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Abstract

There is no easy extension of the Kaplan—-Meier and Nelson—Aalen estimators to the bivariate case, and
estimating bivariate survival distributions nonparametrically is associated with various nontrivial problems.
The Dabrowska estimator will, for example, associate negative mass to some subsets. Bayesian methods
hold some promise as they will avoid the negative mass problem, but are also prone to difficulties. We
simplify and extend an example by Pruitt to show that the posterior distribution from a Dirichlet process
prior is inconsistent. We construct a different nonparametric prior via Beta processes and provide an updating
scheme that utilizes only the most relevant parts of the likelihood, and show that this leads to a consistent
estimator.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Bivariate survival or waiting times to occurrence of some event has several interesting applica-
tions. For example, a husband and his wife may both be exposed to a common risk and one might
want to know if males and females have the same survival distribution. Another situation might
be the study of effects of active and passive smoking when only one of the spouses smokes.

In the univariate case, the most popular nonparametric estimator is the Kaplan—Meier one. The
bivariate case remains surprisingly difficult in spite of a lot of work. Dabrowska (1988) constructs
a bivariate analog of the Kaplan—Meier estimate which is consistent but is not a proper survival
distribution in that it assigns negative mass to some events. The same is true of an earlier estimate
of Langberg and Shaked (1982). Dabrowska (1988) mentions another estimate due to Bickel
which is consistent and avoids negative masses but does not seem to utilize all of the data. Pruitt
(1991) shows mathematically that the negative mass assigned by Dabrowska’s estimator can be
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substantial even though the estimate assigns positive mass to all upper orthants. A fairly complete
survey of some of these approaches can be found in Andersen et al. (1993, Chapter X).

Pruitt (1988) also shows that the Bayes estimate of the bivariate survival function with a Dirichlet
process prior can be dramatically inconsistent. In Pruitt (1993), he suggests an independence
assumption weaker than Dabrowska’s and explains how in this context one can construct a new
bivariate Kaplan—-Meier estimate which is a proper survival function.

The univariate Kaplan—-Meier estimate can be obtained as a limit of Bayes estimates with
respect to Dirichlet process priors, more generally Beta processes (see Hjort, 1990) and even
more generally through neutral to the right priors (Hjort, 1990). In this paper, we develop a
natural generalization of Beta processes for the bivariate case and derive an estimator using an
essentially Bayesian approach. The qualification ‘essentially’ is used since we do not use the full
likelihood.

The organization of this paper is as follows. In Section 2, we discuss Pruitt’s example and give a
simple proof of inconsistency. In Section 3, we consider discrete distributions for the survival time
and through a convenient parametrization relate it to the distribution of the censored data. The
discussion in this section provides some insight into the difficulties associated with the bivariate
case. Then in Section 4, we look at the time-discrete case and develop the Bayesian analysis. The
last section considers the general case. Though we restrict ourselves to Beta processes, much of
our arguments and results would go through for neutral to the right priors, but we do not pursue
this here.

2. Pruitt’s example

We follow Pruitt (1988) but provide a rather easy proof of inconsistency. Let (71, T2) be two
survival times, (C1, C3) the censoring variables, and let Z; =T; A Cj and 4; = I{T; <C}} for
Jj =1, 2 be the observed random variables.

Let (C1, C») be discrete with mass % ateachof (1, 3), (3, 1), (4, 4). The (T, T>) pairis assumed
to take values in 7 = [1, 3] x [1, 3]. The prior is a Dirichlet process with parameter Mo, where
o is the uniform distribution on [1, 3] x [1, 3]. We will show that if the true distribution Py is
uniform on A = [1, 2] x [1,2] U [2, 3] x [2, 3] then the posterior is inconsistent. Much more
delicate calculations are needed to show that the estimate converges weakly to (%) Py+ (%)oc. Let

(Z Z) denote the observations (Zy ;, 41,;), (Z2,i, 42;) fori =1, ..., n, with
Zi=(Z1;, Zoy) and  A; = (A1, 42).

Consider B =[1, 2] x [2, 3]. Then Py(B) =0. Let E{P(B) | (Z, Z)} be the Bayes estimator.
We shall show that this does not go 0 in probability as n — oo.

Recall that if E is a subset of 7 = [1, 3] then with a Dirichlet(«) prior for the distributions on
7, the posterior given E is the mixture

f Dy, 5¢0(d7 | E),

where 6(7) = 07 denotes unit mass at point 7,1.e. 0(1)(B) = I{t € B}, and a(- | E) is the con-
ditional distribution of 7 given E. Extending this to n observations, and thinking of the censored
observations as specifying subsets of 7, for instance (41, 42) = (0, 1) as corresponding to the
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horizontal line at Z1, the posterior is a mixture of the form

/ Dy o dii | (Zy, 4. ... (Zn. ).

Consequently, the Bayes estimate of P is

M LS b @)
o — i , .
M+n M+nn P !
Since Py is continuous, we may assume that 7, ..., 1, are all distinct. Given this assumption,
t~1, o ,t~n are independent with common distribution «.. Hence, the Bayes estimate of P (B) is
M n 1 <&
———a(B)+ —— = Y E[6@G)(B) | (Z1i, A1), (Zai, A2.0))].
TR R v ; [6G)(B) | (Z1.i, i), (Zai, 42.0))]

The expectation in the above expression is calculated taking 71, . . . , 7, to be independently drawn
from o. As n — 00, the first term in the last expression goes to 0 so we shall concentrate on the
second term.

Note that under the model it is not possible to have both 4; and 4, equal to 0. Further, if
Ay =1, 47,; =1 for some i then the conditional distribution of ; given (Z1i, 41,i), (Z2,i, 42.i)
is degenerate at (Z;;, Z2,;). So observations with 41; = 1, 42; = 1 contribute to the Bayes
estimate of P (B) only if the corresponding (Z; ;, Z> ;) is in B. Since Py(B) = 0, under Py there
will be no such observations and so will not contribute to the Bayes estimate of P(B). Thus, the
only case that we need to consider is when exactly one of 4; ; and 4, ; is 1 and the other is 0.
Thus,

Y E(55(B) [ (Z1i, Mvi). (Zais 42.0)
i=1

= Y EGBNZun A} (Zog. 42.0))

i:41,;=0,42 ;=1
+ ) E(GBI(Z1i. A1), (Zoi. 420))
i:Ay;=1,47;=0
Next, consider an i for which Z;; = z1;, Zo = z2,; and 4;; =0, 42; = 1. In this case, we

know that 77 € [1, 3] and 7> = z» ;. Consequently, under «, the conditional distribution of T}
given {Z1; =z1, 41 =0, Zy =22, 42,; = 1} is uniform on [1, 3]. From these observations it
follows that if Z»; € [2, 3],

Ez{09,(B) | Z1,is 41,i =0, Zp i, A2i = 1} = E{Ip(T1, T2) | T1,; 20, T2,i = Z2.;}

and equal to zero otherwise. Now, if Z»; € [2, 3] then

1 [? 1
E{Ip(T\,T2) | T, >0, T2,i=Z2,i}=§f dt1=§-
1
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One handles the case of 41 ; =1, 43 ; = 0 similarly. Hence,
S B 1 2 D). (2o )
M+nn < 1 1,i» 41,i) 2,05 A2,i
- ALY hy@otr Y i
ETR B 231(£2,i) + 35 [1,21(£1,i

iiA1,;=0,4p,=1 iiApi=1,40,=0
and as n — oo this goes to

(DIP{Zy €[2.3], 41 =0, 4y =1} + P{Z; € [1,2], 41 =1, 4y = 0}].
Using the fact that

P{Zy€[2,3],41 =0, 4y =1} =P{Z € [1,2], 4; =1, 4, = 0} = ()(3).

the limit is seen to be %. This shows that the Bayes estimator is inconsistent and hence so is the
posterior.

It might appear that the difficulty stems from Py and the prior guess not having the same support.
However, a little reflection will show that the inconsistency phenomenon will occur even if Py
and the prior guess have the same support.

3. Parametrization of distributions

Before we proceed to the details it is convenient to have an overview of the developments in
this section.

Consider the usual one-dimensional case, where T is a life-time with unknown distribution F'
and C, independent of 7, is a censoring variable with a fixed known distribution G. The observation
is(Z,A),where Z=T ANCand A=I{T < Z}. Let #4(T), #(Z, A) denote, respectively, the set
of all distributions of T and (Z, 4). Under minimal assumptions the map ¢: 4 (T) — M (Z, A),
which takes any F'to F' z 'A), is one—one and onto. In particular, Peterson (1977) has shown that
the inverse of the empirical distribution leads to the Kaplan—-Meier estimate. ~

Tlle gtuation is drastically different in the two- and higher—gimgnsional case. Here, if .Z(T),
M (Z, A) denote, respectively, the set of all disEriputions of T, (Z, A), the corresponding map
o M (f) /A (f Z) which takes any F to F (Z.4) s one—one but far from onto. In fact, many
empirical distribution functions fall outside the range. What we do in this section is, in an abstract
sense, to define an ‘inverse’ to all of .# (Z A) and we do this through a reparametrization of the
underlying distributions.

We first reparametrize the distribution of 7, then carry out a similar operation for the distribution
of ( Z, A) and show that using only part of the distribution of (Z A) we can recover the distribution
of T. This makes it transparent that the function ¢ is not onto. We then use the reparametrization
to write the likelihood function. We note that it contains a component that is complex and propose
that it be ignored. It will be seen in the next section that working with this incomplete likelihood
enables one to develop a tractable posterior.

LetT = (T1, T») have the distribution P, a discrete probability measure on the positive quadrant,
for concreteness and without essential loss of generality taken to have support in {1, 2, 3, ...} x
{1,2,3,...}. We begin by parametrizing P as follows. Let first T* = T} A T», and let ¢ = 0
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if Ty =Ty,e=1if T1 > Tp; and ¢ = 2 if T1 < T>. Furthermore, let

P* distribution of T*,

Pé(-|T*) distribution of ¢ given T*,

Pi(-|T* 1) distribution of Ty given T*, ¢ =1,
P,(-|T*, 1) distribution of T> given T*, ¢ = 2.

To incorporate the censoring model, let C= (Cq, C2) be a pair of censoring variables, independent
of T and with distribution G. We assume that for every (x, y) in R x R there is an (x’, y") with
positive G-probability such that x” > x, y’ > y.

As before we only observe

(Z,A) = (Z1, M, Za, Ay),

where Z; = T; A C;j and 4; = I{T; <C,}. We parametrize the distribution PZ of (Z,2) as
follows:

Z*=Z1NZy =TT ANT2) A (C1 A C),

A =1{T*<C*} where C*=C| A Ca,

n=0 ifZ; =2,

n=1 itZ> 2,

n=2 itz <2.

At the outset it is not clear that 4* is observable. The following lemma shows that 4™ is indeed a
function of (Z, A).

Lemma 3.1. The following relation holds:

(M =1=(=1,4=10U0n=2,4=1}U{n=0,4,V A =1}.

Proof. Suppose A* =1,i.e. T AT, <C| ACy. If y=1then T} AC| > T>» A C,. We need to show
that 4o = 1. Suppose the contrary, i.e. 7> > Cy; then 7> A C> = C> and we have

TZ'hANC1>Cr =T >C>

which gives Ty A T» > C and hence T} A T > C A Cy, contradicting A* = 1. A similar argument
with nn = 2 shows that the left-hand side is contained in the right-hand side.

Next, suppose n =0, 41 = 1,1i.e. T1 A C; = T» A C and T1 <Cy. These two easily yield
T1 <Ci A Ca. Now, 41 = 1 implies T1 A C; = T; and together with n = 0 gives T1 A T> = Ty.
Hence, A* = 1. Similarly if n = 1,43 = 1,1ie. Ty AC;>T> A Cr and T» A C = T. Then
T; A Cy > T> so that T, < Cy. All this results in

T, <Cy ACy implying Ty A Tp <Cy A Cy implying 4% = 1.

Similar arguments handle the other cases. [

NN

Turning to the distribution of (2 , Z), PZ:4 can be written as a product

PEAI P (2%, A PP (ZF, 4%), ),
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where Zy = Z*. We will show next that P can be recovered from
PEAD PG, A = 1), PAC|(ZF, A" = 1), ).
(1) The relation between T* and (Z*, A*) is obvious. This is just a one-dimensional censoring
model where T* is censored by the independent variable C*. This gives
P{Z*=1t,4*=1)}
P{Z*>1)

P{T*=¢t|T*>t} =

(2) For t with P{T* =t} >0,
Ple=1|T*=t}=Pn=1|2"=t,4*=1},
Ple=2|T*=t}=Pn=2|2"=t,4"=1},
Ple=0|T"=t}=P{n=0|Z"=1,4" =1}.

This follows from
Ple=1,T* =1t}

P{T* =1t}
_Ple=1T>1,Th=1,Ci>2t,Cr >t}
- P{T*=t,C*>1}
_P{n:l,Z*:t,A*:l}_
 P{Zr=t,A4"=1}

Ple=1|T* =1} =

the other cases are handled similarly.
(3) For any E, let Pg stand for the conditional probability given E. For t > j,

PZ*:j,A*:l,VI:l{Zl = t, Al = 1}
Pzi_j =1 p=t{Z1 21}

Prezje=1{T1=t|T1 2t} =

To put it differently, what we have is the following one-dimensional censoring model. Consider
random variables T distributed as Prs_; -j, o= and C independent of T distributed as PCZ{ |Cy > j}.

Then the pair Z=Tn C, A= I{T < C} has the same distribution as (Z1, 41) under Pgze_j gr—1.

The details are as follows:

P{T'=1,T*=j,e=1}

P{T\ >t, T*=j,e=1}

P{Ty=1,T"=j,Ci>t,Cr 2> j}

T P> T =),Ci>1,.C> )
P{Zi=t,A1=1,Z"=j, A" =1,n=1}

T PZizt. A =1,2"=j. A =1,y=1)

Py i pmitZi=1,40=1)

C Prcjpoige{(Zizn A =1)

Pricje—1{T1 =t|T1 2t} =

(4) Similarly,
PZ*=j.A*=1,;7=2{Zz =t 4y =1}
Pyecjs—tyg=aiZo>t, Ao =1}

Prizje=o{Tr=1t|T1 >t} =
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We have thus obtained the distribution of 7' from that of (Z , Z). A couple of aspects of this
identification deserves mention.

(a) In order to recover the distribution of 7*, as done in the Kaplan—Meier estimate, we use the
distribution of (Z*, A4™).

(b) In obtaining the conditional distributions P{T} =t | T* =t*, ¢ = 1} we only use factors of
the form P{-| Z* =t*, A* =1}. More specifically terms like P{- | Z*=t*, A* =0} are not needed.
As mentioned earlier in this section, this amounts to showing that the map ¢: F > F%4 is
not onto. This phenomenon reappears when we attempt to write expressions for the likelihood
function.

The difficulty in the bivariate case stems from fact that, in general, the empirical distributions
are not in the range of ¢ and consequently have no unique inverse. For instance, let Z], ..., Z; be
observations with A7 =1, n; =1, 41 ; = 1. Suppose Zj is an observation with 4* =0, ny =1 and
Ao,1 =0, 49 = 1. Assume that Zy |, Zo > are distinct from the rest. From the one-dimensional
case it follows that P* will give positive values to Z7, ..., Z{ and P{T1 = Zo,1 | To = Z;} =0 for
i=1,..., k.Onthe other hand, since 4* =0 corresponds to T, > ZT,O, P{T'\=201|Th=2]}>0
for some i.

3.1. The likelihood

The observed random variable has three components, namely (Z*, 4*), n and (Zy, 4y). Con-
sequently, the likelihood also has three factors

PEAD PN (z%, A%)), PP (| (2%, 4), ).

(1) The distribution of (Z*, A4*) is the same as that coming from the one-dimensional problem,
where the survival time is 7* and the censoring variable is C*. The exact form of PZ"A) does
not concern us here. We note that P(Z"-4") depends only on P*.

(2) We have

Pin=j (Z*=z,4"=1)} Pn=jT"=2C"2z} Ple=jT"=z}
P{Zx=z,4"=1} P{Z*=z,C*>z}  P{T*=z)

Hence,
Plin=j|Z" =z, 4*=1}=Ple=j|t" =z).

(3) We next move to the case P(Z’?*Aﬂ){- | Z*, A* = 1, n}. This again corresponds to a one-
dunenswnal model. Let 7 have the distribution PO | T*=7%¢= 1} and C be independent of
T have the distribution PCZ{ |C1 > z* R Cy 21 }. Then given Z* =754 =1,n=1, (Z1, 41)
has the same distribution as 7 A C, I{T < C}. More explicitly,

P{Zi=z,41=01, 2=z A"=1,n=1} _ PlTh=z,Ci>i, Th=z7%, Cy>7%))}
P{Z* = 7%} ~ P{Ty>z*, Th=z* C) > z*, Cr > 7%
_ Phi=zTh=z"} P{Ci=z,Cr>7")
T P{Ty>z*, T, =z} P{C|>z*, Cr>z7*}

The A1 = 0 cases are handled similarly.
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What is left are the terms with 4* = 0, namely
P 4* =0}, PYrM(|4*=0,n).

The first of these depends only on G and the second does not have an explicit expression in terms
of the parametrization of P that we have used.

4. Prior and posterior

We first look at the time-discrete case, where P and G are distribution with supports in
{1,2,3,...} x {1,2,3,...}. Aprior II for P is called a Beta process, see Hjort (1990), if:

(a) The hazards P{T* =i | T*>i} are independent and are distributed as Beta random variables
with parameters («* (i), f*(i)).

(b) P%{-|T* =t} has a Dirichlet distribution with parameters (o:(0 | #), (1 | #), 2(2]¢)).

(c) Fore=1, 2, the hazards

P{T,=i+d|T*=i¢/P{T,>i+d|T*=i,¢}

are independent Betas with parameters (o; ¢(d), ﬁi,s(d ).
(d) The families appearing in (a)—(c) are independent.

With i.i.d. observations (2 1, Zl), A (ZH Zn), the likelihood factors as follows:

(a) Probabilities of (Z7, 47). ..., (Z}, 4%). These arise from a one-dimensional censoring model
involving P* and G.

(b) Probabilities of # from Z7s with A7 = 1.

(c) Probabilities of Z; from Z*s with A7 =1 andn = j for j =1, 2.

(d) Probabilities arising from Z*s with 47 =0. These do not have an explicit expression in terms
of the parameters P*, P%{- | T*}, etc.

In order to arrive at a tractable ‘posterior’ we will ignore terms in ‘(d)’ above and work with
an incomplete likelihood involving only (a)—(c). We view the terms related to (a)—(c) as more
statistically relevant, for the estimation of the bivariate survival curve, than those related to (d). If
this is done then it is easy to see that the resulting ‘posterior’ is again a Beta process. Somewhat
more formally, assume for simplicity that; # 0 fori =1, ..., n, and set

YE=#{j: 25 2i),

ANF =#{j: 2 =i, A% =1,

Ni() =#{j: Z5 =i, A5 =1,n=1},

NiQ)=#{j: Zi =i A5 =1,1=2),

Yia()=#{j: Zi =i, A =1,n=1,Z;>i +d}.
ANig()=#{j: Z5 =i, A5 =1,n=1,Z1 ;=i +d A ; =1},
YiaQ) =#{j1 Zi =i, A5 =1,1=2,Z;>i +d),

ANig() =#{j: Z5 =i, A5 =1,91=2,Zs ;=i +d, Ay ;= 1}.
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The updated parameters are
B(0) = a* (i) + AN,
B () = B* () + Y — AN,
(@(017), &(1]i), a2 i) = (O ]1) + N;i(0), a(1]7) + N; (1), 2(2 | ) + Ni(2)),
8;,1(d) = ;1(d) + AN; (1),
Bia (@ = Bi.1(d) + Yia()) = AN;a(1),
8 2(d) = % 2(d) + AN; 4(2),
Bia(d) = B;o(d) + Yi.a(2) — AN;a(2),
An easy computation gives the Bayes estimates as
o*(i) + AN}
a* (@) + @) + v
o*(i) + AN}
o (i) + B + Y
_ p*Gi)+ Y — AN}
BERORN AGES 7
215+ Nij)
a(0]1) + Ni(0) + a(1]7) + Ni(2) + (2| 1) + Ni(2)

E,P{T"=i|T*">i}=

E,P{T*>i|T*">i}=1-—

E,PjIT" =i} =

[l

P{T1=i+d|T*=i,8=1}_ o 1(d) + AN; 4(1)
"PITizi+d|T*=ie=1}  o1(d)+ B 1(d)+ Yiqa()’

P(I\>i+d|T*=ie=1} %.1(d) + AN; 4(1)
"PMzi+d|T*=ie=1}  o1(d)+ B (d) +Yiqa(D)

_ Pia(d) +Yia(1) — AN 4(1)
T o)+ By () + Yia()

We also have
P{Ty=i+d, Th =i}

i1 . v
ST = =iy
Frrzjy | =i

) ﬁ_[l P{T1>i+d/|T*=i,s=l}i| [P{T1=i+d|T*=i’8=1}]. 4.1)

Pihzi+d|T*=ie=1} | [ P{T12i+d|T*"=ie=1}

As we let the prior parameters go to zero, for each j, the Bayes estimate of P{T* > j}/P{T* > j}
converges to N*+/N* where N*Jr = Y* AN* and the Bayes estimate of P{T*=i}/P{T*>i}
converges to AN */ Y* Carrymg outa s1m11ar evaluatlon of the limit in each of the factors in (4.1)
and setting Nl‘f (1) =Y; #(1) — AN; #(1) we get the ‘noninformative’ Bayes estimator

ﬁN;ﬁ ANF Ni(1) ‘ﬁNﬂ(l) ANia(1)
NP JoYE ANE | Nia(D Yia(l) -

1
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While we have not worked out the details, we do expect this noninformative Bayes estimator to
be consistent.

5. Beta processes

In the context of general Beta processes it is convenient to work with the cumulative hazard
function of a distribution rather than the distribution function itself. These processes were intro-
duced in Hjort (1990). Recall that if F is a distribution function and if F =1 — F is the survival
function then the cumulative hazard function A is the function

A(,):/ AFG)
[0,7] F[Sv OO)

This is right continuous and increasing, has the same jump points as F, and if ¢ is a jump point
then the jump size is AA(t) = AF(t)/F[t, 00).

Let Fy be a distribution function and let AS, Ag be the discrete and continuous parts of its
cumulative hazard function Ag. Let w be a continuous positive function on R™. A Beta process with
parameters w and Ay is a process such that the process {A(7): t > 0} has independent increments
and has the Lévy measure

dL(t, ) =w(@®)s (1 —5)? D7 dAS (1) ds  for r € RT, 0<s<1
and if 7y is a jump point then
AA(to) ~ Beta{w(10) Aj(10), w(io) (1 — Af(10))-
If we have n i.i.d. observations with some of them right censored and if we set
ANQ@)=#{i:Z; =t,4; =1}, Y(t)=#{i:Z; >t}

then Hjort (1990) has shown that the posterior is again a Beta process with parameters w + Y and
fo'(w dAg+AN)/(w + 7).

Since our approach to the bivariate problem is a sequence of one-dimensional censoring models,
a natural generalization of the one-dimensional Beta process suggests itself. Let Fj be a distri-
bution function on RT x RT. Let F{ be the distribution of T*, F(- | T*) be the distribution of &
given T* and FO] (- | T*) the distribution of T} given (T*, ¢=1) and F02(- | T*) the distribution of
T, given {T*, e=2}. Next, let w be a function on R* x R™. We write w* (1) =w(¢, t). Furthermore
if s > ¢, then set wi(s | t) = w(z, s). Define wy (s | ¢) similarly.

Let o be a function from R to (R)>. The parameter space is

(1) .Z/—the set of all distributions on R™. We view this as the set of all possible distributions
for T*.

(2) I'—all measurable functions from R to the set of probability measures on {0, 1, 2}. This
correspond to the set of conditional distributions of ¢ given T*.

(3) I'y—all measurable functions from R to ., viewed as the set of distributions for 77 given
T*and ¢ = 1.

(4) I'>—all measurable functions from R to .#, viewed as the set of distributions for 7> given
T* and ¢ = 2.
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Aprior [ =111 x Il x I3 x [1yon .# x I' x I'1 x I'5 is called a bivariate Beta process prior

if

(1) IIy is a Beta process with parameters C*, Aj on ./.

(2) Under I, {y(t*, -):t* € R} are independent and for each ¢*, y(¢*, -) has a Dirichlet distri-
bution with parameters o (™), oy (¢%), ap (t).

(3) Under I3, {y,(t*, -): t* € R} are independent and for each ¢*, y,(¢*, -) is a one-dimensional
Beta process with parameters w (- | t*) and A(()l)(- | ).

(4) Under Iy, {y,(t*, -): t* € R} are independent and for each ¢*, y,(¢*, -) is a one-dimensional
Beta process with parameters wy (- | t*) and A(()z) (-1¢%).

A technical argument is needed to properly demonstrate the existence of the above process; see
the Appendix.

It is fairly routine to see that given n i.i.d. observations, using the incomplete likelihood, the
posterior is again a bivariate Beta process. The independence assumption in the prior and the
product form of the likelihood ensures the required independence for the posterior. That the
posterior is again a Beta process follows from the one-dimensional results. The exact Bayes
estimators can be written down but become notationally tedious. We just note that if we let w go
to zero we get exactly the same noninformative-prior estimator as before.

6. An example

We first examine Pruitt’s (1988) example via our approach. The only observations with 4* =1
are the ones with both coordinates uncensored. Thus, the estimate of the distribution of 7* will
have positive mass only at Z* corresponding to these points. The censored observations will all
have Z* = 0. Also it is only the observations with both coordinates uncensored that are used to
estimate the conditional probabilities.

Considering a simple numerical example in Dabrowska (1988), suppose that the observed
points written as (Z1, Z», 41, 4,) are

(.51,.02,1, 1), (.11,.62,1,0), (.24,.24,0,0), (.68, .68, 1, 1).

The noninformative-prior estimate will give mass 4—11 to each of (.11, .62), (.51, .02) and % to the
point (.68, .68).

Estimate of Dabrowska Noninformative-prior
P{T, >0, T, >0} 1 1
P{T\ > .11, T, > 0} 75 5
P{T\ > .24, T, > 0} 75 5
P{T\ > .51, T, > 0} 375 5
P{T; > .68, T, > 0} 0 0
P{T} >0, T, > .02} 75 5
P{T, >0, T, > .24} 75 5
P{T\ >0, T, > .62} 75 5
P{T; >0, T, > .68} 0 0
P{T; >x,T, >y} ) )

In the last row x € [.11, .68] and y € [.02, .68].
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The set in the first column of the fourth row contains that in the last row, for x > .51. However,
using the Dabrowska estimator method, the set in the last row has larger probability, leading to
negative mass for some sets. Pruitt (1991) has examined the occurrence of negative mass in the
Dabrowska estimate. This lack of monotonicity will not occur with the noninformative estimator.

Appendix A.

Consider I';. This is a subset of .#%. Kolmogorov’s consistency theorem guarantees the exis-
tence of a product measure on .# R, However, we need to show that the outer measure of I'; is 1.
This follows from the following lemma. A similar argument appears in Judd (1985).

Lemma A.1. Let & and % be a complete separable metric spaces with their corresponding Borel
o-fields. Let = [ ;e 1; be a product of probability measures on a?. IfI C Y is the set of
all measurable functions from % to X', then the u outer measure of I' is one.

Proof. Let E be any measurable set in M @)* containing I'. We will show that E is the whole
space. Since E is measurable there is a countable set {1, t2, ...} such that E is in the g-algebra
generated by the projections to these coordinates. Hence, for any vy, y,5, if 1 (:|t;) = 7, (- |tl) for
i=1,2,..., then either both y; and y, or none of them belong to E. Take any y € M (% )

pick a y, from A. Definey* by

. L oGl fori=1,2,...,

reln) = {yo(- |t) otherwise.
Since “/0 is modified only at countably many points, measurability still holds and hence y* € I.
Now, y*(- | ;) =y(-| ;) fori =1,2,... ,hence yisalsoin E. [J
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