors of

dimension g; and g9, respectively.

Q |
< | © Predicted by FICc ‘ — | o with trend %
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X @ |
o
o %
o - :
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Fi1cURE 8.1. The lap times of Jochem Uytdehaage historical 10k race during the 2002 Winter Olympic
Games in Salt Lake City. The foci are subsequent predictions of the final two laps (left
panel) and the probability the total time, after observing the 23 first laps, will be less
than 12.59.00.

Example 8.1. As an illustration we re-watch Jochem Uytdehaage’s historical 12:58.92 run on the
10,000 meters during the 2002 Winter Olympic Games in Salt Lake City, the first time the 13-minute
barrier was broken on this distance. In Figure 8.1 (left panel) the last 24 of the 25 lap times are
plotted; we omit displaying the first lap time, as this is always larger than the others due to the time
needed to get up to full speed. The task we set here relates to predicting aspects of the two last laps,
after having observed the first 23 of the race. The candidate models are the nested submodels of an
autoregressive model of order three, with a linear or a constant trend, i.e. eight different models. The
two concrete foci we consider for this illustration are the sequential prediction of laps 24 and 25, and
the probability that the end time will be below 12:59.00, again, conditional on having watched the
race up to and including the 23rd lap. The reason we do not use the historical 13:00.00, is that for
this particular threshold all candidate models estimates the probability to be approximately equal to

one, and we have to refine the question to obtain interesting answers.

8.1. The limit experiment and the FIC. The arguments needed to obtain a FIC for the extended

time series processes are similar to those already presented. Therefore, to avoid reintroduction of
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notation and basic results, we only present the main results, modifications and extensions needed to
complete the chain of arguments.
To simplify the first steps, we organise the parameters according to their ‘main’ association and

group together (67,v¢) and (0r,, ym). Let

A\ 1 [(yn —m0)' S [VE]Sg (g, — mo) — tr{Zg 7 [VEo]}
B,) 2" 2[Vma]' Sy (y,, — mo)
be the vector of scaled score functions, where m{, = (mg(1/n),...,mo(1)) and mo(u) = m(u, 6y, 70).

Since we are only working with Gaussian models, the correlation between A,, and B, is zero, meaning

that
n Varp, Ay, 0 Jy 0

. n .
lim n Varp, = lim _ :
n—roo B, n—oo 0 n Varp, By, 0 Jn
where under the conditions of Assumption 8.2 below
Jr= L [ V) V@) dw  and  J 1 /lv (W) Vmo(u) du,  (8.3)
= — w w)" dw n m = ————— mo(u)Vmg(u)® du, .
Uy 20 fo(0) Jo

by Lemma 11.1 in the Appendix.

Assumption 8.2. The spectral density fy is continuous and bounded away from zero and infinity,
moreover, fy and all components of V fp  and v? fo,, are differentiable in w with uniformly continuous
derivatives. The components of m(u, ,7), Vem(u,0,7) and Vam(u,6, o) are differentiable in u with

uniformly continuous derivatives.

Let Z, = /n(Upn, Vi) = V&,(00,70)/n, be the score functions where the derivatives are with
respect to 0 = (0f,60,,) and then v = (vf,7m). The elements of Z, is then a permutation of the
elements in (A, By,) and Jyige is defined by

JfOO 0 Jf01 0
U, Joo Ji 0 Jn 0 Jn

Jude = lim nVarp, _ oo Jor | _ 00 o | (8.4)
oo Vo Jio Jui Jrwo 0 Jpin O

0 Jnio 0 Jnn

The following corollary establishes the limit distribution of Z,,, since the current models can also be
seen to be a special case of the processes in Section 9, the result follows as a corollary of Theorem 9.3

and is therefore stated without a separate proof.

Proposition 8.3. Let yi, ...,y be realisations from the model (8.2) and let Ps = Pj,, be the associated

probability measure. Then if fo~ and m(u,0,v) satisfy conditions of Assumption 8.2

U, Jo16
Z, = \/ﬁ —d 01 + Z, where Z ~ Np+q(07 Jwide)a
Vi J110
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with Jyiqe as defined in (8.4) and § = (61,82). Also, Jp(On,3n) = —V2Ln (0, 7n) /0 — Py Jwide, provided
(6ns Yn) = p5 (80,70)-

Let u be a focus function and assume that p = p(6,7) depends only on the underlying model
through the model parameters and that the derivatives, with respect to (6, ), exist and are continuous
in a neighbourhood of (6p,7). Furthermore, let g, for S C {1,...,q} and ¢ = ¢1 + g2, represent
an arbitrary submodel estimator. Then the result of Proposition 8.3, via the limit distribution of the

normalised submodel estimators, leads to the FIC formula
FIC(S) = 75 + D'GsQGsD + 9 (I, — Gs)(Dn D}, — Q) (I, — Gs)7, (8.5)

where the estimators emerge using the standard plug-in principle, see also the general comments of
Section 3.3. Note that (8.5) can easily be extended to the focus functions of Sections 5 and 6. This
also motivates a bias corrected FIC* formula as in (3.13), and the topics of Section 4 are also easily
seen to be applicable in the current framework.

In the case the model parameters splits, the matrices ), Qg and Gg all become block diagonal,
which simplifies the structure and interpretation of the above FIC formula. To take full advantage of
this, we need to introduce some new notion. Let Sy and S, be model indexes referring to submodels
of the spectral density and the trend function, respectively. Furthermore, define for i € {f,m} the
quantities 1g, = l//\f@SiDm and G?gi = ﬁfGSQGgiﬁi, where v; = Ji107;00 Ve 1 (Foor0) — Vi fo0.40 )
Gs, = ngiQSiﬂsiQ; . for the corresponding projection matrix g, and where @); = Ji11 is the lower

right corner of .J;*. The FIC formula (8.5) can now be expressed as
FIC(S) = 75 + 2(6%, +5%,.) + (Ywide — ¥s; — ¥s,.)”- (8.6)

Remark 8.4. In the arguments presented, both Sy or S, are assumed to include at least one element.
If either set is empty, meaning that we trust completely in the largest trend or dependency model,
the framework above may not be the most appropriate, since it reduces the joint selection to a
‘one-dimensional’ selection problem, see the discussion on detrending in Section 3.3 for some related

comiments.

Remark 8.5. From the block diagonal structure of Jyige and the shape of v used in the FIC formula
(8.5) abvoe, it follows that if a particular focus function is independent of either spectral density or
trend, the FIC will not be able to ‘detect’ differences between submodels that are invariant with respect
to the chosen focus. It is somewhat surprising, since it is clear that the estimates of yu = m(1) —m(0)
or u(l) = C(1) = Cov(Y1,Ys), will depend on how the dependency or trend is constructed. It is as
consequence of the local large-sample framework, however, and it means that if the particular kind of
trend or dependency is of no importance to us, we should not try to model this beyond the narrow

model.
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FIGURE 8.2. Daily average (log) measurements and prognosis of PMs 5 at Alnabru, a neighbourhood
in Oslo (Norway), measured from January 15 to April 13, 2012 (top panel) Sequential
estimates for the probability that ‘tomorrows’ observation will exceed the critical 15
pg/m® threshold. The effect of including the prognosis in the predictions are shown for

both the c¢FIC and the AIC (centre and bottom panel).

Example 8.6. Consider the modification of (8.2) where

mtrue(u) = m&(u) = x(u)tﬁ + Z(u)t(70 + 52/\/5)’

where z(u)' = (z1(u),...,7p,(u)) are functions, or features, that are included in all models and
2(uw)' = (21(u), ..., 24 (u)) are potential extensions. This is a type of regression models with dependent

errors and if all components of z(u) and z(u) satisfies the conditions of Assumption 8.2, such models
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are easily seen to be covered by the framework above, see also Section 10 for additional comments on
regression models with dependent errors.

As an illustration we consider daily average measurements of fine particulate matter (PMsy5), a
type of air pollutant referring to tiny particles, or droplets, in the air that are two and one half microns
or less in width. Exposure to fine particles can cause short-term effects, like eye, nose, throat and
lung irritation, long-term exposure can affect lung function and has also been shown to be related
to asthma and heart disease. For health reasons, government regulations typically restrict the daily
average emission to 25-35 jug/m3, however, new directives in Norway suggest that levels can be set as
low as 15 pg/m? with the possibility of 8 exceedances per year.

The Norwegian Institute for Air Research (NILU) in collaboration with the Norwegian Meteoro-
logical Institute (MET) makes forecasts for different kinds of air pollution; in particular they make
prognosis for PMs 5, see Figure 8.2. One possible objective is to use such forecast to detect periods or
days with potential high emissions, enabling the legislature to take appropriate actions in advanced.

The sequential estimates of the probability that tomorrow’s total emission will be above the 15
pg/m? threshold, given the current history, are shown in Figure 8.2 for the models selected by AIC and
the cFIC. The candidate models are nested autoregressive models of order less than or equal to three,
which can include the constant, the linear and/or the prognosis as trend. The idea is to compare how
the two criteria assimilate the prognosis when this is included to the set of potential trend models. In
this example the cFIC appears to be more robust and the AIC seems to select models that put too

much confidence in the prognosis, making the predictions sensitive to this particular type of errors.

9. THE FIC FOR LOCALLY STATIONARY PROCESSES

In this section we introduce the locally stationary processes of Dahlhaus (1997) and derive a more
general version of the FIC. These processes extend the classical stationary models by having spectra
that change gradually as time evolves. In addition to their intrinsic interest, the models discussed
in the previous sections can be seen to be included in this general class. The basic definitions and
regularity constraints are as follows.

A sequence of Gaussian stochastic processes {Y,, ¢ }+<p for n > 1 is called locally stationary with

transfer function A° and trend m if there exists a representation

™

Vo = mlt/n) + [ explivn) 47, ) dg(w),

—T

where &(w) is a Gaussian complex-valued stochastic process on [—7, 7] with {(w) = {(—w), E&(w) =0

and orthonormal increments, i.e.

E {d¢(w1)d§ (w2} = (w1 + w2) dwi dws
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where n(w) = 3772 0(w + 2mj) is the period 27 extension of the Dirac delta function. Moreover,

we assume that there exists a constant K and a function A(u,w) on [0, 1] x R, which is 27-periodic in
w, with A(u, —w) = A(u,w) and is such that

sup [ A3, (w) — A(t/n,w)| <

K
o n
for all n; see Dahlhaus (1996a), Dahlhaus (1996b) and Van Bellegem & Dahlhaus (2006) for further
discussion and results.
We will continue to work in local large-sample framework and assumes that the true data gener-

ating model has transfer function Ag,,, = A3 = Af,,(w, 00,70 + 1/y/n), with corresponding

true
A(S(U, W) = A(u,w, 903 Yo + 51/\/5) and trend m(;(u) = m(u, 007/70 + 52/\/’77’) (91)

satisfying the conditions of Assumption 9.1. Also, since we usually do not distinguish between the
parameters for the transfer and trend function in the large-sample arguments, we will use the more
compact notation where 6 = (04, 6,,) and v = (74, Vm) represents all parameters.

As a simple illustration of such models, observe that stationary models with time varying am-
plitude are a subset of the locally stationary models. To see this, let Y; is a stationary process with

spectral representation

Yi— [ expliwt) A(w) dg(w),

-

where p and o are continuous real values functions on the unit interval. Then X; = u(t/n)+o(t/n)Y:
is locally stationary with A7, (w) = A(t/n,w) = o(t/n)A(w), see (Dahlhaus, 1996b, p. 142) for the
complete discussion and other applications.

The following conditions are a modified version of Assumption 2.1 in Dahlhaus (1996a).

Assumption 9.1. (i) There exists a constant K with

sup V{45, (w,0,7) — A(t/n,w,0,7)}| < K/n,

t,w

where V = V,; or V= Vi j. The function A(u,w,0,~) is uniformly bounded from above and below.
Also the components of A(u,w,®,7), VA(u,w,0,7) and V2A(u,w,d,~) are differentiable in u and w
with uniformly continuous derivatives. Since we work in a large sample framework, our models are in
a sense ‘locally misspecified’, which means that A(u,w,#,7p) has to be twice differentiable in u with
uniformly bounded derivatives. (ii) The components of m(u, 0,7), Vm(u,0,70) and V?m(u,8,7y) are

all differentiable in » with uniformly continuous derivatives.

Remark 9.2. For a general transfer function A the time varying spectral density is defined as f(u,w) =
|A(u,w)|? = A(u,w)A(u, —w), which means that for standard stationary models with real-valued

and strictly positive spectral densities we have A(u,w) = f(w)'/2. This makes it straightforward
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to translate Assumption 9.1 to fit with the notation of the stationary models, see the conditions of

Assumption 3.1 and 8.2.

9.1. The limit experiment and the FIC. Let Z, = /n(U,,V,) = V{,(00,7)/+/n denote the

vector of scaled score functions evaluated at the null-point (g, yp). Then

(u) Vimg(u)*
fO (u7 O)

see Lemma 11.1 in the Appendix for details. The following theorem is an extended version of Theorem

1 1 m 1 1
Jwide = nh_>Holo Varp, Z, = 471_/0 /_7r Uo(u,w)Wo(u,w)" dwdu + 27T/0 Vimo du, (9.2)

2.4 in Dahlhaus (1996a) and contains the main arguments needed to derive a FIC for the locally

stationary processes.

Theorem 9.3. Let yi,...,yn be realisations from the model (9.1) and let Ps = Ps,, be the associated
probability measure. Then if A(u,w,0,7) and m(u,0,v) satisfy conditions of Assumption 9.1

U, Jo1d
Zn =+/n N —4 JOl(S +Z, where Z ~ Npiq(0, Jyide)s
n 11

where 6 = (01,02) and Jo1 and Ji1 are block components of the matriz (9.2) similar to (3.8). Also,
IO 7)) = =2 (00, 30) /1 = B; Jwide, provided (Bn,3n) = p; (00,70).

Proof. The arguments needed are largely similar to those used in the proof of Theorem 2.4 in Dahlhaus
(1996a). The main difference is the introduction of a local large-sample framework. Since most of the
results needed, like Lemma 11.1, are uniform in the model parameters, this change of framework does
not violate most of the original results, however.

The only part of the proof that we need to inspect with some more care is the expectation of 7,

in the local large-sample framework. For each j =1,...,p+ ¢ let
1 vn (1 1
Zug = =it 70) = =5 { & (519,300}

1 _ _ 1 _
- ﬁ(yn —mo)'S [V20]E0 (g, — mo) — E(ijo)tzo Yy, — mo)}-

Next, in order to derive the expectation, we use that the true model is a local version of the
narrow null model, meaning that ms = mg + 65[Vymg, 5,.]/v/n and in addition that A; = Ay +

01[VyAgy 5,/ v/, where |90 — ol < [16[l/v/n < ([l61]] + [|62[])/+/n. Since we have V- fo(u,w) =
8V Ag, (u, w)] Ag, (u, —w) + 65[V4 Ag, (u, —w)] Ag, (u,w) it follows

Y5 = Yn(As, As) = En(Ao, Ao) + (01[V1Agy 5,), Ao) + Zn (Ao, 61 [V4Agy 5.1}

1
—{,
v
20 (85 [Vy Agy 75 01 [V Agy 5, )

1 1
0o+ %En((sivvf@ + Ezn(‘sg [V'YA907’7n]7 55 [VWAOO,%])~

+

S|

=X
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With the current level of precision, the last term in the expansion of 35 above can be neglected, and

we obtain

n(l _ 1 _ _
m&m:—é{nWSJWﬁﬁ—nH@&Wﬁﬁ%Tﬂ

(s — ma)' 5 [V 55" (ms — ) — L (7m0]' 5 ms — o)}

3\'*

1, -
—r{¥g HV520]%g ! (B (014 Asy,5,], Ao) + (Ao, 81V Agy,5,1))}

—

N

LTl g G5 )+ o)

1
n
1 _ 1 _ _
= — {35 (V20155 " Zn (01 [V foo 7))} + —(Vym0) 85 (05[Vymay 5,]) + o(n™1%).
Since f(u,w) = |A(u,w)|? and we are working in a locally large-sample framework, it follows from

Lemma 11.1 that

™V folu,w) [ [V4 fo(u, w)]] V imo(u) [05[Vymo(u)]]
Es Zn —>/ - fo(u,w)? dw du+/ fo(u,0) e

implying Es Z,, — (Jo161, J1102)" as we needed to show. O

Suppose p = u(6,v) depends on the underlying model only through the model parameters and
that the derivatives, with respect to (,7), exist and are continuous in a neighbourhood of (6y,~).
If g, for S C {1,...,q} and ¢ = ¢1 + g2, represent an submodel estimator, it follows by similar
arguments as used in Sections 3 and 8, that Theorem 9.3 provides the justification needed to establish

a FIC for the locally stationary models by
FIC(S) = 7¢ + 0'GsQGYw + D' (I, — Gs) (D, D', — Q) (I, — Gs)7, (9.3)

where the definitions and the corresponding estimates of v, G, D, and @ are analogues to that of
Sections 3.2 and 8.1. Note that it is straightforward to extend the FIC for locally stationary processes,
with respect to the focus functions of Sections 5 and 6. The results above also motivates a bias corrected
FIC* formula, as in (3.13), and the model averaging and AFIC of Section 4 are also easily seen to be
applicable in the current framework. Note that if the model parameters separate, we can obtain a

similar representation of the FIC formula above to that in (8.6).
10. CONCLUDING REMARKS
A. Regression models with dependent errors. Consider the model
Yi=m(xy,f) + €, fort=1,...,n, (10.1)

where z; are d-dimensional covariates, m(u, 3) a function of known parametric structure and ¢ is a
stationary Gaussian time series with zero mean. This is an important and general class of regression

models with dependent errors, which includes the models of Section 8. The framework of this paper
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does not cover models from this general class, however, and deriving the corresponding FIC will
require new large-sample results, some of which are touched upon in Hermansen & Hjort (2014a). As
discussed in Section 3.3, if we believe we know the structure of m(u, 8), we may instead detrend the
observed series to make focused inference about the dependency, but in several cases it will be highly

relevant to analyse the joint behaviour and interactions between trend and dependency.

B. Seasonality. Seasonal effects are commonly built into time series models, in that such phenom-
ena occur naturally in the real world. A perhaps natural trend model capable of capturing such effects
is my(u, 0,7) = 01 + 1 cos(2myaun), but this model will lead to identifiability problems and result in

a singular Jyiqe matrix. Therefore, consider instead
my(u,0,v) = 01 + v1 cos(2raiun) + v sin(2ragun) (10.2)

where a1 and ag are known constants. This model does not have the identifiability problems alluded
to above and is still general enough to be useful. It is not clear whether these models will work in our
framework, however, as the trend function will not have uniformly continuous derivatives in the limit.

To see how such sample size dependent trend functions m,, can be used in the current framework,
note that the model conditions of Assumptions 8.2 (and 9.1) are stronger for the fitted than the
underlying true model. Therefore, if m,, is independent of the sample size n at the null-point (6, 7o),
as in (10.2) with v = (v1,72) = 7 = 0, the fitted model used in the large sample arguments (i.e. the
narrow model), will not cause any new problems.

Some additional work is needed to make the arguments work for the true miue = my (u, 6o, 0 +
d/y/n). From the proof of Theorem 2.4 in Dahlhaus (1996a) (a central part of the FIC derivation
of Section 9) it can be seen that there are two conditions that have to be worked with are; (i)
|Mtrue — mo|| = ||pn(w)|?/n = o(n), which holds for most standard models, and (ii) the second result
of Lemma 11.1 must hold with the sample size dependent trend function under the true model. In order
to see what is needed to make proposition (ii) of Lemma 11.1 below to hold, we will write (with a slight
misuse of the notation) mge(uw) = mo(u) +my,(u)/+/n, where mg is assumed to satisfy the conditions
of Assumption 8.2 and m,, is a function that depends on the sample size n, like the seasonal effect
in (10.2). Then provided the maximal eigenvalue, say A, of An = {[T;<x Zn(91) " S (f1)} Xn(gr) "
stays bounded for increasing n, it can be shown that m?, A, Mime = mMmyA,mg + O(n3/4), since
al Apby < |lag|| |bn||An, for all vectors a,,b, € R™, making proposition (ii) of Lemma 11.1 in the

Appendix essentially unchanged.

C. Change points. For the models of Sections 8 and 9 consider the prototype trend function
m(u) = 0 +~vI(u < wup), for 0 < ug < 1, representing a time series processes with change points
or discontinuities. A focused selection strategy for such models would certainly be of interest, how-

ever, joint estimation of parameters that include a finite number of unknown discontinuities is rather
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comprehensive and will require additional work, see for example Grgnneberg et al. (2014) for change
points models with i.i.d. observations.

In some situations the potential change points occur at known locations. In such cases it might
be especially important to determine, with high precision, the effect of the change, as with v above.
Such models does not satisfy the conditions of Assumption 8.2, however, if the number of discontinuity
points is finite, the argument leading up to the FIC formula will still be true.

To see this, we need to work through similar arguments as in the discussion of seasonality above,
the only part requiring additional work is proposition (ii) of Lemma 11.1. This will be seen to hold
since most of the underlying ‘action’ happens close to the main diagonal, meaning that essentially all
off-diagonal behaviour will become negligible for large n. Let m(u) = mo(u) + mq(u)I(u < wuy) for
0 <wy <1, and define again A, = {[[;<; Yn(9) S0 (£1) 20 (gx) 1, then by dividing A,, into blocks,
corresponding to the discontinuity point u;, a updated version of proposition (ii) of Lemma 11.1 can

be shown to hold by working trough all the different blocked elements and

o L 1 = ORI 2 —2/37. 2k+2
(ii") Em‘;LAnmn = 2790 (0) { ll;ll (0) }/0 m(u)*du+ O(n log?**t2 n).

The case with multiple and finite number of change points and/or different trend functions m; and

msg can be handled very similarly.

D. The Whittle Approximation for time series models with trend. In Section 7 we worked with an
alternative derivation and formulation of the FIC for the stationary processes. A similar derivation is
also possible for the models of Section 8. The natural starting point is to work with the mean correct

observations in the Whittle approximation formula (7.1), which then leads to

™

b (0,7) = —Z{ log 27 + % log 27 fg  (w) dw + %(yn — o) S ({(2m)% foq} ) (Y — mO,'y)}-

—T

The corresponding score functions, evaluated at the null-point (6y, o), are then given by

An 1 (g —m0)' [VEL{(2m)2 fo} ™) (y, — mo) + tr{VZn(log fo)}

B, 2n —2[Vmy]'Sy ! (g, — mo)
and from this it is then quite straightforward to check that this will result in equivalent large-sample

results as obtained in Proposition 8.3.

E. Parametric vs. nonparametric. The main concern of this paper has been with comparison
of nested parametric models, however, nonparametric estimation of the spectral density using the
periodogram in (7.1) or one of its smoothed cousins are quite common, see e.g. Brillinger (1975).
An extension of the work presented here is to make focused inference where the goal is to selection
among parametric and nonparametric candidates. This can be solved inside the framework of Jullum
& Hjort (2014). An alternative approach is to build on the current local large-sample framework

where the observations are assumed to be realisations from the model with true spectral density
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fs(w) = folw) + r(w)/v/n, where fy = fg, is a standard type of parametric model. Such models are
already extensively studied by others, e.g. Dzhaparidze (1986), making the extension potentially less

cumbersome.

F. Introducing an additional, independent, set of realisations. In the discussion of the data-
dependent focus functions, we assumed that these only depended on the last few elements of the
complete series. If this is not the case, using the law of iterated expectations, or conditional mean
squared error, will not necessarily lead to useful results. A solution that is often seen in the literature,
is to sneak around this problem by introducing a second, independent, series of realisations from the
same model. The general idea is to use one series for estimation, while the other is reserved for
the testing the model, deriving the model selection criterion or constructing the focus function. This
strategy is used in the derivation of FPE in Akaike (1969), it is also part of the toolkit in the discussion
of order selection in Section 9.3 in Brockwell & Davis (1991) and is a key component of the work in
Claeskens et al. (2007). Moreover, this strategy can easily be seen to be applicable in the current
framework and we will not go into details. In practice, note that there exist some situations where we
might have two independent realisations from the same process, see p. 361 in Claeskens et al. (2007),
but it is mainly an abstract construction used to simplify the mathematics. Therefore, a common

solution is to ‘cheat’ and use the same set of observations twice.

G. Spectral density with jump discontinuities. The spectral densities discussed in Sections 3-8 are
all assumed to be without discontinuities, moreover, all of them are assumed to satisfy quite strong
smoothness assumptions. The reason for this is partly that we wish to use the general results of
Section 9 as a unified theory. A potential extension is therefore to work with the Whittle approxi-
mations of Section 7 and extend the current derivation to include spectral densities that have either
known, or unknown, jump discontinuities, the latter one being the real challenge, see Taniguchi (2008)
for an attempt to develop a systematic asymptotic theory and references therein for some real life

applications.

11. APPENDIX

The following result is Lemma A.5 from Dahlhaus (1996a) and as an important remark, we point

out that both results below holds uniformly in the model parameters.

Lemma 11.1. Let k € N and suppose A;, By, C, for alll =1,... k, are transfer functions as defined
in Section 9 that all fulfil condition (i) of Assumption 9.1, then

(i) %tr { HEn(OI,Cl)‘IEn(AZ,BZ)}

=1

L Aj(u,w) By (u,w)
= ? ’ dwd —2/31 2k+2 )
277/0 /_7r [ll;[l Crluw) 2 wdu+ O(n og n)
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Moreover, if mi, ma are real valued functions defined on [0, 1] that satisfies condition (ii) of Assumption

9.1, then

k—1

1 _
(it) nmtln{HZn(ChCl) lzn(AlaBl)} n(Cr, Ci) " 'migy,
=1

1t k—1 Ay(u,0)B;(u,0) Ly Y
- 27r/0 [11:[1 Cou, 0)2 ]\C'z(u, 0)|~*m1 (u)mz(u) du + O(n log n),

where mj , = (m;(1/n),...,mi(1)), fori=1,2.
It is straightforward to translate the results of Lemma 11.1 into a version that applies to standard
stationary time series models. For k € N let f; and g;, for [ = 1,...,k, be sequences of spectral

densities and let A; = f;, B; = 1 and C; = /g;. Then under the assumptions of Lemma 11.1 (see
Remark 9.2) it follows that

tr{HE a)” fl)} /7r {]f[ : }dw+0(n—2/310g2k+2n)

(ii) imtln{ H En(gl)lzn(fl)}zn(gk)lan

1 {Hflg }/ i (w)ms (1) du + O(n~2/3 1og2+2 ).

~ 2mgi(0
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