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 Correction of Density Estimators
 that are not Densities

 INGRID K. GLAD and NILS LID HJORT

 University of Oslo

 NIKOLAI G. USHAKOV

 Norwegian University of Science and Technology and Russian Academy of Sciences

 ABSTRACT. Several old and new density estimators may have good theoretical performance, but

 are hampered by not being bona fide densities; they may be negative in certain regions or may not

 integrate to 1. One can therefore not simulate from them, for example. This paper develops general

 modification methods that turn any density estimator into one which is a bona fide density, and

 which is always better in performance under one set of conditions and arbitrarily close in per-

 formance under a complementary set of conditions. This improvement-for-free procedure can, in

 particular, be applied for higher-order kernel estimators, classes of modern h4 bias kernel type
 estimators, superkernel estimators, the sinc kernel estimator, the k-NN estimator, orthogonal

 expansion estimators, and for various recently developed semi-parametric density estimators.

 Key words: bona fide densities, density estimation, mean integrated squared error

 1. Introduction and summary

 In density estimation, there are classes of methods which are good in many respects, but have

 one essential disadvantage: they produce estimates which are not probability density func-

 tions, i.e. may take negative values or do not integrate to 1. This is viewed as a serious

 problem - see, for example, Silverman (1986, p. 69) or Hall & Murison (1993, p. 103) - which

 leads to some limitations in application of these estimators in practice; one can, for example,

 not simulate realizations from such 'densities', and displaying such curves carries with it an

 element of embarrassment. It is nevertheless to be noted that many of these non-bona fide

 methods may have better precision than traditional 'proper kernel' density estimators, in terms

 of, for example, (mean) integrated squared error. This is true, in particular, for:

 * higher-order kernel estimators (Parzen, 1962; Bartlett, 1963; Rosenblatt, 1971; Nadaraya,

 1974);

 * various modern h4 bias kernel type estimators (where h is the bandwidth), like those de-
 veloped in Jones et al. (1995) and Hjort & Jones (1996) - see Jones & Signorini (1997) for a

 recent overview;

 * the sinc kernel estimator (Davis, 1975);

 * superkernel estimators (Devroye, 1992);

 * spline estimators (Small & McLeish, 1994);

 * wavelet density estimators - see, for example, Vidakovic (1999);

 * orthogonal expansion estimators (Kronmal & Tarter, 1968);

 * several Bayesian-inspired constructions (Hjort, 1996a); and

 * several recently developed semi-parametric constructions, see Hjort & Glad (1995), Efron &

 Tibshirani (1996), Hjort & Jones (1996) and Hjort et al. (1999).

 It would therefore be of great interest if these estimates could be modified into proper

 densities while, at the same time, not losing precision. This paper provides such modification

This content downloaded from 
������������129.240.223.221 on Tue, 21 Sep 2021 13:05:32 UTC������������ 

All use subject to https://about.jstor.org/terms



 416 L K. Glad et al. Scand J Statist 30

 procedures. The essence of the method we propose is to translate vertically the estimated

 function until the integral of the positive part is 1. We show that the method works for any

 type of estimator, based on independent or dependent observations. It is simple to apply and

 guarantees at least to maintain the precision of the initial estimator, for any sample size n.

 A number of methods have already been suggested for correction of density estimators

 which are not densities. Terrell & Scott (1980) and Silverman (1982) suggest correction

 approaches for some restricted classes of estimators. One of the most intuitive correction

 procedures is to multiplicatively renormalize the positive part of the estimate, as pursued in

 Hall & Murison (1993); see also Kaluszka (1998). In the special case of higher-order kernel

 estimators, this correction is shown to have the same precision as the initial estimators, when

 the sample size grows. It turns out that, in the general case, this might not be true, and, in

 section 4, we demonstrate that normalization can seriously spoil an estimator.

 Gajek (1986) proposes a correction which is more generally applicable, almost as universally

 applicable as the correction suggested in this paper. The only exclusion is that Gajek's method

 does not work if the initial estimator is non-integrable (the sinc estimator, for example). Our

 method is valid also in this case. We will summarize the method of Gajek in later sections and

 compare it briefly with our correction approach. Although the Gajek correction and the

 correction suggested in this paper may seem similar at first, they have, in fact, very different -

 and in some sense opposite - properties when it comes to the resulting curve. This is further

 discussed in section 4.

 For evaluating the performance of estimators we use the mean integrated squared error

 (MISE), defined as

 MISE(fn) = E ISE(tf) = EJ Vf.(x) - f(x)}2 dx,

 where fn is the estimator and f the density to be estimated.
 In section 2, we focus on the situation when the integral of the positive part of an estimator

 is greater than 1, that is, fmax(0,f5) dx > 1, referred to in our paper as 'case 1'. We introduce
 there the new correction method, and prove that the corrected estimator has MISE smaller

 than or equal to the initial estimator. Actually, we prove the stronger result that the ISE is

 directly improved.

 The majority of the density estimators mentioned above have integral greater than 1. Hence

 this situation is more important than the opposite case, referred to as 'case 2', where

 f max(0, fn)dx < 1. In section 3, we present a correction method for case 2, and prove a result
 analogous to, but not quite as strong as, that for case 1: a corrected estimator is constructed

 such that its ISE, and hence its MISE, is at most e above that of the initial estimator, where E is

 any predefined positive number.

 Section 4 contains some illustrations and comparison with some of the existing corrections

 mentioned above. This section does not aim to quantify the gain through simulation studies,

 but rather to illustrate how the various corrections behave. As there is nothing to lose in MISE

 by our correction (in case 1), we emphasize that these results should give a boost to the

 application of several non-standard density estimators that are proven to exhibit superior

 behaviour, but which have perhaps been abolished in practice because of not being bona fide

 densities. Our article ends with some concluding remarks in section 5.

 2. Estimator correction for case 1

 Suppose that an initial estimator fn is almost surely bounded square integrable, and satisfies
 the condition

 ?) Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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 Scand J Statist 30 Correction of density estimators 417

 J max{O,f,,(x)} dx > 1, (1)

 including, as a possibility, the case fmax(O, f,,) dx = oo.
 Our proposal for the new, modified estimator is

 f5(x) = max{0,f,(x) - 4}, (2)

 where 4 is chosen in such a way that fj S(x) dx = 1. Note that, when 4 is positive, then the
 corrected estimator is zero outside a bounded support. Below we prove that, at least in the

 sense of MISE, the estimator f5 is always better than the initial estimator f ,. First, we show
 that f, is well-defined, i.e. that 4 always exists and is unique. We start with the following
 simple lemma.

 Lemma

 Let q be a bounded, square integrable function. Then the function q,(x) = max{O, q(x) - e} is
 integrable for any E > 0.

 Proof. Define b = supxq(x) and A, = {x: q(x) ? s}. Here b is finite, and it is easy to see that
 A, has finite Lebesgue measure. This follows indeed from

 J q2dX > q2 dX > ?IM(AE)

 where m denotes the Lebesgue measure. Next, we have q,(x) = 0 if x?A,; therefore

 qg dx= j q dx < bm(A,) < oo,

 proving the lemma.

 Put next

 i(z) = Jmax{0, q (x) -Z} dx,

 and let z1 > Z2 > 0. We have

 (z1 -z2)m(Az ) < A(z2) - )(z1) < (z1 -z2)m(A82).

 This implies that A(z) is continuous for z > 0 and strictly decreasing for 0 < z < b. This, in

 conjunction with the lemma, implies that 4 exists, and each realization of fn uniquely
 determines the corresponding realisation of (, i.e. 4 is well-defined.

 By definition of fn (x), each realization of it is a probability density function. It turns out that

 MISE of fn (as an estimator of J) is at least as good as that of fn, for any n.

 Theorem 1

 Let fn be an arbitrary estimator of a density function f such that

 (i) fn is almost surely bounded and square integrable, and

 (ii) almost surely f max(0, fn) dx > 1 (this includes the possibility that the integral is infinite).

 Then, for any n, almost surely,

 ? Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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 418 I. K. Glad et al. Scand J Statist 30

 J(fn ) dx < J(ff -)2) (3)

 where fn is the estimator given by (2).

 As a simple consequence of the theorem, the proof of which is found in the appen-

 dix, we have the following: for any n, MISE(f,) < MISE(fn), under the conditions of
 theorem 1.

 3. Estimator correction for case 2

 Suppose now that

 Jmax{O, nf(x)} dx < 1. (4)

 The results in this case are not as good as in case 1, but quite sufficient for applications. The

 estimator jn, which is introduced below for case 2, is not 'always better' than the initial
 estimator fn (as the estimator fn), but it is 'almost as good as' fn.

 Let again fn be an estimator of a density functionf, and assume that (4) holds almost surely.

 Suppose that fn is almost surely square integrable. Our proposal for the estimator fn (defined
 in terms of a parameter M = M(n) > 0) is

 _ max{Of4(x)}+71m for lxi KM
 fn(X) =fn(X;M) max{0, fn(x)} for ix| > M, (5)

 where

 r1M = 2M [1 - max{O,fn(x)}idx1

 All realizations of the estimator f, are non-negative and, as is easily seen, have integral 1. Let

 us show that we can make MISE offn arbitrary close to that offt, both asymptotically and for
 any finite n, by taking M dependent on n. This follows from the following theorem, a proof of
 which is in the appendix.

 Theorem 2

 Let fn be an arbitrary estimator of a density function f satisfying conditions

 (i) fn(x) is almost surely square integrable, and
 (ii) almost surely, f max(O,fn) dx < 1.

 Then, for any n, almost surely,

 -f)2 dx (f _f)2dX+_

 where fn(x) is the estimator given by (5).

 Taking for example M = 3n/(2e), where e is an arbitrary positive constant, we obtain for

 f, (x; 3n/(2e)) that

 MISE(fn) < MISE(/1) + E/n.

 i) Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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 Scand J Statist 30 Correction of density estimators 419

 4. Illustrations and comparison

 Our correction procedures are completely general, independent of the type or degree of

 complexity of the initial density estimator. Here, we are content to give some brief illustrations

 and comparisons.

 4.1. Two simple examples

 We first study the kth nearest neighbour estimator (k-NN). It exhibits a non-smooth beha-

 viour and is, as such, not often used for display purposes; it is, however, widely applied in

 pattern recognition applications (Ripley, 1996, ch. 6). The estimator is defined as

 f(x) 2ndk(x)

 where dk(x) is the kth largest distance between the point x and the n observations. That is, for a

 given x, calculate Ix - xil for i = 1,...,n, put them in ascending order and take the kth largest
 one as dk(x); cf. Silverman (1986, p. 19). The integer k is sometimes chosen as k n 12. This
 estimator is positive and continuous everywhere, but has infinite integral, in that the tails go to

 zero like I/Ix . This is therefore a case 1 estimator. Figure 1 shows a typical case where 20 data
 points have come from the standard normal. We used k = 5 for this illustration, and found

 4 = 0.020 for the data at hand. The corrected estimator has MISE smaller or equal to the

 MISE of the usual k-NN estimator, is now bona fide, and can be utilized for simulations, for

 example.

 Next consider the sinc kernel density estimator, also called the Fourier integral estimator

 (Davis, 1975). This is a kernel density estimator with kernel function K(u) = sin u/(xu). Note

 that this kernel is not Lebesgue integrable, though its Riemann integral is 1. The optimal

 MISE is of order O((log n) 12/n) for a broad class of estimands, superior to the usual O(n-415).
 Exact MISE calculations show that the sinc estimator is superior also for small sample sizes

 (Glad et al., 2002). However, the sinc estimator is a case 1 estimator and needs correction for

 practical use.

 k-NN method with correction, n =20

 LI)

 0

 C'
 0

 -10 -5 0 5 10

 Fig. 1. The corrected kth nearest neighbour estimate (solid line) and the original kth nearest neighbour
 estimate (dashed line) based on 20 i.i.d. N(0, 1) observations. Here, k = 5 and the resulting 4 = 0.020.
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 420 I. K. Glad et al. Scand J Statist 30

 For the same 20 data points mentioned above, we computed the sinc kernel estimator and its

 correction, using the optimal bandwidth h = 1/(log 21)1/2; see Glad et al. (2002). For the data
 set at hand, we found 4 = 0.010. The two curves are displayed in Fig. 2.

 Notice that, in both examples, the corrected density estimate is equal to zero outside a

 certain bounded interval. The sinc kernel estimator, in particular, is repaired in a satis-

 factory fashion, as the 'waves' which are somewhat artificially present in the original esti-

 mate, even far from the data points, vanish for its corrected version. Note also that the

 Gajek correction method, which we return to in the next subsection, is not defined for the

 two examples above; his method works only for estimators which have finite Lebesgue
 integrals.

 4.2. Comparison in an artificial example

 Here we give a brief comparative analysis of the Gajek correction, our correction and the

 correction based on normalization of the positive part of an estimate. As is pointed out by
 Hall & Murison (1993), it is difficult to theoretically compare Gajek's method with other

 methods, as that method has been set up to improve the weighted MISE criterion

 Ef(in -f )2w dx, where w(x) needs to give high emphasis to the tails, in that I/w(x) is required
 to be integrable. Therefore, our analysis is mainly based on examples and some qualitative
 arguments.

 To clarify the mechanism of correction for each of the three methods, it is reasonable to

 consider first an artificial example, where the density to be estimated, its estimate and all three

 corrections are expressed in explicit form. Later, we present a more realistic example.

 Note that correction of negativity (without loss of precision) is not a real problem: iff, is an
 estimator of some probability density function f, then fn = max(0, fn) is non-negative and
 more precise than fn for all reasonable criteria of precision. Therefore, we concentrate on the
 problem of correcting nonnormalization.

 Let the density to be estimated be the standard normal density and let us approximate it by

 a renormalized Cauchy density: multiplication by (ir/2) 12, which, in fact, brings it closer tof(x)

 Sinc kernel method with correction, n= 20

 0 1

 0

 C\I

 -10 -5 0 5 10

 Fig. 2. The corrected sinc kernel estimate (solid line) and the original sinc kernel estimate (dashed line)
 based on the same 20 i.i.d. N(0, 1) observations. Here, h = 1/(log 21)1/2 and the resulting X = 0.010.
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 Scand J Statist 30 Correction of density estimators 421

 than the Cauchy density itself in the central region of x values. This artificial estimate hence

 has the form

 g(x) = (2ir)-1/2(I +?x2)-l

 The estimate is positive, but its integral is (X/2) 12, overshooting with extra mass

 (ir/2)'1/2 _1 0.2533. Let us study how the three correction methods remove this extra mass.
 Following Gajek, it is necessary to introduce a weight function w(x), which is used in the

 weighted MISE criterion mentioned above and which must tend to infinity as lxl - oc in such
 a way that 1/w(x) is integrable. Let us take w(x) = exp(21xl). Then the Gajek correction, our
 correction and the multiplicative correction (normalization) are, respectively,

 gG(x) = max{0,g(x) - a/w(x)} = max{0, g(x) - ((X/2) 12 - 1) exp(-21xl)},

 g.(x) = max{0,g(x) - 4},

 gm(x) = (ir/2) -"2g(x) = -I(1 +x2)-1,

 where a is the constant making gG integrate to 1 (explicitly calculated) and analogously

 _ 0.0083.

 Because of the presence of the function 1/w(x) (in our case exp(-21xl)), the Gajek cor-

 rection changes the tails of g(x) very little and removes almost all extra mass from the central

 part of the function. Our correction removes the extra mass uniformly from all parts of the

 function and, as the tails contain a significant part of the integral while values of the function

 are small there, our correction removes the tails but performs very small changes in the central

 region. The multiplicative correction removes the extra mass from all parts of the function

 proportionally to its values (so, in the considered example, it just transforms g into the Cauchy

 density); hence, it also takes the greater part of the extra mass from the central part. We see

 that both the normalization method and Gajek's correction may easily worsen the ISE of the

 estimator. Moreover, Gajek's correction distorts the shape of the function (a unimodal

 function is transformed into a bimodal one). The initial 'estimate' and results of the three

 corrections are presented in Fig. 3. The true density f (standard normal) is not plotted for
 better interpretability of the figure.

 Another way of using Gajek's results is to have w(x) equal to 1 on a long, finite interval

 and to adjust accordingly. This would lead to an estimator resembling ours inside this

 interval, but would not, by Gajek's methods, be secured a better MISE performance. In

 this light, our method may be seen as a natural extension and continuation of Gajek

 (1986).

 4.3. Comparison in a realistic example

 Here, we generated n = 25 observations from a standard normal density and tried out several

 non-bona fide density estimators to estimate the density. The estimates were corrected both

 with the Gajek method and with our case 1 method. We have chosen to display the results of a

 superkernel estimator. In Fig. 4, we depict one typical superkernel estimate with its two

 corrections. The superkernel applied is

 K(u) = (1/n){sin(u/2)/(u/2)}2 cos(u/2)

 and the smoothing parameter h = 0.6 was chosen by visual inspection. This kernel integrates

 to 1, has characteristic function identical to 1 on the [- n 2] window (implying good

 approximation capabilities), but is not non-negative.

 ?) Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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 Artificial example

 g(x)
 0.4 - gG(x) -go(x)

 ...gm(x)

 0.3-

 0.2 -

 0.1 /

 0
 -5 - -3 -2 -1 0 1 2 3 4 5

 Fig. 3. Comparison of three different corrections for the section 4.2 example: The initial function g(x)

 (solid line), the Gajek correction gG(X) (dashed dotted line), multiplicative correction gm(x) (dotted line)
 and our correction gj(x) (dashed line).

 Superkernel with corrections, n 25
 0.45

 G-Oajek
 --Our corr.

 0.4 i Initial est

 0.35 -

 0.3-

 0.25 -

 0.2-

 0.15 -

 0.1 .

 0.05 -

 0 .. .. . . .. .. .

 -0.05

 -10 8 6 4 2 0 2 4 6 8 10

 Fig. 4. Two corrections of a superkernel estimate (dotted line) based on 25 i.i.d. N(O, 1) observations: The

 Gajek correction (solid line) and our correction (dashed line).

 We see, again, the effect of Gajek's correction in removing mass from the central part and

 maintaining the tails, while our correction removes the extra mass uniformly. In addition,

 here, Gajek's correction has produced an unfortunate bimodal density. Other figures are not

 shown here, as the effect was observed to be similar for other estimators and for other

 realizations of the 25 simulated data points.
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 5. Concluding remarks

 1. The modification procedures presented here, along with the positive results about their

 performance, can be extended to the multi-dimensional case with small modifications of

 definitions and argumentation.

 2. Another modification method which can be applied for positive estimators whose integral

 is not 1 is to normalize. However, this method may or may not lead to improvement in

 performance, as also seen above. Let us illustrate this point in a context of estimators f
 whose bias leading term take the form h2b(x), where h would be the bandwidth and b a

 suitable function depending on the underlying f, classes of such h2-order methods are

 surveyed in Hjort (1996b) and Hjort et al. (1999). Then, the normalized estimate

 f/ ff (t) dt has bias leading term h2(b - dj), where d = f b(t) dt, while the variance typ-
 ically stays the same, to the relevant order of approximation. Hence, normalization has

 improved accuracy only when f (b - dJ)2 dt < f b2 dt. The point is that this is not at all
 guaranteed, in that situations easily occur when the inequality goes in the other direction,

 and where it is not possible to know from data whether there is improvement or decline in

 performance.

 3. There is similarly a large class of recently developed fourth-order bias methods, whose bias

 leading term takes the form h4b(x) for a suitable b function depending on the method in

 question, and has variance of size O((nh)-1); see Jones et al. (1995) and Jones & Signorini

 (1997). As above, the normalized estimatorf/ ft dt can be studied. This modification has

 bias function with leading term h4(b - dj), again with d = f b dt. Once more, one sees that
 (asymptotic) improvement may or may not occur, in that f (b - dj)2 dt may or may not be

 smaller than f b2 dt.
 4. The traditional assumption underlying most calculations of performance for density es-

 timators is that the data points are independent. This assumption is not at all vital for

 our correction methods and results about them; we have derived and expressed results

 directly in terms of the random ISE quantity, before taking mean values to compare

 MISE values.

 5. We have argued that estimators that are not bona fide are unfortunate and embarras-
 sing, in particular pointing out that one cannot even simulate from such 'densities'. One

 is sometimes able to circumvent this problem in other ways; a case in point is how

 DiCiccio et al. (1989) carry out smooth bootstrapping from fourth-order kernels, even in

 'negative areas', via integral representations for some functionals. Such circumventive

 trickery is, however, less natural than what we propose here: carry out the correction,

 then sample from this corrected density, as a basis for smoothed bootstrapping (for

 example).

 6. Every density estimator comes with one or more smoothing parameters that need spe-

 cification. Problems with the proper selection of these parameters from data are manifold,

 as is manifest from the extensive literature on the problem for even the simplest of

 estimators. Here, one may ask how one should select say the bandwidth h of the new

 estimator Sn of (2), the corrected sister of some initial fn. A general viable option is to

 employ cross-validation, where the fn estimator, along with the necessary value of 4 in
 (2), needs to be re-computed for each of the remove-one data sets. Another reaction is

 that one may use any sophisticated method to fine-tune h for the initial estimator, and

 then simply keep this value for the corrected estimate. This cannot go wrong, as is clear

 from our theorems.

 ?3 Board of the Foundation of the Scandinavian Journal of Statistics 2003.
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 Appendix

 Proof of theorem 1. Consider an arbitrary realization offn. Without loss of generality assume
 that this realization (we use the same notationfn for it) is square integrable and satisfies (1). If

 = 0 for this realization, then fn (x) = max{O, fn (x)} and for every x,

 Ifn(x) -f(x)I < fn(x) -f(X)

 which implies (3), so, we will assume that, for the considered realization, 4 > 0. This means,

 in particular, that

 Jmax{O,fn (x)} dx > 1. (6)

 Let us fix an arbitrary 0 < E < 1. Choose a set AM (depending on e) of the real line, having

 Lebesgue measure M > 0, sufficiently large so that

 L 2 (x)dx <8 A (x)dx> 0, (7)
 W;\Am AM

 A max{0,fn(x)}dx> 1 and supfn(x) <. (8)
 AM ~~~~~~~R\Am

 The two last relations are meant for the considered realization of fn: the first of them is
 possible due to (6); the second one is possible due to the square integrability of fn.
 Now, construct a sequence of functions ql, q2,... as follows: let qo = fn and

 qk(X)=max{O,qk-1(X))}-Ck fork=1,2,...,

 where

 i.e : = z m{x::: qk-1 (x)} dx- l f(x) dx]v

 i.e. Ck is such a number that

 |qk (X)dX= f (x) dx. 9
 AM AM

 Note that Ck ? 0 for all k.

 We may now prove that

 J J(qk_f)2dX< (qk_1-f)2dx fork=1,2 , (10)

 Indeed, evidently,

 I [max{O,qkI(x)} -f(x)]2 dx < J (qk -f)2 dx. (11)

 Consider the function

 )kk(Z) {max{0, qk-l (x)} -Z-f (X)}2 dx for z > 0.

 Its derivative is

 ik(z) = 2 j {max{O, qkI (X)} -z-f(x)} dx

 ?) Board of the Foundation of the Scandinavian Journal of Statistics 2003.

This content downloaded from 
������������129.240.223.221 on Tue, 21 Sep 2021 13:05:32 UTC������������ 

All use subject to https://about.jstor.org/terms



 426 I. K. Glad et al. Scand J Statist 30

 and is equal to zero for z = Ck. This implies that )k(Z) takes its minimum on the half-line z ? 0

 at z = Ck, i.e.

 f {qk(x) -f(x)}dx<J [max{0,qk-I(x)} -f(x)]2 dx. (12)
 AM AM

 From (11) and (12) we obtain (10).

 Observe now that

 qk(X) + Ck = max{0, qo(x) - cj} for k =1, 2 .... (13)

 This can be proved by induction: it is evidently true for k = 1, and if it is true for k, then

 qk+l (X) + Ck+? = max{0, qk(X)} = max{Ck, qk(X) + Ck} - Ck

 = max ck, mox ) - >3} - E Cj { ) -Ck

 = max {Ck, qo (X) -E Cj } Ck = max {0, qo (x) -E cj }

 i.e. it is true for k + 1.

 Relation (13) implies that Ej`?j cj is finite, because otherwise

 f ~~~~~~~~~~k-i

 limsup qk(x)dx < lim |max0 ,qo(x) - cjdx = 0,
 k-oo JAM k--+ AM j=1

 which contradicts (9) and (7). Letting k -* oo in both sides of (13), we obtain

 lim qk(x) = max{0, qo(x) -E cj = qM(x),

 where the limit is both in the uniform and L2 norms.
 We now have

 fn (x) = max{0, qo (x) - (14)

 (for the considered realization of f,). Due to (8),

 fn(x) = 0 for xe IR\AM, (15)

 hence

 fn(X) dx Lf (X) dx = 1, (16)

 while, due to (9),

 | ' q(x) dx =|f (x) dx < 1, (17)

 therefore (14) means that 4 < Ej??j Cj. This implies that

 qM(x) =0 forx E R\AM (18)

 and therefore
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 qM(x) < fn(x) (19)

 for all x. Observe that due to (10),

 LePI(X) -f (x)}2 dx <1 {qo(x)-f(x)}2 dx= L {f5(X)-f(x)}2dx

 Hence, taking into account (7), we obtain

 J(qM _ f)2 xj (qM _ f)2 dx+j f2 dX

 AM~~~~~A

 Transition from qM(x) to fn (x) is fulfilled by the passage to the limit as e -? 0, M - oo and
 AM -* O8R. More exactly, let E decrease and M and AM increase (the latter in the sense

 AM, C AM2 for M1 < M2, and UMAM = OR), in such a way that conditions (7)8(8) are satisfied.
 Below, all lim and lim sup are taken as ? -4 0, M -* oc and AM -* R;. Due to (17) we have

 lim qM(x) dx = lim qM(x) dx = 1.

 From this relation and relation (16), we obtain, taking into account (15), (18) and (19) and

 putting c = supjf,(c) (which is finite, by the the conditions of the theorem),

 lim sup J( _M)2 dx < lim sup JCfn-qM)f, + qm) dx

 < 2c lim sup (Jfn dx - J qM) dx = 0,

 i.e. lim f (f, - qM)2dx = 0. On the other hand, (20) implies that

 limsupf(qM - f)2dx < (f - f)2dx.

 From these facts we obtain (3).

 Proof of theorem 2. We have

 M

 JCn -f ) dx = j {max{0, fn(x)} + ilM-f(x)}2 d

 + J maxjO,jn(x)I-f (x)}2 dx

 = J[max{f,in(x)} -f (x)]2 dx

 fM

 + 2?1M - fmax{0,( f(x)} dx + 2MI2

 < J(f _f)2 dx + I

 as required.
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