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Exercise 1

We shall work with the so-called geometric distribution, defined by

f(x, θ) = (1− θ)x−1θ for x = 1, 2, 3, . . . ,

with θ an unknown parameter in (0, 1). This is the distribution of how many independent

experiments one needs to carry out until a certain event occurs, with θ denoting the

probability of this event. Its mean and variance are 1/θ and (1− θ)/θ2 (which you do not

need to prove here). Assume in what follows that X1, . . . , Xn are independent observations

stemming from this distribution.

(a) Letting X̄n = n−1
∑n

i=1
Xi the the sample average, use the central limit theorem to

identify the limit distribution of
√
n(X̄n − 1/θ).

(b) Then use the delta method to find the limit distribution of
√
n(1/X̄n − θ).

(c) If θ̃ is an unbiased estimator of θ, show via results from the curriculum that

Var θ̃ ≥ θ2(1− θ)

n
.

Compare this with your result from (b), and comment.

(d) Now assume that uncertainty about the unknown parameter θ is quantified in terms

of a prior density π(θ), and that this prior is the uniform on (0, 1). Find the posterior

distribution, π(θ | data). Also show that the posterior mean becomes

θ∗ =
n+ 1

nX̄n + 2
.

(e) Going back to the ordinary non-Bayesian framework, with observations X1, X2, . . .

seen as independent from the geometric distribution above with some underlying un-

known but fixed θ, show that
√
n(θ∗−θ) has the same limit distribution as that found

under (b).
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Exercise 2

Assume that independent observations X1, . . . , Xn come from the exponential distribution

with parameter θ, i.e. with density and cumulative function

f(x, θ) = θe−θx and F (x, θ) = 1− e−θx for x > 0,

where θ is an unknown positive parameter. The mean and variance of Xi is 1/θ and 1/θ2.

In the following you may also use without having to prove it here the fact that a sum

T = X1 + · · ·+Xn of n such variables has a Gamma distribution with parameters (n, θ),

with density

gn(t) =
1

Γ(n)
θnsn−1e−θt for t > 0.

(As usual Γ(·) is the gamma function, and for integer values, Γ(n) = (n− 1)!.)

(a) Show that T =
∑n

i=1 Xi is sufficient, and explain what this property means.

(b) Show that the maximum likelihood estimator for θ is

θ̂ =
n

T
=

1

X̄
,

with X̄ = n−1
∑n

i=1 Xi as usual denoting the sample mean.

(c) Show that

λ̂ =
1

θ̂
=

T

n

is the uniformly minimum variance unbiased estimator of the parameter λ = 1/θ.

(d) What is the maximum likelihood estimator of F (x, θ), for a given x?

(e) Give an expression for the joint density g(x1, s) of the two variables (X1, S), where

S = X2+ · · ·+Xn. Use this to work out the joint density h(v, t) for the two variables

(V, T ), where T is as above and V = X1/T . Show in particular from this that

P (V ≤ v) = 1− (1− v)n−1 for 0 ≤ v ≤ 1.

(f) Show that the simple variable

F̃ (x) = I{X1 ≤ x} =

{
1 if X1 ≤ x,
0 if X1 > x

is an unbiased estimator for F (x, θ). Then find a formula for the uniformly minimum

variance unbiased estimator of F (x, θ).

(g) Show that

E { 1
2
(X1 −X2)

2 | X̄} =
n

n+ 1
X̄2.
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Exercise 3

We continue with the situation given in the above exercise, with independent observations

X1, . . . , Xn from the exponential model.

(a) One can easily show that the variables Zi = 2θXi have the χ2
2 distribution (and you

do not need to prove this here). Show from this that

θ̂ has the distribution of θ
2n

χ2
2n

.

(b) Construct a 99% confidence distribution for θ based on the above.

(c) Set up the likelihood ratio test for testing H0: θ = 1 versus the alternative that θ 6= 1,

with significance level (‘type I error’) equal to 0.01. Work with the algebra to arrive

at a clear testing recipe.

Exercise 4

As explained in the course, we say that a sequence of random variables A1, A2, A3, . . .

converges in probability to a constant a, and write An →pr a to indicate this, if P (|An−a| ≥
ε) → 0 for each positive ε. If the An in question is seen as an estimator of the parameter

a, then we say that An is consistent for a.

(a) Show that if An →pr a and Bn →pr b, then indeed An +Bn →pr a+ b.

(b) Suppose again that An →pr a. Show that if h is a continuous function, defined in at

least a neighbourhood around a, then h(An) →pr h(a).

(c) Assume X1, X2, . . . is a sequence of independent random variables with the same

distribution, with finite mean ξ and variance σ2. Show, e.g. from the Chebyshov

inequality (neravenstvo Qebyxëva), that the sample average X̄n = n−1
∑n

i=1
Xi

is consistent for ξ. (One may actually prove this also without the finite variance

assumption, but then the proof becomes harder. The natural sufficient condition is

simply that E |Xi| is finite.)
(d) Use the above to demonstrate that

σ̂2
n =

1

n

n∑

i=1

(Xi − X̄n)
2 →pr σ

2.

Finally show that σ̂n is a consistent estimator of σ.
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