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Abstract

The focused information criterion is used to make a choice among sev-
eral statistical models, or among several variables to include in a model.
Different from other such information criteria, the focused information
criterion is constructed to select the best model for a given interest
quantity, the focus of the research question. Different such focus pa-
rameters may lead to different selected models, each one best for the
corresponding focus. What is ‘best’ is defined by a risk function, often
the mean squared error. Other risks can be considered too for focused
selection. Selections by the focused information criterion include using
parametric (generalized) linear models, non- and semiparametric mod-
els, quantile regression models, graphical models, models for survival
data, for longitudinal data, time series models, and many more. Ex-
tensions of the basic version include versions for high-dimensional data,
regularized estimation, and Bayesian methods.
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1. INTRODUCTION

Building good models for one’s data, quite often involving searching through candidate
models before finding an adequate one, is of course a major theme of theoretical and applied
statistics. The relative ease with which even a high number of candidate models can be
worked through (‘I just ran two million regressions’ is the pertinent title of Sala-i-Martin
(1997)) highlights the need to have automated well-founded model comparison and model
ranking methods. Such have been worked with since the 1970ies and 1980ies, with the most
well-known versatile methods AIC and BIC (the Akaike and the Bayesian Information
Criterion) in extensive use; see Claeskens & Hjort (2008b) and the review article Claeskens
(2016). The present article reviews the differently spirited FIC, the Focused Information
Criterion, which takes into account the leading questions of interest when sorting through

and ranking candidate models.

Data collection and model building is indeed often driven by underlying focused ques-
tions; one wishes to find the best model related to such. Some instances are pointed to here,
with yet others discussed later in our article: In biology, the population size estimation of
whale sharks in a certain region might be of special interest (Farcomeni 2017); in Cunen
& Hjort (2018), Cunen et al. (2020b, 2021), the marine biology focus is the body condi-
tion of minke whales, monitored over time. With functional magnetic resonance imaging
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(fMRI) data researchers may focus on estimating the mean signal in specific brain regions
of interest (Pircalabelu et al. 2015a,b). In time series analysis in an economical context one
wishes to select the order and the innovation density of autoregressive processes (Pandhare
& Ramanathan 2020a). For Wang & Hobak Haff (2019) the focus lies on the claim severity
distribution for actuarial data. Bartolucci & Lupparelli (2008) focus on the population size
using capture-recapture models. Using quantile regression models one wishes to estimate
the minimum effective dose in phase II clinical trials (Behl et al. 2014). In Yang et al.
(2015), Hellton & Hjort (2018) the aim is that of obtaining good personalized prediction for
individual patients in a medical setting. In various medical studies one wishes to estimate
the survival probability for a given patient when other medical information is available
(Hjort & Claeskens 2006, Hjort 2008, Hjort & Stoltenberg 2023). For Haug (2019), the task
is to select dynamically evolving Markov chain models for the level of conflict or war, year
by year, aiming for the most precise probability estimates for further escalation.

For each of the situations pointed to here there would be multiple candidate models, to
be sorted through and ranked; these could reflect different selections of covariates, potential
interaction factors, additional parameters related to skewnesses of error distributions, etc.
What these setups further have in common is that one wishes to estimate a certain chief
quantity, with a clear interpretation across candidate models. The idea of using the focus,
the quantity of interest, to select a model, makes sense because one model cannot be best
for estimation of everything. In a statistical analysis often several models are constructed
to help us have precise answers to the researcher’s focused questions. Often it is not clear
at the outset which of such a set of models is the best for which purpose. When performing
focused selection, the research question is translated into a focus parameter, which is an
estimable parameter that is interpretable in the available set of models to choose from.
Starting from the focus parameter, the FIC estimates for each model the risk involved to
estimate the focus. The model with the minimum such estimated risk is the model selected
by the FIC.

A generic formalized version of these main ideas is as follows. There is a focus parameter
1, with clear interpretation across candidate models My, ..., M. Using model M; leads to
the estimator fi;, in terms of that model’s estimated parameters. Though there are other
variants, the quality of this outcome of using M, is defined as the mean squared error (mse)

mse; = Etrue [(ﬂ] - Mtrue)z] = qu] + Vj, 1.

say, in terms of the squared bias sqb; = b? of the estimator fi; and its variance v;. These are
defined in terms of the true underlying model having generated the data. The FIC idea is
to assess and estimate the squared bias and the variance, perhaps via good approximations,
and in ways depending on model assumptions for the true model, and then to arrive at

FICj = IHSFJ' = S/q\bj + ﬁj. 2.

This gives a FIC ranking, from the best models with low scores to the worst with higher
scores. When working out tables and plots for these quantities it is typically advisable to
go to FIC}/ 2; these root-FIC scores are then interpretable as estimated precision on the
scale of u itself. We note here that if /l;j is a good estimator of the bias itself, the squarez)\?

will overshoot sqgb., its mean being approximately bf + 75, say, with 7; the variance of b;.

70
The sqb; estimator ought therefore to be of the type 3]2 —7;, typically truncated to zero to
avoid negative values. It is also to be noted that different foci might easily lead to different

rankings and different best models, unlike most other selection schemes in mainstream use.
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Though the FIC formula (2) looks innocently generic, the ingredients will take different
forms in different setups, constructing the appropriate versions of max(@? —7;,0)47v;. These
will depend not only on the list of candidate models, and the focus u, but also, crucially, on
what is assumed about the underlying true model. Carrying out FIC analysis and model
ranking in practice can be relatively easy or relative complex, depending on these factors;
thus its implementation might typically take more efforts than the familiar AIC and BIC
criteria, for which merely the log-likelihood maxima are required.

In Section 2 we give broadly applicable formulae for FIC in the setting of general regres-
sion models. There is a narrow model of dimension p and a wide model requiring ¢ more
parameters, with all 27 subsets of these being associated with possible candidate submodels.
This fits the typical situation with ‘protected’ covariates z1,...,zp, those being present in
all models considered, and ‘open’ covariates zi,..., 24, and subset models corresponding
including some of these while excluding the others. The operative assumption is that the
distance from the narrow to the wide model is moderate. The setup of Section 4 is differ-
ent, where parametric candidate models are compared with a fixed wide model, perhaps
nonparametrically defined. Section 3 broadens the horizon, with average-FIC procedures
and their connections to model testing,

A different direction for FIC ideas are worked with in Section 5, giving strategies for
selecting fine-tuning parameters in different settings; these methods are also used to select
sometimes better estimators than the maximum likelihood when setting up the FIC for
model selection.

Issues of post-selection inference are discussed in Section 6. Variations of the FIC,
e.g. with different loss functions, are worked with in Section 7. Then Section 8 offers point-
ers to recent methodological developments, partly driven by an increasing list of application
domains. Some concluding comments are in Section 9. The separately available online sup-
plement contains additional details, pertaining to the wide model FIC, influence functions,
and FIC for other loss functions.

2. FIC IN THE LOCAL NEIGHBORHOOD MODELS FRAMEWORK

It is clear from the general setup above that the formulae for the mse in eq. (1) and their
estimators in eq. (2) will pan out differently in different frameworks. This is not merely since
estimands p and estimators [i are of different types, but because the modelling assumptions
about the true underlying data generating process matters crucially. In the present section
we are able to find quite general formulae, valid for all smooth parametric models, in
a certain O(1/4/n) modelling framework; in Section 4 somewhat different formulae are
exhibited, for the different setup of having a fixed wide data-generating model.

2.1. Defining the focus and the FIC value

In a parametric regression model, the true density (or probability mass function) of a
response variable Y depends on some parameters. We distinguish between ‘protected’
parameters, denoted by 6, that are present in all of the models and are not subject to
selection, and the parameter vector -« that is the topic of the model search; some of its
components may appear in the selected models, the components that are not, are called
‘non-selected’.

For a spelled-out fairly typical situation of this sort, consider a normal linear model
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with responses Y; = x; B +2z; v + & for i = 1,...,n, with x; the protected covariates of
length p and z; the open covariates of length ¢, and with the ¢; being i.i.d. N(0,0?). The
narrow model has the p + 1 parameters (3", ), with none of the z ; included, whereas
the wide model has the p + ¢ + 1 parameters (5T, o,’yT), with all of z; 1, ..., 2i,¢q on board.
Focus parameters could be (i) the mean response u1 = E (Y |x0,20) = xg 8 + 24 7, for a
fixed or perhaps new position (xo,2o) in the covariate space; (ii) the 0.90 quantile pp =
Xq B+2g Y+0 20.00; OF (iii) the probability us = P(Y > yo | X0, Zo) of such a new Y exceeding
a relevant threshold yo. For each subset S C {1,...,q} the corresponding submodel can be
used, with z;; in the model for j € S but not with j ¢ S, leading to estimators [is.

With each estimator fig of the focus p there is an associated bias bg and variance
vs, needing a careful definition, calculation, and approximation, before we can properly
construct the ensuing FIC scores, say FICg, as per eq. (2). The bias bs in particular
depends crucially on what is assumed to be an adequate representation of the true model.
The typical option here is to assume that the full wide model, containing all of 3, 0,7, is
true.

In order to approximate and estimate the mse of formula (1), to arrive at FIC of
the form as in eq. (2), assumptions are needed. In Claeskens & Hjort (2003) we used
a locally misspecified model in which firue(y) = f(y;%,00,7, + 6/4/n), here spelled out
for regression contexts. The narrow model, of dimension p, corresponds to v = 7, a
known value, like zero; the wide model has dimension p + gq. The true focus parameter is
Herue = (00,79 +8/y/n), with submodel estimators of the form fig = u(as, Ygs 70,SC), with
(55,’75) maximum likelihood (ML) estimators in the S subset model, i.e. the maximizers
of that model’s log-likelihood function

e'ﬂys(G? 75‘) = Z log f(yl: xi, 0,75, 70,5‘0)'
i=1
Under this true density function, one can compute for each focus estimator its bias and its
variance. Exact calculations are available in normal linear models, but require approxima-
tions via Taylor series expansions and Lindeberg approximate normality theorems in other
modelling setups.

Such broadly applicable results have been obtained in Claeskens & Hjort (2003, 2008b),
to be described now. They do involve a certain amount of book-keeping matrices, related
to biases and back-and-forth projections for as many as 279 correlated limiting normals.
Define first the (p + q) x (p + ¢) Fisher information matrix and its inverse, for the model
f(y;x,8,7), evaluated at the narrow model parameters (8o, ~,),

Joo, Jo1 —1 Joo, g
Jwide = d J_iq. = . 3.
d (JIO7 J11> an wide <.]10, Jll

A crucial component here is the ¢ X ¢ matrix

Q=J" =T —JioJyg Jo1) " 4.
Define next
2 ap T 1-19 —19, 3
To :67; J()Oa*lg and wIJmJOOafg—ﬁ, 5.

again with partial derivatives evaluated at the narrow model. We finally need projection
matrices g, taking v = (v1,...,v4) " to the subvector vs of size | S| (the cardinality of S)
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containing only the components with j € S, and
Gs =m5QsmsQ ' = w5 (msQ 'wg) 'wsQ

These are ¢ X ¢ matrices with the trace (sum of the diagonal elements of the matrix)
Tr(Gs) = |S|. For the narrow and wide models, the Gs is equal to 0 and I, respectively.
If Q is a diagonal matrix with (k1,...,kq) on its diagonal, then Gy is the diagonal matrix
with x; for j € S and zeroes elsewhere on the diagonal. The relevant and useful Master
Theorem I now says that under suitable regularity conditions,

\/ﬁ(ﬁs - Ntrue) —d AS’ = AO + wT((s - GSD), 6.

with joint convergence for all 2¢ components. This is a limit distribution representation
for all the submodel estimators fis, in terms of a basic common Ag ~ N(0,7¢) and an
independent D ~ N4 (6, Q).

In the limit experiment, defined in terms of the independent normals Ay and D, all
quantities can be consistently estimated from data, apart from § in the O(d/4/n) setup, and
for which we merely observe D, which is also the limit distribution for Dy, = v/n(¥ 46 —Y0)-
The limiting mse for \/nflis, as an estimator of v/nfirue, is

mses =75 +w ' GsQGiw + {w' (I; — Gs)d},

with I, the g x ¢ identity matrix. Noting the E(DDT) = 88" + Q, an unbiased estimator
for mseg is

mses =70 + w' GsQGiw+w' (I, — Gs)(DD' — Q)(I, — Gs)  w.
The ‘real FIC’ now emerges by plugging in estimators for the relevant quantities, i.e.
fics =7 + @ GsQGE® +&' (I, - Gs)(DuD,, — Q)(I, — Gs) ',

where it is also recommended to truncate the estimated squared bias to zero in cases where
the third terms is negative.

The estimators in question start from estimating the normalized Fisher information
matrix Jwide of €q. (3); such a jwide can e.g. be obtained as n~! times the observed Fisher
matrix —0%£y, wide() /0, i.e. the negative Hessian for the log-likelihood function at
its maximum, here writing o = (0,+) for the full p + ¢ parameter vector. From this we
also obtain estimates of the Q and Gg matrices. For w one needs partial derivatives of
1(0,~), computed at the ML position, via exact formulae in the simpler models or via
numerical methods. We note that fics above has emerged as estimating the mseg on the
Vn(fis — perue) scale, so for tables and plots we use fics/n, or ﬁc}g/Q/\/ﬁ for the root-fic
scores; these are the values plotted in Figure 1, and similarly for Figure 3.

2.2. lllustration: Diabetic retinopathy study

In the broad study Klein et al. (2008), the aim was to examine the 25-year cumulative
progression and regression of diabetic retinopathy, in the light of various risk factors. It
involved following insulin-taking persons living in Wisconsin with type 1 diabetes diagnosed
before age 30. The main outcome y is an indicator for moderate to severe nonproliferate
retinopathy, or proliferate retinopathy, for one or both eyes; out of n = 691 individuals with
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no missing covariates, there are 134 with y = 1 and 557 with y = 0. We have organized
data into rows of (x1,x2, 21, 22, 23, 24, 25,y), with 21, duration since diagnosis; x2, indicator
for presence of macular edema in one or both eyes; 21, glycosylated hemoglobin level; z2,
body-mass index bmi; z3, pulse rate; z4, gender (1 for male, 0 for female); z5, indicator
for presence of urine protein. We treat the covariates x1,x2 as protected, i.e. they need
to be included in each candidate model, the intercept is a protected variable too, whereas
z1,...,25 are open, i.e. can be included or excluded in submodels, for different purposes.
This leads to searching through 2° = 32 logistic regression models, submodels of the wide
model of the form

p(x,2) =P(Y =1|x,2) = H(Bo + Biz1 + Bax2 + Y121 + Y222 + Y323 + Yaza + V525),

with H(u) = exp(u)/{1 + exp(u)} the logistic transform.

Q
—

/f'

estimates, for four groups
0.4

A
!

0.00 0.10 0.20 0.30

root—fic

Figure 1: FIC plots for four strata of individuals, stratum 1 (black), 2 (red), 3 (green) and
4 (blue). The estimates, associated with the 2° = 32 candidate models, are on the vertical
axis, with root-fic on the horizontal, i.e. estimated root-mse. The more to the left in the
plot, the better the submodel and its estimate. There are different best models for the
different strata.

The AIC solution is found to include zs, z5, hence ignore z1, 22, z4, for all estimation
purposes; the FIC spirit is however to identify different best models for different problems.
Motivated by attempting to understand which factors are important for assessing the risk
of diabetic retinopathy, for those with relatively high values of bmi and pulse rate, we pick
individuals with median value for x1,2z1 but at 90 percent quantile levels for z2, z3, with
z4 = 1 (i.e. male), and then the four possibilities for 2 and z5 (presence or not of edema;
presence or not of urine protein). Below we refer to these four strata as stratum 1 with
(0,0), stratum 2 for (0,1), stratum 3 for (1,0) and stratum 4 for (1,1). Details concerning
how to actually compute the FIC values using the R library fic appear in Section 2.3.
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Figure 1 is an instance of so-called FIC plots. There are variations here, but this follows
a certain standard, with candidate model estimates on the y-axis and root-FIC scores on
the x-axis; the more to the left, the better the estimate, and vice versa. Also, the root-FIC
has direct interpretation as estimating the root-mse. Going through the different cases
we learn the following. For stratum 1, the best is to add z2 with focus estimate 0.1332;
for strata 2 and 4, the FIC selects zs, z5, i.e. the AIC winner. The corresponding focus
estimates are 0.2991 for stratum 2 and 0.7751 for stratum 4; for stratum 3, adding z; is the
FIC preference, with focus estimate 0.5476.

2.3. Computing the FIC value

The R package fic (Jackson & Claeskens 2025) computes the value of the FIC for focused
variable selection questions concerning generalized linear models, the Cox proportional haz-
ard regression model, (flexible) parametric survival models and multistate models for panel
data. The required input for the function fic() in this R package is:

1. The fitted model output for the largest model (e.g. the result of using glm()).

2. The set of models to search from. This can be user specified, a nested sequence of
models, or all subsets of the largest model.

3. Stating which parameters are protected (this is the inds0 value).

4. Defining the focus as a function of the model parameters. Some common choices are
included in the fic() function, or this can be user specified.

5. The covariate value(s) at which the focus is to be computed.

In this R package the wide model estimates are used to estimate the parameter values that
occur in the final FIC formula.

For the Diabetic retinopathy study in Section 2.2, we used the following code for the
FIC selection.

library(fic)

wide = glm(y ~ x1+x2+z1+22+23+z4+2z5, family=binomial)

indsO = c(rep(1,3),rep(0,5)) # first 3 parameters protected, other 5 open

X.eval = rbind("stratumi"=c(1,10,0,10.6,28,50,1,0),
"stratum2"=c(1,10,0,10.6,28,50,1,1),
"stratum3"=c(1,10,1,10.6,28,50,1,0),
"stratum4"=c(1,10,1,10.6,28,50,1,1))

combs = all_inds(wide,inds0) # all subsets search

ficl = fic(wide,inds=combs,inds0=inds0,focus="prob_logistic",X=X.eval)

summary (ficl,adj=TRUE)

This produces the following summarized output. More details about the fitted models, the
estimated bias, variance, and focus values for each of the models are computed too and
accessible to the user, but these are not shown in the summary. Note that the value of
the average FIC, AFIC, see Section 3.2, is included in the summary when more than one
evaluation value is specified.

Model with lowest RMSE by focus

index pars focus
stratumil 3 (Intercept) ,x1,x2,2z2 0.1332
stratum? 21 (Intercept),x1,x2,z3,25 0.2991
stratum3 2 (Intercept) ,x1,x2,z1 0.5476
stratumé4 21 (Intercept),x1,x2,23,z5 0.7751
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Average 21 (Intercept),x1,x2,2z3,z5 0.4384

Range of focus estimates and RMSE over models
min(focus) max(focus) min(RMSE) max(RMSE)

stratuml 0.0954 0.1972 0.0225 0.0627
stratum2 0.1127 0.3424 0.0599 0.2792
stratum3 0.4570 0.6891 0.0993 0.1499
stratum4 0.5477 0.8069 0.0751 0.2054
Average 0.3302 0.4769 0.0718 0.1802

Several worked out data examples are included in the R package’s vignette files. These
include focused selection among skewed normal models, survival models and several gen-
eralized linear models. Examples of focus functions are given, which can be completely
user-specified, and it is explained how one can specify a loss function different from the
least squares loss. For a graphical representation of the output, see the FIC plots in Sec-
tion 2.2.

For focused selection in other model classes not contained in the library, several authors
have developed their own functions. Each time, the main ingredients are the same as above,
with the Fisher information matrix in the largest model, the estimator of 7 in the largest
model and the partial derivatives of the focus function with respect to the model parameters
being the main quantities to compute.

2.4. FIC extensions

Importantly, the framework and results described above, illustrated there for selection
among 2° = 32 variable selection models inside a logistic regression setup, is quite gen-
eral, and can be extended further.

First, the covariates in a regression model can enter the model parameters in several
ways. To illustrate this point, consider a rather broader version of the logistic regressions
exhibited in Section 2.2, with

p(x,z,w) = H(x' B+2 7)"PC #)

allowing skewing the logistic transform, via a subset w of the covariates (x,z). The previous
setup corresponds to insisting that & is a vector of zeros only. With r the length of the
w considered, the general FIC theory still applies, with the possibility of working through
297" models, corresponding to selecting variables z; and w; for inclusion or exclusion in
respectively the z' v and w ' & parts. This necessitates new formulae and numerics for the
Jwide and w of equations (3) and (5), but otherwise follows the general algorithm. Carrying
out extended FIC analysis for the setup of Section 2.2, but now allowing w' k above as
skewness modificators, using e.g. w = (z1, 22, 3[:3)T with three more parameters, would lead
to a more crowded FIC plot than in Figure 1, now with 2573 = 256 point estimates for
each stratum. Again, FIC finds the best candidate model for each.

Other situations of this type are heteroscedastic normal regression, with Y; ~
N(x; B, 5% exp(z{ 7)), and doubly log-linear gamma regression, with Y; ~ Gam(as, b;), say,
where a; = exp(x] 8) and b; = exp(x; 7).

Second, the FIC naturally works also for i.i.d. setups, for two-sample comparisons, etc.
For illustration, suppose there are data x; from F and y; from G, with wide models (6, )

of dimension p + ¢, narrow models (8,~,), for each, with v, a fixed value of -, like zero.
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To estimate the median difference p = med(G) — med(F'), for example, one may use the
natural variations and extensions of eq. (6) to build a FIC, for this focus parameter, to
select the best among 2977 candidate models.

3. NARROW VS. WIDE, TOLERANCE RADII, AFIC

The FIC schemes above were constructed from the basic Master Theorem in eq. (6). Other
relevant insights, of separate interest, also flow from that and related results.

3.1. Tolerance around models

One question to ask is whether extending a narrow model is needed. For a given dataset,
should we be content with a perhaps classical regression model, with p parameters, or does
it pay off to include one more, to signal model departure in a certain direction, or even
q more? From the FIC perspective, this depends not on ‘overall fit’ to data, but on the
specific question for which we need the best answer. It is indeed useful to check the special
cases of the narrow and the wide model in the FIC framework above. These correspond to
S =0, with Gs =0, and S ={1,...,q}, with Gs = I, and we have

2 T o\ 2 2 T
msenarr = 7o + (w §)° and msewidze = 79 + w Quw,

clearly illustrating the bias-variance balance. The narrow model is best when |w'd| <
(wTQw)l/ 2 which is an infinite tolerance strip around the narrow model, in terms of
8 = /n(y —7,). For some focus parameters, it would not be alarming that the narrow
model could be fully correct; for others, it would matter significantly.

For the one-dimensional case, the w factor cancels out, and the above simplifies to the
tolerance radius |y — yo| < #/+/n, with Q = w%. It is instructive to go through various
settings, with a perhaps familiar model f(y; @) as the narrow model, and then investigating
whether it pays off to include one more parameter, say with f(y;0,v) as the wide model.
For such situations it is then a matter of computing the (p+1) x (p+ 1) Fisher information
matrx Jyide, and then read off the Q = J' = k2. If the tolerance radius x/y/n is big, in
the relevant context, it might not be worth the extra modelling effort, and vice versa. We
also learn in a precise fashion the role of increasing sample size; for large n, it pays off to
use more sophisticated models. Various examples, from i.i.d. setups to regression models,
are given in Claeskens & Hjort (2008b, Ch. 3) and Hjort (1993).

Going back to the FIC selection scheme, for the limit experiment worked with above,
we have

ficnarr = T4 + wT(DDT —Q)w and ficwide = 74w Quw.

So FIC prefers the narrow to the wide provided (wTD)2 < 2w Qw. We again see that
different choices are made for different foci, i.e. different w. As for the tolerance radius
discussion, matters simplify for the one-dimensional case ¢ = 1, with the w cancelling out;
here the narrow model is preferred as long as |D| < 212k, writing as above Q = 2. For
the real-data setup, this translates to [§ — 0| < 21/2k/4/n. In the large-sample sense, this
is seen to be equivalent to the AIC. So ‘FIC = AIC’, essentially, for the case of comparing
a start model with a one-parameter extension, but not for g > 2.
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3.2. AFIC, the average-FIC

Often enough there is not a single focus parameter, but a collection of such, as in all quantiles
above level 0.90, the mean response in a regression setup for all individuals inside a certain
stratum, etc. In general terms, suppose there are foci p; to be estimated, along with weights
of importance vj;, for j = 1,...,k. With candidate model S, estimators fis, ; are computed,
with overall loss Lg = Zle v (fis,; — tjerue)?, i.e. the weighted sum of squared errors. For
each focus, there is an wj, from the expressions in eq. (5). Using Master Theorem I of (6),
there is a clear limit

k
nLs —q4 As = Zvj{Ao,j + WJ'T(‘S — GsD)}?,

=1
with limiting risk its mean

k
rs =ro+ Y vjlw; GsQGw; + {w; (I, — Gs)8}?] = ro + Tr[{As + Bs(6)}C],

j=1

writing ro = Z?Zl v]-Tg,j for the term not depending on S, along with As = GsQGE,
Bs(6) = (I, - Gs)dd (I, —Gs) ', and C = > vjw;w, . For model comparison purposes
we may ignore the ro term. Our AFIC, the weighted or average FIC, given the list of foci
and their weights of importance, is then

AFICs = T&"(ASC) + Tr(MsC), 7.
with Mg estimating Bs(d). For this limiting experiment, the unbiased estimator is
Ms = (I, — GS)(DDT -Q)(Ig — GS)T ={(Iq - GS)D}2 — (I —Gs)Q(I — GS)T7

which we then choose truncate to zero in case its value is negative.

Just as for the single-FIC discussed in Section 2.1, a ‘real AFIC’ emerges by plugging
in estimators for unknown quantities, involving the observed Fisher information matrix
Jwide, and using D, = Vn(¥ — 7,) for D. The theory works also when the weights v;
are not given a priori, but rather estimated consistently from data, as with v; = v;(0,7)
for an appropriate smooth v; function. See Claeskens & Hjort (2008b, Remark 6.4) for a
connection between AFIC and AIC.

It is useful to spell out how the narrow and wide models compare here. The risks
simplify to marr = 8 ' C8, Twide = Tr(QC), ignoring the first term ro that does not depend
on the S, and

AFICpar = Tr{C(DD'" — Q)} =D'CD — Tr(CQ), AFICyiae = Tr(CQ).

So, in the limit experiment setting, narrow is judged best as long as DT CD < 2Tr(CQ).
In some settings the foci p; and their weights of importance v; are arranged in such a
fashion that C = Q™ !, see eq. (4), in which case matters simplify further; narrow is then
preferred as long as DT Q™ 'D < 2¢. This actually precisely matches the classic AIC, the
Akaike Information Criterion, see Claeskens & Hjort (2008b, Ch. 2). Briefly, with

AlCs = 26",5(657’73770,30) - 2‘S|7
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there are precise limits for AICs — AICya,r, in terms of quadratic functions of D and addi-
tional terms, with consequent decision boundaries and model ranking. These are identical
to those for the AFIC, if and only if C = Q~'. For the important class of generalized linear
models (GLM), details related to these issues are given in Claeskens & Hjort (2008a), also
pointing to which weights are to be given to datapoints to achieve large-sample equality
with the AIC. For linear regression models, with means E (Y; | xi,2:) = x; 8+ 2] 7, the x;
protected and z; open, this amounts to giving the same weight 1/n to each focus x; B+z; ~.
For various other cases, the AFIC has a real focus, different from the bland overall goal of
the AIC; AFIC can be seen as properly focused versions of the AIC.

The default option in the R package fic is to use equal weights when more than one
focus is specified, though user-specified weights can be passed on to the function for the
computation of the AFIC. For the diabetic retinopathy data of Section 2.2, we specify as
focuses the p(x,z) for all 25 subjects in stratum 3 with z2 = 1 and z5 = 0. Equal weights
with the value 1/25 are used. The information for the best 3 models is shown below. The
column mods indicates which variables are present in the model, in the order as specified in
the wide model, the intercept is included. The root mean squared error, bias and standard
error values are formed as per the formulas for AFIC, including the bias correction and
truncation to zero for the squared bias part. The best model according to AFIC for the
subjects in stratum 3 is the model with intercept, z1, x2, 22, z3 and z5. The AIC selected
model comes at a close second place with nearly identical root mean squared error.

vals mods rmse.ad]j bias se focus
Average 11101101  0.0858 -0.0117 0.0850 0.6779
Average 11100101 0.0859 0.0196 0.0836 0.6841
Average 11110001 0.0861 0.0131 0.0851 0.6912

4. FIC AND AFIC WITH A FIXED WIDE MODEL

In Section 2 we have described a broadly applicable FIC machinery for i.i.d. and regression
models, sorting through submodels of a well-defined wide parametric model for the data.
The operating condition is that these competing models are not very different, with param-
eters scaled to the O(1/4/n) setup, corresponding to examining behavior and selection rules
with ||[v/n(y — 7,)|| inside a bounded terrain. Here we study a different setup, most easily
presented in the i.i.d. situation where Y, ..., Y, stem from some unknown distribution with
density f and c.d.f. F. When estimating a focus quantity p = u(F), like the median, the
skewness, the probability F'(b) — F(a), etc., there is a choice between the wide model non-
parametric finp = p(Fy), writing F, for the empirical distribution with mass 1/n on each
datapoint, and parametric fipara = p(F (-, /0\)), using ML estimation for different competing
candidate models.

4.1. mse approximations and FIC formulae

The FIC approach here, for comparing parametric with nonparametric estimators, is to
follow the main steps of eq. (1) and (2), but with formulae different from those obtained in
Section 2. The essence is as follows. Under regularity conditions, estimators finp and fipara
will have a binormal approximation. A formalized version is that

ﬁpara = N(BO) + Cpara/n + n_1/2Zn,para + 0(1/n)7
finp = fitrue + Cup/n 4+ 1" Zn np + 0(1/n),

Claeskens and Hjort



with (Zn para; Zn,np) having a joint zero-mean binormal limit, with variances vpara and vnp,
and covariance k, say. Here 69 is the least false parameter the ML estimator € is aiming
for, the minimizer of the Kullback-Leibler distance KL(f, fg). This leads to approximations

2 2
mSepara = b” + 20Cpara /M + Upara/n, msen, = 0° + vnp/n, 9.

with b = u(00) — perue-

These assessments lead to FIC scores, by estimating the required quantities. Note that
with b = Ipara — linp, We have \/ﬁ(gf b) equal to Zy para — Zn,np plus smaller terms, tending
to a zero-mean normal with variance w = vpara + Unp — 2k. Methods and formulae in the
articles pointed to, using these facts, then lead upon some terms cancelling to

ficap = Dup/n,  ficpara = max(b® + 2bcup/n — @/n,0) + Tpara/n, 10.

natural estimates of msepara and msen,. Importantly, these risk estimators need to work
well in the widest model, here the nonparametric setting, i.e. outside the conditions of the
parametric models worked with. For various cases it is convenient to present these formulae
in terms of the influence functions for the two types of estimators; see Supplement sections
A, B for details. For further discussion and applications, see Jullum & Hjort (2017), Daehlen
et al. (2024).

4.2. lllustration: Sample quantiles vs. parametrics for birthweights distribution

For n = 480 girl birthweights y1, ..., yn, recorded at Rikshospitalet in Oslo 2001-2008, we
wish to estimate the quantile u; = F~*(q) of the underlying distribution. We consider three
different estimators here, the direct nonparametric sample quantiles, and the parametric
alternatives, using the normal N(&o, 62) and the three-parameter t distribution, say t(¢, o, v).
This leads to

flgmp = Qn(@), flgn =& +50®(q), Fgr=E+3G (¢, 7),

with parameters estimated via ML; one finds (3.494,0.562) for the normal and
(4.515,0.428,4.586) for the t. The sample quantile @, (¢) is approximately unbiased, with
variance k2 /n, with k2 = y(1 — y)/f(uqe)?, in terms of the density f. The FIC task is to
estimate the mean squared errors mse(q) for the three estimators. The root-FIC scores are
displayed in Figure 2a. It is informative here to also check the modelling biases, estimated
and displayed in Figure 2b; we learn that quantile estimators using the normal model have
a sizeable bias, whereas the t model has small bias. For the sample of birthweights of the
Oslo girls the t distribution is the best choice. See Supplement Section C for some of the
details pertaining to estimation of the k4, and Hjort & Stoltenberg (2026, Story #23) for
yet further related themes.

Similar to what was developed and discussed in Section 3.2, we can build AFIC scores
also in the present fixed wide model framework, to choose the best model for an ensemble of
focus parameters p;, with context based weights of importance v; given to these. We might
e.g. wish a good model for birthweights for a range of upper quantiles, with increasing v;
for quantiles g;, and perhaps with further parametric candidate models; AFIC will then do
such a job.
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Figure 2: Root-FIC analysis for the birthweight quantiles for Oslo born girls, with two
parametric models competing with the nonparametric one.

4.3. CAT-FIC: for categorical data

FIC schemes can be worked out for contingency tables, multinomial data, and other cate-
gorical data settings. Suppose (N, ..., Ni) is a multinomial (n,p1, ..., px), with some vital
parameter p = p(p1,...,pr) to focus on. The nonparametric lnp = p(p1, ..., Pk), with di-
rect estimators p; = N;/n, is approximately unbiased, normal, and with variance vnp,/n,
with vnp = Zle cip;— (Z;?:l ¢jp;)?. A parametric model, say p; = p;(0), can lead to the
better estimator lipara = w(p1,- .., Dr), with p; = p; (/9\), with the ML estimator, by having a
smaller variance and perhaps not a big bias. The latter is approximately b = 11(60) — ftrue,
writing ©(0) = p(p1(0),...,px(0)), and with @ the least false parameter value.

This becomes a job for FIC, setting up estimators for vnp/n and the appropriate
Upara/n + b%; details and examples are given in Jullum & Hjort (2017, Section 6). This
makes it possible to check whether parameters related to multiple contigency tables are
better estimated under independence assumptions, than without, for example (even when
strict independence does not hold). There are similarly AFIC versions for contingency ta-
bles and multinomial data. Suppose the precision of the p; = p; (5) are to be compared
with the raw data frequencies p;, using the combined loss L = n Z?ﬂ(?; — Djtruc)? /Dy true-
There are associated risks rpara and ryp, the latter being as easy as k—1. The usual Pearson

goodness-of-fit statistic in such a setup is
ko~ ~\2
(P — D))
Xn=mn — =
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tending under parametric model conditions to a x3;, with df = k — 1 — ¢, with ¢ the dimen-
sion of . Here we need approximations to X, and its mean under wider nonparametric
conditions. Some work leads to

aficpara = Xn — (k— 1) +2¢%, with ¢" = Tr(J'J"),

with certain expressions for the two ¢ X ¢ matrices J and J* given in Supplement Section
??. Under model conditions, these two matrices aim for the same underlying J matrix, and
q" —pr G-

So when is a parametric model under consideration good enough, i.e. better than the
wide nonparametric model? The parametric is better, in terms of the AFIC, provided
Xn—(k—1)+2¢ <k—-1,ie X, <2(k—1-—qg"). We learn that the FIC and AFIC
viewpoint, assessing models via their risks, amounts to an implied goodness-of-fit test,
though without any consideration of null distribution of the X,,, and without any extraneous
0.05 significance level. As such the X,, based test could be seen as a clearance test, without
the usual extra language of null hypotheses and p-values etc. Incidentally, if the model
actually holds, then for the rejection probability we have Pode (rejected) — P(x3; > 2-df),
which in testing language means the significance level. The first few of these values are 0.157,
0.135, 0.112, 0.092, 0.075, for df from 1 to 5.

4.4, General FIC with fixed wide model

In Section 4.1 we presented the FIC for parametric vs. nonparametric estimators for i.i.d. set-
ups, illustrated with the Oslo girls in Section 4.2, there comparing two parametric models
against a nonparametric model for estimating quantiles. Similar constructions may be put
up also for regression models and indeed for more complex setups, as we explain here.

For illustration, consider regression type data (z;,Y;), following the signal plus noise
structure Y; = m(z;) + &, with N(0,0?) errors. Here we may be interested in comparing
ma(z) = a+bx, ma(z) = a+bx + cz?, against the nonparametric alternative where m(x) is
simply taken to be an unknown smooth function. Focus parameters could include p = m(zo)
at a given location zo, or the probability P(Yo > yo |x = x0), etc. This is tricky terrain,
(i) since one needs to define a nonparametric smoother, say m(x), perhaps using kernel
methods, with tuning parameters to decide on; and (ii) since it becomes more difficult both
to approximate biases and variances and to estimate these. This is doable, as indicated in
Jullum & Hjort (2017, Section 7), but becomes intricate, also encountering different factors
1/n and 1/n*/® for the variances.

It is relatively speaking easier, for many such problems, particularly for more com-
plicated parametric competing models, to avoid the too broad ‘fully nonparametric’ wide
model, but to relate competitors to a carefully constructed ‘fixed parametric wide model’.
For the signal plus noise illustration above, such a fixed model could be the cubic regression
model with m3(z) = a+ bx 4 cx® 4+ dz®. It is then possible to assess and estimate the biases
and variances of the two models m1(z) and ma(z), leading, once more, via basic steps (1)
and (2) to FIC procedures, for different types of focus parameters.

In linear mixed models of the form Y; = x,8 + z;U; + € where the response groups
all m; observations for observation ¢ (with ¢ = 1,...,n) next to the fixed effects parameter
B there is a vector of random effects U;, independent of the error terms &;. Variable
selection questions may involve both B and the often normally distributed U; with mean
zero. Absence of a random effect occurs when its variance equals zero, which is a value at
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Figure 3: Analysis for estimating the 0.75 quantile of the lifelength distribution in Roman
FEra Egypt, with the a BHHJ parameter taken to range from 0 to 1. Both the gamma and the
Weibull models lose to the nonparametric when ML estimators are used, i.e. a = 0, but with
BHHJ estimators both parametric models do better than the nonparametric fin, = 48.0.

the boundary of its domain. For this reason, Cunen et al. (2020b) used a fixed wide model
to develop the FIC for linear mixed models. See also the application in Cunen et al. (2021).

5. USING FIC TO DETERMINE FINE-TUNING PARAMETERS

Above our focus has been that of using FIC to select among candidate models. In a sense
what is being compared and ranked are not the models M, per se, but their outputs, the
estimates 1; of a common quantity . The FIC idea hence also applies to other statistical
selection tasks. An important category of such situations are when constructing estimators
e for a focus p, with a a tuning parameter. In generic terms, there is a mseq, = Etrue[(lia —
utme)Q], just as with eq. (1), and if we manage to construct estimators fic, = mse,, as with
eq. (2), we can select a as the minimizer of this fic,.

Assessing or approximating the mse,, followed by construction of the fic,, depends on
the framework and the fi, estimator, but also on what is taken to be the underlying data
generating process. An important setup where these ideas can be implemented is that
of Section 4. For the FIC developed there we relied on ML estimators being used when

-~

forming fipara = w(0) for the different candidate models, of type f(y, ). These are optimal
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under the conditions of the model worked with, but are both prone to non-robustness and
to model misspecification. To show how the FIC schemes of that section can be extended
to sometimes better estimators, we consider the BHHJ estimators of Basu et al. (1998),
Jones et al. (2001), Basu et al. (2011). Methods and results do extend to general regression
setups but for ease of presentation we consider the i.i.d. scene, with y1,...,y, from some
unknown density f with c.d.f. F. For a tuning parameter a > 0, the estimator 0., is defined
as the minimizer of the criterion function

Hy(a) = / Fw.0) " dy = (4 1a)n Y Flui, 0)"

These have good properties, affording robustness without losing much in efficiency, for
small values of a, and the ML estimator is the limiting case a — 0. Theorems in the
above mentioned references give limit distributions for \/ﬁ(ga — 69,q), involving the least
false parameter the BHHJ estimator is aiming for; for a = 0, this is the minimizer of the
Kullback-Leibler distance KL(f, fg) associated with ML estimation.

The point is now that just as FIC was constructed with ML estimators being used
in Section 4.1, formulae can be extended to reach versions of (8) and (9), now instead
employing éa to form fipara = p(@a); details are in Hjort & Walker (2026). The picture
broadens: when estimating the focus u, there is for each candidate model a continuous class
of estimators fipara,a = u(/éa), with a the tuning parameter, and an associated fric(a) curve,
for Focused Robust Information Criterion. The best tuning parameter for such a given
model is the minimizer of this curve, typically with a positive probability that the method
simply points to the ML estimator again, i.e. a = 0. The fric(a) curves are informative,
giving both the best tuning parameters for each model, and automatic comparison with
ficnp, the best estimated mse for the nonparametric finp = pu(Fr).

Figure 3 gives an illustration of the FRIC machinery, here to estimate u = F~1(0.75),
the 0.75 quantile of the lifelength distribution in Roman Era Egypt, a century b.C.; see
Claeskens & Hjort (2008b, Ch. 3) for relevant background information regarding what’s
behind the n = 141 lifelengths excerpted from engravings on mummies. The direct 0.75
sample quantile is finp = 48.0 years, which we now compare with estimates emerging from
employing the two-parameter gamma and Weibull models. Figure 3a displays the f]ric(a)l/2
curves, showing that the best tuning parameters for BHHJ estimation are at 0.464 and 0.807,
for these models, and that the resulting fipara,« estimates are better than the nonparametric,
in that the minima are below the ﬁcrl,f,2 value. Figure 3b has the estimates on the y-axis,
as functions of the root-FRIC values. The best estimates are 45.9 and 45.8 for the gamma
and Weibull models, again both being better than the nonparametric 48.0. Instructively,
that figure also shows that when using only the core FIC of Section 4, with a = 0 for the ML
estimates, indicated in the figure with triangles, the nonparametric estimate would win. So
it pays off using a more flexible estimation scheme when working with parametric models.

As with FIC in other setups, the FRIC scheme delivers different winners for different
focus parameters, and here, in particular, for different Ffl(q) quantiles.

There are several other domains where the FIC approach towards selecting tuning pa-
rameters is suitable. Consider e.g. ridge regression, for data y; ~ N(x{ 3,0?) with param-
eter dimension p often bigger than sample size n. The usual ridge approach is to minimize
S (yi —x{ B)* + A||B||?, perhaps with cross validation involved in finding one ostensibly
good A, then to be used for all further inference. The focused approach developed in Hellton
& Hjort (2018), called FRIDGE, selects one fine-tuned A(zo) when making predictions for
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each given individual, with his or her covariate vector xg.

For another type of ficification, for i.i.d. data vi,...,yn symmetrically distributed
around an unknow p, consider the Huber estimator fia, the minimizer of > 7, ha(y: — p),
with hq(u) the Huber loss function, which is $u” for |u| < a and a(|u| — 1a) for |u| > a.
For a low and a large we retrieve the sample median and sample mean, respectively. There
is a clear limit distribution \/n(fie — i) —a N(0,72). The FIC approach here, where there
is no bias under the symmetry assumption, is to construct a good 7, from the data and
then minimize that expression. This is admittedly a non-trivial exercise, involving also es-
timating the density f itself, perhaps via kernel smoothing, but illustrates the general FIC
thinking in such fine-tuning problems. See Supplement Section E for some details. Such
constructions are also possible in regression setups with robust estimators, for bandwidth
selection for classes of density estimators, etc.

6. POST-SELECTION INFERENCE

Once a good model has been selected, the story does not end there yet. Often, one is
interested in inference using the selected model. For example, in the Diabetic retinopathy
study of Section 2.2, for strata 2 and 4 the model

p(x,2) =P(Y =1|x,2) = H(Bo + Bix1 + P22 + V323 + V525),

is the selected model for the specified focus parameters. If one would want to use this
selected model to produce confidence intervals for the population version of its parameters
or for functions thereof, or to construct hypothesis tests related to these parameters, classical
theory does not apply. Indeed, classical textbook results start with phrasing hypotheses
using a correctly specified model, then data come into play and the hypothesis test is
executed. This is absolutely not what happens in our case. We started by using the data to
select a model. Once we see which parameters appear in that model, we phrase hypotheses
only about those parameters (or functions thereof). This is an example of what is called
‘data snooping’.

The dangers with using classical methods after model selection have long been under-
stood and pointed out (e.g. Hotelling 1940, Breiman 2001). When the same data are used
twice, the classical (also called ‘naive’) p-values and confidence intervals are too optimistic:
there are too many rejections of the null hypotheses because ‘naively’ computed p-values
are too small, with a distribution that is not uniform under the null hypothesis and the
confidence intervals have a smaller coverage than the classical nominal level would suggest.

6.1. Post-selection inference under a local neighborhood models framework

Using the local neighborhood models assumption, we can clearly observe that the limiting
distribution of the estimator jig where the set S is the result of a selection procedure, has a
complicated form and is no longer normal. The same holds for model averaging estimators
for which the weights depend on the data. Let us write the estimator after selection in
the form of a model averaging estimator fig = Y ¢ g c(S|D)lis, where S represents the
prespecified collection of models and the data dependent weights ¢(S | D) for model selection
are all zero except for c(§ | D) = 1. The more general model averaging estimators may use
other data-dependent weights, typically required to sum to one and with at most a countable
number of discontinuities. Extending the Master Theorem I, which specified the limiting
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distribution of a focus estimator for a fixed set S, there is a Master Theorem II, which
describes the limiting distribution not only of the finally selected fig, but of any perhaps
complicated mixture estimator i* = Y 4 cn (S |data)jis, as long as there is convergence of
the weights ¢, (S |data) —q ¢(S| D).

From Claeskens & Hjort (2008b, Theorem 7.1),

V(i = purue) —a Y c(S|D)As = Ao+ w' (-3 ),withd = »  ¢(S|D)GsD. 11.

Ses Ses

First, the broad generality of this limit result ought to be noted and appreciated. The
theorem covers post-selection cases, for different selection schemes, including the AIC and
versions of FIC, as well as model-averaging estimators. These correspond to different ways
of setting up classes of the ¢, (S |data) weights, leading in the limit experiment to clear
¢(S|D). The core structure is the behavior of all such estimators is determined by the
cleverness of 1])\ = w'8" to estimate @ = w'd. Second, it is clear that the resulting
distributions might be quite complicated. Each component GsD involved in the 6*(D) is
a clear normal, with bias and variance, but the resulting YZ is then a nonlinear mixture of
these normals, depending on the position of § in its parameter space.

See Claeskens & Hjort (2008b, Section 7.5) for a two-stage simulation approach for the
construction of confidence intervals.

6.2. Marginal post-selection inference for a saturated true model

Another approach to valid post-selection inference for normal linear models is provided
by the conservative method of Berk et al. (2013). The true model in this approach is a
saturated model where Y ~ N, (u, U2In) for an unspecified vector p. A selection (it does
not need to be specified which method is used) takes place in a collection of linear models
of the form Y = XB+e. This implies that the pseudo-true value, or the target of inference,
is E(BJ) for j € §. A new constant is computed to replace the normal (or t) quantile in
the classical confidence interval construction such that the coverage is guaranteed to be at
least the nominal value 1 — «, regardless of the selection method. This constant depends
on the covariate matrix X, the set of models S to select from and the probability of a type
I error . This construction has been extended to allow for heteroscedastic data and for
application to binary regression models by Bachoc et al. (2020).

6.3. Conditional post-selection inference

When information about the model selection procedure is known, as is the case when an
information criterion is used for the selection, another approach to arrive at valid inference
after selection is to condition on the event of the selection and to use the conditional
distribution for inference. Such selective inference approaches have been described for
selection by the AIC (Charkhi & Claeskens 2018), for likelihood and selection methods
based on testing (Riigamer & Greven 2018), by means of adjusted R? (Pirenne & Claeskens
2024) and for regularized estimation methods using the lasso method (Lee et al. 2016, Tian
& Taylor 2017, among others).

Recent methods add a user-controled amount of randomization during the selection
in order to use the full set of data for both selection and inference (Tian & Taylor 2018,
Panigrahi & Taylor 2023, Panigrahi et al. 2024, Huang et al. 2025), to name just a few
references. The advantage of such a selective inference approach is that the full sample
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can be used; in this sense the method is preferred above sample splitting where only part
of the data are used for selection, hence less accurate selection, and where the other part
of the data are used for inference, resulting in a loss of power due to the smaller sample
size. As compared to the marginal approach, selective inference uses information about the
selection in the conditioning event and can henceforth deliver confidence intervals that are
either exact or less conservative as with a marginal approach.

6.4. Bagging and bootstrapping

Efron (2014) studies the use of bootstrap smoothing, also known as ‘bagging’ to incorporate
the effects of model selection. In this approach multiple bootstrap samples are taken either
directly from the data (nonparametric bootstrap) or from a parametric model (parametric
model). With each bootstrap sample the model selection is performed, resulting in one
bootstrap estimator of a focus parameter p per bootstrap sample. The bagging estimator
takes the sample average of the bootstrap estimators over a number B (Efron uses 4000
in the paper’s example) different such bootstrap samples. In a comment to this paper
Hjort (2014) considered parametric resampling from a wide model and studied the bagging
estimator under a local misspecification scenario, leading to a generalisation of the master
Theorem II to apply to bagging estimators. See Hjort (2014) for more details.

7. OTHER MODEL CLASSES, ESTIMATORS AND LOSS FUNCTIONS

In the previous sections the data were assumed to be independent, we mainly used ML
estimators and the aim was to minimize the estimator’s mean squared error. In this section
we discuss three divergences from the basic setup: using data that are not independent,
a main example is the context of time series; using other estimators than the ML; and
using loss functions that are different from squared error loss, hence stepping away from
the estimated mean squared error as the objective to be minimized.

7.1. Time series, spatial and longitudinal or panel data

One extension from the basic setup of the previous sections is focused selection for data
that are not all independent, with main applications in econometrics, spatial statistics, and
biostatistics and medicine.

Following Lohmeyer et al. (2019), consider a vector autoregressive (VAR) model with a
local-to-zero parametrization where there are k-dimensional time series organized in a vector
triangular array {{Yr1,}2. }7=1 such that with k x k coefficient matrices B1, ..., B, and
Aq,...,Ap,, the VAR model is as follows

p1 AN
Yo = Z B;Yr:;+ Z TYT,tfpl—j + €,
i=1 = VT

for an independent and identically distributed k-variate sequence {e€;}§2; with zero mean
and positive definite covariance matrix. An observation at time ¢ depends on the previous
observations up to p; +p2 time-units back in time. From a joint asymptotic normality result
for the estimators of the elements of the coefficient matrices and of the covariance matrix
of the errors €;, Lohmeyer et al. (2019) obtain an expression of the asymptotic normality
and of the mean squared error of focus estimators to define a FIC. Of particular importance
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are the impulse responses, and the accumulated responses. For examples of simultaneous
focused selection of the autoregressive order and regression variables, see also Claeskens
et al. (2007). Focused selection of focus quantities from generalized linear models with time
series data is developed in Pandhare & Ramanathan (2020b). Once the limiting distribution
of the focus estimators in the different models have been obtained, the FIC can be readily
constructed from the mean squared error expressions. Hermansen et al. (2015) compared
parametric and nonparametric models for stationary time series using the FIC.

Also spatial effects cause dependence among the observations. Pandhare et al. (2025)
use a spatial lag model of the form (I, — pW)Y = X + ¢, where W is a n x n adjacency
matrix. The coefficient vector can be estimated for known p via two regression models,
one with Y as the response and the other with response WY. Several focus quantities are
of interest, including the spatial spillover effect log |I, — pW| for which they developed an
FIC.

Longitudinal or panel data display dependence too. Focused selection for count re-
sponses in panel data is developed by Wang et al. (2015). For focused selection in dynamic
panel models, see Chang & DiTraglia (2018). Yin et al. (2021) considered selection in panel
models with a multifactor error structure. Only allowing focused selection within the fixed
effects of a longitudinal model, see Hu et al. (2021) and Yang et al. (2017b). More general
focuses also allowed to depend on the variance components of a linear mixed model, were
studied in Cunen et al. (2020b).

7.2. Quasi-likelihood and quantile regression models

The ML estimators are a common choice for focus estimation, though other estimation
methods have been applied in combination with a focused information criterion.

Quasi-likelihood estimators only make assumptions about moments of the response vec-
tor, not about its complete distribution. When the mean of the response is correctly speci-
fied, unbiased estimating equations can be constructed. For focused selection, Ramanathan
& Pandhare (2021) study quasi-likelihood estimating functions that are locally biased in
the context of logistic regression time series models. From the asymptotic normality of the
quasi-likelihood estimators an estimated mean squared error is formed. The focused selec-
tion taking the bias in the estimating equations into account is found to outperform the
version that assumes unbiasedness. Quasi-likelihood estimators formed the starting point
for focused model selection in generalized additive partial linear models (Zhang & Liang
2011), for focuses in high-dimensional generalized linear models (Pandhare & Ramanathan
2023), and for models for recurrent event data subject to left-, right-, and intermittent-
censoring (Stoltenberg & Hjort 2021). A focused information criterion has been developed
based on generalized estimating equations (GEE) for longitudinal data (Yang et al. 2017b).
For generalized method of moment estimators the asymptotic normality of the estimators
formed the basis for a mean squared error-based focused information criteria, see Chang &
DiTraglia (2018), applied to selection of focuses for dynamic panel models.

The estimation via quantile regression models requires specific care due to the ‘check’
function p,(u) = 7I(u > 0) + (7 — 1)ul (u < 0) that is used to estimate a 7-quantile is non-
differentiable at the origin. Some examples of focuses for which FIC for quantile regression
has been used include the focused selection of the fuel price elasticity of transport demand
Behl et al. (2019) and of a minimum effective dose in phase II clinical trials (Behl et al.
2014). For the related focused search of a benchmark dose using ML estimators, see Pena
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et al. (2017). A focused selection has been studied in quantile regression models for right-
censored data with parametric models by Du et al. (2017) as well as with partially linear
models (Sun et al. 2017).

Sueishi (2013) constructed a focused information criterion for selection among general-
ized empirical likelihood estimators which extend the empirical likelihood estimators and
the exponential tilting estimators and applied it to selection in linear instrumental variable
models.

Zhang & Liu (2024) encompass several focused selection methods by defining the esti-
mators as the maximizers of some objective function. Under some assumptions (including
the existence of third derivatives of the objective function with respect to the model param-
eters) they obtain the asymptotic normality of the estimators, from which a mean squared
error expression is obtained and estimated to form the FIC.

Outlier-robustness of estimators can be dealt with via M-estimation methods, see also
Section 5. Du et al. (2018) develop an outlier-robust FIC for selection in a collection of linear
models. Pandhare & Ramanathan (2020a) constructed a robust FIC using M-estimators
in autoregressive models. Pandhare & Ramanathan (2023) work with high-dimensional
generalized linear models and develop an asymptotic normality result for desparsified M-
estimators using the local misspecification framework. From this a robust FIC is obtained.

7.3. Minimizing other risk functions

While the mean squared error minimization is the objective for the vast majority of the
focused selection literature, minimizing other than squared error loss could be relevant too.
After the specification of the focus, the main steps for the FIC are to construct and estimate
the relevant loss function for the estimators for each model and select the model for which
the estimator has the smallest estimated risk.

An asymmetric loss function such as the linex (linear exponential) loss might be needed
when, for example, underestimation might be more problematic than overestimation, such
as when estimating high water levels for flood predictions. The linex loss function (Varian
1975, Zellner 1986) takes the form L(u) = exp(cu) —cu—1 where ¢ > 0 when overestimation
is a bigger concern than underestimation and ¢ < 0 in the opposite case. When c is close
to zero, the linex loss is close to the squared error loss.

For a focus parameter p with estimator fis in candidate model S, the linex loss is

Ln,S = eXP{C\/ﬁ(ﬁS - Ntrue)} - C\/E(//ES - Mtrue) - 1.

From the master theorem I in expression (6), there is a clear limit in distribution variable
Ls = exp(cAs) — cAs — 1, from which the limiting risk E(Lg) is obtained. Plugging
in estimators as before, we arrive at a FIC that minimizes the linex risk for the focus
estimator; see the Supplement Section F for details. See also Claeskens & Hjort (2008a) for
constructing an AFIC for weighted linex loss function over several focus parameters.

For binary outcomes it might be relevant to consider the probability of misclassifying
a new observation as the risk function. When predicting a new binary response value
Yhew, €.g. to decide on whether or not a new patient is diagnosed with a particular medical
problem, there is independence between the new observation and the sample of data. For
each of a given set of models, the response value can be predicted using that model’s
estimators. For example, in a logistic regression model with P(Y = 1|x) = H(x'g)
one may decide to classify the estimated response as having value 1 when the estimated
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probability is larger than 0.5, and classify it as zero otherwise. The best focused estimator
for this prediction according to minimizing the misclassification probability is that one for
which an estimated version of 7(S) = P(Yaew = l)P(?s = 0) + P(Yaew = O)P(?s =1)is
minimal. See Claeskens et al. (2006) for further details.

Another similar loss function of the all-or-nothing type is the following, in the generic

setup with i estimating p;
L () = 1if Wi — w)] > &, 0 [Vl — )] < <. 12,

We refer to the Supplement Section G for more details regarding the construction of a FIC
based on this loss function.

In Claeskens et al. (2006) one can also find the FIC for using L, loss in general with
the case of p = 2 corresponding to using the mean squared error and p = 1 to using the
mean absolute error.

8. APPLICATION DOMAINS, RECENT DEVELOPMENTS, FUTURE
DIRECTIONS

We briefly mentioned various domains of FIC application in our introductory paragraphs,
with details to be found in the references pointed to. Below are some further such instances,
where the FIC, with its variants, has been demonstrated to be beneficial for constructing
the best estimators for given purposes. Again, the cited references may be consulted for
more details.

Hansen (2005) recommended an investigation of the use of FIC for econometric model
selection; a lot of progress has been made since. Besides the developments in time series
analysis, see Section 7.1, other FIC work for economical data includes Behl et al. (2019,
2013, 2012), Brownlees & Gallo (2008), DiTraglia (2016), Klimenka & Wolter (2019), Wang
& Hobek Haff (2019), without attempting to be complete here.

Evidently, in medical practices patients may benefit from a personalized treatment. It is
therefore no surprise that focused model searches have been used in medical contexts. Yang
et al. (2015) and Hellton & Hjort (2018) use focused selection to aid with an individualized
diagnosis. Focusing on the area under the curve in a receiver operating characteristic study,
Yang et al. (2017a) use FIC to improve the diagnostic accuracy of a test with a hearing de-
vice. Hjort & Claeskens (2006), Jullum & Hjort (2019) address focused selection for survival
data in a biomedical contexts, and Stoltenberg & Hjort (2021) discuss developing a FIC
particularly for recurrent event data. In Christensen & Hjort (2026) a FIC is constructed
for optimal estimation of the LD50 parameter in bioassays, the Lethal Dose point for the
dose level xo at which there are 50-50 chances for survival or death, with many further
applications.

For applications in biology and ecology, see Claeskens et al. (2019). Hermansen et al.
(2016) used FIC to study marine science time series data to investigate fish quality. Cunen
et al. (2020b, 2021) addressed specific focused questions about populations of Minke whales,
with consequences for international whaling politics. Specific questions in political and
social sciences benefit from an FIC search too. Haug (2019) used FIC for the estimation
of the probability that an armed conflict escalates using Markov chain data, while Cunen
et al. (2020a) used series of battle-deaths data for focused searches regarding the median
number of battle deaths. Some uses for FIC use in meteorology and climate sciences are
suggested in Hjort (2026).

www. annualreviews.org * Focused information criteria

28



24

In the current era of big data, the high-dimensionality of the data comes with additional
challenges, also for focused variable selection. When regularization methods are used for
estimation, the statistical aspects are more challenging due to the shrinkage bias caused
by the regularization, and for regularization methods that perform selection (as is the case
with an ¢1-penalty) the effects of the selection should be taken into account as well. Pir-
calabelu et al. (2015a) perform focused selections in graphical models that were used for
fMRI data and for which the number of nodes in the graph exceeds the sample size. To
avoid the effects of the selection due to the regularization, local quadratic approximations
to several penalty functions (including that for adaptive lasso, hard thresholding, and the
smoothly clipped absolute deviation) were used to derive expressions for the FIC. Gueun-
ing & Claeskens (2018) made a distinction between FIC expressions for low-dimensional
and high-dimensional submodels. For the latter case a desparsified version of the ¢; regu-
larized estimators has been used that undoes the selection and has an asymptotic normal
distribution. Pandhare & Ramanathan (2023) also use desparsified estimators for a focused
selection among outlier-robust M-estimators in high-dimensional generalized linear models,
for which they also study the influence functions. We also point to the copula-FIC methods
of Ko et al. (2019) as an instance of using FIC to aid modelling of complex dependences in
both moderate and higher dimensions.

Most of the machine learning methods (such as boosting and its variants, neural net-
works etc.) are intrinsically very high-dimensional. Several such methods are reported to
perform quite well in terms of out-of-sample predictions. It would be worthwhile to study
how a focus can be incorporated in such methods to arrive at even better predictions. Many
interesting research directions use high-dimensional weather data for nowcasting, this is a
prediction at the current time, not a prediction for the future. Nowcasting is important
in many domains, from health care to insurance to tourism to just name a few. Focused
searches would be utmost helpful here, to predict the number of hospital beds during the
flu season, the number of insurance claims after a storm, or the number of hotel accommo-
dations in the summer peak period.

The FIC should find more uses in classification and discriminant analysis applications.
Deciding whether a new object with measurement vector z is of type 1 or type 2 depends
crucially on the density ratio fa(x)/fi(x), say, so FIC could be constructed for selecting
the best models for u(x) = log f2(x) — log f1(z), with highest importance given to the z for
which the p(z) are close to zero. For some types of models, this translates into using FIC
to aid model selection in logistic regressions, precisely for the most difficult cases where the
computed probabilities are close to 0.50.

The era of ‘combining information sources’ is thriving and growing. To answer the
perhaps big question @, researchers identify components C1, ..., Cy, say, extracting relevant
partial information, and fuse the pieces into tentative answers A. A general II-CC-FF
paradigm for such general schemes is proposed and broadly illustrated in Cunen & Hjort
(2021), involving Independent Inspection, Confidence Conversion, and Focused Fusion; the
more familiar meta-analysis methods are special case. The present point is that extra layers
of FIC might come into the play, for both II and FF. Such methods might need to be worked
out on a case by case basis.

Developing FIC methodology further, in various directions, requires of course mathe-
matical efforts for solving new pertinent questions, regarding approximation quality for risk
functions, performance of competing model averaging schemes, accurate confidence inter-
vals, etc., in a widening list of setups. Of relevance here is also the fact that different FIC
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scores, being themselves estimators with different disributions and accuracies, might be
polished further. In Cunen & Hjort (2020) confidence distributions are constructed for the
FIC scores, giving insights into the accuracy of the selections schemes and leading also to
new relatives, like the median-FIC selector. The FIC methods surveyed in our article have
essentially been developed for setups with ‘inner parameters’, not close to hard boundaries,
for which more delicate approximations become necessary. Hjort (1994) is a case in point,
aiming to distingush the t from the normal; the latter is the special case of df = oo, not
an inner point among the normals. More work would be needed to build better FIC for
variance components models, for example.

9. CONCLUDING REMARKS

We have reviewed good portions of the growing FIC literature, seen FIC and AFIC in
action, and pointed to yet further issues and directions. A brief list of further remarks is
as follows.

A. FIC approxzimations. When constructing the FIC and AFIC, in different frameworks,
we have needed to rely on certain approximations, both for the local and the fixed wide
model setups, involving limit distributions, Taylor expansions, etc. When n is small or
moderate, compared to the model dimension, modifications may be in order; see some
discussion of this in the JASA discussion to the Hjort & Claeskens (2003), Claeskens &
Hjort (2003) papers, and the rejoinder. It is comforting, though, to work through the
algebra of the linear regression models, and learn that the FIC approximations are then
exact, for focus parameters being linear combinations of the mean parameters. This is true
for both lines of FIC approximations, the local and the fixed wide model; in particular, the
two lines of FIC constructions give identical formulae here.

B. The role of the sample size. With increasing sample size n, the FIC will tend to select
more complex models, which matches statistical intuition. In the framework of Section 4,
the risks are of the form b7 +vpara/n, in line also with their estimators, i.e. their FIC scores.
If none of the candidate models have b; = 0, i.e. zero bias for the focus parameter, the FIC
will with probability tending to 1 select the widest model. If the parametric model under
consideration has b = 0, however, there is still a chance that FIC prefers the nonparametric.
Indeed this probability can under some conditions be seen to tend to P(xi > 2) = 0.157; see
Jullum & Hjort (2017, Section 4), a special case of the limiting probability P(x3; > 2 - df)
pointed to in Section 4.3.

C. Balancing the narrow and the wide model. We learn from Master Theorems I and I,
see eq. (6) and (11), that crucial roles are played by 7§, the narrow model variance present
for all methods, and the maximal extra variance w' Quw associated with the wide model.
The variance ratio p = 73/(7¢ + w' Qw) can be separately estimated from data. If p is
high, different selection schemes will behave similarly; if on the other hand p is small, there
is more to win by using clever selection and model averaging schemes, and, in particular,
by using FIC.

D. Performance studies. Model selection and model averaging schemes are complex,
with no clear winners; details of performance depend on the framework, the focus, the list
of candidate models, the sample size, and the perhaps many parameters. Master Theorems
I and II make clear that core issues are determined by the behavior and risk functions in
the limit experiment, however. Thus, when stripping away extraneous secondary aspects,
matters boil down to studying how well the estimator ¢ = > 5c(S|D)GsD does for
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estimating the linear combination ¥ = w '@ in the normal mean problem where D ~
Ny(6,Q) and Q is known. Examining behavior, for different strategies, could therefore
start there, studying risk functions of the different 12, for different linear combinations and
positions in the parameter space.

E. Good candidate models. We have seen that the FIC with its various variants aims at
and will often succeed in finding the best among the given list of candidate models. The
FIC is not a panacea that the winner is perfect, however, and there is no contradiction
if another model could be found to be even better. Efforts should be spent in setting up
and also limiting the list of candidate models. As the broad discussion of McCullagh (2002)
reminds us, many models ought to be screened away, on good statistical prior grounds, even
if they make mathematical sense. This FIC warning is also pertinent regarding the choice
of the ‘fixed wide model’ in the broader framework of Section 4. A case in point is Cunen
et al. (2020b, 2021), where an international scientific committee spent lengthy efforts on
agreeing on the particular wide model, from a class of linear mixed models, and then, a
fortiori, on what the FIC then delivered, with international political consequences for whale
quotas.

F. Links to Bayes. Several Bayesian versions of the FIC are developed in Roy & Lesafire
(2026), by estimating the mse using the posterior distribution of the focus in question. In
their application they focus on the average body mass index of children at one year of age
and select among several longitudinal data models. Future developments of FIC in the
Bayesian context for other model classes would be worthwhile.
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