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Contrastive learning (CL) has become one of the key tools
for statistical inference in problems where the likelihood
function is intractable. Its fundamental idea is to infer a dis-
tribution p by introducing a simpler yet similar distribution
q , and training a discriminator d to discriminate between
samples from p and q , thus “learning by contrasting”. Simi-
lar to M-estimators, the consistency of CL rests on the uni-
form convergence of the empirical risk function. As real
applications of CL commonly involve complex parametrisa-
tions of p , or complicated discriminators such as neural net-
works, this condition is too difficult to verify in practice. In
this paper, introduce a technique for verifying the uniform
convergence condition based on bounding the Rademacher
complexity of the discriminator model class. This new tech-
nique is applied for models where d is a neural network,
and a recently introduced model where p is a mixture of
exponential families.
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1 | INTRODUCTION

Let X ⊆ Òm be a sample space and suppose that we wish to estimate an unknown probability density p on X from
simulated data. If p cannot be calculated efficiently, for example due to an intractable normalisation constant, then
standard methods such as maximum likelihood theory fail. Over the course of the preceding decade, the principle of
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contrastive learning has grown to become an extensively popular tool for solving such problems. It has been used for
parameter estimation in non-normalised models (Gutmann and Hyvärinen, 2010, 2012; Ceylan and Gutman, 2018;
Rhodes and Gutmann, 2019; Matsuda and Hyvärinen, 2019; Gutmann et al., 2022), likelihood-free Bayesian inference
(Gutmann et al., 2018; Rogers-Smith et al., 2018; Dinev and Gutman, 2018; Hermans et al., 2020; Thomas et al., 2022)
and deep generative models in machine learning (Goodfellow et al., 2014; Dumoulin et al., 2016). The basic idea of
contrastive learning is to introduce a separate distribution q and to train a discriminator d : X → [0, 1], which takes
a sample X as input, to return 1 if X ∼ p and 0 if X ∼ q . As we shall see shortly, this yields an implicit estimation of p ,
bypassing explicit evaluations of the intractable likelihood function.

Formulated as a supervised learning problem, we have training data X1, . . . ,Xn ∼ 1
2 p +

1
2 q , and labelsY1, . . . ,Yn ∈

{0, 1}, whereYi = 1 if Xi ∼ p andYi = 0 if Xi ∼ q . We then train the discriminator d (x ) on this data using the binary
cross-entropy loss function

L (y , d (x ) ) = −y log d (x ) − (1 − y ) log(1 − d (x ) ) . (1)
That is, we aim to minimise the the risk, or the expected loss, given by the functional

J [d ] = Å[L (Y , d (X ) ) ] = − 1

2
Åp log(d (X ) ) − 1

2
Åq log(1 − d (X ) ) .

We write
d⋆ (x ) = argmin

d :X→[0,1]
J [d ]

for the optimal discriminator. Given no further restrictions on which functions d : X → [0, 1] are allowed, d⋆ can be
written explicitly as

d⋆ (x ) = p (x )
p (x ) + q (x ) .

To see why this holds, note that
J [d ] = − 1

2

∫
{log d (x )p (x ) + log(1 − d (x ) )q (x ) } dx ,

and this integrand is pointwise optimised by d⋆ (x ) = p (x )/(p (x ) + q (x ) ) .

The infinite-dimensional space of all functions from X to [0, 1] is too large to optimise over directly, so instead,
we parametrise the discriminator d (x ; θ ) by some parameter θ ∈ Θ, and minimise the risk as a function of θ, declaring
J (θ ) = J [d (x ; θ ) ]. It is assumed that the optimal discriminator d⋆ is obtainable within this parametrisation (Gutmann
and Hyvärinen, 2012). That is, writing

θ⋆ = argmin
θ

J (θ ),

we assume that d⋆ (x ) = d (x ; θ⋆) .
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In practice, the true risk is an intractable expectation, so the empirical risk, given by

Jn (θ ) = − 1

n

n∑
i=1

{yi log d (xi ; θ ) + (1 − yi ) log(1 − d (xi ; θ ) ) }

is minimised instead. We write
θ̂n = argmin

θ
Jn (θ )

for the empirical risk minimiser.
It is useful to introduce the notation a (x ; θ ) = logit(d (x ; θ ) ) , where the logit function, logit(d ) = log (d/(1 − d ) ) .

This means that d (x ; θ ) = σ (a (x ; θ ) ) , where σ is the logistic sigmoid function, σ (a ) = 1/(1 + exp(−a ) ) . Now, esti-
mating θ⋆ by θ̂n yields

d (x ; θ̂n ) ≈ d (x ; θ⋆) = p (x )
p (x ) + q (x ) ,

and so
a (x ; θ̂n ) ≈ a (x ; θ⋆) = log p (x ) − log q (x ),

thus yielding the estimate p (x ) ≈ q (x ) exp(a (x ; θ̂n ) ) for the unknown density p . This summarises the fundamental
idea of contrastive learning.
Remark In practice, the training data may not contain as many samples from p as from q . This would mean that
X ∼ αp + (1 − α )q , where α ∈ (0, 1) is a fixed proportion. Although this is a common consideration in the contrastive
learning literature (Gutmann and Hyvärinen, 2012; Thomas et al., 2022), it makes to considerations of this paper and
so we only consider the case α = 1/2 for ease of notation.
Remark The interpretations of the function a (x ; θ ) are somewhat different across the contrastive learning literature.
Here, we view a (x ; θ ) as a function to be parametrised explicitly as e.g. a neural network or a logistic regressionmodel,
akin toHermans et al. (2020); Thomas et al. (2022). On the other hand, several authors (Gutmann andHyvärinen, 2012;
Matsuda and Hyvärinen, 2019) impose an explicit model for the distributions p (x ) and q (x ) instead, say pm (x ; θ )
and qn (x ; θ ) , which yields an implicit parametrisation of a , namely a (x ; θ ) = log pm (x ; θ ) − log qn (x ) . Note that our
assumption that d⋆ (x ) = d (x ; θ⋆) now translates into the assumption that p (x ) = pm (x ; θ⋆) , which indeed is what is
assumed by Gutmann and Hyvärinen (2012).

A natural question to ask at this point is whether θ̂n is a consistent estimator. That is, whether θ̂n p
−→ θ⋆, where

p
−→ denotes convergence in probability. Gutmann and Hyvärinen (2012) provided sufficient conditions for consistency,
summarised in the following theorem.
Theorem 1 Suppose that

1. q is nonzero whenever p is nonzero,
2. supθ∈Θ |Jn (θ ) − J (θ ) |

p
−→ 0,
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3. the matrix

I =

∫
g (x )g (x )⊤ p (x )q (x )

p (x ) + q (x ) dx
has full rank, where g (x ) = +θa (x ; θ ) |θ=θ⋆ .

Then θ̂n
p
−→ θ⋆.

Proof See Gutmann and Hyvärinen (2012, Appendix A. Proof A.3).
As pointed out by Gutmann and Hyvärinen (2012), conditions 2 and 3 have analogous counterparts in the theory

of maximum likelihood estimation, which is a special case of that of M -estimators. See for example Van der Vaart
(1998, Chapter 5. Theorem 5.7).

The aim of this paper is to simplify condition 2, which is too difficult to verify in practice. Indeed, it is rarely
verified for applications considered in the existing literature. Henceforth, we shall refer to condition 2 as the uniform
convergence condition.1 Perhaps the most standard approach for proving uniform convergence of this kind is to em-
ploy the uniform law of large numbers, which, in the case of contrastive learning, asserts that the uniform convergence
condition holds if the three following conditions are satisfied:
• Θ is compact,
• For all θ ∈ Θ, the function (x , y ) ↦→ L (y , d (x ; θ ) ) is continuous and measurable,
• There exists a dominating function D (x , y ) such that Å[D (X ,Y ) ] < ∞, and

|L (y , d (x ; θ ) ) | ≤ D (x , y ) for all θ ∈ Θ.

Although the first two of these conditions are commonly satisfied, constructing a dominating function for the third
condition is usually too challenging, especially if the parametrisation of the discriminator d (x ; θ ) is complicated. It is
therefore necessary to look for other methods of establishing uniform convergence.

Riou-Durand and Chopin (2018) verified the uniform convergence condition for the case where p (x ) is an expo-
nential family. This result was extended by Bell (2021), who verified the condition for all cases where the empirical
risk function Jn is convex. However, neither of these assumptions hold in common cases such as when a (x ; θ ) is a
neural network, or when p (x ) is a mixture model.

In the present paper, we verify the uniform convergence condition in contrastive learning for a wide variety of
models by bounding the Rademacher complexity of theirmodel classes. In themachine learning literature, Rademacher
complexity has become a highly useful tool for providing non-asymptotic bounds in expectation for supervised learn-
ing problems, particularly since it is able to successfully bound statistical complexity even for complicatedmodels such
as decision trees, deep neural networks and support vector machines (Koltchinskii and Panchenko, 2000; Bartlett
and Mendelson, 2002; Gao and Zhou, 2016). When combined with Markov’s inequality, we will see that these non-
asymptotic bounds establish uniform convergence of Jn (θ ) .

The remainder of the paper is structured as follows. In Section 2, we introduce the notion of Rademacher com-
plexity and show how it can be utilised to verify the uniform convergence condition. In Section 3, we consider the
case where a (x ; θ ) is parametrised as a neural network, and in Section 4, we look at non-normalised mixtures of
exponential families. We conclude and discuss further work in Section 5.

1Not to be confused with the uniform convergence property, see Shalev-Shwartz and Ben-David (2014, Chapter 4. Definition 4.3).
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2 | RADEMACHER COMPLEXITY AND UNIFORM CONVERGENCE

In this section, we introduce the notion of Rademacher complexity and connect it with the uniform convergence
condition.
Definition The Rademacher complexity of a subset T ⊆ Òn is defined as

Rad(T) = Å sup
t ∈T

1

n

n∑
i=1

Ωi t i ,

where Ω1, . . . ,Ωn are independent Rademacher random variables. That is, Ð(Ωi = 1) = Ð(Ωi = −1) = 1/2, indepen-
dently.

We shall be particularly interested in the (random) sets
A ◦ X =

{
(a (X1; θ ), . . . , a (Xn ; θ ) ) ∈ Òn : θ ∈ Θ

}
L ◦ (X ,Y ) =

{
(L (Y1, d (X1; θ ) ), . . . , L (Yn , d (Xn ; θ ) ) ∈ Òn : θ ∈ Θ

}
=

{
(L (Y1,σ (a (X1; θ ) ) ), . . . , L (Yn ,σ (a (Xn ; θ ) ) ) ) ∈ Òn : θ ∈ Θ

}
.

By bounding the Rademacher complexities of these sets, we will be able to provide a bound in expectation for
supθ∈Θ |Jn (θ ) − J (θ ) |. This is done via a series of standard results from non-asymptotic learning theory, which we
now present.

Lemma 2 We have

Å

[
sup
θ∈Θ

|Jn (θ ) − J (θ ) |
]
≤ 4Å Rad (L ◦ (X ,Y ) ) .

Proof See for example Shalev-Shwartz and Ben-David (2014, Chapter 26. Lemma 26.2). Our upper bound contains
a factor of 4 rather than 2 to account for the absolute value in the expectation.

Next, we state the contraction lemma, originally due to Ledoux and Talagrand (1991).

Lemma 3 (Contraction lemma) Let T ⊆ Òn be a set and let fi : Ò → Ò be γ-Lipschitz functions, for i = 1, . . . , n . Write

(f1, . . . , fn ) ◦ T = { (f1 (t1 ), . . . , fn (tn ) ) : (t1, . . . , tn ) ∈ T} .

Then

Rad ( (f1, . . . , fn ) ◦ T) ≤ γ Rad (T) .

Proof See for example Shalev-Shwartz and Ben-David (2014, Chapter 26. Lemma 26.9).

We are particularly interested in the case where f plays the role of the loss function.
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Lemma 4 Suppose that for any y ∈ {0, 1}, the function a ↦→ L (y ,σ (a ) ) is γ-Lipschitz. Then

Rad (L ◦ (X ,Y ) ) ≤ γ Rad (A ◦ X ) .

Proof By the contraction lemma,
Rad (L ◦ (X ,Y ) ) = Rad ( (L (Y1,σ ( · ) ), . . . , L (Yn ,σ ( · ) ) ) ◦ A ◦ X ) ≤ Rad (A ◦ X ) ,

as required.
We now show that Lemma 4 applies to the binary cross-entropy loss function (1).

Lemma 5 Given a fixed y ∈ {0, 1}, let τy : Ò → Ò be the map τy (a ) = L (y ,σ (a ) ) , where L is the binary cross-entropy
loss function (1). Then τy is 1-Lipschitz.

Proof Differentiating, we have���� dda τy (a ) ���� = ����−y 1

σ (a ) σ (a ) (1 − σ (a ) ) + (1 − y ) 1

1 − σ (a ) σ (a ) (1 − σ (a ) )
���� = |σ (a ) − y | ≤ 1,

which implies that τy is 1-Lipschitz.
We are now ready to connect the uniform convergence condition with the Rademacher complexity of the set

A ◦ X .
Proposition 6 The uniform convergence condition is satisfied if Å Rad(A ◦ X ) → 0 as n → ∞.

Proof Let ε > 0. Combining Markov’s inequality with Lemmas 2 and 4, we have

Ð

(
sup
θ∈Θ

|Jn (θ ) − J (θ ) | > ε

)
≤ 1

ε
Å

[
sup
θ∈Θ

|Jn (θ ) − J (θ ) |
]
≤ 4

ε
Å Rad (L ◦ (X ,Y ) ) ≤ 4

ε
Å Rad (A ◦ X ) → 0,

proving that supθ∈Θ |Jn (θ ) − J (θ ) |
p
−→ 0.

Proposition 6 thus simplifies the problem of verifying the uniform convergence condition for θ̂n to showing that
Å Rad(A ◦X ) → 0. We shall now prove this latter statement in two different model classes, beginning with the case
where a (x ; θ ) is parametrised as a neural network.

3 | NEURAL NETWORKS

Parametrising a (x ; θ ) as a neural network in order to estimate the (log) ratio log p (x ) − log q (x ) has become a popular
technique in the contrastive learning literature (Cranmer et al., 2015; Rogers-Smith et al., 2018; Hermans et al., 2020),
mostly due to neural networks’ ability to replicate complexmathematical functions (see Raghu et al. (2016) for a useful
survey). Throughout this section, we let a (x ; θ ) be an L-layered dense neural network with λ-Lipschitz activation
functions. That is, a (x ; θ ) is the composition of L functions of the form a l (x ) = σl (Wl x + b l ) , where the activations
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σl are λ-Lipschitz, for l = 1, . . . , L. The parameters θ thus comprise the weightsWl and the biases b l , for l = 1, . . . , L.
Optimisation of Jn (θ ) will take place over the compact space

Θ = {θ : ∥Wl ∥∞ ≤ ω, |b l | ≤ β , l = 1, . . . , L} , (2)
where ω, β > 0 are fixed constants and ∥ · ∥∞ denotes the maximum norm. There exist multiple bounds for the
Rademacher complexity of this neural network class (Bartlett andMendelson, 2002; Neyshabur et al., 2015; Golowich
et al., 2018). We shall use the following bound, taken from Rebeschini (2018).

Proposition 7 There exist constants α1 = α1 (L,ω, β , λ ) and α2 = α2 (L,ω, β , λ,m ) not depending on n , such that

Rad (A ◦ X ) ≤ 1
√
n
(α1 + α2Mn ) .

Proof See for example Rebeschini (2018, Proposition 3.6).

We are now able to easily verifiable sufficient conditions for the uniform convergence condition to hold.
Proposition 8 Let Θ be as in (2) and suppose that there exists η > 0 such that

Åp [ ∥X ∥2+η∞ ] < ∞ and Åq [ ∥X ∥2+η∞ ] < ∞.

Then the uniform convergence condition holds for θ̂n .

Proof From our assumption, it follows that
Å 1

2 p+
1
2 q

[ ∥X ∥2+η∞ ] = M < ∞.

As the map x ↦→ x2+η is convex on the domain [0,∞) , Jensen’s inequality gives

Å[Mn ]2+η ≤ Å[M 2+η
n ] ≤

n∑
i=1

Å 1
2 p+

1
2 q

[ ∥Xi ∥2+η∞ ] ≤ nM . (3)

Thus, Å[Mn ] ≤ (nM )1/(2+η) , and so crucially, Å[Mn ]/
√
n → 0 as n → ∞. Now apply Propositions 6 and 7.

4 | MIXTURES OF EXPONENTIAL FAMILIES

We now verify the uniform convergence condition for non-normalised mixtures of exponential families, studied by
Matsuda and Hyvärinen (2019). In this model, a (x ; θ ) is parametrised implicitly through explicit parametrisations
pm (x ; θ ) and qn (x ; θ ) for p (x ) and q (x ) , respectively. Both pm and qn are modelled as non-normalised mixtures of
exponential families, namely

pm (x ; θ ) = h (x )
K∑
k=1

exp (
φ⊤
k f (x )

)
, qn (x ; θ ) = h (x )

L∑
l=1

exp (
w⊤
l f (x )

)
,
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where f : X → Òd+1 is a pretrained neural network and h : X → Ò is an unknown function. Compared with the
notation of Matsuda and Hyvärinen (2019, Equations (26) and (28)), we have augmented the vector f (x ) to include
the constant term 1 in order to absorb the normalisation constants ck and exp(M1/M l ) into the inner products θ⊤k f (x )and w⊤

l
f (x ) , respectively. We consider optimisation of Jn (θ ) over the compact space

Θ =
{
θ : ∥φk ∥2 ≤ a, ∥wl ∥2 ≤ b, k = 1, . . . ,K , l = 1, . . . , L

}
, (4)

where a, b > 0 are fixed constants and ∥ · ∥2 denotes the Euclidean norm. We are now ready to prove an analogous
result to Proposition 8 which requires no further assumptions about the moments of X .
Proposition 9 Let Θ be as in (4). Then the uniform convergence condition holds for θ̂n .

Proof The proof will follow a similar strategy to that of Proposition 8. First, we consider the variableMn = ∥f (X ) ∥∞,
where X ∼ 1

2 p + 1
2 q . Note that Å[M 4

n ] = M < ∞, as the fourth moment of the sufficient statistics of an exponential
family just equal the fourth derivative of its cumulant function. Thus, applying Jensen’s inequality like in (3)with η = 2,
we get that Å[Mn ] ≤ (nM )1/4.

Next, we find a suitable bound on the Rademacher complexity Rad(A ◦ X ) . Note that

n Rad(A ◦ X ) = ÅΩ sup
θ∈Θ

n∑
i=1

Ωi

{
log

(
h (Xi ) )

K∑
k=1

exp (
φ⊤
k f (Xi )

))
− log

(
h (Xi )

L∑
l=1

exp (
w⊤
l f (Xi )

))}
= ÅΩ sup

θ∈Θ

n∑
i=1

Ωi

{
log

(
K∑
k=1

exp (
φ⊤
k f (Xi )

))
− log

(
L∑
l=1

exp (
w⊤
l f (Xi )

))}
≤ ÅΩ sup

∥φk ∥≤a

n∑
i=1

Ωi log
(

K∑
k=1

exp (
φ⊤
k f (Xi )

))
+ ÅΩ sup

∥wl ∥≤b

n∑
i=1

Ωi log
(

L∑
l=1

exp (
w⊤
l f (Xi )

)) (5)

Consider the first of these two terms. To simplify notation, let ai k = φ⊤
k
f (Xi ) , for i = 1, . . . , n , k = 1, . . . ,K . Also,

write

LogSumExp(ai1, . . . , ai K ) = log
(

K∑
k=1

exp (ai k )
)
,

for i = 1, . . . , n . The LogSumExp function has the softmax function as its gradient, and is therefore 1-Lipschitz with
respect to the maximum norm ∥ · ∥∞. Consequently, it is √K -Lipschitz with respect to the Euclidean norm ∥ · ∥2, and
so by the vector-contraction inequality by Maurer (2016, Corollary 4), we have

ÅΩ sup
∥φk ∥≤a

n∑
i=1

Ωi log
(

K∑
k=1

exp (ai k )
)
= Ω sup

∥φk ∥≤a

n∑
i=1

Ωi LogSumExp(ai1, . . . , ai K )

≤
√
2K ÅΩ sup

∥φk ∥≤a

n∑
i=1

K∑
k=1

Ωi k ai k ,

where Ωi k are independent Rademacher random variables for i = 1, . . . , n and k = 1, . . . ,K . By the Cauchy-Schwarz
inequality, we have

n∑
i=1

K∑
k=1

Ωi k ai k =
K∑
k=1

φ⊤
k

(
n∑
i=1

Ωi k f (Xi )
)
≤

K∑
k=1

∥φk ∥2






 n∑
i=1

Ωi k f (Xi )






2

≤ aK






 n∑
i=1

Ωi f (Xi )






2

,
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and so

ÅΩ sup
∥φ∥≤a

n∑
i=1

K∑
k=1

Ωi kφ
⊤
k f (Xi ) ≤ aK ÅΩ






 n∑
i=1

Ωi F (Xi )






2

.

Next, by Jensen’s inequality,

ÅΩ






 n∑
i=1

Ωi f (Xi )






2

= ÅΩ

√√√√




 n∑
i=1

Ωi f (Xi )





2
2

≤

√√√√
ÅΩ






 n∑
i=1

Ωi f (Xi )





2
2

=

√√√√
ÅΩ

d∑
j=1

(
n∑
i=1

Ωi fj (Xi )
)2
.

Since the Ωi are independent and ÅΩi = 0 for all i , we further have√√√√
ÅΩ

d+1∑
j=1

(
n∑
i=1

Ωi fj (Xi )
)2

=

√√√√
ÅΩ

d+1∑
j=1

n∑
i=1

(
Ωfj (Xi )

)2
=

√√
ÅΩ

n∑
i=1

∥f (Xi ) ∥22 ≤
√
dn max

1≤i ≤n
∥f (Xi ) ∥∞ =

√
dnMn .

Hence, putting everything together, we have

ÅΩ sup
|φk ∥≤a

n∑
i=1

Ωi log
(

K∑
k=1

exp (
φ⊤
k f (Xi )

))
≤ a

√
2dnK 3/2Mn .

Similarly, for the latter term in (5), we get

ÅΩ sup
∥wl ∥≤b

n∑
i=1

Ωi log
(

L∑
l=1

exp (
w⊤
l f (Xi )

))
≤ b

√
2dnL3/2Mn ,

and so finally
Å Rad(A ◦ X ) ≤

√
2d

(
aK 3/2 + bL3/2

) 1
√
n
ÅMn ≤

√
2d

(
aK 3/2 + bL3/2

)
M 1/4 1

n1/4
→ 0

as n → ∞. Now apply Proposition 6.

5 | DISCUSSION

Wehave introduced a technique for verifying the uniform convergence condition for contrastive learning via bounding
the Rademacher complexity of the discriminator model class. We applied this technique in two settings. In the former,
the non-activated discriminator a was parametrised as a neural network, which required the finiteness of the (2+η )th
moment of X . In the latter setting we considered parameter estimation for non-normalised mixtures of exponential
families, and verified the uniform convergence condition without any further assumptions about X . Like the uniform
law of large numbers, the new approach requires the parameter space to be compact. However, it obviates the need
to find a dominating function, which is too complicated to do in practice. Future investigations into Rademacher
complexity bounds which do not require compactness are encouraged.

Since many other estimation methods other than contrastive learning also require a uniform convergence con-
dition for consistency (see M -estimators, see e.g. Van der Vaart (1998, Chapter 5)), it is worth exploring whether
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the technique presented here may be applicable elsewhere. This may be of particular interest in estimation prob-
lems which involve neural networks or other model classes for which the Rademacher complexity can be bounded
appropriately.
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