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Fridge: focused fine-tuning of ridge regression
for individualized predictions

Kristoffer H. Hellton*® Nils Lid Hjort ?

Statistical prediction methods typically require some form of fine-tuning of tuning parameter(s), with K -fold cross-
validation as the canonical procedure. For ridge regression there exist numerous procedures, but common for all,
including cross-validation, is that one single parameter is chosen for all future predictions. We propose instead to
calculate a unique tuning parameter for each individual for which we wish to predict an outcome. This generates an
individualized prediction by focusing on the vector of covariates of a specific individual. The focused ridge — fridge —
procedure is introduced with a two-part contribution: 1) first we define an oracle tuning parameter minimizing the
mean squared prediction error of a specific covariate vector, 2) then we propose to estimate this tuning parameter
by using plug-in estimates of the regression coefficients and error variance parameter. The procedure is extended
to logistic ridge regression by utilizing parametric bootstrap. For high-dimensional data, we propose to use ridge
regression with cross-validation as the plug-in estimate, and simulations show that fridge gives smaller average
prediction error than ridge with cross-validation for both simulated and real data. We illustrate the new concept for
both linear and logistic regression models in two applications of personalized medicine: predicting individual risk and
treatment response based on gene expression data. The method is implemented in the R package fridge. Copyright
(© 2017 John Wiley & Sons, Ltd.

Keywords: Focused information criterion; genomics; personalized medicine; ridge regression; tuning
parameters

1. Introduction

The development of inexpensive genomic technologies has greatly contributed to the field of personalized medicine, by
facilitating predictions of individualized treatment decisions and disease risks based on genetic characteristics [1]. In Norway,
for instance, the Norwegian Cancer Genomics Consortium (cancergenomics.no) has been founded to establish “nationwide
use of individual patient genetics to guide cancer treatment”. Genomic data are typically high-dimensional with the number of
variables, p, greatly exceeding the number of observations, n, and this high-dimensionality is often handled by regularization,
or by constructing new, low-dimensional features [2]. Penalized linear regression, the most widely used regularization

technique, introduces some form of penalization of the regression coefficients in the linear model, y; = z' 3 + . Ridge
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regression imposes an Lo penalty, penalizing the sum of squared regression coefficients:

p
2 : 2 2
B = argmin ¢ [[Y = XBJE+ A3 57 ¢

=1

enforcing both proportional shrinkage of all coefficients towards zero (increasing the bias, but lowering the variance) and
shrinking positively correlated variables towards each other. In addition, the least informative directions in the data space are
penalized more, effectively improving the predictive performance of the method [2, p.82]. Ridge regression was originally
introduced as an extension of ordinary least squares (OLS) regression to handle rank-deficient data matrices [3, 4]. Ridge
regression has become a standard prediction tool within genomics, and has, for instance, been shown to give the lowest error
of a range of methods when predicting survival based on gene expression data [5].

As with all penalized regression methods, the Lo penalty is controlled by a tuning parameter, A, dictating the fit of the
predictive machinery balancing between over- and under-fitting. A range of fine-tuning procedures has been proposed for
ridge regression, including minimizing the mean squared error (MSE) of B()\) [6, 7], marginal maximum likelihood [8, 9],
bootstrapping [10], Bayesian methods [11] and versions of AIC [12]. K-fold cross-validation (CV) has nevertheless become
the canonical choice of procedure [2, p. 243]. CV works by dividing the data into K parts, or folds, (typically 5 or 10)
predicting each fold out-of-sample based on the remaining data, and finally averaging the squared prediction error over all
folds. This is done for a range of tuning parameters, selecting the value with the lowest average error. Variations of CV include
generalized cross-validation [13] and approximate cross-validation [14].

Common for all procedures is that only one tuning parameter value is found for all further use and future predictions.
For some applications, however, it can be important to minimize the prediction error of a specific individual, rather than the
average prediction error. In applications of personalized medicine, individual predictions can determine decisions with severe
consequences: a predicted increase in the risk of complications could trigger a surveillance response, or a treatment with high
predicted success probability can be initiated despite possible adverse side effects. Hence, our goal is to adjust the prediction
model towards each specific patient by modifying the tuning parameter. When the risk or treatment response of a new patient
is to be predicted, can we find a tuning parameter optimal for that particular patient’s covariate vector xo? Such targeting of
a specific covariate vector is made possible when the optimal tuning parameter is based on minimizing the expected error of
the prediction, the so-called MSE approach.

The selection of tuning parameter(s) shares parallels with the task of model selection, for which the focused information
criterion (FIC) has introduced the concept of addressing a ‘final outcome’ of a fitted model, such as a specific prediction,
instead of an overall goodness-of-fit [15]. Along the same lines, we first define an oracle personalized tuning parameter
Az, the minimizer of the expected MSE of the ridge prediction z{’ B()\) as a function of A. Second, we propose to estimate
the tuning parameter by using plug-in estimates of the regression coefficients and error variance parameters in the MSE
expressions. The approach aims to minimize the expected prediction error for each individual, rather than minimizing the
sample prediction error over all individuals simultaneously; in other words we average over the (theoretical) distribution of
y; and not over the observed set of y;s, as done by CV. Such individualized tuning parameters require a recalculation of the
ridge model for each prediction, which previously would have been a constraint. But due to current computational power, this
can be viewed as one approach to tailoring predictions towards the individual.

Related work, also modifying the ridge regression tuning parameter, introduced a variable specific weight to the tuning
parameter with an additional grouping determined by external data [16]. This leads to a different A for each (group of)
covariate(s), say A; for the jth covariate. Our approach, however, aims at producing an individualized tuning parameter, say
A(zo) for each new individual, i.e. each vector of covariates . In other words, in terms of the n x p matrix X, the previous
work has tailored the A per (group of) column(s), whereas we construct one A per row.

The outline of the paper is as follows: Section 2 introduces the framework of the procedure, the general definition of the
oracle tuning parameter and our proposed approach to estimate the tuning parameter by plug-in estimates, and Section 3 gives

an overview of the theoretical aspects of the procedure. Section 4 extends the fridge approach to the logistic regression model.
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Section 5 shows the results of simulations comparing the focused tuning and cross-validation in real and simulated data, and

Section 6 illustrates the procedure in the linear and logistic regression models with two genomic data examples.

2. Method

Consider the data {y;, z;}, consisting of n observations of a continuous outcome y; and p-dimensional vector of covariates
x;, following the linear regression model

yZ:[LLTﬂ—f—6“ i:l,.,.,n

with unknown p-dimensional regression coefficients, /3, and iid noise, ¢;, with zero mean and variance o2. We denote the
outcome vector Y, and the n x p data matrix X. For p < n and a data matrix of full rank, the OLS estimate of 3 is given by
g=(XTX)1xTy.

In the high-dimensional situation with p > n, the least squares criterion requires a penalty to give a unique solution, and

ridge regression introduces an Lo penalty [3], also known as Tikhonov regularization,
) P
B(A)—argmgn{lYXﬁléﬂZﬁ?} o))
i=1

with the explicit solution

BN = (XTX +AL) ' XTY = (XTX + \,) ' XTX35.
Suppose we aim to predict the expected outcome of g, for the vector of covariates of a specific individual z, the focus
parameter g = Eyo = x 3, such that the estimated ridge prediction is given

o = BOY) = & (XX + AL) ' XTY.

If we then consider the expected MSE of the prediction, where the expectation is taken with respect to the distribution of Y,

the MSE will be a function of the tuning parameter ), together with x( and the parameters 3 and o2
MSE;(\; 2o, 8, 02) = Ey ((:rOTB(/\) — a7 )2) = Bias?(f1) + Var 2,
= (2T (X"X + ) ' XTX — 1,)8)°
+ %2 (XTX + ML) ' XTX(XTX + A,) ™ ta. (2)

Note that we consider the error of 273 and not yo, which simplify notation by omitting the intrinsic prediction error o-2.

For each specific vector of covariates xg, i.e. representing a new individual or patient, the MSE will have a different
minimum as a function of A, as seen in Figure 1. We will aim to estimate these MSE curves separately for each x to lower the
expected prediction error of each individual, and as this optimal value is given for known parameters 3 and o2, it is termed

the oracle tuning parameter.

Definition 1 (Oracle tuning) The oracle tuning parameter is the minimand of the mean squared prediction error
Az, = argmin MSE;(X; zg, B,0%), A >0,

where the parameters 3 and o are known.
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Figure 1. MSE curves for different ¢y demonstrating how the minima occur at different values of \.

The oracle value of the personalized tuning parameter, \,,, will give the smallest expected prediction error, but cannot be
used in practice as it requires the true value of 3 and 2. A direct way to estimate )\, from data is to first estimate 3 and o
by some other method and plug-in the resulting estimates in Eq. (2).

In low dimension (p < n) the simplest choice of plug-in estimate is the ordinary least squares (OLS) estimator (assuming

X is of full rank), and corresponding variance estimator

1
n—p

B=XTX)"xTY, &%= > (i —al B>
i=1
In the high-dimensional situation (p > n), one choice of plug-in estimate is ridge regression tuned by standard CV. Alternative
plug-in estimators include lasso (L1 penalty) and principal component regression both fine-tuned by CV, or the OLS estimate
combined with the Moore-Penrose pseudo-inverse. However, when ridge regression is already considered an appropriate
prediction method for the problem at hand, it is natural to also use ridge as a plug-in estimate.

The MSE in Eq. (2) relies on the squared bias, Bias?, estimated by squaring the estimated bias, (B/igs)z, directly. The
resulting estimate will be biased as ]E((]i;s)z) = Bias® + Var ]igs, and a correction of the overestimation is necessary [15,

p- 150]. We can correct the squared bias, for instance by subtracting the variance of the bias and truncate at zero
Inax{(]ggs)2 — Var Bias, 0},

or using a smooth correction

—— (Bias)?

(Bias)? — ———>— Var Bias.
(Bias)? +1

We will in our proposed procedure consider the first option.

In the low-dimensional case, the OLS estimates can be used as plug-in estimates:
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Definition 2 (Fridge-OLS) The fridge-OLS tuning parameter estimate is the minimand of the estimated mean squared error

curve
Aro.OLS = arg m)%ﬂ @ﬂ(N 0, B,52),
— argmin { ((@(A))? — Var B/ES(A))+ + \E(A)} ,
= arg m}n{ (()\xOT(XTX + \,)1B)?
— 5227 (XTX + ML) H(XTX)H(XTX + Mp)—lxo)+

+ %2 (XTX + ML) ' XTX (XX + Mp)*lxo}. (3)

where 3 and 52 are the OLS estimates, and (-)y = max{-,0}.

We can construct a simplified version of fridge by omitting the bias correction

Ao ors = argmin {(IOT((XTX FAL)TIXTX — 1,)5)? o)
+6%28 (XTX + ML) ' XTX(XTX + M) 2o}
which ensures a continuous first derivative.

In the high-dimensional case, we propose to use ridge regression with the tuning parameter found by CV as the plug-in

estimate:

Definition 3 (Fridge-ridge) The fridge-ridge tuning parameter estimate is the minimand of the estimated mean squared error

curve

Moo ridge = arg mgn{ (Al (XX 4+ AL) " BRov))?
—62 02l (XTX + ML) HXTX + Aev ) ' XTX(XTX + Aov,) H(XTX + Afp)*lxo)
+

+ 62l (XTX 4+ 0L) ' XTX(XTX + )\Ip)_lxg}7
where j\cv is found by cross-validation, giving the standard ridge estimates
18\ T —1yT £2 1 - T A3 2
Bev) = (XTX + ML) ' XTY, 2= —— Y (y — B(Acv)) 7

with the effective degrees of freedom df (Acv) = tr(X(XTX + Aoy )1 XT).

Other estimators for o2 in the high-dimensional setting have also been proposed [17].

For the MSE of the ridge estimate, MSE (B ()\)), it has been shown that there always exists a value, A > 0, for which the
MSE of ridge regression will be smaller than the MSE of OLS [3, 4]. This is also true for the MSE of the prediction 27 3;
there always exists a tuning parameter value, A > 0, with smaller mean squared prediction error. If Eq. (2) is rewritten in
terms of the singular value decomposition, X = U DVT, as a summation over the singular vectors, vy, - - - , vp, and singular

values, dy, ... ,d)p

2
p T T p 2( T 2
vl B )y d; (w5 vi)
NISEﬂ()‘;‘/EOaﬁvo—z) = {/\ E 02 : } + 02 L2 2
— di+ A P (d7 +X)
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the first derivative of MSE; with respect to A

3“0 V; 0

d2+/\

2
— 9% QZd g vi)* (5)

(d? + )3

0
ﬁMSEﬁ()\;wo,B, =2) |:

id%”z“ 153
(d? + \)2

=1

is always negative in the limit, A\ — 0:

9
X

MSE; (A; zo, 8, 0°)

9% QZ xo”z .

A=0

Thus there always exists a tuning parameter value larger than zero, A > 0, for which MSE(\) is smaller than MSE(0).

The MSE of 37 3 has a single global minimum, which is not the case for the MSE of the prediction, 21 3()\), as the MSE
curves in Eq. (2) can have several local minima. Extra care therefore needs to be taken when using numerical optimizers to
locate the global minimum. There are no explicit solutions for the minima, except for the case of all singular values being

equal, and the limit values of the curve are given
;in% MSE;(\; 20, 8, 0°) = 0%z (X1 X) o, A1im MSE;(\; 0, B, 02) = (2 B)%.
N —00

Thus if (zF 8)? > o228 (XT X)Lz, there must exist a global minimum for A < oo. In the reverse case, however, the global
minimum can be given in the limit A — oo.

We illustrate these characteristics in the case of p = 10,7 = 100 with a fixed x¢ and normally distributed data and
regression coefficients, z; ~ N(0,I,), 5 ~ N(0, I,,). For this setup we typically see zero to three critical points, as shown in
Figures 2 and 3. There can be no critical points (Figure 2a), giving the global minimum in the limit, A — oo , or one critical
point (Figure 2), a minimum, giving the global minimum at the local minimum. Further, one can have two critical points
(Figure 3a), a minimum and a maximum, or three critical points (Figure 3b), two minima and a maximum, where simulations
suggest that the second minimum is always below the first local minimum.

The MSE curves with the plug-in estimates exhibit the same behavior as the oracle curves. As A — 0 the first derivative
will always be negative, such that there exists an optimal tuning parameter larger than zero. However, the asymptotic limit of

the estimated MSE as A — oo changes to
/\lim qu\E(/\; B, x0,5%) = max {0, (zTB)? - &QIOT(XTX)A;EO} .
—00

The correction of the squared bias by truncating at zero will more often produce a global minimum in the limit A\ — co.

3. The benefits of focusing

The goal of fridge is to lower the expected prediction error of a specific covariate vector xg, and to what degree this can
be achieved depends on the 2y, X and 3 in question. In this section, we explore the theoretical characteristics of fridge in
simplified examples, to showcase how the relation between xo and 3 affects the procedure.

We first consider the oracle setting, where 3 and o2 are known, to demonstrate that the effect of focusing acts through the
inner product between the vector of covariates and the regression coefficients, ' 3. Suppose the covariates are transformed

to give a diagonal covariance matrix with equal entries,

XTX = diag(M,...,M)=MI, M=) a7,

WWwWw.sim.org Copyright (© 2017 John Wiley & Sons, Ltd. Statist. Med. 2017, 00 1-17
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Figure 2. MSE curves as a function of A for p = 10. a) With no critical points the minimum is in the limit A\ — oo. b) The classical case with one minimum and a curve increasing
towards an asymptote.
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such that the columns of X are orthogonal. This is an artificial data matrix allowing for an explicit solution with the crucial

a1
N

aspect being equal diagonal entries. The oracle MSE from Eq. (2) can then be written out with an explicit solution

o1 01
W
>
o

M o?zlx
2. T 0 <0
+ 0Ty 05, Aeo = o

MSE;(\; 20, 8,07) = (x5 8)* T

[ ¢ 9]
~N O 01

The oracle tuning parameter is thus controlled by ' 3, the inner product between the focus covariate vector and regression

€)1
[0¢]

coefficients, and the tuning parameter can be re-expressed in terms of the geometry of x( and 3, specifically the length of 3,

o U
o ©
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I3]], and the angle between the vectors g and §, o, :

0_2

Ao = —=5——5——
T IBN? cos? o,

(6)
It is evident that the length of zg, ||z¢||, does not influence the value of the oracle tuning in the orthogonal case. In addition,
if p =1, the ¢ in Eq. (6) cancels out, such that A\, does not depend on z at all and the estimator has in some sense lost its
focus.

The covariate vector z influences the oracle tuning through its relation to 3 as the angle o measures how close the
prediction is to the mean response. When the true outcome is close to the mean of Y, cos a,;, will be close to zero (meaning
x¢ and [ are close to being orthogonal). This causes the oracle tuning parameter to blow up, A — oo, shrinking the estimated
prediction towards the mean. The length of /5 on the other hand acts as a measure of the signal strength, such that larger
values of f3, i.e. a stronger signal, warrants a stronger penalization in the optimal case, while weaker signal requires less
penalization. As previously stated, the resulting prediction error of fridge in the oracle case will be uniformly smaller than the

OLS prediction error, corresponding to A = 0;

o*xf xo(xd B)?

MSE; (Ao; - N= 0PV 0)
;U'( 07T07/87U ) 0'21??;{130-’-(1’81 )2

< MSE;(0; o, 8,07%) = o2xlzg.
The effect of the data matrix X is best understood as a modification of x and f3, relative to the orthogonal case. Consider

the general case where the singular value decomposition of the data matrix is X = UDVT, giving the mean square error
MSE;(\; o, 8,0%) = { Az V(D? + Mp)—lvTﬁ}2 + %2l VD(D? + \L,) ' DV T g, (7

where the matrix of singular vectors V' rotate the original zy and /3. The data matrix determines the value of \ by projecting
the xo and (3 along the singular vectors and up-weighting the vectors associated with large singular values. The data matrix,
therefore, gives the premise for which directions in the covariate space that are considered more important. Hence, how x(
and /3 are spanned by the first singular vectors of X will together determine the optimal value of the tuning parameter. If all
singular values are equal, such that all directions carry the same weights, the data matrix X = U (M, p)VT works as a rotation
matrix through the singular vectors, and VT xy and V7' 3 can be viewed as new a covariate vector and regression coefficients
oriented along the singular vectors:

A2 M o2zl vvTa,

— 2ol VV T ey sy Aap = e
STESNE +o0x To zo (giVT/?’)Q

MSE; (X; 2o, 8,02) = (23 VVT B)? (M + N2

If instead some of the singular values are substantially larger than the rest, the first singular vectors of the data matrix will

dominate, and it is crucial how x( and /3 are spanned by the first singular vectors. If all variables are equally correlated

M R ... R
R M R
XTX = ,
R R R M
the first singular vector, v; = [1,1,...,1]T, has a singular value substantially larger than the rest: d; > dy = - - - = d,,. For

such a data matrix, the part of xg and 8 spanned by v; will be heavily emphasized. If 3 is spanned by v; alone and g is
orthogonal to vy, the bias part becomes zero, forcing A\ — oo and the prediction towards the mean. In the reverse situation, if

[ is not properly spanned by v1, the same shrinkage towards the mean will occur. But when (3 and x are spanned by v; alone,

0_2

EA R

the tuning parameter will approximately be given by the length of /3, scaled by the largest singular value, A, =
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It is also a question how much of the oracle optimality is lost by estimating the tuning parameter through the plug-in

approach. In the orthogonal case, the distribution of the estimated bias of fridge-OLS is given

_— A —— 52X22T
Bi Var Bias = — 0"
1as = A[+)\x0 57 ar bias MO+ 2?2

such that the estimated fridge-OLS tuning parameter is explicitly given

72 Mat zg

I(x ﬁ) — 5228 wo)+

5\‘20,0[/5 = (

When combining the estimated tuning parameter with the ridge prediction

A 0 if |23 8| < &v/aTxo/M,

20 BOao.018) = § (2f B)? — 5%af w0/ M al B if 2] 8| > 6\/alxo/M,
(a3 6)2

the risk of fridge-OLS is given

_ k( 505 )) (zd'B)? if |27 8| < 6+/aTxo/M,
I1s T zo,OLS = 2 -2 N 2
E(W zl B — OTﬂ) if |23 8] > 6+/xTaxo/M.

If the residuals are assumed to be normally distributed, £; ~ N (0, o2), the risk can be visualized in two dimensions, for either
fixed x¢ or B. Figure 4 displays contour plots of the risk of fridge-OLS for an orthogonal data matrix, scaled to give OLS risk
equal to 1. The left panel shows a contour plot of the risk as a function of 3 for fixed covariates, 2o = [—5, 2], illustrating that
the risk of fridge-OLS is constant along lines parallel to 27’3 = 0. Thus fridge-OLS will have lower risk than OLS within
a trench following the line zI'8 = 0. The right panel shows the risk as a function of xq for fixed regression coefficients,
B = [—5,2], and then the risk will be constant along radial lines from the origin. This illustrates that it is the angle between
xo and 3, and not the length of x(, which determines the benefit of the focused approach. The fridge-OLS will have lower
risk than OLS within a cone, oriented along the line 23 3 = 0.

4. Fridge for logistic ridge regression

The focused approach to ridge regression can also be extended to generalized linear models by utilizing parametric bootstrap
to obtain expressions for the variance and squared bias. Consider logistic ridge regression: independent responses, y; € {0,1}
fori =1,...,n, are distributed as

y; ~ Bernoulli(logit™*(z7 3)),

for covariate vector z; with the link function logit™*(z7 8) = exp(z? 8)/(1 + exp(xT 3)), where the regression coefficients,

B, are estimated by maximizing the penalized log-likelihood with an Lo penalty

n

P
> lyilog(ps) + (1= Yi)log(1 —p)] =AY B}, p; = logit™" (z] ),

i=1 j=1

typically using the Newton-Raphson algorithm [18].
We then propose the following procedure for extending the fridge concept to logistic regression:

Statist. Med. 2017,00 1-17 Copyright © 2017 John Wiley & Sons, Ltd. www.sim.org
Prepared using simauth.cls



©CoO~NOUTA,WNPE

o
[Ny

U OO A DMBEMDIAMDIMBAEDIAMDIMNDMWOWWWWWWWWWWNNNDNNNNNNNRPRPRPERPREREREPR
QOO NOUPRRWNRPOOO~NOUOPRRWNPRPOOONOUUOPRARWNRPOOONOODURAWNRPOOO~NOOOGMWN

Statistics in Medicine Page 10 of 17

Statistics
in Medicine K. H. Hellton & N. L. Hjort

Risk contours Risk contours
o _|
< 4
g ©
2 ~
k] I
3 =
S g
@2 o - o o
2 2
54 8
= Q
o n
3 Y 4
o 0O
%) |
<
I
o
2 -

First regression coefficient First covariate

Figure 4. Contour plots of the risk of fridge-OLS for an orthogonal data matrix scaled relative to the OLS risk a) as a function of 81 and B2 for a fixed covariate vector
zo = (—5,2), and b) as a function of z¢,1 and x5 for fixed regression coefficients 8 = (—5, 2).

1. Use parametric bootstrap with plug-in 3 to simulate 7 = 1, ..., M bootstrap samples of n observations ¥ (")
4" ~ Bernoulli(logit ' (z73)), i=1,....n.

2. Over a suitable grid of A, holding the tuning parameter value fixed:

e calculate B;"l) for each bootstrap sample,
e find the squared bias and variance of 2.’ Bgr), compared to B as the population parameter,
e add the terms, yielding the MSE.

3. Set the estimate 5\% to the tuning parameter value with the smallest MSE over the grid of A.

With the use of the glmnet R package, the estimate /9@ can be calculated for a long sequence of A\ within each bootstrap
iteration, greatly increasing calculation speed. Similar fridge procedures of Cox’s proportional hazard regression may also be
established.

5. Simulation: comparison with cross-validation

To compare the predictive performance of fridge and ridge with CV, we perform simulations with both simulated and real
data. K -fold cross-validation is the most widely used fine-tuning procedure, probably due to its conceptual simplicity: The
data is divided into K folds with each part held out and predicted by fitting a model on the remaining folds. A range of tuning
parameters can then be tested and one will choose the value with the lowest error, averaged over all folds [19, 20]. Currently
10- or 5-fold cross-validation has become the default approach in modern statistics and machine learning [2]. In the case of
ridge regression, leave-one-out cross-validation (LOOCV) error has an explicit expression [13], thus being particularly easy

to calculate

. 2
n T
2 . yi —x; B(A) T(xT -1
Aoy = =t~ wi =x; (X X+ A i
ov = argmin E ( 1w, , o wii =7 ( +AI)

=1
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Figure 5. a) Data concentrated in two distinct clusters centered at (1,1) and (—1,1) b) Density plot of 1/(X + 1) for fridge (black) and cross-validation (dashed) for
B =[-1,1]and 6% = 1.

and LOOCYV will be used for the remainder of the paper.

To illustrate the difference between the focused tuning and cross-validation, consider an example where the data matrix
consists of different clusters. Figure 5a) shows a data example (p = 2) with two distinct clusters centered at (1,1) and
(—1,1), respectively. If the regression coefficients are given 5 = [—1, 1], the outcome for the right cluster will be close to
Z€ero, xZT B ~ 0, while the outcome for the left cluster will be close to two, xZT [ =~ 2. The line implied by 2T 8 = 0 is marked
in black. The clusters will then require a very different level of penalization to produce an optimal prediction; the right cluster
requires a stronger penalization and the left cluster requires a weaker penalty. Figure 5b) shows the distribution of the covariate
vector specific tuning, 1/(1 + A;,) in red, for each of the observations seen in Figure 5a). The corresponding distribution of
the tuning parameter estimated by leave-one-out cross-validation, 1/(1 + Acy) over multiple sets of simulated y; is shown
in black. Figure 5b) displays clearly that the difference in optimal tuning parameter for the two clusters are captured by the
fridge procedure, with the right cluster corresponding to a large tuning parameter value and the left cluster to a small tuning
parameter value. Cross-validation, on the other hand, estimates an overall tuning parameter, averaging over all individuals,
and thus selects a tuning parameter value inappropriate for both clusters.

In low dimensions, the risk of fridge-OLS and fridge-ridge can be compared to ridge with cross-validation for varying /3. In
Figure 6, the average squared prediction error is shown in the case of p = 2 and n = 50, when 3 = [b, b] and the data matrix
X and focus ¢ are drawn from a uniform distribution X,z ~ U(—1,1). It is seen that the risk of fridge-OLS is slightly
higher than cross-validation for 3 close to zero, but lower for medium £3. The fridge-ridge has the same risk as ridge with
cross-validation for /3 close to zero, but a higher risk for medium /.

Lastly, we compare fridge to standard ridge in a simulation study based on real high-dimensional covariates, with simulated
y; and known (3 coefficients. The data consist of gene expression profiles measured in 40 glioma patients [21], and the data
are described and analyzed in detail in Section 6. The simulation was done on the 1000 genes with the largest variance,
and was carried out by drawing standard normally distributed residuals, €; ~ N (0, 1), and regression coefficients from the
normal distribution, 8 ~ N(0,0.05), to ensure a suitable signal-to-noise ratio. We then simulated 200 sets of outcomes Y and
calculated the average squared prediction error of fridge-ridge and ridge regression with cross-validation for each individual.

The bottom panel of Figure 7 shows the relative difference in the MSE of fridge-ridge compared to ridge with cross-validation,
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Figure 7. Top panel: the inverse of the estimated tuning parameter for each out-of-sample observation given by cross-validation (triangle), oracle fridge (cross) and fridge-ridge
(circle). Bottom panel: the corresponding relative difference in MSE for fridge-ridge compared to ridge with cross-validation.

ordered from best to worst, and fridge gives a lower MSE for a majority of the observations. The upper panel shows the out-

of-sample estimated tuning parameter on an inverse scale for CV, fridge-ridge and the oracle fridge, and demonstrates that

fridge-ridge estimates well the large oracle tuning parameters, but is less precise when estimating the smallest oracle values.

WWW.sim.org

Prepared using simauth.cls

Copyright © 2017 John Wiley & Sons, Ltd.

Statist. Med. 2017, 00 1-17



Page 13 of 17

©CoO~NOUTA,WNPE

o
[Ny

U OO A DMBEMDIAMDIMBAEDIAMDIMNDMWOWWWWWWWWWWNNNDNNNNNNNRPRPRPERPREREREPR
QOO NOUPRRWNRPOOO~NOUOPRRWNPRPOOONOUUOPRARWNRPOOONOODURAWNRPOOO~NOOOGMWN

Statistics in Medicine

Statistics
K. H. Hellton & N. L. Hjort in Medicine

6. Data examples

We demonstrate the proposed fridge-ridge procure in two examples where accurate prediction of individual patients can
be considered more important than overall accuracy; specifically the prediction of complication risk and the response of

treatment.

6.1. Prediction of weight gain

We demonstrate the fridge procedure in a study investigating whether gene expression can be used to predict weight gain [22],
available in the EMBL-EBI ArrayExpress database (www.ebi.ac.uk/arrayexpress) under accession number E-GEOD-33070.
Kidney transplant recipients are known to gain substantial weight during the first year after transplantation, with a reported
average increase of 12 kg [23]. Such large weight gain over a short time period results in increased risk for adverse health
effects, e.g. cardiovascular disease, contributing to an overall worse outcome for patients. The weight gain has been partly
explained by patients experiencing better appetite, due to the use of prescribed steroids, and by patients having less restrictive
diets after transplantation. However, steroid-free protocols do not alone reduce the risk of obesity, suggesting that other causes
also contribute [24].

Weight gain is fundamentally caused by a too high intake of calories, relative to the energy expenditure, but the individual
response is seen to be substantial. Hence genetic variations have been thought to be a contributing factor, and several genes
have already been linked to obesity and weight gain. To investigate the predictive power of genomic data regarding weight
gain, gene expression profiles were measured in adipose tissue taken from kidney transplant patients [22]. Subcutaneous
adipose tissue was considered particularly well-suited as it is involved in appetite regulation and can be easily obtained from
the patients during surgery. Tissue samples from 25 transplant patient were collected at the time of surgery, and mRNA levels
were measured using Affymetrix Human Gene 1.0 ST arrays, obtaining gene expression profiles for 28 869 genes. Patients
were weighed at transplantation and at a follow-up time of one year, resulting in a one-year recorded weight gain. Additional
covariates, such as race and gender, were collected to adjust for possible confounding, but gene expression variability was not
associated with neither characteristics.

As excessive weight gain can have severe consequences for the patients, the goal is to predict the future weight increase
based on the available gene expression profiles. When a large increase in weight is predicted, additional measures such as diet
restrictions or physiotherapy could be set in effect. It is thus important to predict the weight gain of each transplant recipient
as accurate as possible. In such a setting, a focused tuning parameter tailored to the covariate vector of each patient could give
an advantage.

We will predict each of the 25 measured patients out-of-sample based on the remaining 24 observations, considering the
hold-out observation as the new covariate vector x(. The plug-in estimates for 3 and 52 are given by ridge regression with the
LOOCYV tuning parameter, following Definition 3.

Figure 8 shows the out-of-sample predicted change in weight estimated by fridge (in black) and ridge with cross-validation
(in gray), plotted against the true change in weight. The difference between the predictions from the two methods is colored
black when fridge gives the lowest error, and grey otherwise. In general, it is seen that both methods achieve a good out-
of-sample predictive performance. The observations in the upper right corner of Figure 8§ are penalized less by the focused
approach, compared to cross-validation, which results in smaller prediction error. This demonstrates how fridge aims to give
a smaller penalty to predictions far from the outcome mean and a larger penalty to the predictions close to the outcome mean.

Fridge gives a smaller prediction error compared to ridge with cross-validation for around 44% of the observations. But
the overall improvement in the individual predictions gives an average squared prediction error of 15.60 for fridge and 16.24
for standard ridge, which yields a 4.0 % decrease when using the focused approach. The average parameter estimate over the

leave-one-out models was, 62 = 6.7, for the variance and, Xcv = 12.2, for the cross-validation tuning parameter.
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Figure 8. The out-of-sample predicted change in weight for fridge (in black) and ridge with cross-validation (in gray) against the true change in weight. The difference between
the fridge and ridge with CV is colored according to the method with the lowest squared prediction error.

6.2. Prediction of treatment response

The prediction of treatment response, in particular within cancer treatment, is an important application in the field of
personalized medicine. We illustrate the logistic fridge procedure with treatment response data in glioma tumor samples.

High-grade gliomas, cancer tumors in the brain, are amongst the most deadly human tumors, and in treatment trials only
around 20% of patients respond to therapy. It has been investigated whether gene expression can be used to identify glioma
patients that will profit from cancer therapy [21], and the data are publicly available in the EMBL-EBI ArrayExpress database
(www.ebi.ac.uk/arrayexpress) under accession number E-GEOD-76900. Decisions regarding treatment for glioma patients are
currently based on age and performance status [25], and increased use of molecular markers would be beneficial. As a follow-
up validation study, 18 samples of high-grade gliomas were treated with Sunitinib (tyrosine kinase inhibitor) to measure
treatment response in terms of decrease in proliferation rate, or cell growth, over a 6 hour time period, compared to a control
sample of the same tissue [21]. To illustrate logistic fridge, we dichotomize the outcome in a high and low treatment response
group, relative to the median value. Before treatment, genetic expression profiles of 19 410 genes were measured using
Affymetrix Human gene 1.1 arrays, and for analysis, we used the 3000 genes most correlated with the treatment response.

Figure 9 shows the ROC curves for the logistic out-of-sample prediction of the 18 samples, with the predictions based on
fridge (black line) and the ridge with cross-validation (dashed line). It is seen that the ROC curves are identical for most of
the predictions probably due to the low number of samples, but the fridge preforms better in predicting the zero values. Fridge
performs better in terms of area under the curve (AUC) with an AUC value of 0.914, compared to an AUC value of 0.877 for
ridge regression with CV.
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Figure 9. The ROC curve for fridge-ridge (black) and ridge with cross-validation (dashed).

7. Discussion

The development of personalized medicine will increase the demand for new prediction methodologies targeting the
individual, where one possible approach is to allow tuning parameter(s) to vary with the covariate values for which the
prediction is to be given. A covariate vector specific tuning parameter, )\, can be defined as the minimizer of the expected
prediction error, and we have proposed to estimate this tuning parameter by plugging in separately obtain regression
coefficients and noise variance estimates in the theoretical MSE expressions. As the MSE approach minimizes the error
on a population level, it allows for the added focus on specific individuals. Standard cross-validation, on the other hand,
cannot be focused in the same way, as it relies on averaging over all observed outcomes to minimize the sample prediction
error. Where fridge tries to minimize the expected squared prediction error for each individual, cross-validation minimizes the
observed squared prediction error over all individuals. The difference lies in averaging over the theoretical distribution of y;,
instead of averaging over the observed outcomes. Our simulations demonstrate, however, the adaptability and robustness of
cross-validation, and that the benefits of focusing can be lost if the utilized plug-in estimates are not precise enough. Future
works should explore whether one can predetermine for which covariate values the fridge approach will out-perform CV.
Further, also alternative loss functions and more direct approaches to estimation should be explored.

The use of ridge regression combined with cross-validation as the plug-in estimate can also be set in the following
conceptual framework: in an initial step, cross-validation is used to establish an average or overall suitable level of
penalization, followed by a focusing step where the average value is tweaked to a necessary stronger or weaker penalization,
depending on the individual predictions. The focused tuning parameter is also connected to random effect models when
viewed in the Bayesian context. As ridge regression corresponds to a Gaussian prior on the regression coefficients with a

variance inversely proportional to the tuning parameter, a covariate vector specific A;, can be formulated as a Gaussian prior
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with a variance specific to the covariate vector. This can further be viewed as an individual-specific scaling of 3:
Yi = fo;1/2B + & = l?ﬁz + Eiy BL = )\;,;1/257 1= 17 ey,

giving individual-specific regression coefficients, similar to a random effects model. Such random effects in a mixed model
framework are typically assumed to follow a multivariate normal distribution and estimated using empirical Bayes methods,
an approach which could also be suitable for fridge.

Based on the plug-in approach to estimate the tuning parameter, a possible extension of fridge is to utilize external data
to form the plug-in estimate. The integration of external data, so-call co-data, such as p-values from earlier studies, gene
annotations or other prior knowledge [26, 27], is typically achieved by up- and down-weighting variables according to some
measure of importance and the approach has also been studied in the setting of ridge regression [16]. Basing the plug-in
estimates in the fridge framework additionally, or solely, on external data opens for new approach to utilizing co-data in

integrative analyses.
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