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 Counting Process Models for Life History
 Data: A Review1

 PER KRAGH ANDERSEN

 Statistical Research Unit, Copenhagen

 0RNULF BORGAN

 University of Oslo

 ABSTRACT. A survey is given of the development of statistical models for life history data based
 on counting processes. This development was initiated by Aalen's 1975 thesis from Berkeley. We
 review non-parametric estimation and testing procedures for counting process intensities, kernel
 function smoothing, parametric inference and various regression techniques, including a
 generalization of the Cox regression model for censored survival data.
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 1. Introduction

 Life history analysis (or event-history analysis) finds applications in actuarial science,

 demography, epidemiology, medical research, reliability analysis, microsociology, and

 possibly other fields. In this theory, individual life histories are seen as independent sample

 paths of stochastic processes moving between states in a discrete state space. The states of the

 processes correspond to various statuses for an individual, an insurance policy, a technical

 component, or whatever we are studying while transitions between the states correspond to

 occurrences of the events of interest. Most often the object of study is the rate or intensity at

 which an event occurs. Thus, typically, a statistical model for life history data includes a

 specification of how the various intensities depend on time and on individual characteristics

 and outside events that are being observed. The study of the simplest situation, in which there

 are only the two states "alive" and "dead" (or "functioning" and "not functioning"), is often

 called life-table analysis, survival analysis, or failure time analysis. In this case the intensity of

 the event "death" is simply the hazard rate function for the survival time distribution.

 A special feature of this field of statistics is that one is rarely able to observe complete life

 histories. This phenomenon, called censoring, may for instance, be due to the planned

 termination of a clinical trial, or due to the planned removal of certain test objects in a study of

 the life distribution of a technical component.

 Starting with the work of J. Graunt in 1662 (cf. Glass, 1950; Benjamin, 1978), life-table
 analysis has been studied for centuries by actuaries and demographers. A competing risks

 model was applied by Bernoulli in the 1760s to study the effect of preventing all deaths due to

 smallpox (see e.g. Daw, 1979). Other important elements in the theory of life history analysis,
 like the three state illness-death model (or disability model) and the product-limit estimator
 frequently named after Kaplan & Meier (1958), also have a history of more than 70 years, with
 roots back to Karup (1893) and Bohmer (1912). However, in spite of this long history, it seems

 appropriate to date a modern statistical approach to life history analysis to the beginning of the
 1950s. Important contributions from this period are the stochastic illness-death model of Fix

 & Neyman (1951), and Halperin's (1952) and Epstein & Sobel's (1953) study of maximum
 likehood estimation for parametric life time models under certain types of censorship.

 In the years that have followed, most of the research effort has gone into the study of

 survival analysis, or failure time analysis, which has indeed been established as a field of its
 own. Some important contributions have also appeared on more general life history models,

 usually in a Markov chain setting. The works of Freund (1961), Sverdrup (1965), Cox & Lewis
 (1966), Chiang (1968) and Hoem (1972, 1976) are well worth mentioning. Only quite recently,
 however, has a theory been presented that allows for a unified treatment of the statistical

 methods of survival analysis and the more general life history models. To give a review of this

 theory and its applications is, in fact, the pulrpose of this paper. Before we turn to that,
 however, we will give a brief outline of the developments in survival analysis.

 Following the papers by Halperin (1952) and Epstein & Sobel (1953), much work was done
 in the 1950s, and especially in the 1960s and 1970s, on developingparametric statistical models
 for censored failure time data. Lawless (1983) reviews the work in this area. The parametric

 methods have found widespread use in the analysis of censored failure time data arising in
 engineering settings.

 In biostatistical applications it was often found impossible to justify a particular parametric
 lifetime model. Initiated by the paper by Kaplan & Meier (1958), which discussed the
 product-limit estimator for the survival distribution function, much effort has gone into the
 development of non-parametric methods for censored survival data. Some important
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 ScandJ Statist 12 Counting process models for life history data 99

 contributions are the generalizations of the Wilcoxon, Kruskal-Wallis and Savage (or
 "log-rank") tests to censored data (Gehan, 1965; Breslow, 1970; Peto & Peto, 1972).

 During the 1960s several papers appeared on parametric regression models for censored

 survival data, making it possible to include explanatory variables (or covariates) in the

 analysis. Kalbfleisch & Prentice (1980, p. 68) give references to such papers. In 1972, Cox
 (1972a) proposed a semi-parametric regression model for censored survival data, modelling
 the hazard rate function of the lifetime distribution as a product of one parametric term and

 one which was left completely arbitrary. Cox's regression model quickly became very popular,
 and it has had an enormous influence on applied as well as theoretical research in biostatistics.

 Like many of the recently proposed methods, Cox's regression model requires modern

 computing equipment to be applicable, so the concurrent development of modern computers
 has been one of the prerequisites for this methodological work.

 The life history model that has been discussed most frequently in the literature, apart from

 the simple survival data model, is the competing risks or multiple decrement model, where
 more that one cause of death (failure) is considered. But usually this model, as well as the

 survival data model, have been formulated by means of random variables, and the statistical
 methods have typically been derived and studied by means of results for i.i.d. random

 variables. In life history analysis, time and random phenomena occurring in time play an
 essential role, and it seems therefore more natural to study life history analysis in terms of the

 theory of stochastic processes. Thus, the formulation in terms of random variables may have

 contributed to hampering the researchers working in the field of survival analysis, or failure
 time analysis, from extending their otherwise fine methodology to more general life history
 models.

 Such an extension was facilitated by the fundamental work of Aalen (1975, 1978), which was
 a decisive breakthrough for the use of modern theory of stochastic processes in life history
 analysis. Aalen showed how the theory of multivariate counting processes provides a general
 framework in which both censored failure time data and censored observations from

 inhomogeneous Markov chains may be analysed, and he studied the empirical cumulative

 intensity estimator (Nelson, 1969; Altshuler, 1970) and non-parametric two-sample tests.

 Later, this approach, which relies heavily on modern theory of time-continuous martingales
 and stochastic integrals, has been used to extend other well-known methods from the survival
 analysis literature, such as non-parametric k-sample and one-sample tests (Andersen et al.,

 1982), Cox's regression model (Andersen & Gill, 1982), kernel function smoothing of
 cumulative intensities (Ramlau-Hansen, 1983a, b), and maximum likelihood estimation in
 parametric settings (Borgan, 1984), to the more general models of life history analysis. This
 counting process approach also has the important advantage of providing straightforward, but
 rigorous, proofs for the distributional properties of the various estimators and test statistics
 under very general censoring patterns (Aalen, 1978; Aalen & Johansen, 1978; Gill, 1980a).

 The purpose of the present paper is to give an extensive review of the above-mentioned

 works by Aalen and others. We will aim at interpreting the statistical models, discussing the

 theoretical results, and give illustrative applications. We will not go deeply into the
 probabilistic background for the methods we discuss, only in subsection 3.3 the basic

 definitions are given, and some references for further reading are provided. Rather, in this

 paper, emphasis will be put on a heuristic introduction to the mathematical framework

 following the lines of Gill (1984). It should therefore be possible to benefit from the reading of
 this paper without any prior exposure to the subject.

 The plan of the paper is as follows. In section 2 we present some introductory examples of

 life history models. A heuristic introduction to the notions of a multivariate counting process,
 an intensity process, a martingale, and a stochastic integral is given in section 3, where we also
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 present the fundamental multiplicative intensity model of Aalen (1978) with illustrative

 examples. The empirical cumulative intensity estimator (or Nelson-Aalen estimator) is

 introduced in section 4. There we also show how this estimator may be smoothed by kernel

 function methods. In section 5 we present results for non-parametric tests. Parametric

 alternatives to the non-parametric methods are given in section 6, while section 7 contains a

 discussion of regression models. The main message of this paper is that the theory of counting

 processes has been extremely useful in the study of statistical methods for analysing life

 histories. No tree grows into heaven, however, and even the counting process approach has its

 limitations. These limitations are discussed in our final section 8. In an appendix we illustrate

 the use of the background theory in the derivation of the properties of the Nelson-Aalen

 estimator.

 Throughout this paper we shall concentrate on statistical models for the intensities or rates at

 which the various events occur. It is, however, worth pointing out that counting processes also

 have been very useful for the study of product-limit type estimators for the survival

 distribution, or more generally for the transition probabilities of Markov chain models (Aalen

 & Johansen, 1978; Gill, 1980a, 1983a).

 2. Introductory examples

 To give a more specific introduction to the kind of models and data one encounters in life

 history analysis, let us in this section consider a few examples in more detail. As mentioned

 above, we model individual life histories by a stochastic process with finite state space. It is

 convenient to illustrate such a process by a diagram, where the states are represented as boxes,

 and where arrows between the boxes indicate the possible direct transitions. The time

 parameter of the process may be, e.g., an individual's age or the time elapsed since the

 diagnosis of a certain disease. Only rarely will the time parameter correspond to calendar

 time. This should be kept in mind when we talk about "time" below.

 2.1. Survival data

 The simplest possible model for life history data is the model illustrated in Fig. 1, where one
 only has the two states 0 and 1, with state 1 absorbing. We will denote the states "alive" and

 "dead", respectively, although other names may be more appropriate in some applications.

 This model is the one underlying most work in survival or failure time analysis.

 In statistical analysis of survival data from a homogeneous population, one is interested in

 estimating and testing hypotheses concerning the death intensity (or force of mortality, or

 hazard function) a. This quantity is defined as follows. Let the random variable T represent
 the survival time for an individual from the population. Then

 1
 a(t) = lim -P(t,T<,t+ At I :,:t), (2.1)

 At0o At

 i.e. a(t)dt is the probability that an individual dies in the small time interval from t to t+dt,

 Fig.|1. Aslive sura d
 Fig. 1. A simple survival data model.
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 Scand J Statist 12 Counting process models for life history data 101

 given that the individual is alive at time t. In this respect a measures the instantaneous death

 risk.

 In many applications, there are explanatory variables (or covariates) upon which the survival

 times may depend. These may either be qualitative variables, as indicators for sex, treatment

 group and geographical region, or quantitative variables like age when a certain disease was

 diagnosed and blood pressure. Generally, one has a vector of, possibly time-dependent,

 covariates Z(t)= {Z1(t), . . . , Zp (t)} ' for each individual under study. For such situations one is
 interested in studying the effect of the covariates on the risk of dying. This is often

 accomplished by a regression type model, where the death intensity for an individual with

 covariate vector Z(t) is assumed to have the multiplicative form

 ao(t) exp (Ji'Z(t)}. (2.2)

 Here =p... ,f3p)' is a vector of regression parameters, and the underlying death intensity
 ao is the force of mortality for an individual with covariate vector Z=O. Within this framework,
 the effect of the covariates on the risk of dying may be measured by f, while ao is a measure of
 the level of mortality.

 The individuals under study may consist of patients at a given hospital suffering from some

 lethal disease (possibly randomized to one out of a given set of treatments), or they may
 consist of a cohort or a cross-sectional sample of individuals from some well-defined

 population. The group under study is followed continuously in time, and the occurrences and

 times of deaths are recorded. Time will often be measured from the date of the entry into the

 study (the time of randomization). This kind of data collection has an inevitable consequence

 in the form of right censored data, since in practice one cannot continue the data collection

 until all individuals are observed to die. Some individuals will still be alive at the end of the

 study, and for these individuals it will only be known that their survival times exceed certain

 lower limits. Censoring may also occur because some individuals are lost from follow-up.

 Thus, statistical methods for analysing survival data (and other kinds of life history data) must

 be able to deal with censored observations. A review of the application of counting process

 methods in the survival analysis set-up is given by Andersen (1982).

 The following concrete example of survival data will be used below for illustrative purposes.

 We consider those among the population of insulin-dependent diabetics alive in the county of

 Funen in Denmark at 1 July, 1973 (Green et al., 1981) who had an age at onset of the disease

 not exceeding 29 years. This group consists of 413 males and 314 females. These individuals

 were followed until death or emigration or until 1 January, 1982. We will show below how

 these data may be used to estimate the age-specific force of mortality among diabetics, and

 how these estimators may be compared with the death intensity for the general population.

 Our analysis will also include a comparison of male and female diabetics and a discussion of the

 influence on survival of the age at onset of the disease (using a model of the form (2.2)).

 2.2. Competing risks

 When in a survival time study the cause of death is also of interest, the state "dead" in Fig. 1

 can be split into, say k states "dead of cause 1", ... , "dead of cause k" (cf. Fig. 2).
 In an analysis of data on competing risks from a homogeneous population, the parameters

 of prime interest are the cause specific death intensities (or hazard functions) a1, a2, . . ., ak.
 These are defined in a similar manner as (2.1), such that ah(t) dt is the probability that an

 individual will die of cause no. h in the small time interval from t to t+dt, given that the individual

 is alive at time t. The possible effect of certain covariates on the cause specific death intensities

 may be studied by a regression-type model similar to (2.2). Examples of competing risks
 models can be found in Prentice et al. (1978) and Aalen (1982a).
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 Dead of cause

 no.1

 0~~~~~~~~~~~~~~~~~~~~

 Alive 1

 k

 Dead of cause

 no. k

 Fig. 2. A model for competing risks.

 2.3. An illness-death model

 In a study of life history data, one may be interested in the occurrence of a disease (or some

 other event) and how this affects the force of mortality. A model for such a situation is

 displayed in Fig. 3. In biostatistics the model is usually called an illness-death model, while

 actuaries will recognize it as a disability model.

 For studies of data from a homogeneous population, the stochastic process is often assumed

 to be Markovian. Then the rates at which the various events occur are measured by the

 transition intensities, defined as

 1

 ahj(t)= lim -Phj(t, t+At). (2.3)
 AtiO At

 Here Phi(s, t) is the probability that an individual in state h at time s will be in state j at time tbs.
 Thus ao1 is the force of morbidity, a1o is the cure rate, while a12 and aO2 are death intensities for
 diseased and disease-free individuals, respectively.

 More generally, one may assume a semi-Markov structure where, e.g., a1o and a12 depend
 on time as well as on the duration of the disease. It is also possible to incorporate the duration

 Alive, not iiln Aliveo il

 so alo -

 02 /C12

 Fig. 3. An illness-death or disability model.
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 Scand J Statist 12 Countingprocess modelsfor life history data 103

 of the disease as a (time-dependent) covariate, along with other explanatory variables, in a

 regression model similar to (2.2). A semi-Markov specification is often appropriate in a model

 for cancer progression, where the state 1 of Fig. 3 corresponds to relapse of the disease

 (Voelkel & Crowley, 1984). Other kinds of semi-Markov models were discussed by Lagakos

 etal. (1978).

 An example of a model of the type shown in Fig. 3 was analysed by Andersen & Rasmussen

 (1982). They studied admissions to and discharges from psychiatric hospitals among women

 giving birth and women having induced abortion. Here the state 1 corresponded to a woman

 being resident in a psychiatric hospital and the state 0 to a woman not being resident in such a

 hospital. Time t was measured relative to the date of birth/abortion.

 2.4. Other examples

 Aalen et al. (1980) used a Markov model for "interaction between life history events" to study

 the possible effect of menopausal hormonal changes on the intensity of the outbreak of the

 chronical skin disease pustulosis palmo-plantaris. Similarly, Borgan et al. (1982) analysed a set

 of data concerning the interaction between nickel allergy and hand eczema among Danish
 women by a model of this type.

 Andersen (1985) discussed statistical models for labour market dynamics assuming

 continuous observation of a random sample of individuals from the potential labour force over

 a fixed calendar time period. Hoem (1977) used an illness-death type model to study the
 accession to and separation from the Danish labour force for the period 1972-74.

 3. Multivariate counting processes

 In this section we introduce the important concept of a multivariate counting process and the

 corresponding intensity process, and show how this gives a general framework for analysing

 the type of situations discussed in section 2. In subsection 3.1 we give a somewhat informal

 introduction to these notions following Gill (1984), and provide illustrative examples. We also

 comment upon the so-called multiplicative intensity model of Aalen (1978). The informal

 introduction to the mathematical framework is continued in subsection 3.2 by a discussion of

 martingales and stochastic integrals. In the final subsection 3.3 the precise mathematical

 results with references are given.

 3.1. Multivariate countingprocesses. The multiplicative intensity model

 A multivariate counting process N= [{N1(t), N2(t),. . . , Nk(t)}, te [0, 1]] is a stochastic process
 with (say) k components, which can be thought of as counting the occurrences, as time t

 proceeds, of k different types of events, Nh(t) being the number of type h events in the time

 interval [0, t]. In this paper the time parameter t is assumed to vary in a finite interval, which we

 for convenience in the general discussion will take to be [0, 1]. It is assumed that each

 component process Nh has jumps of size + 1, and that no two component processes can jump

 simultaneously. Thus multiple events cannot occur. The events will typically correspond to the

 transitions, for an individual or a group of individuals, between the various states of a
 stochastic process as exemplified in section 2.

 The development in time of a multivariate counting process N is governed by its (random)

 intensity process i = [{1 l(t), . . ., Ak(t)}, tE [0, 1JJ, which is given as follows. Let Idt be a small time

 interval of length dt around time t, then Ah(t) dt is the conditional probability that Nh jumps in

 Id, given all that has happened till just before time t. If we let dNh(t) denote the increment of Nh
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 104 P. K. Andersen and 0. Borgan Scand J Statist 12

 over Id,, and let X, denote everything that has happened up to, but not including t, then we
 can write

 Ah(t) dt=Pr{dNh(t)= 1 | _ }). (3.1)

 Here the "history" X,_ includes a complete specification of the path of N(u) on the interval
 [0, t) as well as all other events implicitly or explicitly included in the model which have

 happened before (but not at) time t. As a consequence we have that ' whenever s,t,

 reflecting the fact that as time proceeds more and more is learnt about the process.

 Let us see how the examples of section 2 fit into this framework.

 Example 1. Survival data. We consider the situation of subsection 2.1. To be concrete, let us

 suppose that a group of n patients indexed by i, i=1, . . . ,n, suffering from a given (lethal)

 disease is followed at some hospital from the time of diagnosis of the disease to the time of

 death or to some fixed closing date of the study. Thus for each patient i we observe a disease

 duration Ti which is either his true survival time Ti, i.e. the length of time from diagnosis to

 death, or a censoring time, i.e. the length of time from diagnosis to the closing date. Let Di= 1
 if Ti is a true survival time, Di=O otherwise. Moreover, we assume that the pairs (Ti, Di);
 i=1, 2,. . . , n, are independent.

 We can define a multivariate counting process N by

 Ni(t)=I(Tiat, Di=1), i=1, ... n, (3.2)

 where I(-) is the indicator function. Thus Ni is 0 before Ti and jumps to 1 at Ti if Ti is a true
 survival time; otherwise Ni does not jump at all. To find the corresponding intensity process we
 argue as follows. At any time t we know that either has the ith patient been observed to die, or

 he has been censored, or he is still alive and uncensored. For the first two cases the conditional

 probability of observing Ni to jump in the interval Id, is 0. For the latter case this conditional

 probability is ai(t) dt, where ai(t) is the hazard function, or death intensity, for the true survival

 time Ti for this patient (cf. (2.1)). Thus if we define

 Yi (t) =I( Pi >-- t), (3.3)
 then we have that

 Pr {dNi(t) = 1 | J_ } =ai(t) Yi(t) dt, (3 .4).

 where X,_ represents all the information available on the course of the disease just before

 time t. (The independence assumption ensures that ai(t) can be interpreted as the ordinary
 hazard rate function for individual no. i.) By (3.1) and (3.4), we see that the multivariate

 counting process N= (N1,.. , Nn), given by (3.2), has an intensity process A with components
 Ai given by

 A#()=a#() Y#(); i=1,2, ...,In. (3.5)

 In the example concerning survival with insulin-dependent diabetes mellitus, the situation is

 more complicated. Studying mortality as a function of age rather than as a function of disease

 duration, the individuals are not followed from age zero, but from their age at 1 July, 1973.

 Denote this age for the ith individual by a1o, and let Ni(t) be 1 if this individual is observed to die

 in the age span from 0 to t years. Then N= (N1, .. ., Nn) is a multivariate counting process with
 intensity process of the form (3.5) with

 YIn )=s(Time t>aio), i=s ,. .r o n.
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 Scand J Statist 12 Counting process models for life history data 105

 individuals, so that we have a homogeneous population. Denote the common value of the ajs
 by a. Then we get a univariate counting process N by aggregating the "individual" counting
 processes (3.2), i.e.

 n

 N(t)= Ni(t). (3.6)

 This process counts the total number of observed deaths in [0, t]. By (3.1), (3.5), and the fact

 that no two individuals die at the same time, it follows that (3.6) has intensity process A given
 by

 n

 Ait)Ai(= it) =a(t) Y(t), (3.7)

 where

 n

 Y(t)= EYi(t). (3.8)

 Note that the right-hand side of (3.7) is just a product of the death intensity for a single
 individual and the "number at risk" just prior to t. O

 Example 2. Observations from a finite state Markov chain. Following the lines from the

 previous example, we consider a homogeneous group of individuals indexed by i= 1,, .. ., n.
 For these individuals we observe, continuously in time, the events of interest, modelled as

 transitions between the states of a stochastic process with finite state space F (compare

 subsections 2.2-2.4). We define the counting process Nhji(t) to be the number of direct
 transitions from h to j (h, jEF, h#* j) observed for individual no. i in the time interval [0, t], and

 assume that the individuals behave independently of each other. Let Yhi(t) = 1 if the ith
 individual is observed to be in state h just prior to time t, i.e. "at risk" for a h-*j transition;

 Yhi(t)=O otherwise. Then, provided that the stochastic process is Markovian (and that the
 censoring mechanisms satisfy the general conditions discussed at the end of this section),

 arguments similar to those in example 1 show that Nhji(t) has intensity process ahj(t) Yhi(t),
 where ahj is the intensity for a h-*j transition (cf. (2.3)). (Also for an inhomogeneous group of

 individuals or for a non-Markovian process the intensity process for Nhji will be a product of an

 "individual intensity" and the indicator Yhi.) Thus N=[{Nhji(t); h, jEF, h# j, i=1, . . . ,n},
 te[O, 1]] is an nk-variate counting process, k being the number of possible types of direct
 transitions. Analogously to (3.6) and (3.8), we let

 n

 Nhj(t)= Nhji(t)

 be the total number of h-*j transitions observed in [0, t], and

 n

 Yh(t) =Y, Yhi(t)

 be the total number of individuals observed to be in state h at t-. Then, since no two
 transitions occur simultaneously, and the transition intensities for different individuals are

 assumed to be identical, [{Nh1(t), h, jEll, h#* j}, te[0,1]] is a k-variate counting process with
 NhI(t) having intensity process Ihj(t) Yh(t) (cf. (3.7)). o
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 Motivated by examples like the ones above, Aalen (1978) introduced the multiplicative

 intensity model for counting processes where it is assumed that the intensity process (3.1) may

 be given as

 Ah(t)=ah(t) Yh(t), h=1,. . . ,k, te[O, 1]. (3.9)
 Here ah(t) is a non-negative deterministic function, while Yh(t) is a non-negative observable

 stochastic process whose value at any time t is known just before t. We say that a process with

 these properties is predictable. In the examples, ah(t) could be interpreted as an individual
 intensity for making the transition in question (i.e. of type h), and Yh(t) as the number "at

 risk" at t- for making a transition of this type. As a consequence of this, we shall assume, in

 the general set-up as well, that Yh(t)=O whenever Yh(t)<l. Other examples of the

 multiplicative intensity model are given by Aalen (1978, sections 4 and 8; 1982a, section 4).

 Since the development in time of a multivariate counting process N is governed by its

 intensity process (3. 1), we can specify a counting process model for life history data by giving a

 specification of the intensity process. Let Nhi(t) be the number of type h transitions for
 individual i in [0, t]. Then all the statistical models studied in this paper (except for subsection

 7.3) have a common structure, namely that the intensity process of Nhi is given by

 Ahi(t)=ah{t, Zi(t)} Yhi(t); h=1, .. , k; i=1, . . ., n; te[0, 1]. (3.10)

 The individual intensities ah may depend on the type h either non-parametrically (sections

 4, 5 and 7) or via a finite number of parameters (sections 6 and 7), and they may depend on the

 individual i via a vector of predictable covariate processes Zi(t), either by a stratification
 according to the values of Zi (sections 4-6) or by a regression model specification (cf. (2.2),
 section 7).

 The Yhi are predictable indicator processes, Yhi(t) indicating by the value 1 whether
 individual i is observed to be at risk just before t for making a type h transition. Let Nhi(t) be the
 number of type h transitions in [0, t] we had observed for individual i if there had been no

 censoring. Then the value of the indicator processes Yhi is a result of both the development of
 Ni,... ,Nki) up to (but not including) t and of possible censoring. Suppose that the

 uncensored process ?i satisfies a model of the form (3.10), i.e. that it has intensity process

 Ahi(t) =ah {t, Zi(t)J } Yh()7

 where Yhi is determined by Ai alone. Moreover, assume that censoring of individual i is
 determined by a predictable indicator process Ci(t), indicating by the value 1 when this
 individual is under observation. Then the censored counting process Nhi(t) is given by

 rt

 Nhi(t)= Ci(s) dNhi(s); h =1 . . k,

 and it has intensity process given by (3.10) with

 Yhi(t) = Yhi(t) Ci(t)

 (Andersen et al., 1982).

 Thus censoring by a predictable process C' preserves the structure of the model, and

 inference on the ah(Q, *) may be drawn from observing the censored process
 N={(N1i,... Nki); i=l,...,n}. This means that the censoring mechanisms may be quite
 arbitrary, as long as they only depend on the past and outside random variation. It was

 discussed by Aalen (1978), Gill (1980a) and Andersen et al. (1982) how, in the case of survival
 data (example 1, above), the most frequently used models for right censoring (e.g. type I

 censorship and random censorship) can in fact be described in this way. Examples of censoring
 mechanisms which do not satisfy these conditions are given in section 8.
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 As shown in the examples above, the model (3.10) may sometimes by reduced to the

 multiplicative intensity model (3.9) by aggregating the individual processes. Aalen (1982b)

 discusses conditions under which such a reduction of the data is sufficient. Especially, he points

 out that for left censoring and "censoring on intervals" some information may be lost by the

 aggregation. The statistical methods derived from (3.9) will still be valid, however, as long as

 the censoring mechanisms satisfy the general conditions discussed above.

 3.2. Martingales and stochastic integrals

 The study of life history data by means of multivariate counting processes is intimately

 connected with the use of martingale methods for deriving the properties of the statistical

 estimation and testing procedures. In this subsection the link between counting processes and

 martingales is outlined, and stochastic integrals are introduced. Our informal presentation is

 modelled after Gill (1984).

 The increment dNh(t) of Nh over the small interval Idt of length dt around time t is a 0-1
 variable. Therefore, by (3.1)

 E{dNh(t) |t X,} =Ah(t) dt. (3.11)

 This implies that if we define stochastic processes Mh; h= 1, .. ., k; by having increments

 dMh(t)=dNh(t) -Ah(t) dt (3.12)

 over Id, (and satisfying Mh(O)=O), then

 E{dMh(t) j.7}=0, (3.13)

 i.e. the processes

 Mh(t)=Nh(t)-f Ah(u) du; (3.14)

 h=1, . . , k; te[O, 1]; are martingales. In particular EMh(t)=O for all te[O, 11.
 The relation (3.14) is the key to the "counting process approach" to life history analysis. As

 we will see in sections 4-7 below, many estimators and test statistics may be expressed as, or

 approximated by, stochastic integrals with respect to the martingales (3.14). Moreover,
 central limit theorems and other properties for martingales, and therefore also for stochastic

 integrals (cf. below), are very well studied, and may be used to investigate the properties of the

 statistical procedures.

 Example 3. Illustration of (3.14). To illustrate the relation (3.14), we have simulated a

 counting process N(t) for the survival data situation (cf. example 1 above). This was done by

 generating 50 independent lifetimes, T1, .. ., T50, from a Weibull distribution with hazard rate

 function a(t)=yet'-1 with y=2.0 and e=0.5. These life times were censored by 50
 independent censoring times, U1,.. .,U50, which were generated from an exponential

 distribution with mean 0.5. Thus we defined T=min{ Ti, Ui}, and Di=If Ti= Ti}; i= 1, .. ., 50.
 From these variables N(t) was calculated using (3.2) and (3.6). Then N(t) has intensity process

 A(t) given by (3.7), with Y(t) defined by (3.3) and (3.8). Fig. 4 shows N(t), A(t)=f A(u) du and
 M(t)=N(t)-A(t) (cf. (3.14)) plotted versus logt. One should notice the fluctuations of the

 martingale M(t). In the models to be discussed in the following sections, the martingales will

 often play the role of a "random noise" component. o

 Martingale central limit theorems state conditions under which a sequence {M(n)(t);
 te [0, }, n =1,2,. .., of martingales (not necessarily of the form (3.14)) behaves as a con-
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 Fig. 4. A counting process N(t) with integrated intensity process A(t)=f'A(u) du and the corresponding
 martingale M(t)=N(t)-A(t).

 tinuous Gaussian martingale when n grows large. A continuous Gaussian martingale {X(t),
 tE[O, 1]} is a (possibly) time-transformed Wiener process, and as such it has independent
 normally distributed increments with expectation zero. In particular the conditional variance

 of dX(t), given all that has happened up to time t, i.e. J,, equals Var{dX(t)}, and hence it is
 deterministic. Furthermore, X has continuous sample paths. So if a sequence of martingales
 asymptotically should look like a continuous Gaussian martingale X, then firstly the jumps of
 M(n) should become negligible when n gets large, and secondly, the conditional variances

 Var{dM0n)(t) I X,_} should become deterministic in the limit. The conditional variance of a
 martingale M is given by the so-called predictable variation process (or variance process) (M),
 defined by having the increments

 d (M)(t)=Var{dM(t) I i,_ }

 over Id,. So, in conclusion, the second condition for the convergence of a sequence of
 martingales to a continuous Gaussian martingale is that the predictable variation processes
 (M(n)) converge to a deterministic function.

 For the martingales Mh defined by (3.14), we find

 d (Mh)(t) =VarfdNh(t) -Ah(t) dtJ|Ji,_

 =Var{dNh(t) | X,_},

 since Ah(t) is predictable, i.e. fixed given i_~. Because dNh(t) is a 0-1 variable, (3.1) yields

 d(Mh)(t)=Ah(t) dt {1-Ah(t) dt}
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 Scand J Statist 12 Counting process models for life history data 109

 and therefore

 rt

 (Mh)(t)= Ah(s) ds. (3.15)

 To study the transformation of a martingale M by stochastic integration, let H be a
 predictable stochastic process, and define a new process M' by the stochastic integral

 rt

 M'(t)= f H(s) dM(s). (3.16)

 Then M' is a martingale itself, because the increment dM'(t)=H(t) dM(t) over Idt has zero
 conditional expectation (cf. (3.13)):

 E{H(t) dM(t) IAt}=H(t) E{dM(t) |,>}=0.

 Here the first equality is due to the predictability of H, while the second follows by (3.13). The
 predictable variation process of (3.16) is easily found: Since

 Var{fH(t) dM(t) 1| St_} = H2(t) d (M) (t),

 we get

 rt

 (M')(t)= fH2(s) d(M)(s). (3.17)

 One final concept in the following is the orthogonality of two martingales M1 and M2. To this

 end we introduce the predictable covariation process (or covariance process) (M1, M2), defined
 by having the increments

 d(Ml, M2)(s)=Cov{dMl(t), dM2(t) 1.7}

 over Idt, and we say that M1 and M2 are orthogonal if

 (M1, M2)=O.

 For any two martingales Mh and Mj, h# j, derived from a multivariate counting process by
 (3.14), we have

 d(Mh, Mj)(t)

 =CovfdNh(t)-Ah(t) dt, dNj(t).-Aj(t) dtJ-;1t- }

 -E{dNh(t) dNj(t) IA}=0.

 This follows since Ah and 2j are predictable, and by the fact that Nh and Nj do not jump
 simultaneously. Thus, the martingales defined by (3.14) are orthogonal.

 3.3. Mathematical framework

 After the informal introduction to the various mathematical concepts given in the preceding
 two subsections, we shall now turn to a precise mathematical formulation. Unlike the rest of

 the paper, this subsection (and the appendix) requires knowledge of some basic concepts in
 measure and probability theory. It may safely be omitted by those of the readers who only
 want to get a brief review of the ideas and results in the "counting process approach" to life
 history analysis. Some important references to the theory of counting processes and
 martingales are Dolivo (1974), Meyer (1976), Br6maud and Jacod (1977), Jacod (1979), Gill
 (1980a), Bremaud (1981), Shiryayev (1981) and Jacobsen (1982).
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 Definitions. Let (Q, X7, P) be a complete probability space and (.7)telo l a filtration on

 (Q, 7), i.e. an increasing, right-continuous family of sub-u-algebras of 7. We also assume

 that .Y0 contains all P-null sets of 7. A multivariate counting process N= [{N1(t), . . . ,Nk(t)},
 te[O, 1]] is a k-dimensional stochastic process adapted to the filtration (i.e. N(t) is

 7,-measurable for each te [0, 1]) with components Nh which have sample functions which are
 non-decreasing, right-continuous step functions, 0 at time 0, and with jumps of unit size.

 Moreover it is assumed that, with probability 1, no two components jump simultaneously, and

 that each Nh(l) is almost surely finite.

 An adapted stochastic process M, satisfying M(0) =0, EI M (t)< cc; te [0, 1]; and having
 right-continuous sample functions with left-hand limits, is called a martingale if

 E{M(t)JYs)=M(s) a.s. (cf. (3.13)) and a submartingale if E{M(t)|s7}sa,M(s) a.s. for
 0Ssst-1. A (sub-)martingale is square integrable if sup,[o, l]EM'(t)<oo.

 A stopping time is a random variable Tsatisfying { Tr t} e.7, for all t. For a stochastic process

 X, we define the stopped process XT by XT(.) =X( /A), sAt denoting the minimum of s and t.
 A stochastic process X is said to have a property locally if there exists an almost surely

 non-decreasing sequence (Tn) of stopping times with P(T?it>t) T 1, as n-*cc for all te [0, 1], such
 that for every n, the process XTn has the actual property. Thus a local martingale, a local
 square integrable martingale, a locally bounded process, etc., can be defined.

 The precise definition of a predictable stochastic process can be found, e.g., in Gill (1980a,

 pp. 8-9). For our purpose it is sufficient to note that if a process is adapted and has

 left-continuous sample paths, then it is predictable and locally bounded. Moreover, any Borel

 measurable deterministic function is predictable.

 A process X has a compensator A if X-A is a local martingale, and A is predictable and has

 paths of locally bounded variation.

 Results. Each component Nh of a multivariate counting process has a unique compensator

 Ah. Thus there exist local martingales Mh defined by (cf. (3.14))

 Mh (t) = Nh (t)-Ah (t), h=1,. .. , k.

 In fact the Mh are local square integrable martingales. This is the Doob-Meyer decomposition

 of the local submartingale Nh. Under regularity conditions (e.g. Aalen, 1978, section 3.2) Ah is

 absolutely continuous, so that there exist predictable processes Ah such that (cf. (3.14))

 Ah(t)= Ahh(s) ds; h=1,. . . ,k.

 Furthermore,

 Ah(t+ )=lim - PNh(t+ At)-Nh(t) =l |_7t}v
 AtIo At

 and hence Ah is denoted the intensity process for Nh (cf. (3.1)). Conversely, given a process Ah

 with the above mentioned properties, then, subject to regularity conditions (e.g. Aalen, 1975,

 sections 2C and 2D), a unique counting process can be determined which has Ah as its intensity

 process. Throughout this paper we will assume the existence of an intensity process.

 If Ml and M2 are local square integrable martingales, then M1M2 has a unique compensator
 which we call the predictable covariation process of M1 and M2 and denote by (Ml, M2). We say
 that Ml and M2 are orthogonal when (M1, M2)-0. The counting process martingales given by
 (3.14) are orthogonal. The unique compensator for the local submartingale M2 is called the

 predictable variation process of M and is denoted by (M). Thus (M) =(M, M). For the counting
 process martingales (3.14) the predictable variation processes are given by (3.15).
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 If HI and H2 are predictable and locally bounded processes, and M1 and M2 are local square
 integrable martingales with paths of locally bounded variation, then the stochastic integrals

 c Hh dMh={ f Hh(s) dMh(s), te[O, 1]}; h=1, 2;
 can be defined (Gill, 1980a). The stochastic integrals are local square integrable martingales
 themselves, with predictable covariation process

 ( f H1 dMi, f H2 dM2)(t)= f HI (s) H2(s) d(M1, M2)((S) (3.18)

 In this paper we are working mainly with local square integrable martingales. This means

 that we cannot in general be sure that expectations, variances, covariances and correlations do

 exist. Therefore, when we in sections 4 and 5 and the appendix below talk about expectations,

 etc., we do tacitly assume that they exist.

 We finally state two theorems which are of fundamental importance when deriving the

 properties of the estimators and test statistics in the statistical models discussed in sections 4-7

 below.

 Theorem 3.1

 Let M be a local square integrable martingale (not necessarily given by (3.14)). Then for all

 6, q>0

 P sup M(t) r >r7 2 +P{(M)(1)>6}.
 te[O. 'I 1J 2

 This theorem is a consequence of Lenglart's (1977) inequ( 'fty (cf. Andersen & Gill (1982,

 Appendix I)).

 Theorem 3.2

 Let p2tI be fixed, and consider a sequence N(n) of kn-variate counting processes with intensity

 processes )(n), and a sequence H(') of p x kn-matrices of predictable processes, such that the
 stochastic integrals

 t kn

 X4n)(t) f n H5h(s) (n) (n ds}; =1,...
 Oh=1

 are well defined. If, as n-* oo,

 (Xn X( 1 (t)Gjl(t); j, l=1,. ..,'p, tc[O, 1],

 where G is a p xp matrix of continuous functions on [0, 1Jforming the covariance function of a

 p-variate Gaussian martingale X(X) with X(w)(O) =O, and if for all ?>0, as no->c0,

 1kn

 f1 E [Hj()(t)f] 2 )(t) I{ H2( )(t) i>E} dt-0; j=1.
 Oh=1

 then X(n)D X(X) as n->oo.

 The weak convergence D -takes place in the space D[O, 1]P equipped with the Skorohod
 product topology (cf. Billingsley, 1968). Versions of this theorem were proved independently

 by Aalen (1977) and Rebolledo (1978). Our formulation of theorem 3.2 is a consequence of

 the results of Rebolledo (1980), and can be found in Andersen & Gill (1982, Appendix I).
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 112 P. K. Andersen and 0. Borgan Scand J Statist 12

 Other important papers on martingale central limit theorems are Liptser & Shiryayev (1980)

 and Helland (1982).

 In the appendix, examples are given of the applicability of these two theorems.

 4. Non-parametric estimation

 Consider a multivariate counting process N=[{N1(t),...,Nk(t)}, tE[0, 1]] with intensity
 process satisfying the multiplicative intensity model (3.9). In this section we consider

 non-parametric estimation of the integrated ahs, and how these estimators may be smoothed

 to obtain estimators for the ahs themselves. Both methods are illustrated by means of the

 diabetes data discussed in subsection 2. 1.

 4.1. The Nelson-Aalen estimator

 To derive an estimator for

 t

 Ah(t)= fah(s) ds, (4.1)

 we use (3.9) and (3.12) to write symbolically "dNh(t)=ah(t)Yh(t) dt+noise" (cf. example 3 of

 section 3). By this, a natural estimator of (4.1) would be ft Yh(s)-1 dNh(s). However, one may
 have Yh=0, and in order to deal systematically with this possibility, we introduce the indicator

 Jh(t)=I{Yh(t)>0}, and define the estimator for (4.1) formally by
 rt

 Ah(t)= f {Jh(s)/Yh(s)} dNh(s), (4.2)

 where Jh(t)/Yh(t) is interpreted as 0 whenever Yh(t)=0. It should be recalled that we assume
 that Yh(t)<l implies Yh(t)=O.

 The estimator (4.2) was introduced by Aalen (1975, 1978), and it generalizes the empirical

 cumulative intensity estimator, proposed independently by Nelson (1969, 1972) and Altshuler

 (1970), for the set-up with censored failure time data. We will denote (4.2) the Nelson-Aalen
 estimator.

 It should be realized that the integral in (4.2) is just a simple sum. To see this, let

 Thl<Th2< ... be the successive jump times for Nh. Then dNh(t) = 1 when t equals one of these
 jump times, dNh(t)=O otherwise. It follows that (4.2) may be written alternatively as

 Ah(t) = E [ yheTh;)]- 43
 U: Th51t)

 Thus, Ah is an increasing, right-continuous step-function with increment l/Yh(Thj) at the

 observed jump time Thj of Nh.
 Johansen (1983) derived the Nelson-Aalen estimators as maximum likelihood estimators in

 an extended model where the compensators (cf. subsection 3.3) for the Nhs are not assumed to

 be absolutely continuous. Another extension of the model allowing maximum likelihood
 estimation, but giving rise to different estimators, was discussed by Jacobsen (1982, 1984). He
 derived the asymptotic properties of his maximum likelihood estimators by proving that they
 are asymptotically equivalent to the Nelson-Aalen estimators. We shall not pursue these

 approaches any further, but motivate the use of the Nelson-Aalen estimators mainly by their
 nice and easily verifiable properties.

 Breslow & Crowley (1974) studied the large sample properties of the Nelson-Aalen

 estimator the special case of randomly censored survival data using results for i.i.d. random
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 ScandJ Statist 12 Counting process models forlife history data 113

 variables. Aalen (1978) studied these properties in general using the theory for multivariate

 counting processes, martingales and stochastic integrals (cf. section 3). Let us recapitulate his
 line of reasoning. (We have slightly improved some of Aalen's arguments, in particular to
 make use of later developments in the theory of stochastic integrals.) We introduce

 rt

 A*(t)= f ah(s)Jh(s) ds, (4.4)

 which is almost the same as (4.1) when there is only a small probability that Yh(s)=O for some
 s-t. By (3.9) and (3.14), we then get

 _ .t(s dMh(S). (4.5)
 Ah(t)-Ah(t) y()

 Since Jh/Yh is a bounded predictable process for each h, the right-hand side of (4.5) is a
 stochastic integral w.r.t. a local square integrable martingale, and hence itself a mean 0 local
 square integrable martingale.

 This fact is the key to the study of the properties of the Nelson-Aalen estimator. To

 illustrate the use of the theory of martingales and stochastic integrals in the study of statistical

 methods for life history data, we give in the appendix a detailed study of the Nelson-Aalen
 estimator. Let us here just briefly state its properties. (The exact conditions under which the

 results hold true are given in the appendix.)

 By (4.5), we have for all te[O, 1] (assuming that the expectations exist (cf. the remark just
 above theorem 3.1))

 EAh(t) =EA(t),

 so that Ah(t) is an approximately unbiased estimator for (4.1). Its variance may be estimated
 (almost unbiasedly) by

 rt

 th(t)- f:Jh(s) [Yh(s)A2 dNh(s), (4.6)

 where the integral may be written as a simple sum in a similar fashion as (4.3). Furthermore,
 viewed as a process of t, Ah(t) has (approximately) uncorrelated increments, and Ah(t) is

 (approximately) uncorrelated with Aj(s) for any s, t and h# j. This latter fact is of great
 practical importance, since it implies that plots of the Nelson-Aalen estimators for
 h= 1, 2, ... , k may be judged independently of each other.

 If each Yh increases uniformly over [0, 1], then an application of theorem 3.1 shows that Ah
 is a uniformly consistent estimator for Ah. Moreover, using theorem 3.2 it can be shown that
 (suitably normalized) the Ahs will be asymptotically distributed as independent Gaussian

 martingales. In particular Ah(t) will be asymptotically normally distributed with mean Ah(t)
 and a variance which may be estimated by (4.6).

 As in Aalen (1976) (for the special case of a multiple decrement model (cf. subsection 2.2))

 one may develop 100 (1 -a) per cent confidence bands for Ah of the form

 Ah(t) E [Ah(t)-ba TV(l) Ah(t) +ba th( l) ](4.7)

 Here ba is the upper a-fractile in the well-known distribution of

 sup I W(t)
 telO, 11

 where Wis a standard Wiener process. (For a table see Walsh, 1962, p. 334.) However, these
 confidence bands have constant width (determined by vt,(1)) and may therefore be of little

 8
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 practical interest. Instead a transformation to a Brownian bridge can be applied. Let us sketch

 how this approach can be used to obtain confidence bands for Ah(t) with a width that increases

 as the estimated variance Ph(t) increases.

 The idea is that if X(t) is a mean 0 Gaussian martingale on [0, 1] with

 rt\
 Cov{X(s), X(t)} = f g2(u) du=G(tAs),

 then X(t) G(1)112[G(1)+G(t)]-' is distributed as

 ( G(1)+G(t))

 where W? is the standard Brownian bridge on [0, 1] (see Billingsley, 1968). Now we let Xbe the

 limiting process of Ah (properly normalized) (cf. the appendix), and use the fact that, for this

 situation, T^(t) (properly normalized) converges to G(t) uniformly in te[O, 1] in probability.

 Then it follows that 100(1-a) per cent confidence bands for Ah(t) are given by

 Ah(t) e [Ah(t) cf^(1)/ (1 + 1 (t ( ) + 1) 1/2 rh(t)
 [ht) hahC.r 1+ T/() Ah(t)+CarTh(l) ( O (1) (4.8)

 where ca is the upper a-fractile in the distribution of

 sup I W?(t)
 tE[O, ?1/

 (see Hall & Wellner, 1980, p. 141).

 Example. Survival among insulin dependent diabetics. As described in example 1 in

 subsection 3. 1, each patient i in this example is followed from age a,o at 1 July 1973 to age Ti at
 the exit from the study. In the first place we shall consider a two-dimensional counting process

 (NI, N2), N1(t) counting the number of observed deaths among females, and N2(t) counting
 those among males. If al(t) and a2(t) denote the age-specific death intensities for females and
 males, respectively, then N1 has intensity process aj(t)Y1(t), where

 NO= E: I(ai,<t-Ti),
 i for

 females

 and similarly for N2. Thus the integrated death intensities Al(t) and A2(t) (see (4.1)), can be
 estimated by the Nelson-Aalen estimators (4.2). Fig. 5 shows the estimates A1(t) and A2(t) for
 the age interval from 0 to 70 years. (For ages less than the lowest ages at which deaths are

 observed, 23 and 19 years, respectively, Al(t) and A2(t) are 0.) Also shown are approximate
 95% pointwise confidence limits and 95% confidence bands computed from (4.8) (with

 cO.05= 1.27). It is seen that both for females and for males the death intensity (the slope of the
 plots) seems to increase with age, and comparingA1(t) and A2(t), males seem to have a slightly
 higher mortality than females. Furthermore, it is seen that the confidence bands based on (4.8)

 are fairly wide, and that the pointwise confidence limits do not seem to reflect very well the

 uncertainty of the entire curve. In the next subsection we shall see how the influence of age on

 the mortality is much more clearly revealed by estimating the death intensities a1 and a2

 directly. o

 4.2. Kernel function smoothing

 The Nelson-Aalen estimators (4.2) are estimators for the integrated ahs given by (4.1).
 However, as seen in subsection 3.1, it is the ahs themselves which are the entities of real

This content downloaded from 
������������129.240.223.221 on Wed, 14 Oct 2020 13:35:24 UTC������������ 

All use subject to https://about.jstor.org/terms



 Scand J Statist 12 Counting process models for life history data 115

 2.0 I l l

 UJ1.5- J-
 LU

 1.0 I I

 z

 ,

 I . I 1 -- _ S

 ~0.5-
 0 J

 0

 z

 0.01
 0 10 20 30 40 50 60 70

 AGE IN YEARS
 2.0 I

 LU1.5

 H

 10r

 ILU ri~

 ~0.5 .r

 rr

 10.00
 0 10 20 30 40 50 60 70

 AGE IN YEARS
 Fig. 5. Nelson-Aalen estimate for the integrated death intensities (thick lines) for female diabetics (upper
 figure) and for male diabetics (lower figure); 95% pointwise confidence limits (dashed lines) and 95%
 confidence bands (thin lines) computed according to (4.8) are indicated.
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 interest. Therefore, when studying plots of the Nelson-Aalen estimator, one mainly focuses

 on the slope of the curves. Hence it is useful to directly estimate the ahs. Inspired by works on

 kernel function estimation of density functions (for a review, see Bean and Tsokos, 1980),

 Ramlau-Hansen (1983a, b) proposed and studied non-parametric estimators for the ahs in the

 multiplicative intensity model. Basically, the estimators are derived by smoothing the

 increments of the Nelson-Aalen estimators. Let us review the main results derived by

 Ramlau-Hansen.

 As an estimator for ah(t), Ramlau-Hansen (1983a) proposed

 ah(t)= b K( bdAh(S), h=l,. . .k. 49
 Here the kernelfunction K is a bounded function which is 0 outside [-1, 1] and has integral 1.

 The window b is a positive parameter. The kernel function and the window have to be chosen

 in concrete applications and may depend on h. One frequently used kernel function is the

 Epanechnikov's kernel function K(x)=0.75(1-x2), x 61.

 If we let Thl<Th2<... denote the successive jump times of Nh, then Ah may be given as in
 (4.3), and it follows that (4.9) may be written equivalently as

 1 /t- Th\ 1
 ah(t)= b EK (b h=1. .k. (4.10)

 bTh, YhTh

 It should be realized that, since K vanishes outside [-1, 1], only values of j for which

 t-bS2Thj-at+b contribute to this sum. Given a window b, we will only discuss estimation of
 ah(t) for te[b, 1-b], since it is only for such values of t that (4.10) is a real average of the
 increments l/Yh(Thj) of Ah. The remaining tail problem can be attacked in a similar manner

 (see Ramlau-Hansen, 1981).

 To study the properties of dh(t) we introduce the quantity

 *(t) =-f K dA *(s), (4.11)

 and note that by (4.5)

 ah(t) 0-ah() 1fK dMh (ho (4.12)
 b Jo (b Yh(s) dM.12)

 Thus, ah(t)-ah(t) is a stochastic integral w.r.t. the local square integrable martingale Mh, a
 fact which provides the basis for studying the statistical properties of (4.9). We immediately

 get for te[b, 1-b] that Eah(t)=Eah(t) (cf. the remark above theorem 3.1), which means that
 the expected value of ah(t) equals

 1 l t-s
 bfJf:K bah(s) ds (4.13)

 approximately when there is only a small probability that Yh(t)=0 for some te [0, 1]. Thus, in
 general, the kernel estimator is not even approximately unbiased for ah(t) (however, cf.
 below). The variance of (4.9) may be estimated (almost unbiasedly) by

 OF(t)= f K2 (b) )dNh(s) (4.14)

 (Ramlau-Hansen, 1983a, proposition 3.2.1).
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 Scand J Statist 12 Counting process models for life history data 117

 If Yh increases uniformly in a neighbourhood of t, and at the same time the window tends to
 0, then, subject to some regularity conditions, ah(t) is a consistent estimator for ah(t).

 Moreover, it is asymptotically normally distributed with mean ah(t) and a variance which may
 be estimated by (4.14) (Ramlau-Hansen, 1983a, proposition 4.1.1 and theorem 4.2.2).

 Finally, ah(s) and ah(t) are asymptotically independent when s# t.

 To apply the kernel function estimator (4.9) in practice, one has to decide upon a choice for

 the kernel function and the window. Some guidelines to the choice of K are given by the results

 derived by Ramlau-Hansen (1983b). He argues, much the way one reasons in moving average

 theory (cf. Borgan, 1979), that one should choose a kernel function such that ^h(t) is almost
 unbiased, i.e. such that (4.13) is approximately equal to ah(t). This is possible if ah(s) may be
 approximated by a polynomial of a certain degree over each interval of the form [t-b, t+b].

 Subject to such an unbiasedness condition, one then chooses the kernel function which

 minimizes a specified risk function. Kernel functions which are optimal in this sense are given

 by Ramlau-Hansen (1983b). Among other things, he shows that Epanechnikov's kernel

 function minimizes the variance of the first derivative of (4.9) when ah(s) may be
 approximated by a linear function over each interval of the form [t-b, t+b]. The choice of the

 window b seems to be much a question of trial and error. Some guidelines are, however, given
 by Rudemo (1982).

 Example. Survival among diabetics. The kernel function smoothing method outlined above

 was used to obtain estimates for the age specific forces of mortality al(t) for female diabetics
 and a2(t) for male diabetics in the example of subsection 4.1. Fig. 6 shows the estimates a1(t)

 0.15 I

 0.10 I
 L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~II w I

 a-

 a: 0.05 -
 0

 0.0 II
 0 10 20 30 40 50 60 70

 AGE IN YEARS
 Fig. 6. Estimated absolute mortality per year for female and male diabetics.
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 and &2(t). In the estimation, Epanechnikov's kernel function was used, and a window b=5

 years was chosen for the age interval [24 years, 66 years]. For ages t outside this interval, the

 largest window b=b(t) such that [t-b(t), t+b(t)]'[20 years, 70 years] was chosen.

 From Fig. 6 the level of the mortality is clearly seen. For ages less than about 55 years the

 mortality is close to 2% per year for both sexes, with a tendency to a lower mortality for

 females. From age 55 the death intensity increases for both men and women, and at age 65 the

 level of the mortality is about 10% per year. The fluctuations for ages above 65 years are due to

 less smoothing because of the narrow window used for these ages.

 In the next section we shall see how a comparison of the mortality for men and women can

 be carried out, and also how the mortality among diabetics can be compared with that of the

 general Danish population. o

 5. Non-parametric testing

 This section is concerned with non-parametric testing for the multiplicative intensity model. In

 subsection 5.1 we discuss how one may test whether one or more of the ahs in (3.9) equal

 certain known functions, while we in subsection 5.2 show how testing of the hypothesis that all

 ahs are identical may be carried out. The procedures are illustrated by examining whether the
 mortality among the diabetes patients coincide with that of the general Danish population,

 and by a test for equality of the survival of male and female diabetics.

 5.1. Tests of completely specified hypotheses

 Let N=(N1, N2,... , Nk) be a multivariate counting process satisfying the multiplicative

 intensity model (3.9). We want to derive tests for the hypotheses

 Ho: ah=cao (5.1)

 and

 Ho: a,==a?, a2=a?2 .. I ak=ak, (5.2)

 where the ahs are known functions.
 Let us first consider testing of the hypothesis (5.1). Andersen et al. (1982) studied a class of

 test statistics for this problem. Their approach was as follows. Introduce

 A2(t)= fJh(s) ao(s) ds, (5.3)

 and note that, under the hypothesis, (5.3) equals AZ*(t) defined by (4.4). Therefore, when (5.1)

 holds true, we have

 f0 t Ah(S) 54
 Ah(t)-Ah(t)= J dMh(s), (5)

 so that, except for random variations, Ah and Ao are equal under the hypothesis. It is therefore
 natural to base a test for (5.1) on a comparison of these quantities. To do this, introduce a

 locally bounded predictable "weight process" Kh, and define the stochastic process

 Rh(t)= Kh(s) dh-(A -Ah) (5'5)

 When (5.1) holds true this is a stochastic integral (cf. (5.4)), and hence a local square
 integrable martingale.
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 By an application of the martingale central limit theorem (theorem 3.2) it follows that Rh

 (properly normalized) converges weakly as Yh increases to a Gaussian martingale when the

 hypothesis is true (Andersen et al., 1982, theorem 4.1). In particular Rh(l) is asymptotically

 normally distributed with mean 0 and a variance that may be estimated by

 I h(S)
 (RhK(2)= f K(s) ao(s) ds. (5.6)

 h)(1) h Yh(S)h
 Thus

 Uh=Rh(1)/{(Rh)(1)}1/2 (5-7)

 is an asymptotically standard normally distributed statistic for testing the hypothesis (5.1).
 Alternatively one may instead of (5.6) use the variance estimate

 [RhI(1)= 1 K2(s) h2( dNh(s), (5.8)
 Yh(s

 obtained by replacing ao(s) ds by the Nelson-Aalen estimate dNh(s)/Yh(s).
 We note that (5.6) is an estimator of the variance of Rh(1) when the hypothesis (5.1) is true,

 while (5.8) is valid in general. Thus if the alternative to the hypothesis (5.1) is ah(t)>ah(t), with

 strict inequality for some t, then (5.8) will tend to be greater than (5.6). This implies that (5.6)
 is the best variance estimator to use for testing purposes in such situations.

 By choosing different weight processes Kh, we get a number of possible test statistics of the

 form (5.7). It was shown by Andersen et al. (1982) how several one sample tests suggested for
 the survival data situation (cf. subsection 2.1) are special cases of (5.7).

 For the choice of weight process Kh= Yh, the test statistic (5.7) reduces to

 Oh-Eh (5 .9)
 Uh=V-

 where

 Oh= Jh(S) dNh(S)=Nh(M)

 is the total observed number of type h events, while

 Eh= f Jh(s)Yh(s) ao(s) ds= a0h(s)Yh(s) ds,

 by (3.9) and (3.14), is the "expected" number of this type of events under the hypothesis. The
 choice Kh= Yh corresponds in the survival data situation to the one sample log-rank test
 (Breslow, 1975; Hyde, 1977), which in this case is known to have certain optimality properties
 against proportional hazards alternatives

 ah(S) = 6hah(s) * (5.10)

 Also in our more general set-up the model (5.10) is often appropriate, and when Ho is rejected
 it is of interest to estimate the parameter oh. Using the results of our section 6, the maximum

 likelihood estimator of oh is found to be

 o= Oh (5.11)
 Eh

 Moreover, oh iS asymptotically normally distributed with mean oh and a variance that can be
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 estimated by Oh/Eh=Vh, say. In particular the test statistic (5.9) equals (6h-l)VOh'2, where
 Voh= 1 /Eh is the estimated variance of oh under the hypothesis oh= 1. Note that in the survival

 data situation (5.11) is simply the well-known standardized mortality ratio.

 It is possible to use the convergence of the process Rh (properly normalized) to a Gaussian

 martingale to derive Kolmogorov-Smirnov type tests for (5.1) (cf. Aalen, 1976; Fleming etal.,

 1980; and our subsection 4.1). We will not discuss the details here, however.

 To test the hypothesis (5.2), we use the fact that the local martingales given by (5.4) for

 h=1, 2, . . , k are orthogonal (cf. subsections 3.2 and 3.3). This implies that the Uh given by
 (5.7) are asymptomatically independent. Thus we may use the statistic

 k

 X 2 (5.12)
 h=1

 for testing the hypothesis (5.2). Under the hypothesis, (5.12) is asymptotically chi-squared

 distributed with k degrees of freedom. For Kh= Yh; h= 1,... , k, (5.12) gives a statistic of the

 well-known form

 k (Oh-Eh)2

 h=1 Eh

 Example. Survival among diabetics. Among the 314 female diabetics, 01 =39 were observed
 to die in the period in question, and among the 413 males we found 02=65. To investigate

 whether these figures are larger than expected, judged from published life-tables for the

 general Danish population, the test statistic (5.9) was calculated for females and males
 separately. The "expected" number of females dying was found to be E1=6.34, while for

 males we found E2=13.86. For both sexes the test statistic (5.9) is highly significant in that

 U =12.97 and U2=13.74. Assuming a proportional hazards model (5.10), we find

 01=01/E1=6.15 and 02=02/E2=4.69 indicating higher excess mortality among females than
 among males. Using the variance estimates Vh=Oh/Eh, confidence intervals for oh can be
 constructed, e.g. by transforming a symmetric confidence interval for log Oh. Thus we find

 approximate 95% confidence intervals [2.82, 13.39] and [2.77, 7.93] for 01 and 02,
 respectively. o

 5.2. The k-sample problem

 As in the preceding subsection, we consider a k-variate counting process N satisfying the
 multiplicative intensity model (3.9). We want to derive a test for the hypothesis

 Ho: al=a2=... =ak- (5.13)

 The common value of the ahs will be denoted a.

 Following Aalen (1978), who considered the two-sample problem, Andersen et al. (1982)
 introduced a class of statistics for testing the hypothesis (5.13). Their idea was to construct a

 test statistic by comparing the Nelson-Aalen estimators Ah(t) (cf. (4.2)), with an estimator of
 the hypothesized common value

 A(t)= [a(s)ds.

 This latter quantity can be estimated by

 i | (s) AtJo Y (s) dN(s),
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 where

 k k

 N. =, Nh, Y. Y, Yh
 h=1 h=1

 and

 J(t)=I{Y. (t)>O}.

 This follows as in subsection 4. 1, since under the hypothesis, N. (t) is a (univariate) counting
 process with intensity process a(t)Y. (t). We introduce

 t i~~C h(S)

 Ah(t)= Jh(S) dA(s)= . ( ) dN. (s),

 and note that, when (5.13) holds true, we have

 t Jh (s) ft Jh(s)

 Ah(t)-Ah(t)= I dMh(s)- Y dM. (s), (5.14)

 where

 k

 M.= z Mh-
 h=1

 Thus, except for random variations, Ah and Ah are equal under the hypothesis. In a similar
 manner as in subsection 5.1, we introduce locally bounded predictable weight processes Kh,
 and define stochastic processes

 rt

 Zh(t)= fKh(s)d(Ah-Ah)(s); h=1,... k. (5.15)

 When (5.13) holds true (5.14) yields that the Zhs are linear combinations of stochastic

 integrals, especially EZh(t)=O for all h and tE[O, 1] (cf. the remark above theorem 3.1).
 It turns out that the special choice of weight processes

 Kh(t)=Yh(t)L(t); h=1,. . . ,k; (5.16)

 where L is a locally bounded predictable process that only depends on (N., Y.), covers most

 examples of interest. Then (5.15) may be written

 Zh(t)= L L(s) dNh (s) - L(s) Y.(s)dN .(s); h=l, .. ,k. (5.17)
 We note that

 k

 E Zh=o-
 h=1

 By an application of the martingale central limit theorm (theorem 3.2), it follows that the Zhs
 given by (5.17) (properly normalized) converge weakly to a k-variate Gaussian martingale

 under the hypothesis, as the Yhs increase (Andersen et al., 1982, theorem 3.1; see also
 Helland, 1983, section 4). Especially Z(1)= {Z1(1), . Zk()}' is asymptotically multinor-
 mally distributed with mean 0 and a (singular) covariance matrix that can be estimated by
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 V(1)= {Vhj(l)}, where

 Vhj(l)= L 2(s) Ihj--dN. (s), (5.18)
 Y. (s) Y.\ s

 and bhj is a Kronecker delta.

 Thus, under the hypothesis (5.13), the statistic

 x2=z(1)' V(1) Z(1) (5.19)

 where V(1)- is a generalized inverse, is asymptotically chi-squared distributed with k-1

 degrees of freedom (Andersen et al., 1982, section 3.1). Note that (5.19) may be computed by

 deleting the last component of Z(1) and the last row and column of V(1), to give Z0(1) and

 V0(1) say, and then using the relation Z(1)'V(1)-Z(1)=Zo(l)'Vo(l)-'Zo(l). Also, as in
 section 4, the integrals (5.17) and (5.18) are finite sums.

 Andersen et al. (1982, section 3.2-3.4) studied various conservative approximations to the

 test statistic (5.19), and discussed how it generalizes the classical non-parametric tests as well
 as their generalizations to censored data. For example the choice L(t)=f{Y. (t)>0}
 corresponds to the log-rank (or Savage) test (Peto & Peto, 1972), while L(t) =Y. (t) gives a
 generalization of the Kruskal-Wallis test (Breslow, 1970). Also the tests suggested by Tarone

 & Ware (1977), Prentice (1978) and Harrington & Fleming (1982) are special cases of (5.19).
 For the two-sample problem, i.e. k=2, Aalen (1975, theorem 9.1) showed that the log-rank

 test is the asymptotically optimal similar test against local (or more precisely, contiguous)
 alternatives where al and a2 are proportional. Gill (1980a) studied asymptotic relative
 efficiences between various tests for the two-sample problem, and showed how one can derive

 tests with optimality properties against specified alternatives.

 Following the lines of the preceding subsection, let us now study the two-sample model with
 proportional intensities

 a2(t)=6a1(t) (5.20)

 in more detail. When k=2 the Aalen (1978) test statistic based on the process

 Z(t)= f K(s) {dA2(s)-dA1(s)} (5.21)

 is equivalent to the general k-sample test statistic (5.17). (With K(t)=Y1(t)Y2(t)L(t)/Y. (t),
 (5.21) is seen to equal Z2(t) given by (5.17).) This two-sample test takes the form Z(1)V(1)"-12
 with V given by

 V t 2 dN. (s)

 V(t=J K (s) Y (s)Y2 (s)

 (i.e. V(t) equals V22(t) given by (5.18) with the above mentioned choice of K(t)). The optimal
 test under the model (5.20), the log-rank test, corresponds to the weight process

 KL(t) = Y1(t)Y2(t)/Y. (t).

 Under the proportional intensity model it is of interest to estimate the intensity ratio 6, in

 particular if Ho is rejected. A class of consistent and asymptotically normally distributed
 estimators of 0 is given by

 1 K(t)dA2(t)
 OK= (5.22)

 1 K(t)dAI(t)
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 (Andersen, 1983a), and in this class, the "log-rank estimator" OKL has smallest variance under
 the null hypothesis O=1. The variance of 6K can be estimated by

 1 K2(t) dN. (t)/ {Yl(t)OKY2(t)}
 -2 o'
 rK 0 K 12 (5.23)

 1 K(t){dNj(t)/Yi(t)}]

 o~~~~~~~~~~~~~~~~~~~~~~~~~
 It is seen that the Aalen test statistic defined below (5.21) equals (OK- 1)[orKf 1, where OrK is
 the estimated variance of 6K under the hypothesis 0=1, obtained by substituting 1 for SK in

 (5.23).

 The appropriateness of the model (5.20) can be checked graphically by plotting A2(t) against

 AI(t), or by plotting log A2(t) and log AI(t) against t (or log t). Under the model (5.20) the
 former plot should approximate a straight line through the origin (with slope =6) and the
 latter should yield approximately parallel curves (with vertical distance =log 0). Alternative-
 ly, test statistics for proportionality can be constructed of the form

 U(t)= f K(s){dA2(s)-O dAt(s)}, (5.24)

 where A,h is some estimate for Ah, h = 1, 2, and 0 is an estimate for 0. Gill & Schumacher (1985)

 studied the case Ah=A,h and 0=OK (cf. (5.22)) and obtained when K(t)/K(t) is increasing a test
 U(1) consistent against the alternative that a2(t)/a1(t) is monotone. Wei (1984) showed that
 with K(t)= Y2(t), A2(t)=A2(t) and 6 and Al(t) based on the Cox regression model (cf. section 7
 below) the process U(t) is distributed asymptotically as a time-transformed Brownian bridge.

 Finally, Andersen (1983b) showed that for Ah=Ah, h=1,2 and 6=6KT with

 KT(t)= Y1(t)Y2(t)/{Yj(t)+6Y2(t)}, a test equivalent to that of Wei (1984) is obtained, where 0
 is any consistent estimator for 6. In the case of survival data the estimator 6KT is the two-step

 estimator of Begun & Reid (1983).

 The test statistics (5.19) is based only on the weak convergence of (5.17) for t= 1. However,
 we have weak convergence of the entire processes given by (5.17). For the two-sample

 problem this may be used to derive Kolmogorov-Smirnov type statistics suitable for testing

 against "crossing intensities alternatives" (e.g. Fleming et al., 1980; Gill, 1980a; Fleming &
 Harrington, 1981; cf. also subsection 4.1 above).

 Example. Survival among diabetics. As an example of the applicability of the testing

 procedures discussed in this subsection, let us examine whether male and female diabetics

 have identical mortalities. The figures in section 4 indicate that males have a slightly higher

 mortality than females. The two-sample log-rank test for the hypothesis a2(t)=a1(t) takes the

 value 1.62 corresponding to a two-sidedp-value of 0.11. The visual impression from the figures

 is confirmed by the log-rank estimator OKL= 1.39, assuming proportionality a2(t)=Oa1(t). The

 estimated standard error of OKL is 0.24 yielding an approximate 95% confidence interval

 [0.87, 2.22] for 0 (by transforming a symmetric confidence interval for log 0). Thus the
 analyses in this section indicate that male diabetics have a higher absolute mortality than

 female diabetics, but compared with the mortality in the general Danish population female

 diabetics seem to have a higher excess mortality than males. U

 6. Parametric models

 In the two preceding sections we have considered non-parametric estimation and testing
 procedures for the multiplicative intensity model. Alternatively the Lhs in (3.9) can be given
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 via a parametric specification and maximum likelihood methods can be applied. In this section

 we shall review the results of Borgan (1984) for this situation.

 To give a motivation for the general set-up, we first consider the situation with censored

 failure time data. Let T1, . . . , T, be independent and identically distributed (true) survival

 times with hazard rate function a(t; On). Some commonly used forms for a(t; 00) are reviewed
 by Kalbfleisch & Prentice (1980) and Miller (1981). We do not observe the Tis, but only

 censored survival times Ti and indicators Di=I(Ti= T1); i= 1, ... , n (cf. example 1, subsection
 3.1). Then for a very broad class of censoring mechanisms (the important part of) the

 likelihood is

 L(O)= fl a(Ti; O)Di exp{ - a(s; 0) ds}I

 (e.g. Kalbfleisch & Prentice, 1980, section 5.2).

 With N(t) defined as in (3.2) and (3.6), and Y(t) defined as in (3.3) and (3.8), we may write

 log L(8)= j log{a(s; 0)} dN(s)- Ja(s; 0)Y(s) ds, (6.1).

 and the maximum likelihood estimator 0 is defined as a solution to the set of equations

 a log L(0)/dO= 0.
 Turning to the general formulation, we let N=(N1,...,Nk) be a multivariate counting

 process satisfying the multiplicative intensity model (3.9) with parametric ahs, i.e. the

 intensity process is given by

 Ah(t)0=ah(t; 00)Yh(t); h=1,. .. ,k; (6.2)

 where O==(010,... , OqO)Y belongs to some open subset E of 'A3q. Under some regularity
 conditions (e.g. Aalen, 1978, section 3.3), the log-likelihood function now takes the form (cf.
 (6.1))

 k k

 log L(O)= I log{ah(s; O)} dNh(S)- E J ah(s;O)Yh(S)ds, (6.3)
 h=1 h=1

 and the maximum likelihood estimator 0 is defined as a solution to the set of equations

 IJ(/O)ah(;) dNh(S)- -ah(s;)Yh(s) iS= 0; j=l,. ..q. (6.4)

 Borgan (1984, theorems 1 and 2) shows that, under certain regularity conditions on the ahs,

 the likelihood equations (6.4) have, with a probability tending to 1, exactly one consistent

 solution 0 as the Yhs increase. Moreover, 0 is asymptotically multinormally distributed with

 mean 0o and a covariance matrix that may be estimated by -I(0)-l, where
 1(O)=a2 log L(O)/a02. Thus, the usual results for maximum likelihood estimation in the i.i.d.
 case continue to hold under our more general model (6.2).

 The methods of proofs used in that paper are similar to the classical i.i.d. case (Cram6r,
 1945). But in the present context Lenglart's inequality (theorem 3.1) is used to establish the
 consistency results derived by the law of large numbers in the classical set-up, while asymptotic

 normality is derived by the martingale central limit theorem (theorem 3.2). These results may
 be used, since by (3.14) and (6.2), the left-hand sides of (6.4), evaluated at the true parameter
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 value 00, equal the stochastic integrals

 kj. (a/aO)ah (s; 00) \ l JIh\s dMh(s); h=1, . . , k. (6.5)

 h=0 ? h(S; 0)

 (We have used the notation (a/a0j)ah(s; 00) for (a/d0j)a(s; 0) 10=0o )
 By combining the results of Borgan (1984) with the argument used to derive the properties

 of the likelihood ratio test for the i.i.d. case (e.g. Serfling, 1980, section 4.4), we have that

 minus two times the logarithm of the likelihood ratio test statistic is asymptotically chi-squared

 distributed, also in our more general setting.

 7. Regression models

 In the preceding sections attention has been focused on statistical models applicable when

 analysing data from homogeneous groups of individuals. The methods of inference discussed

 in the sections 4-6 were based on processes Nh(t) and Yh(t) obtained by aggregating individual

 processes corresponding to the type h event (cf. subsection 3.1). In this section we shall study
 regression models for the individual intensity processes (3.10). In order to include individual

 covariates or covariate processes in the models, some assumptions have to be made about the

 way in which these enter the individual intensity processes. We shall mainly concentrate on

 extensions of the Cox regression model, that is, models where the factor ah{t, Zi(t)} in (3.10)
 factorizes as

 ah { t, Zi(t) } = aOh (t)g {f'Zhi(t) } (7.1)

 It is convenient to let the vector of regression parameters #= (l, ... .., p)' be the same for all
 types h. This can always be obtained, if necessary by introducing extra type-specific

 covariates. Therefore, we have introduced type-specific covariate vectors

 Zhi(t)= {Zhil(t), . .. , Zhip (t)}' on the right-hand side of (7.1).
 In the now classical regression model for survival data of Cox (1972a) (see also Kalbfleisch

 & Prentice, 1980), estimation of f, was based on a so-called partial likelihood function (Cox,
 1975). Various special cases of (7.1) have also been discussed from the point of view of partial
 likelihood (Cox, 1972b; Prentice, 1980; Gail et al., 1980; Prentice et al., 1981; Kay, 1982). In
 all these cases the relative risk function g(-) was chosen to be the exponential function. In this
 presentation we shall also discuss this case in greatest detail, and only briefly mention models

 with a general form of the relative risk function g( ).

 In subsection 7.1 we discuss the counting process formulation of the Cox regression model,

 and study the statistical properties of the estimators (Andersen & Gill, 1982). A brief

 discussion of the modifications needed to allow a general relative risk function g(Q) is also
 included (Prentice & Self, 1983). Parametric regression models (Borgan, 1984) are treated in

 subsection 7.2, while in subsection 7.3 an alternative, linear regression model for the intensity
 process (Aalen, 1980) is introduced. As an example of the application of a Cox regression

 model to life history data, some results from an analysis of the diabetes survival data are given.

 7.1. The Cox regression model

 We consider an nk-dimensional counting process {Nhi(t), h=1, . . ., k; i=1,... , n}, te[0, 1]
 where Nhi(t) counts the number of type h events in [0, t] for individual i (see subsection 3.1).

 We assume that Nhi has intensity process of the form
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 (cf. (2.2), (3.10) and (7.1)). Here aOh, h=1,. . . ,k, are unspecified type-specific underlying
 intensities whose integrals

 Aoh(t)= f aOh(s) ds

 are assumed to satisfy AOh(l)< 00, h=1, . . . , k. Furthermoreo0= (,801,. . . ,f30p)' is a vector of
 unknown regression coefficients and Zhi(t)= {Zhil(t), . . ., Zhip(t)}' a vector of predictable and
 locally bounded (type-specific) covariate processes. Some further boundedness conditions on

 the covariate processes are also needed (see Andersen & Gill, 1982, pp. 1105, 1110, item C).

 Finally, Yhi(t) is a predictable indicator process taking the value 1 if the ith individual is at risk

 at time t- for experiencing a type h event; otherwise Yhi(t)=O.

 The basic assumption in the extended Cox model (7.2) is that each covariate Zhij(t) has a
 multiplicative effect on the intensity; in particular for time-independent covariates we have a

 model with proportional intensities. The asymptotic properties of the Cox model for survival

 data have been studied by Tsiatis (1981) and Nes (1982), while the properties of the model

 (7.2) were studied by Andersen & Gill (1982) in the case k=1, i.e. of individual univariate

 counting processes. In the following we shall formulate the corresponding results valid also

 when k>1. The proofs of Andersen & Gill (1982) go through almost unchanged for our

 more general model. The estimator fi for ho is defined as the solution to the equations

 (a/af31)C(fl, 1)=0, j=1,... ,p, where

 Q@, t)= E | Zh(s) dNh1(s)- flog [ Yhi(s) exp {'Zhl(s)}] dNh(s)Jj (7.3)
 h=1 -i=1 i=l

 and Nh=Nhl+ . .. + Nhn. The process (7.3) can be regarded as the logarithm of a generalized
 Cox's partial likelihood function (Cox, 1972a, 1975; Johansen, 1983). We shall not, however,

 use the interpretation of JI as a maximum partial likelihood estimator in the following; only the

 fact that it is a solution to (a1/df)CJi, 1)=0. Hence we shall neither go into a discussion of the
 extended model of Johansen (1983), in which 6 (and the estimate Aoh(t) for Aoh(t) given
 below-see (7.7)) is the maximum likelihood estimator, nor of that of Jacobsen (1984) in

 which a maximum likelihood estimator differing from fi is obtained.
 The key step in the derivation of the statistical properties of 6 is to notice the fact that,

 evaluated at the true value 6o of the parameter vector, the derivatives U(fl, t) = (ad/a)C(fl, t) of
 (7.3) are local square integrable martingales. To see this we introduce the predictable processes

 lin
 n 111 Sh )@t, t)= jzYhj(t) exp{PZhi(t)1,

 n j=j

 l n

 shXp, t)= - Yhi(t) Zhij(t) expWeZhi(t)Z, (7.4)
 n j=1

 l2 n
 Shjlvi t)= Eyhi(t) Zhij(t)Zhi1(t) expffZhi(t)), h=l,.. . ., k; j, 1=1, . . ., p;

 n j=1

 and we define

 S(1)(, t)

This content downloaded from 
������������129.240.223.221 on Wed, 14 Oct 2020 13:35:24 UTC������������ 

All use subject to https://about.jstor.org/terms



 Scand J Statist 12 Counting process models for life history data 127

 Then the jth component of U(fJ, t) is given as

 k ( t n l

 ui (l, t) = Y {j Zhjj(s) dNhi(s)-t Ehj(f, s) dNh(s)}
 h=1 ? i=1

 and using (3.14) and (7.2) we see that

 k n t

 L{Aflo, t)= zJ {Zh1j(s)-Ehj(Po,s)} dMhj(s), j=. . . ,p (7.5)
 h= 1 i= 1?

 are linear combinations of stochastic integrals. Thus the martingale central limit theorem

 (theorem 3.2) can be applied to prove that the process n-112U(f0, *) asymptotically, as no, is
 distributed as a mean 0 Gaussian martingale.

 By a Taylor expansion technique this result can be transformed into a theorem concerning

 the asymptotic distribution of p, much in the same way as for standard maximum likelihood

 estimation. (However, in the present case one may take advantage of the fact that (7.3) is

 concave.) Sufficient conditions for the consistency and asymptotic normality of fi were given
 by Andersen & Gill (1982) in the case k=1. For k>1 the conditions include an assumption of

 the sums (7.4) converging uniformly for tE [0, 1] and pl in some neighbourhood of Io to
 functions sA(fl, t), s(l)fl, t) and s(fl8, t), respectively, in probability. Furthermore, some
 regularity assumptions on the limiting s-functions are needed (Andersen & Gill, 1982, p. 1105,

 item D). Under such conditions n2 (Jo) is asymptotically multinormally distributed
 Np(O, 7-1), where E={ojl} is positive definite, and ajU can be estimated consistently by
 -IjlCG)/n. Here Ijl,fl) is the second-order partial derivative of Cfl, 1) w.r.t. f3j and f3l, i.e.

 I (f) =_ E (l, -Ehj(fl,s)Ehl(fl,s)?dNh(S). (7.6)

 Under the same set of conditions the estimates for Aoh(t):

 rt A(t= {nS(?) ^ s)j-1dNh(s), h=l, ................. , k, (7.7)
 (with S(?) defined in (7.4)) will be distributed asymptotically as Gaussian processes. The proof
 for this is as in Andersen & Gill (1982, theorem 3.4), the main step being to notice that

 It

 j [{nS(0)(flo, s)}- dNh(s)-I{Yh(s)>O}aoh(s) ds]

 with Yh= YhI+ ... + Yhn, h= 1,... , k, are local square integrable martingales which are
 orthogonal to (7.5). One should notice that for a homogeneous group of individuals, i.e. when

 all Zhi=O the estimator (7.7) reduces to the Nelson-Aalen estimator (4.2).
 The results mentioned so far make it possible to draw asymptotic inference on the regression

 parameters fi in the presence of the "nuisance" functions a01, ... , aOk. This property of the
 model was in fact Cox's original motivation for introducing the semi-parametric specification

 (7.2). In some cases, however, the underlying intensities are also of interest, and we have seen

 how their integrals Aoh(t) can be estimated. The underlying intensities themselves can be

 estimated by smoothing AOh(t) by means of a kernel function similarly to the approach in
 subsection 4.2:

 o(t)-1 K (t-s)d ^ (s) [ ] (7.8)

This content downloaded from 
������������129.240.223.221 on Wed, 14 Oct 2020 13:35:24 UTC������������ 

All use subject to https://about.jstor.org/terms



 128 P. K. Andersen and 0. Borgan Scand J Statist 12

 Combining the asymptotic results of Ramlau-Hansen (1983a) with those concerning Aoh(t)

 mentioned above, it can be seen that the asymptotic distribution of (7.8) when n->oo and the

 window bn-*O in such a way that nbn-* ?, is normal with mean aOh(t) and variance a 2(t)/(nbn),
 where u2(t) is given by

 a2(t) = ht , K2 (s) ds.
 h(0) (RA It)

 The variance of (7.8) can be estimated by

 b4f K b {nSMh)J, s)} 2dNh(S).

 As noted above, the estimator Aoh(t) reduces to the ordinary Nelson-Aalen estimator when

 all Zhi=O. Another link between the Cox regression model and the models described in the
 preceding sections is the fact that certain score test statistics based on the extended Cox model

 (7.2) coincide with stratified versions of the non-parametric tests discussed in section 5 (cf.

 Lustbader, 1980; Oakes, 1981; Andersen & Gill, 1982, p. 1110; Andersen etal., 1982, p. 236).

 Example. Survival among diabetics. In the example in section 5 the influence of sex on the

 mortality among insulin-dependent diabetics was examined using a non-parametric approach.

 We saw how it was possible to give an "after the fact estimate" of the hazard ratio 0 by first

 estimating the integrated intensities AI(t) and A2(t), without assuming proportionality, and
 afterwards estimating 0 from A1(t) and A2(t) (see (5.22)). Using the Cox model as described

 above, the hazard ratio 6=exp (J3) and the underlying hazard function ao(t) can be estimated
 simultaneously. So, assume now that each individual counting process Ni(t) corresponding to a
 female diabetic i has intensity process ao(t) Yi(t), with Yi(t) being defined in the usual fashion as

 the indicator for individual i being at risk at t-. For a male diabetic Ni(t) has intensity process

 ao(t) exp(fi)Yi(t). Thus if we define the covariate Zil by

 Zi 1 if i is a man, zil= woan
 0 if i is a woman,

 then any individual counting process has an intensity process which can be written as

 ii() =aO(t) exp(,jZjj) Vi(t)

 (cf. (7.2)). In this example the estimated sex effect isP,31=0.33 with an estimated standard error
 0.21. These results are in close agreement with those of the example in subsection 5.2 in that

 exp(fh)=1.39 with an approximate 95% confidence interval [0.93, 2.08]. One should notice
 that the confidence interval based on the Cox regression model is more narrow than the one

 based on the estimate OKL. This is a consequence of the general result that any estimator OK of

 the form (5.22) has larger asymptotic variance than exp(3) (Andersen, 1983a).
 Fig. 7 shows the estimated integrated underlying intensity Ao(t), in this case estimating the

 mortality among female diabetics, and also the smoothed estimate &O(t) using the same
 smoothing procedure as in the example in subsection 4.2. Comparing this figure with the Figs 5

 and 6, a fairly close agreement is seen, indicating that the hypothesis of proportional hazards

 seems reasonable.

 Another covariate of interest is the age at onset of the disease. Thus we introduce the

 covariate Zi2=age (in years) at onset for individual no. i, and consider the model

This content downloaded from 
������������129.240.223.221 on Wed, 14 Oct 2020 13:35:24 UTC������������ 

All use subject to https://about.jstor.org/terms



 Scand J Statist 12 Counting process models for life history data 129

 2.0

 N

 t1.5

 z

 F-

 cr
 w1.0

 cr0 .

 z

 0

 0 10 20 30 40 50 60 70

 AGE IN YEARS

 0.15

 N 0.101 -

 (D
 w

 C) 0.05_ _

 z

 0.00I
 0 10 20 30 40 50 60 70

 AGE IN YEARS
 Fig. 7. Estimated integrated underlying death intensity (upper figure) and estimated underlying death
 intensitxy (lower figure) for diabetidcs in ca Cox regression mtodel with sex includr ed as covriate.

 0.1

This content downloaded from 
������������129.240.223.221 on Wed, 14 Oct 2020 13:35:24 UTC������������ 

All use subject to https://about.jstor.org/terms
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 Notice that the interpretation of P,I is now different. In the first model exp(fi1) was the ratio
 between the hazard functions for any male and any female diabetic, whereas now exp(31) is the
 ratio between the hazard functions for a male and a female with the same age at onset. The

 estimates in the new model become #I3=0.36 (0.21) and 12= -0.015 (0.014) with the estimated

 standard errors given in brackets. The estimated correlation between #I and /32 iS -0.13. Due
 to this negative correlation, indicating that in this data set female diabetics tend to have a

 slightly earlier disease onset than male, the estimated sex effect increased slightly from 0.33 to

 0.36. The negative value f#2=-0.015 indicates a worse prognosis for diabetics with early
 disease onset. o

 In this subsection we have so far only considered versions of the Cox regression model with

 an exponential form of the relative risk function g( ) (see (7.1)). Prentice & Self (1983) studied

 Cox-type models with a general g( ) (when k=1), and proved consistency and asymptotic

 normality of the estimator fi which maximizes (7.3) with t= 1 and f'Zhi(s) replaced by
 lOgg{F'Zhi(s)}. The conditions under which these asymptotic results may be proved include
 those of Andersen & Gill (1982) sketched above, but in addition some extra conditions are
 needed to ensure the positivity of g{GZh(s)} and positive definiteness of the estimator for E in
 a neighbourhood of 68o (see Prentice & Self (1983) for details).

 7.2. Parametric regression models

 In the models discussed in the previous subsection the factor aoh(t) in (7.1) was left completely

 arbitrary in that no specific form of aOh(t) was assumed. In this subsection we consider an
 nk-variate counting process as in subsection 7.1, but instead of (7.2) we assume that Nhi has
 intensity process of the form

 Ahi(t)=aOh(t; 0O) expf{fiZhi(t)} Yhi(t), (7.9)

 with 0o belonging to an open subset of A q. References to papers where parametric models of
 the form (7.9) have been studied in the special case of survival data are given by Kalbfleisch &

 Prentice (1980, section 3). Borgan (1984, section 6) studied maximum likelihood estimation

 for the model (7.9) for the special case of k= 1, i.e. of individual univariate counting processes.

 We shall briefly present these results extended to our more general setting.

 The log-likelihood function is analogous to (6.3), i.e.

 k n I

 log L(O, fl)= I [J {log aoh(s; 0)+fi'Zhi(s)} dNhi(S)
 h=1l i=1l

 - aoh(s, 0) exp{P 'Zhi(s)} Yhi(s) ds],

 and the maximum likelihood estimators 0 and are defined as solutions to the set of equations

 y [ Oa)a0, 0) dNh1(s)- -aaoh(s, 0) exp iff Zhi(S)}Yhj(s) ds =0,
 h=1 i=1 aoh (s, 6) oj

 j=a, (7)q,

 and (7. 10)
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 The proof for the asymptotic properties of the estimators 0 and p now proceeds exactly as in

 Borgan (1984) by first of all noticing that the left-hand sides of the likelihood equations (7.10)

 evaluated at the true parameter values 0o and ho are linear combinations of stochastic integrals

 of the predictable processes {(a3/Oj) aOh(s, 0o)}/aoh(s, oo) and Zhil(S), respectively, w.r.t. the
 local square integrable martingales

 Mhi(t) = Nhi(t) - JAhi(s) ds.

 Hence a central limit theorem for these martingales can be proved using theorem 3.2. Subject

 to some regularity conditions this result can be used to prove that the maximum likelihood

 estimators are asymptotically multinormally distributed with the proper expectation and with

 a covariance matrix that may be estimated in the usual manner. The regularity conditions

 needed are slight extensions of those of Borgan (1984, p. 14), in particular asymptotic stability
 conditions on the sums (7.4) (as well as a similar "third order" condition) have to be fulfilled.

 The results of Borgan (1984, section 6) may also be used to derive that minus two times the

 logarithm of the likelihood ratio test statistic is asymptotically chi-squared distributed in the

 usual manner (cf. our section 6).

 As it was the case for the Cox regression model (subsection 7.1) other forms of the relative

 risk function than the exponential one can be considered, but the regularity conditions get

 more complicated.

 7.3. A linear regression model for the intensity process

 An alternative regression model for a multivariate counting process N(t)= {N1(t), . . . ,Nk(t)}'
 was introduced by Aalen (1980). He suggested a matrix version of the multiplicative intensity

 model, assuming that the intensity process satisfies

 IA(t) =Y(t) aI(t) (7.11)

 a=(a1, . . . ,ap)', p<k, being a vector of unknown functions and Y(t)={Yhj(t)}, h=1,. . ..k
 j=1,. . . ,p, a matrix of predictable processes. Thus the model is given by

 Ah(t)=Yhl(t) al(t)+ * * +Yhp(t) ap(t), h=l,. . . ,k.

 As an example h could refer to the single individuals, Yhl(t) could be the "usual" indicator of

 individual no. h being at risk at time t-, and for j=2,... p, Yhj could be defined as

 Yhj(t)=Zhj(t) Yhl(t),

 for some predictable covariate processes Zhj(t).
 Estimators for

 rt

 A1(t)= f aj(s) ds, j=1,. ..p

 can be defined by

 Jt

 A(t)= J(s) Y-(s) dN(s), (7.12)

 where Y-(t) is a generalized inverse of Y(t) (i.e. Y- satisfies Y-(t)Y(t)=the pxp identity
 matrix) and J is defined by

 J(t)= lim I{rank Y(t-At)=p}
 Ag 4
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 (thus J is predictable). It follows now that with

 rt

 A*(t)= J J(s) a(s) ds,

 A -A* is an p-variate local square integrable martingale with predictable covariation process

 (a p xp matrix)

 rt

 (Ai-A *)(t)= J(s) Y-(s) Q(s) Y-(s)' ds,

 where Q is the matrix diag(Ai,... A.k). From this result some exact and asymptotic properties
 may be derived.

 Except for the computation of Y- the estimators (7.12) are simple and the model (7.11) is a

 truly non-parametric alternative to the semi-parametric and parametric regression models

 discussed in the two previous subsections. Aalen (1980, section 5) presents one application of

 this regression model.

 8. Limitations of the counting process approach

 As seen in the preceding sections, the "counting process approach" to life history analysis is

 very useful in the study of a number of statistical estimation and testing procedures. However,

 in its simple form, as presented in this paper, it does not solve every problem, and in this final

 section we comment upon some points which illustrate the limitations. Some areas where
 further research is needed are also mentioned.

 Only for the very simplest situations in life history analysis, like type II censored exponential

 life times (Epstein & Sobel, 1953), is it possible to derive useful expressions for the exact

 distribution of the estimators and test statistics. Thus most statistical procedures for analysing
 life history data have to rely on large sample results, and it is important to know "how large" a

 sample must be to make this appropriate. We have reviewed how the martingale central limit

 theorem may be used to study the asymptotic properties of many estimators and test statistics.

 However, little is known about the rate of convergence for the martingale central limit

 theorem, so the counting process approach cannot help us solve this problem.

 For the special case of a competing risks model, Csorg6 & Horvath (1982) have studied
 uniform rates of convergence for the Nelson-Aalen estimators and certain transforms of

 these. Their results are quite disappointing in general, in that they indicate that quite large

 sample sizes may be needed for the asymptotics to hold. However, we believe that their results

 are too general to give guidance about the sample sizes needed in concrete applications. Our
 guess is that simulation studies for "typical" situations encountered in practice will show that

 the large sample results are satisfactory for much smaller sample sizes than those indicated by
 the results of Csorg6 & Horvath (1982).

 Some simulation studies have in fact been performed to study the small sample properties of
 some of the statistical methods discussed in this paper in the special case of censored survival
 data. We mention the studies of the performance of parametric and non-parametric

 two-sample tests of Gehan & Thomas (1969), Lee et al. (1975) and Latta (1981), the studies of

 parametric regression models and the Cox regression model of Peace & Flora (1978) and Lee
 et al. (1983), and Schou & Veth's (1980) study of failure time data from an exponential
 distribution under various types of censorship. However, much work remains to be done
 before a satisfactory knowledge of the small sample properties of the various estimators and
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 test statistics has been established. Especially we will mention the possibility of using

 transformations to improve the approximations to the asymptotic distributions. Kalbfleisch &

 Prentice (1980, pp. 14-15) mention this possibility in connection with the Kaplan-Meier

 estimator for the survival function, and Schou & Veth (1980) show that the cubic-root of the

 occurrence/exposure rate may be considered to be approximately normally distributed for
 much smaller sample sizes than are needed for the occurrence/exposure rate itself.

 In subsection 3.1 we indicated how the results of this paper are valid under quite arbitrary

 censoring mechanisms, as long as censoring only depends on the "past" and outside random

 variation. Speaking in technical terms the censoring processes CiQ) of subsection 3.1 have to
 be predictable. There are some important situations in which this is not the case.

 In testing with replacement, items are life tested one at a time. At each failure, the failed item

 is replaced by a new one. If observation stops after a fixed period of time, then the last item is

 censored. Moreover, its censoring time is determined by the possibily longer life times of the

 preceding items, i.e. the censoring does not depend solely on the "past". This means that the

 results presented above cannot be applied. It is, however, shown, e.g. by Gill (1981), how

 more classical arguments for i.i.d. random variables can be used to study this situation.

 For semi-Markov models, or Markov renewal processes, the intensity for a transition

 between two states depends on the time elapsed since the entry into the current state. Thus
 "time" starts anew at zero after each transition into a new state. For censored observations of

 such a process, we get the same type of problem as discussed above, and in general the
 counting process approach in its simple form cannot be used (Gill, 1980b). However, Voelkel
 & Crowley (1984) show how one via a random time change may apply the counting process
 methods of this paper for some hierarchical semi-Markov processes.

 For sequential analysis with staggered entry one has to consider two time scales

 simultaneously, a fact which makes the theoretical problems much more complicated. Sellke

 & Siegmund (1983) discuss this situation for Cox's (1972a) proportional hazards model with one
 regression parameter. Here the derivative of the log-partial-likelihood function, evaluated at
 the true parameter value, will no longer be a martingale as was the case in our subsection 7.1.

 However, Sellke & Siegmund (1983) show that it may be approximated by a martingale, so
 that the martingale central limit theorem may still be used. Another paper on sequential

 analysis with staggered entry is by Slud (1984), who discusses non-parametric two-sample tests
 for this situation.

 Thus there are important situations with censored data that are not covered by the results

 reviewed in this paper. Another important limitation is that most statistical methods presented
 in sections 4-7 above make strict demands in terms of data accuracy; in particular, dated

 events on the individual level are usually needed. (An important exception, where only
 aggregate level data are needed, is parametric regression models with piecewise constant

 underlying intensities and solely qualitative time-independent covariates (cf. Borgan, 1984,

 section 5.2, for a particular simple example of such a situation).) Real life data are often less
 comprehensive. For instance, it happens that information is only available on the exact time
 for some of the events of interest, or data may be missing for a systematic part of the study

 population. Development of statistical methods for situations with incomplete data is

 therefore of considerable interest. There seems, however, to be no general solution to the

 problem of estimating the intensities of partially observed Markov chains or more general
 stochastic process models. Also we believe that it will be more the exception than the rule that
 the counting process approach will help in solving such problems. A few examples will
 illustrate these points.

 When the number of study subjects is large, the computations needed to evaluate the
 maximum partial-likelihood estimator fA of subsection 7.1 may be very time-consuming,
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 especially if some covariates are time-dependent. Considerable reduction in computing time

 may therefore be achieved by comparing each failure with a random sample of the

 corresponding risk set (Thomas, 1977; see also Oakes, 1981, section 3.4; Breslow et al., 1983,

 section 6). The same idea may be applied to implement the Cox regression model for

 case-control studies (Prentice & Breslow, 1978). To our knowledge the distributional

 properties of the resulting estimators for the regression parameters have not been studied

 (see, however, Oakes, 1981; Breslow et al., 1983). Also it seems as if the counting process

 approach does not work for this situation, the reason being that a simple relation like (3.14)

 (combined with (7.2)) will no longer hold for the modified version of (7.3) valid when we

 sample from the risk set. Probably more classical results for i.i.d. random variables may still be

 used, however; see Borgan & Gill (1982) who use a Skorohod construction as in Breslow &

 Crowley (1974) to study Nelson-Aalen-type estimators and non-parametric tests for

 case-control studies in a Markov chain setting.

 Similar problems arise in the study of demographic incidence rates by Borgan &

 Ramlau-Hansen (1985). They consider a special case of partially observed Markov chains, in

 which transitions within a subset of states are observed in detail, while counts of transitions out

 of this subset are only observed aggregated over the states. Such situations arise in

 demography, where one, for instance in a study of marriage formation and dissolution in a

 female birth cohort, may have detailed information about the marriages but no information

 about the distribution of the women over the various marital statuses. Borgan &

 Ramlau-Hansen (1985) study estimators of the Nelson-Aalen- and occurrence/exposure-

 type for this situation. Since relations like (3.14) (combined with (3.9)) do not apply for the

 estimators they consider, the martingale central limit theorem cannot be used, however, and

 they have to study the distributional properties of the estimators by more classical methods.

 As a final example of a situation where incomplete data occur, and where the methods

 discussed in this paper do not work, let us mention experiments with laboratory animals. For

 such experiments one is seldom able to observe the exact time for the onset of a disease, and

 alternative incomplete observational plans have to be used. Such observational plans may

 include the killing of certain animals at pre-specified times (serial sacrifice) or periodic

 diagnosis of live animals (see Borgan et al. (1984) who also provide further references to the

 literature). It is hard to see how the counting process approach can be of much use in studying

 statistical procedures for analysing data from such experiments.

 One problem in which incomplete data occur and where martingale methods have proved

 useful is the epidemics model studied by Becker (1977, 1981) and Becker & Hopper (1983).

 They consider a closed population of "susceptibles" to which an "infected" individual arrives

 and study the intensity at which the infectious disease is spread. In this situation it is

 unreasonable to assume that one is able to observe both the number of susceptibles and the

 number of infected at any time t. However, under the assumption of a constant infection

 intensity a, these authors derive an estimator a that can be expressed in terms of observable

 quantities, and they study the properties of at using martingale methods.
 In conclusion, detailed life history data may be given a thorough analysis using the methods

 based on counting processes discussed in this paper. However, if less precise information is

 available, then alternative techniques are necessary. Some such techniques can also be based

 on counting process ideas, but not in the simple form as presented in this paper.
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 Appendix. Derivation of the statistical properties of the Nelson-Aalen estimator

 As mentioned in subsection 4.1, the statistical properties of the Nelson-Aalen estimators
 (4.2) are most conveniently derived by introducing the quantities A* (t) (see (4.4)). It should

 be realized, however, that provided that Yh increases uniformly over [0, 1] (in probability), the,
 difference between Ah and A* will eventually vanish, and A* may be replaced by Ah
 everywhere in the asymptotic results below.

 The key formula for deriving the properties of Ah(t) is (4.5) which we repeat here:

 I t~~~C Jh(S)
 Ah(t)-Ah(t)= I dMh(s); h=1,.. . ,k. (A.1)

 h(t)- h NYh S)

 It follows that the Ah-Ah are mean-zero local square integrable martingales, and the

 orthogonality of the Mhs and (3.18) give that (A.1) have predictable covariation processes

 I t ~~~~~Jh(5)
 (Ah -A, Aj-A )(t)=h (s)ds, (A.2) h h, ~ (t =,fo Yh(s) h A2

 where bhj is a Kronecker delta, and we write (M, M) for (M). Thus, the local martingales (A. 1)

 are also orthogonal. From these facts follow the "unbiasedness" property for all te[O, 1]

 (assuming that the expectations exist-cf. the remark just above theorem 3.1)

 EA ()EAh() h=1, .. ., k,

 and furthermore that the processes Ah-Ah, h= 1, 2, . . . , k, have uncorrelated increments and

 that Ah(t)-A (t) is uncorrelated with A'(s)-A (s) for any s, t and h# j.
 The mean squared error function of (4.2) is given by

 ,rh(t) = EAh(t) -Ah *} (A.3)

 =E(Ah-Ah*)(t)

 where the latter equality follows from the definition of (M) as the compensator for M2. As an

 estimator for lh(t), we use 'h(t) given by (4.6). The difference between (4.6) and (A.3) equals
 the stochastic integral

 rt

 f Jh(S){Yh(S)2} dMh(S),

 so that (4.6) is unbiased.

 To study the large sample properties of the Nelson-Aalen estimators, we consider a

 sequence of counting processes indexed by n= 1, 2,..., each satisfying the multiplicative

 intensity model with the ahs being the same for all n. By a direct application of Lenglart's

 inequality (theorem 3.1) we get, using (A.2), that

 sup (n)(t)*(n)(t) (A.4)
 tE[O, 11

 as n-*oo, if only

 1 S (ah(s)dsP 0 (A.5)

 as n-* o. We note that (A.5) essentially requires that Yh )(t) becomes large for all te[0, 1].
 Let us then study the asymptotic distribution of the Nelson-Aalen estimators. We will do

 this by applying the martingale central limit theorem (theorem 3.2). By (A.2), what essentially
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 is needed for the applications considered in this paper is that YShn)(t)/n converges to some
 deterministic function as n-* oo. For other applications (e.g. Aalen, 1978, section 8) we need to

 normalize the Yhs by other constants than {n}. By theorem 3.2 (with p=kn=k), we may
 therefore state the following general result.

 Theorem.

 Assume that there exist a sequence of positive constants {an}, increasing to infinity as n-+ oo, and
 non-negative square integrable functions gh, h=J, 2, ... , k, defined on [0, 11, such that

 (A) For each tE[O, 1] and h=1, 2,..., k

 2ft Jhfl)(2
 a'n J (n)) ah(s) ds-I J h(s) ds as n--ooh

 (B) For all h and E>O

 an (n) (S) ah(S) an (n)() >4 ds-O-*0 as n-oo.

 Then

 - (n) - (n)

 A( n) A * !n) Xk
 where XI, X2, ... , Xk are independent Gaussian martingales with Xh(O) =0 and

 COV {Xh(s), Xh(t)}= j gh(u) du.

 The (kxk) matrix of predictable processes Hjh in theorem 3.2 is in this case diagonal with
 Hhh=anJhYWI- In all applications in this paper we will have an=n 12.

 In practice the verification of the conditions (A) and (B) is not always so direct, and it is
 useful to have alternative and more easily verifiable sets of conditions. A simple set of
 conditions, sufficient for (A) and (B) to hold true, and which is often fulfilled in practice, is

 (A') For h=1, 2, . . ., k

 sup la n Jh)(t){Y^)(t)}-Iah(t)-g2h(t) P? as n-*c.
 LeIO, 11

 (B') For h=1,2,...,k

 sup Iahn)(t) {Yh( (t)} 40 asn-xoo.
 fE[0, 1]

 Alternative sets of sufficient conditions are discussed by Gill (1980a, 1983b), Andersen et al.
 (1982) and Helland (1983). To apply the weak convergence result in practice, one must be able
 to estimate the covariance function of the limiting Gaussian martingale. By Rebolledo (1980)
 we have that, if conditions (A) and (B) hold true, then for all h and tE[O, 1]

 Pt

 a2f(hn )(t)4 gh2(u) du, (A.6)

 where fh()(t) is defined as in (4.6).
 An application of Lenglart's inequality (theorem 3.1) shows that we have uniform

 convergence for tE[0, 1] in probability in (A.6) provided that

 n)( dsPO as no,
 _ _ _ _ _ P~~n n n
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 and that we have uniform convergence for te[O, 1] in probability in condition (A). It is

 straightforward to see that conditions (A') and (B') are sufficient for this to hold true.
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 DISCUSSION OF ANDERSEN AND BORGAN'S LECTURE

 Nils Lid Hjort (Norwegian Computing Centre)

 Per Kragh Andersen and 0rnulf Borgan are to be congratulated on a thorough and readable

 review of an important area of statistics. Their paper constitutes the best introduction so far for

 newcomers to the field, but at the same time goes deep enough to satisfy the experts; it should

 thus become a good supplement to Kalbfleisch & Prentice's (1980) textbook.

 A sound and perhaps too rare a feature of this particular field of statistics is the fact that

 theory and practice have developed almost symbiotically. Concepts have been introduced and

 theorems have been proved as they were needed to solve real problems. A good example is

 one of the origins of the present theory, namely Aalen's (1972) study of inter-uterine

 contraceptive devices. On this occasion, however, I will concentrate on theoretical topics.

 Since a review of the present research activity is intended, I will use the opportunity to mention

 some recent efforts of my own.

 1. Simultaneous confidence bands proportional to the pointwise ones

 Consider the Nelson-Aalen estimator A for the cumulative intensity A associated with a single

 counting process. (Throughout this discussion I will omit the subscript h when only a single

 counting process is considered.) Under the regularity requirements of the appendix, the

 process Zn=n"2(A-A) converges weakly to W{G(.)}, where W is a standard Brownian
 motion and G(t)= fg(s)2 ds. (I will stick to the normalization an=n 12 in this discussion (cf. the
 appendix).) Both of the simultaneous confidence bands (4.7), (4.8) employ this result. One

 may also consider the transformation to Zn(t)/Gn(t)112 t>0, where Gn(t)=nT(t) is as in (4.6),
 (A.6) (with a,=n112). Then Zn/Gn'2 converges weakly to the process W{G(t)}/G(t)112 in each
 D[a, b], O<a<b, a process having the same distribution as that of U{log G(t)1"2}, where U is
 the Ornstein-Uhlenbeck process with covariance exp (- s-t ). It follows that

 {A (t) - d.I^(t) 1/2, A(t)d,T()/} a-,t.,b
 constitutes an asymptotic 1-E level confidence band for A on the interval [a, b],
 where de is chosen as the upper E-quantile for M[log {i(b)"2/4(a)12}J, and where

 M(t)=sup(ocs,t) I U(s) I. Such quantiles may be found in Gringorten (1968) or by the method in
 Dirkse (1975).

 2. Estimating a by orthogonal series expansions

 It is crucial to get hold of a good value of the window size b in Ramlau-Hansen's kernel

 estimator (4.9). The variability of a(t)=&(t, b) induced by varying b will typically be greater
 than the asymptotic variance. Ramlau-Hansen (1981) minimizes an estimator of a risk

 function w.r.t. b, much as in Rudemo (1982), who deals with density estimation. The problem

 might also be attacked borrowing another technique from the theory of density estimation,
 namely the leave-one-out method of Habbema et al. (1974): maximize the cross-validated

 likelihood Hl 0) 1) L(i) w.r.t. b, L(i) being the likelihood omitting individual no. i. By (6.1), this
 amounts to maximizing

 n b r

 E J {lg &(i)(s, b) ^N()(s) Y(j)(s) (j) (s, b) ds}

 w.r.t. b, where &(i),, N,.,- Y,:, all skinned no. i in their evaluaqtionn
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 I now leave the leave-one-out method out, and outline instead how still another technique

 from density estimation may be drawn upon, giving a new estimator for a that should enjoy

 roughly the same asymptotic properties as the kernel type estimator a, and that perhaps is

 easier to implement.

 Let ISE=fo {&(s)-a(s)}2 ds be our goodness criterion, and let {fi; iBO} be an orthonormal

 sequence, i.e. fOfi(s)f,(s) ds=b6,. Important examples are constituted by {1, 2cos(s),
 +2cos (2:rs), ... } and the normalized Legendre polynomials (Abramowitz & Stegun, 1964,

 chapter 22). The finite-sum approximation am(s)=Y$k-o)a(k)fk(s) to a(s) is best when
 a(k)=f1fk(s) a(s) ds. This suggests

 m

 am (s) E a (k) fk (s)(1)
 k=O

 as an estimator of a(s), where

 a(k)= j fk(s) dA(s)= j fk(s)/Y(s)} dN(s) (2)

 estimates a(k).

 The problem left is to decide when to stop, i.e. which m should be used, a problem which is

 similar to the problem of choosing b in (4.9). Now am has risk
 I

 MISE (a, am)=E I{am(s)-a(s)}2 ds

 00 m

 = I a(k)2 +JE{a(k)-a(k)}2 (3)
 k=m+l k=O

 under a completeness assumption (the intensity at hand really admits an expansion

 a(s)=Y.k-O) a(k)fk(s), SE[O, 1]). Hence MISE (a, dm)=MISE (a, 6m_i)+D(m), where
 D(m)=E{f (m)-a(m) 12 -a(M)2 may be estimated by

 D(m)=2 fm(S)l y(S))2 dN(s)-_at(M)2, (4)

 reasoning as in (4.5), (4.6).

 A reasonable criterion is now the following, similar to one employed by Kronmal & Tarter

 (1968) in the density estimation context: if mo+ 1 is the first m having D(m)>O, then use amo(s)-
 Another procedure is: test each of the hypotheses a(k)=O, k=1,... , [n]112 (say), and include
 only the "significant" ones, for example those having

 I c1 11/2

 ta(k)l/[ J fk(s)/Y(S)}2 dN(s)] >1. 96.

 Generalizations are possible: one may write a(s)=aO(s) f(s) for an initial guess ao(s), and
 estimate ,B(s) by the methods above; and the unspecified intensity part in Cox's regression
 model may also be estimated by orthogonal expansions.

 3. Local asymptotic power of k-sample tests

 The general k-sample test given in (5.15), (5.18), (5.19) includes the weight function La(s), the
 choice of which is left to the statistician. The following considerations may be of some help.

 Consider a sequence of contiguous alternatives to the null hypothesis (5.13), say

 ah(s)=a(s)+n6 h(s), h-1 ,.. . ,k. (5)
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 Under mild regularity, involving mainly Yh(s)/n-P-*yh(s), nl/2anLn(s)->)(s) as n-00oo, where an

 is the normalizing factor (depending on the choice of LO) used by Andersen et al. (1982,
 theorem 3.1), and Yh and A are deterministic functions, it is shown in Hjort (1984a) that the

 limit distribution of (5.19) along the sequence (5) is X2-_(P). Here the non-centrality
 parameter is given by

 0=g(1)' - g(1), (6)

 where

 gh(9)= J A(S) Yh(S) {6h(S)-6(s)} ds,

 8(S)= Y2h {Yh(S)/Y. (S)} bh(S),

 and X is as in (3.10) in Andersen et al. (1982).

 Assuming only Yh(S)/Y- (s)-Ph, which amounts to what Andersen et al. (1982) in the
 survival analysis framework call asymptotic equal censoring, (6) simplifies to

 k Ph [ A(s) {6h(S) -(S)ly (s) ds] A(s)2y. (s) a(s) ds
 h=1 IJ

 It follows that a choice of Ls(s) giving optimal local asymptotic power against the alternatives

 ah(s)=a(s){1+n-112 b(s) Oh}, h=1 ...k,

 is one having n12an Ln (s) *A(s)=b(s). In particular the log-rank test is the optimal one against
 proportional intensities, and a Kruskal-Wallis generalization with

 Ln(s)= 11 {1-dN. (u)/Y. (u)}
 [O, s)

 (cf. Prentice, 1978), is optimal against time-transformed logistic shift alternatives. Further

 results, generalizing some of the two-sample efforts of Aalen (1975, section 9) and Gill (1980a,

 chapter 5), are in Hjort (1984a).

 4. Estimation in parametric counting process models

 Borgan (1984) has provided the fundamental results on maximum likelihood (ML) estimation
 in parametric counting process models (cf. section 6). The statistician may however need
 further tools in his estimation kit, and theorems ought to be given, stating what procedures are

 optimal in which sense.

 M-estimators. Consider the model with a q-dimensional 0, and a likelihood given by (6.3).

 The ML estimator 0 is the solution to the equations a log L(O)/aOj=0, j=1, ... , q. We may
 write

 a -E J Phj(s, 0) {dNh(s)-Yh(s) ah(S, 0) ds} d h=1

 where 4hj(S, 0) = a log ah(S, 6)/dOj, j= 1, ... , p. An extension is now possible: define 0* as a
 solution to the equations

 k 1

 Un, ,(6)= jfhj(s, 0) {dNh(s)-Yh(s)ah(S, 6)ds)=0, j=1, 2 . .. . q, (7)
 h=1
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 where fhj(s, 0) are given functions required to fullfil regularity conditions like the ones on the

 Phj'S implicit in Borgan (1984). Examination of the proof in Borgan (op. cit.) reveals that the
 arguments carry over to the present situation: the vector n-112 U'(60) converges weakly to a

 U-Nq(O, K), and the matrix {-n-1 /aOl Un,j(nj)}j,I tends in probability to a matrix T,
 whenever on0* O0. Taylor expansion and analysis of remainder terms ensure

 nl12(6* -60)R-*T-1 U-Nq{O, T' K(T')1} . (8)

 General expressions for K and T are

 K= { fhj(s, 0) Afhl(s, 0) Yh(s) ah(s, 6) ds}, (9)

 k 1A

 T= {f fhj(s, 6) i K(s, 0) Yh(s) ah(s, 0) ds (10)
 h=1 ?j,l1

 in the setting corresponding to (6.3)-(6.5). This generalizes the ML program in a way similar

 to the extension to M-estimators in the classical i.i.d. framework.

 A bonus of the approach involving martingales and stochastic integrals is that the class of

 weight functionsfhj(s, 0); h= 1 , ... , k, j= 1, ... , q, may be enriched with also stochastic ones,
 the program works as long as these are predictable processes converging in probability to

 deterministic functions. Details are given in Hjort (1984b).

 Bayes estimators. Assume that one's uncertainty regarding the true value of 6 is expressed in

 terms of a prior density p(O). The Bayes estimator of 0 w.r.t. quadratic loss functions is then

 O LJO0) p(O) do

 f LO(6) p(6) d6

 with LJ(6) being the likelihood as in (6.3); a detailed account is offered by Aven (1983). Then

 f xG,(x) p(60+n-112x) dx

 n l2(B-00) =

 f Gn(x) p(00+n-12x) dx

 where G,(x)=L,(60o+n-"2x)/L(06o).
 One may now show that

 Gn(x)' D exp (x'U- 1/zx'Ix) = G(x), xeY-P, (12)

 where U-Nq (0, X), I being the same matrix as (4.1) in Borgan (1984). Under an extra
 regularity condition

 n xG(x) dx

 n O2(B-OoDz1 (13)

 f G(x) dx

 i.e. 0B is asymptotically as efficient as the ML estimator 0. This is implicit in Aven (1983) in the
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 particular case of one intensity assumed to be constant, the general result is in Hjort (1984c).
 Again this provides a generalization of a known result in the i.i.d. case (see e.g. Lehmann,
 1983, chapter 6), to models allowing censoring.

 Asymptotic efficiency. We saw that ML and Bayes estimators were asymptotically
 equivalent, indeed n1I2(6-6B) P o above. One may further show that T'K(T')1 71 always

 in (8). This suggests another analogue to the classical i.i.d. theory, namely that the ML 0 (and

 the class of Bayes solutions OB) is asymptotically optimal. One may indeed prove several
 versions of such a result, basically using the Le Cam-Hajek theory of contiguity and local

 asymptotic normal models (see for example Hajek, 1972; Roussas, 1972, chapter 5).

 Important keys are the result (12), which is true under the 00 model, and its companion

 Gn(x)?D exp (x'U+ 1?2x'x), xeP3, (14)

 which holds along the sequence of models where ah(s, 0)=ah(s, 60+n-112x).

 5. Local asymptotic normality of the non-parametric model

 Let

 L,(a)=const. exp [j {log a(s) dN(s)-Y(s) a(s) ds}]

 be the non-parametric likelihood of Aalen's multiplicative model, corresponding to (6.1). Fix
 a continuous intensity ao, and consider contiguous alternatives ao+n-1%26, 6 continuous. Then
 one may show that, subject to regularity,

 Ln(ao+n 26) ai.sexp ,( 1 (s) dN(s) -Y(s) ao(s) ds I1(5) y(s) ds2
 Ln(ao) J ao(s) n12 O ao(s)

 under ao, and

 L,(ao+n126) a_exp 8(s) dN(s)- Y(s) ao(s) 2()d
 L~~(ao) 1 1/2 )~~~~~+?f12 y() d Ln(ao) s-exp ao(s) n1/2 ao(s)

 under ao+n 162, where A,a-sBn means An-B,_LPO. This shows that the model is local
 asymptotic normal, w.r.t. the inifinite-dimensional parameter a, compare the finite-
 dimensional statement in Hajek (1972, p. 184), and (12), (14) above.

 This will imply various asymptotic optimality results for the Nelson-Aalen estimator,
 similar to those obtained by Beran (1977) and Millar (1979) for the sample distribution
 function, and by Wellner (1982) for the Kaplan-Meier estimator, see Helgeland & Hjort
 (1985). One such result, the convolution representation for regular competitors, has in fact
 been proven by Aalen (1977, unpublished manuscript).

 6. Goodness of fit in parametric counting process models

 In the set-up of section 6, one's model specification amounts to assuming a(s) equal to a para-

 metric a(s, 0), for each of the intensities involved. This is equivalent to putting A(t)=A(t, 0),
 and one way to check the model assumption would be to sketch both the non-parametric

 Nelson-Aalen estimator A(t) and the model-dependent estimator A(t, 0,n), and compare, with
 6n computed from the data. To test the model rigorously, the result in the appendix is not
 sufficient, we need to consider weak convergence of

 Z7(t) =n 12 {A(t) -A(t, ont)}, fG. (15)
 10
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 Let more generally

 rt

 Hn (t) =JKn (s) dZ, (s)

 =:n 12A Kn(S){ ) - a(S, on) ds} t0 (16)
 Y(s)

 where Kn is a predictable process, or approximates one, and scaled such that Kn(s)-P*k(s, 0).
 Techniques as in Borgan (1984) combined with theory of processes in D[O, 1] (Billingsley,

 1968) may be used to prove that Hn,-DH, as n-* 00, where H is Gaussian with mean zero and

 ftlt'k(S' 0 2
 cov {H(t), H(t')}= f a(s, 6)ds-B(t)'X-1B(t'). (17)

 Joy(s)

 Here

 B(t)=(f k(s, 6) pli(s, 6) a(s, 6) ds,... , k(s, 6) l/q(S, 6) a(s, 6) ds)

 tj(s, 6)=a log a(s, 6)/aOj, j=1,... ,q, (18)

 and >-l (as above) is the asymptotic covariance matrix of the ML estimator O,n=6.
 Now X2-type goodness of fit tests can be constructed. Divide the interval over which

 observation takes place into L cells 1i=(ai_1, ai], and let Qn i=Hn(ai)-Hn(ai_1). Then
 Qn, D ?Q-NL(0, 1), say, where F has elements

 yi1=di6ij-bX-' bj, (19)
 and

 d k(s, 6)2

 y(s)

 bi= { k(s, 6) ipj(s, 0) a(s, 0) ds

 Now r may be estimated consistently with a 1n with elements of the form

 Y,1=di 6i-b 1- bj,
 and it follows that

 X2=Q A D-x~ (20) Xn =n Fn- Qn,- x df g 20

 df=rank (I), and values of x2 larger than those likely under X2f indicate that the parametric
 model is incorrect.

 Choosing Kn=1 in (16) means that (20) really compares "observed" and "expected"
 integrated intensities, A(a1)- A(ai-1) and flr J(s) a(s, 6) ds, i=1,... ,L. The choice
 Kn(s) = Y(s)/n leads to a "dynamic" version of the classical x2 tests; it compares the observed

 number of observations N(Ii) to the expected number fl, Y(s) a(s, 0) ds.
 If q= 1, the permissible choice Kn(s)= (ll/n) Y(s) ip(s, 6), where V= a log a/d6, yields a nice

 limiting process for Hn, namely a time-transformed Brownian bridge. Hence it is possible to
 construct Kolmogorov-Smirnov-type and Cramer-von Mises-type statistics.

 As an example, suppose we wish to check a model that assumes a(s)=a(s, 0) for some
 one-dimensional parameter 0. Let observation take place on the interval [0, to], and calculate

 the ML estimator 6 based on N(Q), Y(j). Then reject the model if

 max f (s, {dN(s)-Y(s) a(s, 0) ds} >1.36 { 4'(s, 6)2 dN(s)}
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 This Kolmogorov-Smirnov type test has asymptotic level 5%, and is consistent against each

 continuous alternative. (1.36 is the upper 5% point in the distribution of max(O5,-<1) I W?(t) |
 W? a Brownian bridge.)

 Extensions are possible. Durbin's result (1973) about weak convergence of the sample c.d.f.
 when parameters are estimated generalizes to one for the Kaplan-Meier estimator in the

 presence of censoring; the generalization to k counting processes is easily made; and the

 regression models of section 7 can also be handled. For example, methods as those

 presented above make it possible to test the parametric assumption in a made in section 7.2,
 e.g.

 ai(t)=6 exp {flzi(t)}

 in a parametric Cox model. Derivations and examples are given in Hjort (1984d).

 7. Time-discrete survival analysis

 Suppose that a random variable X takes values in (0, b, 2b, .. . }, where b may be small or not.
 Then the intensity is

 a(jb)=Pr{X=jb IXijb}

 with associated cumulative intensity A(jb)= Y ) o) a(ib). The likelihood of a partially censored
 data set may be derived, giving

 L= J7 [({1 -a(jb)} Y(jb)-dN(jb) a(jb)dN'jb)] (21)
 j=O

 similar to the first formula in section 6, where N counts the number of observations, increasing

 with an amount dN(jb) at time jb, and Y(jb) is the number of individuals under risk just prior

 to time jb. (There is a regularity assumption on the censoring mechanisms implicit in (21).)
 The non-parametric ML estimators &(b), A(b) are easily derived, maximizing each term in

 (21), giving a(b)(jb)=dN(jb)/Y(jb). Thus

 [t/bl

 A(b)(t= I dN(jb)/Y(jb) (22)
 j=O

 is the proper time-discrete analogue of the Nelson-Aalen estimator, ties present or not, and

 earning by the way the "time-continuous" Nelson-Aalen estimator, arising as the a.s. limit of
 (22) as b-*O, a ML interpretation.

 If X really is the result of a discretization of a continuous phenomenon, say one

 corresponding to a continuous c.d.f. F, then (22) shows how the ("time-continuous")
 Nelson-Aalen estimator is evaluated in practice. What A(b) really estimates is

 [t/bl

 A(b)(t)= 2; a(b)(jb), (23)
 j=O

 where a(b) (jb)=F[jb, (j+1)b)/F[jb, oo). One may show that

 n t Amb{n)( ) iA( )c
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 observations in time, as long as b(n)= o(n112). This might be interpreted as saying that a few ties
 in the data, while in theory being banned, do not matter, when applying the theory Andersen

 and Borgan have reviewed.

 If many ties are present, we suggest that a time-discrete model be used. It is indeed possible

 to build a theory very similar to the time-continuous one, having time-discrete martingales as

 its key tool. Generally, the results are slightly less elegant, e.g. often having a (jb) { 1 -a(jb)}
 appearing in formulas instead of a(s) ds, some martingales are not orthogonal, etc., but they
 are easier to prove. Some theory is in Hjort (1984e), including a framework for

 time-inhomogeneous time-discrete Markov chains.

 8. Non-parametric Bayes estimators

 Consider first the time-discrete likelihood (21). If we let a prior distribution for A be specified
 so as to have independent summands

 a(jb) -Beta [c(jb) ao(jb), c(jb) {1 -ao(jb)}], (24)

 then the posterior distribution, i.e. given the data, still has independent summands,

 a(-) -Beta [c(.) ao( )+dN(j), c(.) {1-ao(*)} + Y(.)-dN(-)], (25)

 giving a non-parametric Bayes estimator

 lt/bl c(jb) dAo(jb)+dN(jb) (26)
 A(b)B(t)= E 26

 j=o c(jb)+ Y(jb)

 in obvious notation. AO(jb)= 0(')=O) ao(ib) is the prior guess, whereas c(.) reflects the strength

 of belief in AO. When c(+)--O, the (time-discrete) Nelson-Aalen estimator emerges, whereas
 A(b)B becomes just the prior guess if c(+)-3oo.

 Now this suggests that

 I~t f c(s) dA (s)+d(27)
 AB(t)= t c(s) dA(s)+ N(s) (27)

 and

 ( c(s) dAo(s) +dN(s)A
 FB(t)= 1-171 1j- (28)

 B (t,t= c(s) +Y(s)
 are non-parametric Bayes estimators of respectively the cumulative A and the cumulative

 probability Fin the time-continuous case, w.r.t. a certain prior distribution for A in the space

 of all cumulative intensities. What we need, then, is a stochastic process A having

 independent, non-negative increments satisfying approximately

 dA(s)-Beta [c(s) dAO(s), c(s) {1-dAo(s)}]. (29)

 It is indeed possible to construct such a process, as a proper limit of those in (24) as b->O. The

 construction is difficult. The random c.d.f. F having A as cumulative intensity gets a

 distribution depending on the functions c( ), Ao(-), and a particular choice gives the Dirichlet
 process.

 It is also a rather laborious task to prove that (28) and (29) are the posterior expectations of

 A and F, but it is worth it, as the class of estimates AB, FB seem more natural, and are easier to
 interpret, than earlier published Bayes estimators, for example in Doksum (1974), Ferguson
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 & Phadia (1979), Susarla & Van Ryzin (1976), Dykstra & Laud (1981) and Padgett & Wei

 (1981). The real bonus, however, is the possibility now open for us to pass from the simple life

 table situation hitherto considered to more complex models for event-history analysis, like the

 competing risks framework and time-inhomogeneous Markov chains. Parallels to AB and FB

 can there be obtained for cumulative intensities Ah,j and waiting time distributions Fh. This is
 done in Hjort (1984e).

 The estimator (27), for example, may safely be used also by non-Bayesians. Its risks

 EA {AB(t) -A(t)}2 will be less than that of the Nelson-Aalen estimator, when A is reasonably

 close to the prior guess AO.
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 I would like to congratulate Andersen and Borgan on their excellent paper. I think that they

 were able to achieve a very fine blending of theoretical and practical aspects. It is perhaps not

 always recognized that advanced mathematics, such as a-fields and martingales in this context,

 can sometimes be far more concrete and practical than the more traditional elementary

 mathematics.

 I was particularly delighted by the authors' remark in the introduction concerning the use of

 i.i.d. random variables versus stochastic processes as tools for describing "random

 phenomena occurring in time". As there are so many things of interest in this world that

 belong under this heading, I believe that this remark applies far more generally than to the

 modelling of failure data.

 Since I would like to emphasize the role of stochastic processes as a basic notion in

 modelling, and since a stochastic process is a time-indexed family of random variables, there is

 a good reason to go somewhat deeper into the analysis of the time parameter. In particular, I

 shall elaborate on the following remark the authors make in the beginning of section 2: "The

 time parameter of the process may be, e.g., an individual's age or the time elapsed since the

 diagnosis of a certain disease. Only rarely will the time parameter correspond to calendar

 time. This should be kept in mind when we talk about 'time' below."

 To understand the meaning and the implications of this comment, let us first consider briefly
 how failure data usually comes about: suppose one starts collecting information at calendar

 time To. After To, events of interest are then registered in the order of their occurrence.
 Restricting ourselves for simplicity to the findings concerning a single individual in the

 follow-up, say the ith, we would typically register TENTRY(i), TEXIT(i) and the status Di at
 TEXIT(i), i.e. Di= 1 if individual i died at TEXIT(i) and Di=O if he was censored. The original data
 could also contain treatment dates together with treatment specifications. Supposing that

 there was only a single treatment type and at most one treatment per individual, we would

 register for every treated individual TTREAT(i), the time of treatment. Other important dates

 could be TBIRTH(j) and TDIAG(i), the latter being the date at which the disease in question was
 first diagnosed in individual i. Here we shall assume for simplicity that TDIAG(i)= TENTRY(i).

 Considering then the risk for the ith individual at (calendar) time t, it is natural to relate the

 risk to measurements such as calendar time itself, (t-TBIRTH(i))+= age, (t- TDIAG(i))+=time
 from diagnosis, (t-TTREAT(i))+=time from treatment, etc. In other words, such measurements,

 or functions of such measurements, could be used as covariates in modelling hazard.
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 To make all these "times" more concrete, we could imagine that every individual in the

 study carries a collection of stopwatches. A first watch would simply show the calendar time. A

 second watch was set to go at TBIRTH(i) and would then show the individual's age. A third
 watch was set to go at TDIAG(i), etc. By "times" we would simply mean the collection of all
 clock times.

 Let us now return to the remark about "time" usually being the time from diagnosis. In such

 a case, individually for each i, TDIAG(i) becomes a new time origin. This leads to a reordering of
 events which were originally registered according to calendar time; we call this reordering

 operation reshuffling.

 Note how reshuffling changes the meaning of the word "simultaneous": after reshuffling,

 events occurring to different individuals are considered to be simultaneous if the

 corresponding clock times from diagnosis are equal. This must be remembered when

 interpreting for survival data the assumption "no two component processes can jump

 simultaneously" about multivariate counting processes (see section 3.1.)

 But reshuffling has consequences that are far more important: The a-fields generated by

 reshuffled events do not coincide with the "natural" histories based on calendar time ordering.

 This is important since, when verifying the martingale property, it is always necessary that the

 histories be specified. Thus a martingale with respect to the natural history in calendar time

 might not be a martingale with respect to the reshuffled history, and vice versa.

 The example in section 8 called testing with replacement teaches us to be cautious: there life

 lengths and censoring time have an extremely simple structure, the former being i.i.d. random

 variables in a renewal process and the latter being constant. Yet, if reshuffling is done and the

 history is changed accordingly, the natural martingale structure with a(-) as the hazard rate

 breaks down. If there were not reshuffling, such problems would not arise; problems arise

 when one wants to find non-parametric or semi-parametric estimates. This is illustrated in the

 two examples below.

 Note that there is a minor difference in how "the breakdown of the counting process

 approach" in testing with replacement is diagnosed: Andersen and Borgan point at the

 non-predictability of the censoring processes Ci( ) whereas I would like to put the blame on
 reshuffling and the consequent change of histories. (Predictability is not a problem if the

 processes CQ( ) are adapted since we are dealing with the absolutely continuous case and can
 always choose Ci(.) to be left continuous. I think that the processes CQ( ) should be always
 included in the list of generators of the history, even for the reshuffled one, in which case being

 adapted becomes automatic.)

 The first example is an extension of testing with replacement.

 Example 1. Consider the case of "staggered entry" where the times TDIAG(i) can be different
 for different individuals (cf. Chapter 6 in Gill (1980a) and Sellke & Siegmund (1983)). We can

 then define the counting processes Ni and the risk indicators Yi almost exactly as in (3.2) and
 (3.3), by setting

 Ni(t) =I( TEX1T(i) S t, Di = 1 )

 and

 Yi(t) =I( TD1AG(i)<t--_ TEXIT(i))

 Writing (,9t) for the natural history according to calendar time t, we can postulate a statistical

 model by assuming that

 P{dN(t) = 1 Y_} = Yi(t) * a(t-7TDIAG(i)) dt,
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 where a=a(-) is some (unknown) function. More precisely then, for each i,

 Mi(t)=Ni(t)- f Yi(s) a(s- TDIAG(i)) ds, t ,. (1)

 is an (Y,)-martingale. This is almost exactly as (3.4) and (3.12), except that t is explicitly the
 calendar time and (t) the corresponding history.

 But how can we estimate the function a(-) in this case? A moment's reflection shows that

 reshuffling would really be necessary for the non-parametric Nelson-Aalen method to work

 because a(-) is considered with different time delays for different individuals (recall the "clock
 times"!). In doing so, the martingale property of (1) may be lost. However, parametric

 estimation is more successful: Sticking to the natural history (i,), assume that (1) holds with

 a(-) belonging to a parametric family {a(-, 0); 0E 'j} of hazard rates. Also assume that
 censoring is non-informative in the sense of Kalbfleish & Prentice (1980, section 5.2). Then,

 up to factors not depending on 0, the logarithmic likelihood function for data collected before

 calendar time t has the expression (cf. (6.1))
 rt

 log L,(0)= Yi(s) {log a(s-TDIAG(i), 0)dN1(s)-a(s-TDIAG(i), 0) ds}.

 Differentiating with respect to 0 we obtain (cf. (6.4))

 d log Lt(0) t Yi(s) d log a(s-TDIAG(i) 0) -dogL() IY(s dOdMs)
 where Mi is as in (1) with a(-)=a(, 0). Thus

 {d
 - log Lt(6)

 is an (47t)-martingale for the "correct value" of 0. If a(-, 0) is estimated by the maximum
 likelihood method, martingale-based asymptotic results are at hand in very much the same

 way as in the paper. It remains a question of terminology whether one should then say that one

 is still using the counting process approach (cf. section 8). cl

 The next example aims at clarifying the role of "times" in the semi-parametric regression

 models.

 Example 2. Recall from (7.1) the basic factorization of the intensity

 ah{t, Zi(t)} =a0h(t) g{fi'Zhi(t)}, (2)

 where aoh( ) is an unknown baseline hazard and g(-) a given relative risk function. In the partial
 likelihood approach aoh( ) is suppressed andflis estimated by maximizing an expression which

 does not involve aOh(Q)-
 Questions of interest to us here are: which one of the "times" should t be in (2)? How should

 one distinguish the baseline hazard from the relative risk function in a case where also the

 latter can depend on time through time-dependent covariates?

 A possible guideline is the fact that aOh(j) does not depend on the individual. One could take
 t as the calendar time, in which case aOh( ) would represent a calendar time trend common to
 all individuals. As noted in the paper, however, this choice is made only rarely: it is more likely

 that time from diagnosis or time from treatment has a stronger effect on the hazard than

 calendar time. Therefore, it is tempting to reshuffle the events and to replace calendar time t

 individually by t-TDIAG(i) or t-TTREAT(i).
 But then there is a similar danger as in example 1: it can be that the difference
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 is a martingale with respect to the natural history (t being the calendar time), but that

 reshuffling and the consequent change of history destroys the martingale property. The

 danger is here made only bigger by the fact that the covariates can be random and they can
 depend on time.

 There is also another point to make: it can be that, for a realistic statistical model, one

 should consider simultaneously several clock times, say t, (t-TDIAG(i))' and (t-TTREAT(i))'.
 Clearly, the covariate vector Zhi(t) can accommodate all such times in its coordinates so that
 this is well within the framework of (2). But it is important to note that the baseline hazard can

 be synchronized with only one clock time. If the model uses more than a single clock time, the

 remaining ones must be included in the relative risk function and become then a part of the

 parametric model. I think that statisticians who are using the partial likelihood should be
 cautioned against thinking that the baseline hazard is a "pool which contains all unspecified
 (and maybe not clearly understood) time dependencies". When a method becomes standard
 and available in statistical computer program packages, there is always a great danger of
 uncritical use. E

 Finally, I would like to comment briefly on the use of continuous versus discreter time

 parameter. In the paper nothing is said about discrete time models, and so, implicitly, "the

 counting process approach" means automatically continuous time parameter. Some authors

 state explicitly their preference of continuous time models (see e.g. Gill, 1984).

 While physical time is most naturally described as a continuous variate, it is less clear to me

 that common types of failure data should be modelled by continuous time models. It has been

 pointed out by many authors (see e.g. Thompson, 1977) that some rounding of the time
 measurements is always present. The ties in failure data are mostly a result from such

 rounding. It is somewhat unfortunate if a statistical model, through the assumption "no two
 component processes can jump simultaneously", puts a zero probability density on the
 observed data whenever there is at least one tied failure time. More or less ad hoc methods are

 then needed (in the non-parametric and semi-parametric models) to overcome this.
 One possibility to finding a resolution in this question would be to say that continuous time

 models give a more natural physical description about evolution in time, but that discrete time
 models can be more consistent with data arising from rounded time measurements. Discrete

 time models have also two pleasant properties: first, orthogonality of the component
 martingales Mi is implied by a simple conditional independence assumption between the
 individuals, without a need to rule out simultaneous deaths. Secondly, the required
 mathematics is much more elementary. For example, all struggling about the exact definition

 and the correct interpretation of the term "predictable" becomes unnecessary. This may be a
 valuable asset when trying to make the counting process approach popular among
 statisticians.

 Additional reference

 Thompson, W. A., Jr. (1977). On the treatment of grouped observations in life studies. Biometrics 33,
 463-470.

 Jon Stene (University of Copenhagen)

 It should be stressed, what the authors only briefly indicate in section 8, that the practical

 applicability of the methods presented in this paper relies heavily on the error one makes by
 using as approximations limit results derived by means of the martingale central limit theorem.
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 Many studies indicate that the convergence is slow, and the approximations not satisfactory.

 The question is how large n must be before you can rely on the approximations. My guess is

 many hundreds. Also the number of transitions must be large in order to use the methods

 safely. It is questionable how reliable the reported significance probabilities and confidence

 intervals in the examples are, even though n=314 and 413, respectively. The number of

 transitions is relatively small in many cases.

 There is a real need for alternative small-sample methods, since the possibility of obtaining

 such large samples of patients that the use of the methods in the paper is safe, is usually remote

 for most diseases. In my field of applications, human genetics of chromosomal disorders, one

 is often lucky if one has a sample as large as n=20. In this area, where e.g. the mortality of

 patients is an important item in genetic counselling, the methods in the paper are hardly

 useful.

 Most statistical methods in the paper, in particular those presented in sections 4-6, are

 based on the implicit assumption that all individuals belonging to a specified group are

 homogeneous. This assumption is hardly realistic in many situations. Although the clinical

 picture may be relatively similar for a group of patients, their genetic background may differ

 considerably, which again may result in quite different life histories. Such data are common,

 e.g. the diabetics data cited in the paper are likely to belong to this type. By using the methods

 in the paper to such heterogeneous data, grossly misleading conclusions may be frequent. For

 such data alternative methods have to be developed.

 Odd Aalen (University of Oslo)

 Andersen and Borgan have presented a clear and balanced review of the counting process

 approach to the analysis of life history data. In this discussion I will make first a rather

 technical comment. Then I will continue with a somewhat broader discussion of the practical

 use of the methods.

 As mentioned in section 3.1 of the paper, the statistical analysis is typically based on

 counting processes aggregated from a number of individual processes. This reduction of the

 data is not always a sufficient one, as stated by the authors, and the problem remains how to

 extract the information which is lost. This has been attacked by Sven Ove Samuelsen in his

 1984 "cand. real" thesis at the University of Oslo by means of counting process theory.

 Although his results do by no means completely solve this problem, they should be a

 contribution towards the study of it.

 My second point is concerned with viewing the statistical methods somewhat from the

 outside. By this I mean that one should take a look at which practical, real-life problems are

 actually being solved by the methods. One should then consider whether these are the

 problems that ought to be solved, and whether they are solved in an appropriate fashion. I do

 not believe that it is right to consider the statistician merely as a technician, and to reduce

 discussion of statistical methods to the technical aspects. Statistics and statisticians no doubt
 influence the thinking and the scientific approaches of people in the fields where statistical

 methods are applied. We should be concerned with the results of this influence.

 One important area of application of the methods discussed by Andersen & Borgan is the
 field of clinical trials. Life history analysis is particularly relevant when comparing treatments

 of chronic diseases, like cancer. The value of treatments against cancer are typically judged by

 whether they manage to prolong somewhat the life-time of the patient, and the methods

 discussed in the paper are excellently suited to analyse this particular problem. It has been
 asserted, however, that this concentration on life-times is very limited, and that one should
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 also consider the quality of life. Typically, treatments against cancer induce very harsh

 side-effects, and it is not at all obvious that a minor increase in life length is worth the

 additional suffering caused by the treatment.

 These questions are, of course, primarily of a medical and ethical character, and not to be

 decided upon by statisticians. What we must consider is that the methodology we have to offer

 for the analysis of clinical trials in cancer consists almost solely of methods for evaluating

 life-times. Comparatively, very little work has been done on measuring and evaluating the

 elusive concept of quality of life. Some literature exists concerning this question (see Fayers &

 Jones, 1983, for a review), but it is not well known and is not much applied. No doubt, much
 more attention should be given to this by statisticians.

 The concept of censoring represents a further point of contact between statistics and

 medical ethics. The Helsinki declaration, which sets forth the ethical principles on which

 clinical trials should be based, states that a patient may leave the trial whenever he wishes.

 Clearly, the patients that choose to withdraw may be different and have a different prognosis

 from those who remain. This may result in the censored individuals being biased, a situation

 which is not covered by the methods discussed in the paper. Obviously, no amount of elegant

 mathematics can solve the problem of biased censoring. Still, statisticians should be concerned

 with this practically important problem, and try to design trials so as to minimize the effect of

 it.

 Finally, when viewing statistics from the outside, one further point should be made. Lately,

 there has been a tremendous interest in method for survival analysis, including the counting

 process approach. This is largely due to the applications in clinical trials, especially cancer

 trials. The great attention to statistics in this field, however, is not so much a measure of the

 success of statistics as it is a measure of a medical failure. If the "war against cancer" had

 resulted in great victories, then statistical analysis of the results would be of lesser importance

 because they would stand forth rather clearly. However, since almost no great breakthroughs

 are forthcoming, one must be content to measure the slight progress that there is. Because of

 the small therapeutic effects, efficient methods for measuring them have become of overriding

 importance.

 In spite of the somewhat disillusioning comments I have made here, I still believe in the

 value of the methods presented by Andersen and Borgan. Perhaps the most important

 applications will be found in the analysis of processes in epidemiology, demography and the

 social sciences. The stochastic process point of view taken in the paper is conceptually

 important, because the order in which events happen is being considered. All too often one

 attempts to analyse cause and effect without any clear knowledge of the time sequence of the

 events. Hence the introduction of counting processes and other stochastic processes may be an

 important methodological step forward in several fields.

 Additional reference

 Fayers, P. M. & Jones, D. R. (1983). Measuring and analyzing quality of life in cancer clinical trials: A
 review. Statistics in Medicine, 2, 429-446.

 Reply to the discussion

 We want to thank the discussants for the attention given to our paper, and for their stimulating

 comments and constructive ideas.

 Our paper reviews the research on the use of counting processes in life history analysis

 during the last decade. Someone may perhaps have got the feeling, by reading our paper, that
 we have reviewed a "closed" field of statistics, with only few possibilities for further research.
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 If so, the discussants have certainly put this straight. Their contributions contain many new

 results and indications of areas for further research.

 This makes us quite confident that much research on the use of counting processes in life

 history analysis will take place also in the decade to come and that the Nordic countries will

 continue to give fruitful contributions to this research activity.

 Nils Lid Hjort gives mainly a review of some recent research of his own. His contribution

 contains an impressive amount of important results and ideas. We are certainly looking

 forward to see his results published. Here we will comment only upon some of the topics which

 he discusses.

 His simultaneous confidence band, which is proportional to the pointwise confidence

 intervals, is certainly more natural than our (4.8), and should probably be preferred to this. In

 this connection, we will, however, also mention the possibility of using a transformation.

 to improve the approximation to the asymptotic distribution. Preliminary studies (Liest0l,

 private communication) indicate that the logarithm of the Nelson-Aalen estimator (properly

 normalized) converges much faster to a limiting Gaussian process than does the Nelson-Aalen

 estimator itself. Thus, one should try to construct confidence bands based on the transformed

 process. This may be a difficult task, however, since the limiting Gaussian process for the

 logarithm of the Nelson-Aalen estimator will not have independent increments.

 Nils Lid Hjort suggests an estimator for the intensity a based on orthogonal series

 expansions which offers an alternative to Ramlau-Hansen's kernel estimator (4.9). This is an

 interesting idea. We will, however, point out that his choice of integrated squared error as loss

 function may be too restrictive. One may judge an estimator & for a not only by how good an

 estimator a(t) is for a(t), but also by how the derivatives (V)(t) estimate a(v)(t) for

 v= 1, 2, . . , z (e.g. with z=3).
 Therefore, a natural loss function is of the form

 z 1

 E C, {&(v)(s)-a(v)(s)}2 ds,

 for some non-negative coefficients c0, cl, . . . , cz (cf. Ramlau-Hansen, 1983b). It would be of
 great interest to see how Hjort's ideas extend to this more general loss function. Moreover, the

 resulting estimators should be studied theoretically and their performance compared with

 Ramlau-Hansen's kernel estimator (4.9).
 By considering a sequence of contiguous alternatives to the null hypothesis (5.13), Hjort

 studies the local asymptotic power of the k-sample tests (5.19). For the special case, where the

 limit in probability of Yh(s)/Y. (s) is independent of s for each h, he uses this result to derive

 optimal choices of the weight function L(s) in (5.17). This gives useful generalizations of some

 of the work of Aalen (1975) and Gill (1980a). In connection with Hjort's study of optimal tests,

 it is, however, important to realize that only in the survival analysis set-up can one expect

 Yh(s)/Y. (s) to have a limit in probability which does not depend on s. For more general life
 history models this will most often not be the case (Andersen et al., 1982, section 3.6), and the

 optimality results will not apply. The general result on the local asymptotic power of (5.19)
 will, however, continue to be useful in choosing between several test statistics for such

 situations.

 Elja Arjas emphasizes the importance of the choice of the time parameter in the

 formulation of the statistical model and uses two examples to illustrate these points.

 In the staggered entry example, the practical problem to solve will most often be to make an

 early decision in the comparison of two treatments in a clinical trial, and in this case a test with

 as few assumptions as possible will usually be preferable. This means that in this particular
 example a parametric model will often be a less natural choice than the model discussed by
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 Sellke & Siegmund (1983). Thus one is left with the reshuffling problem present in the

 non-parametric approach.

 In the Cox regression model with time-dependent covariates, several time scales can be

 taken into account simultaneously, but a choice has to be made about which time scale to put

 into the baseline hazard rate functions aOh( ). One guideline in making this choice, would be to

 put into aOh(t) the time t about which one is most reluctant to make any parametric
 assumptions (about e.g. some monotone effect).

 We mention in section 8 that the counting process approach discussed in the paper makes

 strict demands about data accuracy, and implicitly in this remark is the fact that we are

 thinking of time continuous statistical models. Elja Arjas and Nils Lid Hjort discuss statistical

 models for discrete time. As does Arjas, we also find discrete time models less natural for

 describing phenomena developing in time, but we agree that tied events are frequently

 observed in practical examples. However, tied events are most likely to be observed at time

 points t for which the number Y(t) of individuals at risk is large, and in such cases the more or

 less ad hoc methods referred to by Elja Arjas will usually work quite well.

 Jon Stene addresses the important question of the validity of the asymptotic results as

 approximations for finite sample sizes, and asks how large n must be before one can rely on the

 asymptotics. Quite obviously, the answer to this question depends on the problem at hand, as

 well as on the statistical method considered. One would e.g. expect that a much larger value of

 n is needed for a confidence band like (4.8) (or the one proposed by Hjort) than for a test

 statistic of the form (5.19). In general we feel, however, that Stene is too pessimistic regarding

 the required size of n. For instance, simulation studies for two-sample versions of (5.19) (cf.

 (5.21)), indicate that the asymptotic results are satisfactory for sample sizes of 50 and below,

 also when heavy censoring occurs (Latta, 1981).
 We do agree with Stene that the assumption of homogeneous populations present in the

 non-regression models in our paper may be unrealistic in many applications. This may give rise

 to misleading conclusions, for instance in epidemiology and similar fields, where no

 randomization is involved in the design of the study. Some papers have appeared on analysis of

 life history data from heterogeneous populations (e.g. Clayton, 1978; Vaupel et al., 1979;

 Hougaard, 1984), but we certainly agree with Stene that more research needs to be done on

 this problem.

 Odd Aalen mentions the problem of biased censoring, where the patients who withdraw

 from a clinical trial have a different prognosis from those who remain. This is certainly an

 important practical problem, and it may be hard to construct good statistical methods which

 take biased censoring into account. The paper by Lagakos & Williams (1978) does, however,

 address this problem, and their ideas are certainly well worth considering. Nevertheless, the

 best advice we can give for handling biased censoring is to avoid it by collecting the relevant

 information, if at all possible, also from the patients who withdraw from a trial, that is, to

 follow the "intention to treat" principle.

 Odd Aalen's main comment about the way in which the available statistical methodology

 influences the research in other fields is an important reminder to all professional statisticians,

 not only to those working in life history analysis, and we certainly agree with his remarks.

 Finally, we want to thank the programme committee for inviting us to present this paper at

 the conference, the discussants once more for their interest in our paper, and the editor for his

 kind invitation to present the paper, with discussion, in this journal.

 Additional references

 Clayton, D. (1978). A model for association in bivariate life tables and its application in epidemiological
 studies of family tendency in chronic disease incidence. Biometrika 65, 141-151.
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 Hougaard, P. (1984). Life table methods for heterogeneous populations: distributions describing the
 heterogeneity. Biometrika 71, 75-83.

 Lagakos, S. W. & Williams, J. S. (1978). Models for censored survival data: a cone class of variable-sum
 models. Biometrika 65, 181-189.

 Vaupel, J. W., Manton, K. G. & Stallard, E. (1979). The impact of heterogeneity in individual frailty on
 the dynamics of mortality. Demography 16, 439-454.
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