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 The Exact Amount of t-ness That the
 Normal Model Can Tolerate

 Nils Lid HJORT*

 Suppose that the normal model is used for data Y,., Y, but that the true distribution is a t distribution with location and scale
 parameters t and u- and m degrees of freedom. The normal model corresponds to m = oo. Using a local asymptotic framework where
 m is allowed to increase with n, two classes of estimands are identified. One small class, which in particular contains the functions
 of t alone, is affected by t-ness only to the second order, and maximum likelihood estimation in the two- or three-parameter models
 becomes equivalent. For all other estimands, it is shown that if m 2 1.458Wn, then maximum likelihood estimation using the incorrect
 normal model is still more precise than using the correct three-parameter model. This is further shown to be true in regression models
 with t-distributed residuals. We also propose and analyze compromise estimators that in various ways interpolate between the normal
 and the nonnormal models. A separate section extends the t-ness results to general normal scale mixtures, in which case the tolerance
 radius around the normal error distribution takes the form of an upper bound .3429/ X4n for the variance of the scale mixture
 distribution. Proving our results requires somewhat nonstandard "corner asymptotics," because behavior of estimators must be
 studied when the crucial parameter y = 1/rm is close to 0, which is not an inner point of the parameter space, and the maximum
 likelihood estimator of m is equal to oo with positive probability.

 KEY WORDS: Choice of model; Corner asymptotics; Deliberate bias; Guarding against heavier tails; Normal scale mixtures;
 Parametric robustness; Robust regression; Tolerance radius.

 1. INTRODUCTION AND SUMMARY

 The most popular model for iid data Y1, .. ., Y, is to
 postulate normality; that is, assuming f( y) = - ((y-t )/ a)/
 a for suitable parameters t and a. In many situations the
 normal density is too light-tailed to constitute a serious de-
 scription, however. A remedy then is to use

 f(Ry,5 , m) = gm )-X

 where gm( t) is the t density with m degrees of freedom. The
 narrower normal model corresponds to m = oo, and it is
 naturally felt that for large m the discrepancy between nor-
 mality and t-ness should not matter. One would also expect
 inference methods based on the formally incorrect normality
 assumption to work better than inference methods based on
 the wider three-parameter model, for large values of m, be-
 cause the estimation variability increases with the inclusion
 of m.

 This article studies the problem of choosing between
 "narrow model" and "wide model" estimators. Using the
 narrow method means introducing a certain bias due to in-
 correct modeling, whereas using the wide method means
 allowing additional parameter estimation noise. Thus
 choosing between the estimators amounts to a statistical bal-
 ancing act with perhaps deliberate bias against sampling
 variability.

 Suppose, for example, that the parameter to be estimated
 is the upper quartile q = F-1 (.75). Concentrating on max-
 imum likelihood (ML) estimators, the two methods amount
 to

 qnarr = tnarr + .675anarr and

 qwide = twide + G1(.75, rmwide)Uwide

 * Nils Lid Hjort is Professor of Statistics, Department of Mathematics
 and Statistics, University of Oslo, N-03 16 Oslo, Norway. The author thanks
 the reviewers and in particular the associate editor for constructive suggestions
 that led to a strengthened paper. A part of the work reported here was carried
 out while the author was on sabbatical leave at the University of Oxford,
 with partial support from the Royal Norwegian Research Council.

 Here G(*, m) = Gm() is the t-distribution function with m
 degrees of freedom, with inverse G-1(, m) = G-'(-),
 whereas knarr and &narr are the ML estimators under the nar-
 row two-parameter model and 4wide, 5wide, rMwide are the ML
 estimators under the wide three-parameter model. (The nar-
 row model estimators are, of course, the ordinary empirical
 mean and empirical standard deviation statistics, whereas
 ML estimates under the wide model must be computed by
 numerical maximization techniques.) How large must m be

 for qinarr to be more precise than qwide? Suppose, for a second
 example, that the parameter to be estimated is sd, the stan-

 dard deviation for Yi's. We should compare

 n 1/2

 sdnarr = [ _ 2 ( -Y)] and
 n i=1

 /Mwide A
 sdwide = nie wide.

 \/Mwide -2

 For what range of m values is the narrow estimator more
 precise than the much more laborious wide estimator, and
 for which m values will it be advantageous to use the latter?
 Finally, a third example is that of estimating the probability

 p(y) Pr { Yi < y}, in which case the two estimators to be
 compared are

 Pnarr(Y) = 4'((Y - 4narr)/anarrr) and

 Pwide (y) = G ((y - 4wide) /awide X Mwide)-

 These problems have a surprisingly sharp and simple so-
 lution. A natural large-sample framework is established in
 Section 2, where results are reached for the large-sample be-
 havior of ML estimators for ( , a) in the narrow model and
 of ML estimators for (t, a, y) in the wide model, where y
 = 1 / m. These are used in Section 3 to solve the problem.
 It is convenient to answer the question in terms of two classes
 of estimands. For a certain small class of estimands, identified
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 precisely in Section 3, and which in particular contains all

 functions of the mean alone, t-ness turns out to be a sec-

 ondary issue only, and "narrow" and "wide" estimation be-

 comes large-sample equivalent. For the much larger class of

 all other estimands, it turns out that if only m ? 1.4581/,

 then the narrow method is more precise than the wide

 method, in terms of large-sample limits of mean squared

 errors. If t-ness is present with m < 1.4581/, then the wide

 method is more precise. Thus 1.458 i/H is effectively the "tol-

 erance distance" from the normal model with respect to t-

 ness.

 A fuller story is told in Section 4, where a general class of

 compromise estimators is considered. These interpolate be-

 tween the narrow normal and the wider t-model. We single
 out a few of these that are designed to work well both under

 normal and nonnormal conditions. The regression case,

 where residuals can have a t distribution, is treated in Section

 5. Results from the previous sections can be extended, and

 the tolerance distance becomes again precisely 1.4581/H. Our

 compromise estimators in this case can be viewed as a basis

 for performing robust regression analysis, guarding against
 heavier-than-normal tails.

 Although this article's primary focus is on the t extension
 of the normal to model error term distributions, quite general
 results valid when the error distribution is of the normal

 scale mixture type JV {0, I} /S, where S has a distribution
 suitably centered around 1, are described in Section 6. The
 tolerated amount of disturbance around the normal model

 takes the very simple form var S ? .3429 / i/H. The t case
 corresponds to S = (X2 /M)1/2, for which the variance is
 approximately equal to 1 /(2m). Thus the general tolerance

 bound agrees with the specific t-based one. Finally, some
 complementing remarks are offered in Section 7, including
 consequences for confidence intervals and discussion of sit-
 uations with additional departures from the basic normal
 regression model.

 The problems about balancing modeling bias and esti-
 mation variability for incorrectly specified parametric models
 are obviously of a general nature and can be studied for
 other important models as well as on a general basis. Such
 a study was indeed reported on by Hjort (1993), who pro-
 vided further background, a general theory, and explicit re-

 sults for a generous list of commonly used statistical models.
 But the present t-ness departure case is nonregular and cum-

 bersome, and cannot be handled as a special case of the
 general regular theory. What makes this problem special is
 that the model must be studied when the crucial parameter

 y = 1 / m is close to 0, which is not an inner point in the
 parameter space. In particular, the ML estimator of y is 0
 (i.e., the ML estimator of m is infinity) with positive prob-
 ability, the familiar ML asymptotics break down, and special
 methods are called for.

 Classical robustness theory has been concerned in part
 with construction of inference methods that work well in
 certain nonparametric neighborhoods of a basic model; for
 example, the normal regression model. This article is a con-

 tribution to the theory of parametric robustness, where one

 studies departures from a basic model in specific directions.

 There are perhaps two major themes in this general area: (1 )

 construction of new inference methods that work well both

 under the idealized center model and in the wider parametric

 model, and (2) studies of how well or not well standard pro-

 cedures tolerate various amounts of disturbance in these di-
 rections. Both themes are worked on here.

 Certain robustness aspects are easier to study more fully

 in the parametric context. The modeling bias versus esti-

 mation variance balance structure of model choices is more
 directly apparent, and one may more easily study general

 estimands. Our article provides an explicit illustration of the

 fact that deliberate bias can be useful, as was more generally

 described by Bickel (1984) and by Hjort (1993). Lange, Little,

 and Taylor (1989) studied multivariate t distributions as an

 alternative to the normal ones, partly with the degrees of

 freedom equal to a fixed number (they reported that "m = 4

 works well") and partly treated as an unknown parameter.

 The latter case corresponds to what we call "wide estimation"

 here. Finally, we point out that the idea of compromise es-

 timators is not new. Versions of such were considered by
 Bickel (1983, 1984), and the so-called configural polysam-
 pling approach to robustness uses ideas similar in spirit to

 those of Section 4 here to compromise between the normal

 and the "slash" model (see Morgenthaler and Tukey 1991

 for several papers on the subject). We are able to consider

 completely general estimands with relative ease, however,
 whereas the Morgenthaler and Tukey methods do not seem

 to be developed beyond the basic location and scale param-
 eters.

 2. LARGE-SAMPLE FRAMEWORK FOR THE PROBLEM

 The wide model has parameters (, a, and m. Let us re-

 parameterize to y = 1/rm, so that the density becomes

 a [ (+ a) ]

 i'7y r(2-1 + (2,)y1) (2.1)
 P((2'ry) ')

 We are interested in this model for y in the vicinity of 0.
 Using precise Taylor expansions and approximations to the

 log r( * ) function, one finds that

 logf(y,5 , y,) = logf(y, a, ?) +, 4 Z 2 _ 4

 I Jy2(! z6-! z4) + 0(y3), (2.2)

 in which z = (y - )/a. Having y = 0 corresponds to m
 = oo and gives back the ordinary normal model.

 Let At = A(f) = A(5 , a, y) be some parameter estimand
 of interest. We assume that ,u is smooth with continuous
 derivatives throughout the inner parameter space (t, U, y)
 E (-oo, oo) X (0, oo) X (O, oo) and that the right derivative

 exists at y = 0, lim>0O+[,u(t, a, y) - A( u, 0)]/'y. We
 concentrate on ML procedures and wish to study the per-

 formance of the two estimators

 yLnarr = iL(4narr, &narr, 0) and /twide = 8t a, j'), (2.3)

This content downloaded from 
����������129.240.222.230 on Fri, 22 Sep 2023 14:51:47 +00:00����������� 

All use subject to https://about.jstor.org/terms



 Hjort: The Tolerable Amount of t-Ness 667

 where for simplicity of notation the subscript "wide" is

 dropped for the ML estimators in the three-parameter model.
 These could be compared in an asymptotic framework

 in which Yi's come from some fixed f(y, 40, co, y) and
 y > 0. In this case V(n - ,) has a limit distribution. The
 situation is different for the narrow model procedure. Here

 Vn(4narr - ,) can be represented as a sum of two terms. The
 first is Vn [/L(knarr, anarr, 0) - A0 X CO 0 O) which has a limit
 distribution with generally smaller variability than that of

 the wide model procedure; and the second is -i/H [ A( o, aoO,
 y) - At(to , aO, 0)], which tends to plus or minus infinity,
 reflecting a bias that for very large n will dominate com-
 pletely. This merely goes to show that with very large sample

 sizes, one is penalized for any bias and should use the wide
 model. This result is not very informative, however, and

 suggests that a large-sample framework that uses a local

 neighborhood of y = 0 that shrinks when the sample size
 grows is much more adequate. Consider, therefore, model

 Pn the nth model, under which

 Y, ..., Yn are iid fromfn(y) =f(y, 50o 5, a/i/H). (2.4)

 The primary justification for working with neighborhoods

 of exactly this size is simply that it will give informative

 quantitative results. Here (4o, u0) is a fixed but arbitrary
 parameter point. The true parameter to be estimated is ,Utrue

 A=0 o(-o, 611 an).
 To assess the behavior of the estimators of ,u, we need

 to know what happens to narrow and wide estimators of
 the two- and three-model parameters. Consider the score

 functions for the wide model, evaluated at the null point

 (4o, co, 0). Letting y carefully tend to 0 in expressions for
 the three partial log-derivatives of f leads to

 U(y) j alogf(y, to, 0, 0)/at
 |V(y) = | logf(y, to, 0-, ?/au
 \W( y) \a logf(Y y, to 0, 0)/at

 zI CO

 = (z2 1)/U) , (2.5)
 1 z4_ z2 1

 where z = (y - 40)/co; refer to (2.2). We shall also need the
 accompanying 3 X 3 size information matrix, the covariance

 matrix of these three, when Y has the f( y, 5o, ao, 0) distri-
 bution (i.e., it is simply N V{ 0, a2 } ). One finds that

 Z/ CO

 Jwide = varo (Z2- 1)/c O
 z l4 - z2 -

 /1u 0 0

 =10 2/u2 2/uO.
 0 2/ o 7/2

 Note that the upper left 2 X 2 block Jnarr = diag( 1/ u0,
 2/ uO) is the information matrix of the narrow model, eval-
 uated at (to, u0). For future reference, we note that

 Jwilde= t ? 0

 O 3 aO 3

 (- IO 0o2 (2.6)

 Lemma. Let U, denote the average of U( Yi ) 's, and sim-
 ilarly for V, and Wn. Under the sequence of models P, of
 (2.4),

 l( VUn\ ( + K
 VlVn J od (2/uO)a + L
 V Wn/ \(7/2) + M/

 as n -* , where (K, L, M)' - VN3 {0 Jwide } -

 Proof This follows essentially from the triangular version

 of the Lindeberg theorem. A key observation is that

 fn(Y) -f(ty, to, UO, 0)[1 + W(y)a/VH].

 This implies that ( U(Ydj, V( Y1 ), W( Yi))' has expected value
 (0, (2/1O)a/VH, 76/Vn) plus O(n-1) terms, and that its
 variance matrix is Jwide + 0(6a/V). (See also Hjort 1993,

 sec. 2.)

 Proposition 1. Under model Pn of (2.4), the behavior of
 the narrow-model-based estimators is given by

 V((narr-?) .d J-1 VU \ ( 0+ K

 ( ( (n ) d 1 /nr -C coba + - COL 2 /

 in which An =d Bn means that An - Bn tends to 0 in proba-
 bility.

 Proof This is essentially the familiar Taylor expansion
 argument, carried out in the present local neighborhood

 framework. Note the bias term (0, Cob)'. The details are con-
 tained in more general arguments given by Hjort (1993, sec.
 2). More direct methods of proof could also have been used,

 because knarr and &narr are relatively easy to work with.
 The wide method case is much more complicated because

 of the corner problem. Introduce

 ( C) ( Mw ) ,N3 {O, Jwide } (2.7)

 Note thatK= (1/o)A, L = (2/ O)B + (2/uo)C. The limit
 in Proposition 1, written in terms of (A, B, C)', becomes

 l(W(narr-0)\ ( O+A \
 W (anarr O)) / B + o(C + 65))

 Because I want my readers to join me for the main story, I

 defer the proof of the following proposition to the Appendix.
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 Proposition 2. Under model Pn of (2.4), the behavior of
 the wide-model-based estimators is given by

 / ( 4(-o)\ lA
 4(an o 0d B-0 if C2-6,

 V'(^ - b/ n) C

 -dB + co(C+ 6) if C?-a.
 \-6

 3. CALCULATING THE TOLERANCE DISTANCE

 Our program is to use the delta method of linearization

 in conjunction with Propositions 1 and 2 to reach limit dis-

 tribution results for the narrow and wide estimators, and
 then to compute and compare mean squared errors.

 First, consider the narrow method. Using Proposition 1,
 we find

 VnI[i/(4narr, 5narr, 0) - cO, 0 a/Vn)]

 X [ A( 4narr X 8narr X 0) -(o 0OX 0)]

 -d at ( 4(narr- 0) + a V(^narr -o

 ay 6 /

 pd Anarr = dt A + [B + uO(C + 6)]--a a~ a o ay'
 where the partial derivatives are computed at the null model

 (to, uO, 0). The limit variable is normal with

 EAnarr =bb =(a o )

 and

 var Anarr = Tg = [/+ ! (M ] (3.1)

 In particular, the narrow method has risk EA2aIT = b262
 + To; see Section 7.2 for some consequences of this. This
 "narrow result" is really contained in general results of Hjort
 (1993).

 Next, consider the wide method. Using Proposition 2, we
 find that

 Vn[(4, a, y) - A(o, co a/4)]

 =d Vn (4 - 0) + 9 Vn(a - co)

 + [( ) + 0(11/)] VH( -IVn)

 ->d Awide =-A + -B + - C if C> -a
 a8 aa 8 y

 = A +-[B + ao(C + a)] --a

 if C? -a.

 This is not a normal distribution. We calculate its mean
 squared error by conditioning on the value of C. Using (2.6)
 and (2.7) and ordinary techniques, we find that

 (B) I{C C} - JV2|(_aOc) 1 2 (3.2) 2~~~32

 Further calculations show that

 Awide {C = C} W {-bc, To} if C2 -(5

 N{ Ibb,To ifc0

 Accordingly, E[Awide IC = c] is b2c2 + To if C 2-6 and
 b2622+r2ifC<-6, and

 EA2de = b2E[C21{C 2-6{ + 6 2I{C C-_} ] + r2-

 We are now in a position to find out when the narrow
 and risky estimator is better than the wide and safe one.
 From (2.7), we can write C = KN, where K2 = 2 and N is
 normal (0, 1). From (3.1), assuming that b * 0, it is clear
 that the narrow method is better than the wide one if and
 only if

 62 < E[K2N2I {NI -6/K} + 62I {N '-a/K})],

 or

 a2 ? E[N2I {N> -a} + a2I{N< -a] (3}3)
 = b(a) - a+(a) + a2(1 -b(a)),

 using a = 6/K. But this is equivalent to 0 ? a < .8399, as is
 borne out by numerical computations. This means that 0
 ? 6 c .8399 Vi/3 = .6858, and we have reached the following
 conclusion.

 Result. (a) The case where b = o(8o,./8o) - (8X/aty)
 = 0 is rather trivial; this typically corresponds to a param-
 eter estimand ,u functionally independent of a and y at y
 = 0. In this case ^wide and iUnarr are asymptotically equiva-
 lent, regardless of (. (b) In the more interesting case b
 * 0, the narrow-model-based estimator is better than or as
 good as the wider-model-based estimator (with respect to
 limiting mean squared error) if and only if 6 < .6858, or y
 ? .6858/ Vs, or degrees of freedom m 2 V1 /.6858
 = 1.4582Wn.

 Lange et al. (1989, sec. 3 and app. B) provided information
 matrix calculations for the t model (also in the multivariate
 case), and case (a) of our Result can be deduced from these.

 We note that the mean parameter ,u = t (and more generally
 = xi fi in the regression case to be considered in Sec. 5)

 has b = 0, so these important estimands are not at all affected
 by moderate t-ness.

 4. A FULLER STORY: COMPROMISE ESTIMATORS

 The two estimators (2.3) that have been considered so far
 have both somewhat extreme attitudes. The first is a firm

 believer in normality; the second is a firm disbeliever in nor-
 mality. This section looks at some compromising methods
 designed to work well under both "close to normal" and
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 HJort: The Tolerable Amount of t-Ness 669

 "distinctively nonnormal" conditions. (See also Hjort 1993,
 sec. 5.)

 We have shown in Proposition 2 that V(- -/ 5/nH) tends
 to max{C, - } in distribution, where C N iV{O, K2} and
 K2 I. Now shift attention to Tn = Vn/K, the natural
 statistic for testing y = 0 (normality) against y > 0 ( t-ness).

 Theorem. Consider the general estimator

 1X*= [1 -W( Tn)]I.narr + W(Tn) Iwide, (4.1)
 where w( Tn) is some appropriate weight function, assumed
 only to be continuous at 0 (where the limit T V 0 of Tn has
 positive probability) and almost everywhere on (0, oo). Then
 l(n U* - ,Utrue) tends in distribution to a A with mean squared
 error

 EA2 = 2 b2R(a) + r2, where
 3

 R(a) = Ea[ (w(T)T- a)2I{T> 0} + a2I{T? 0}],

 (4.2)

 and where a = a/K is the normalized measure of t-ness.

 Proof. WehaveTn f-da+K'max{C,-3}= TV0,
 where T= a + C/K JV{a, 1}, and

 Anarr = bb + -A + -[B + aoK(T- a)]

 and

 Awide A +-B+-3 K(T-a) ifT>O,

 =-A + -(B+ ( oKT)- aK ifT?0. (4.3)

 These will next be seen to be special cases of a much more
 general phenomenon. B y the continuous mapping theorem,

 l(n (L* - /true) A

 = [1 - w(TV 0)]Anarr+ w(TV 0)Awide.

 Some calculations lead to

 A {T = t}JW {bK(a - w(t)t),T} ift>,
 - .-N{bKa, 2} if t < 0.

 The claim of the theorem follows from this.
 Observe that R(a) is the risk function, under squared error

 loss, for the estimator a^( T V 0) = w( T V 0)( T V 0) for a
 nonnegative parameter a, based on observing the single
 variable T V 0, where T AN { a, I }. There is accordingly
 a one-to-one correspondence between estimators * of type
 (4.1) for a general ,ra, -y) and estimators a*(t) = w(t)t
 for a in the structurally very simple one-observation problem.

 The behavior of any given A* can be studied quite simply
 in terms of its associated R(a) function, and any reasonable
 a-estimator method can be transported to a reasonable ,t
 estimator, via w(t) = a*(t)/t.

 What are itrsngvalues of a? We have a = 6 /K and m
 = 1/- = Vn6= Vl.5n/ a, and Tn used in (4.1) detects

 nonnormality (m < oo) with probability 4(a - 1.645) (using

 level 5%). This means that T, detects a values beyond 4 with
 probability at least .99. We may think of a values beyond 4,

 or m < .306Vn, as being t departures from normality that
 should be clearly visible from data. This tentatively suggests

 that estimators of the type (4.1) should be used with w(t)

 close to 1 for t 2 4 and with small risk behavior for R(a)
 when a < 4.

 A briefly annotated list of interesting choices for w( Tn)

 in (4. 1) follows next.

 (a) The narrow method uses w(t) = 0 and corresponds
 to using acnaff(t) = 0 to estimate a. Its risk is Rnaff(a)
 = a2, which is good for a small (m large) but disastrous
 for a large (m small).

 (b) The wide method has w(t) = 1 and corresponds to

 awide(t) = t V 0 to estimate a. Its risk is

 Rwide(a) = Ea[(T- a)21 {T? 0} + a2I {T < 0}]

 = 4?(a) - a+(a) + a2(1 - t(a));

 compare (3.3). It starts at .50 at 0 and climbs towards
 1. This estimator is minimax. Its risk is above .99 for
 a ? 2.67. Again, if a < .8399, then the narrow is best,
 and if a > .8399, then the wide is best.

 (c) Try out w(t) = w, a constant. We may compute the
 resulting R(a), and minimize with respect to the

 choice of w. The best choice, expressed in terms of
 the parameter point a, is

 a2D(a) + aq(a)

 wo(a)= (a2 + l)4(a) + a4(a)
 A simple idea is then to insert Tn for a; that is, using
 aratio = wo(t)t to estimate a and using (4.1) with wo( Tn)
 to estimate ,u. The risk Rratio(a) starts at .249 and is
 better than Rwide(a) for a < 1.32 and is never much
 worse. Its maximum is 1.223, at a = 2.90, after which
 it decreases toward 1. The narrow is better than the
 present one only for a < .68, and quickly becomes
 much worse after that.

 (d) Some natural Bayesian/empirical Bayesian ideas
 are as follows. Assume that a is distributed like
 IV{0, r2}j; that is, with prior distribution lr(a)
 = (2/1r)(a/r) on (0, oo). The Bayes solution asso-
 ciated with the loss function implicit in (4.2) can be
 seen to be the familiar E { a I T = t } if t > 0 and an
 arbitrary value can be used when T V 0 = 0; that is,
 when information on T is T < 0. In the present case

 the Bayes solution becomes

 a,(t) E{a|t} = vt + V+V(Vt)/4(1ft),
 where v = T2/(r2 + 1)

 Because EaT = a and Ea2 = r 2, a simple empirical

 estimate for v is T2/( T2 + 1). This leads to
 ,2

 aeb'; J t2+ 1

 +t+ 1 ( t2-I- 1 1
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 As for performance; the risk Reb(a) starts at .337 and

 is better than Rwide(a) for a < 2.09 and is never much

 worse. It is not quite as good as the narrow method
 when a < .67, but quickly becomes much better after

 that. It reaches its maximum value of only 1. 147 at a

 = 3.75, and decreases toward 1 thereafter.

 (e) The limit of the aforementioned Bayes rules, when

 X T oo, is dvag(t) = t + 4(t)/14(t). This is also the
 Bayes solution under a vague flat prior on the halfline.

 It is minimax like the dwide but has a differently shaped
 risk function; see Figure 1.

 (f) Finally,wecouldmentionpretestandrelatedestimators.

 The if-else or pretest estimator uses w(t) = 0 if t < d

 and w(t) = l if t > din (4.1) and corresponds to a^pre(t)
 = if t < d and ^pre(t) = t if t > d, for a suitable cutoff
 value d. The theory of Section 3 suggests that d = .8399

 is a good choice, for example. It has risk

 Rpre(a) = 41(a - d) + a2[1 - 41(a - d)]

 - (a - d)q(d- a).

 These are inadmissible estimators in the decision
 theoretic sense; each can be uniformly improved on
 (except in the borderline case d = 0, which is the wide
 method, and case d = oo, which is the narrow
 method). A related but smoother version is the limited
 translation variety a^im( t) = 0 if t < d and diim( t) = t
 -d if t > d. This corresponds to using w(t) = 0 if t
 < d and w(t) = 1 - d/t if t > d. The risk function
 becomes

 Rlim(a) = (1 + d2)c1(a - d) + a2[1 - 4(a - d)]

 -(a + d)q(a - d),

 with maximum value 1 + d2 occurring at infinity.
 The latter estimators are presumably reasonable ap-
 proximations to minimax solutions subject to doing
 well at 0, following the work of Bickel (1983) in a
 more regular situation.

 It is worth mentioning that in the general but regular case
 treated by Hjort (1993), where a = a/K can vary freely on

 CM

 0~~~~~~~~~~~~~~~~~~~~~~~~~~~10

 (1)00#00 0

 0 0

 co.
 6

 CM
 0

 0 1 2 3 4 5

 a=delta/kappa, the normalised t-ness distance from normality

 Figure 1. Risk Functions R(a) for Seven Procedures, Corresponding to Seven Choices of Weight Function w(*) in (4.1). Risks for the wide and the
 narrow methods start at .500 and .000 and are shown by dotted lines. The three risks shown by solid lines are the ratio method (starting at .249),
 the empirical Bayes method (starting at .337), and the Bayes solution under uniform prior on the halfline (starting at .819). Finally the pretest method
 with d = .8399 (starting at .436) and the limited translation procedure with d chosen to make maximum risk 1 + d2 equal to that of the empirical
 Bayes method are shown by dashed lines.
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 Hjort: The Tolerable Amount of t-Ness 671

 the line, then aforementioned methods (e) and (f) become

 equivalent, as do methods (c) and (d).

 Several risk functions R ( a) are plotted in Figure 1. These
 were computed by numerical integration where necessary.

 Overall, both the ratio method (c) and the empirical Bayes

 method (d) seem to be quite satisfactory solutions: they are

 almost as good as the wide method under distinctively non-

 normal conditions and are considerably better than the wide

 method under close-to-normal conditions. The limited

 translation procedure of (f) is also quite good and is relevant

 if one's aim is to minimize the maximum risk subject to

 bounding the risk at the narrow model.

 In the end, one should also compute b and ro of (3.1), or
 (5.2) in the regression case to be discussed, to see the specific

 consequences in terms of risk function (4.2) for the estimated
 under study; see the examples in Section 7.1.

 5. EXTENSION TO REGRESSION MODELS

 Suppose that

 Yi = xi,3 1+ *+ oZi = x': + oZi, (5.1)

 where j1, ... , p,B are regression parameters and the Zi's are
 iid from a tm distribution. How risky are the ordinary meth-

 ods, which all have m = oo as underlying assumption? How

 statistically noisy are the more ambitious p + 2-parameter

 methods that use ML estimates for #p, .. ., o-, m? For
 example, should we use

 /-narr = V7narr or

 yLwide = [i7{P( 2nMwide - M)/ r2wide) ] wide

 to estimate ,u = Et Y( x) - x'f I, the expected distance from
 regression curve to data point? What is an effective yet safe
 way of estimating regression deciles?

 Let us briefly indicate how results from earlier sections

 extend to this situation. Let f0 and o- be arbitrary but fixed,
 and let y = 1 /m tend to 0 like y = yn =/VW. The score
 function becomes

 U(Yi) / (logf( Yi, # o0, 0)/&y \
 |V(Yi) a logf(Yi, #0, ao, ?)/8v
 \W( yi) \ d logf( yi, #0, ao, 0)/(9,y

 Zi Xi / ao

 = (z

 K 4 2 1

 4Z' 2 4

 in which zi = (yi - xi jo)/yo. The (p + 2) X (p + 2) infor-
 mation matrix becomes

 Zi Xi / Gol

 Jwide = lim varo
 n(oo n i= 7 / 2

 ?~~~~~ ~ i/ 7/2

 in which it is assumed that the p X p design matrix D, the

 limit in probability of D, = n- x I x x , exists. We note
 that

 J-1~~D- 0 o o \O

 Jwide = ? 6 ? 3 ?

 00- - /
 O 3 3/

 (o2D J 1 GOD-' O
 naff 0 2o/2

 The parallel to Section 2's Lemma is that

 n Uun / O + K
 VHPn ---d | (2/o0)+ + L
 VVn \ (7/2)3+M/

 where (K, L, M)' - p+2 {0, Jwide }. This is true by the
 triangular Lindeberg theorem under the usual condition

 (1 /n)maxh1j?n(xi,j - x)2_ 0 for each i. For the familiar
 normality-based (least squares-type) estimators, one finds
 that

 1&(f3narrU/Bo) . J-1 U\ ( O + TK
 =dJnarrkm --J )Nd1 ( )(-\VnVFj ( Oranarr- aOr (4 ) V 6 + - 2L

 2!

 ( 0+ DA

 B+ ao(C+ 6) ~~~~~~ 2D+ l(a '( o 1 r 0
 writing (A, B, C)' for Jwide(K, L, M)', which is ZVp+2{0,
 Jwide}. Next, regarding the ML estimators 3 a, y' in the
 wider p + 2-parameter model, Proposition 2 with proof can
 be lifted mutatis mutandis and becomes

 Vn(0-d-o) A
 n 4 - rO) J )d IB if T> 0,

 V/ilK / T/

 )d(B +cTOKT) if T? <O.

 The rest of the story is very similar to that of Sections 3

 and 4. The limit variables Anarr and Awide are as in (4.3), only
 with (Oi/Oaf)'DA replacing (O,u/Oa)A, and A is now JVp {0,
 orD1 } and not merely JV {0, Gr } . Conditioning on T, we
 find in the end that the main result (4.2) is true, with

 Oat __
 b = ao - X

 TO= -I)D u- I- / y )/ 2 1(au) ](5.2)

 Section 3's main result about m 2 1.458 I/ for all estimands
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 with b # 0 is also true verbatim. And for the problem of
 performing linear regression analysis when the residuals
 could have fatter tails than the normal, a natural proposal
 is to use

 ,u* = [ 1 - w( l.5f') ].5 ( /3narr anarr, 0)

 + w( lni)Mu(f ' a ), (5.3)

 where w( * ) is as in (c) or (d) of Section 4.

 6. GENERAL NORMAL SCALE MIXTURES

 The primary focus of this article has been the t extension
 of the normal to model fatter tails in the error distribution.
 This choice is partly dictated by tradition and familiarity;
 other models might more successfully fit many data sets with
 the heavier tails syndrome, but everybody knows the t. In
 addition, Lange et al. (1989) and others have reported good
 robustness results using the t. In any case it is comforting
 that results quite similar to those of previous sections can
 be obtained for the large class -of general normal scale mix-
 tures, and that these results agree qualitatively with those for
 t-ness, as we now demonstrate.

 Suppose that Y1 = t + aZi where the Zi's are iid and
 distributed as N {O, 1 } /S, say, where S is independent of
 the nominator. Let us merely assume that S has a density

 h,(s) on (0, so) and that this distribution becomes increas-
 ingly concentrated around 1 as y -O 0. For technical con-
 venience, we stipulate that EaS = 1 + kijy + 0(,y2) E7(S
 - 1)2 = k2y + 0(y2), E( S- _1) = 0(y2), and E,(S- 1)4
 = 0(z 2); these are implied by moment convergence of (S
 - 1)/(k2,y) 1/2 to the standard normal, for example. Results
 will be seen to depend only on the local mean and the local
 variance of S; that is, on k1 and k2 alone. The limiting case
 gives a unit point mass at S = 1 that corresponds to a perfectly
 normal error distribution. Again, the program is to consider
 a sequence of contiguous alternatives to the normal where
 Y = / Vn. The t case hitherto considered is the special case
 where S= (X2/m) 1/2 andy = I /m and for whichk1 =k-4
 and k2 = 4.

 The density of Zi is j,(z) = jo +(zs) sh,(s) ds. Expand
 for s close to 1 to find

 k(zs)s = 4(z)[l (z2 _ l)(s- 1)

 +-(3 1) (S 1)3)] + - (z3-3z)z(s -1)2+ 0((s- 2

 With some further details, this leads to f(z) = 0(z)[1
 + -yR(z) + -y2R2(z) + 0(,y3)], where

 R(z) - k2(z4-6z2 + 3)+k3(z2-1)
 2

 3
 writing k3 =- k2-ki, (6.1)

 2

 and R2(z) is a certain polynomial of degree 8 and with mean
 0 under the normal. This gives

 logfg(z) =log+(z) + yR(z)--2S2(Z) +0?(3), (6.2)

 paralleling (and generalizing) (2.2) and (A. 1) in the Appendix.
 Here S(z) = R(Z)2 - R2(z), and in the final analysis (see
 the t case proof in the Appendix) it only matters that S(Z)
 has mean equal to the variance of R(Z) in the null case.

 One can now go through the chains of reasoning from
 previous sections and obtain analog results for the present
 general model. There is a new Jwide matrix, and the analog
 of Proposition 2 features B + k3o0-( C + 6), where (A, B, C)'

 NY3 { 0, Jwide } (and k3 = 1 for the t case). We omit details
 but report that the narrow and the wide limiting risks are

 EA2 =I(b*b)2 + T2
 1-'narr 0LL j T

 and

 EA ide=(b*)2E[C21{C> _} + 62I{C _}] + To,

 featuring a new b= k3ao0(,au/ra) - (9au/3y), while r2 still
 is as in (3.1). The variance K 2 of C is now 1/(6k2). As in
 Sections 3 and 4, it is convenient to use a = 5 / K as a measure
 of normalized distance from normality. The arguments of
 Section 3 lead to the following.

 General Result. (a) If the , = ;t(, , ou y) estimand is such
 that b* =0, then -wide and ,narr are asymptotically equivalent,
 regardless of i. (b) If the ,u estimand is such that b* + 0,
 then narrow-model-based estimation is better than or as

 good as wide-model-based estimation (with respect to lim-
 iting mean squared error) if and only if a c .8399, or y
 ? .8399K/Vn, or k2y = var S < .3429/ V;.

 Exactly the same tolerance radius is found in the regression

 context Yi = xt ,B + uZi when Zi is distributed as a standard
 normal divided by S, after paralleling the work of Section
 5. The answer is perhaps surprisingly simple, involving only
 the variance of the scale mixture, but comes about because
 our large-sample framework is concerned only with local
 alternatives to the normal. The general result also indicates
 that conclusions of previous sections based on the t-ness
 model, including the compromise recipes of Section 5, re-
 main qualitatively correct in a broader robustness context.

 There are also parametric families with both heavier and
 lighter than normal tails. In the technical report version of
 this article, calculations are given for a quasi-extension of
 the t allowing negative degrees of freedom. A better example
 is the exponential power family discussed by Box and Tiao
 (1983, sec. 3.2). Calculating the tolerance distance and de-
 vising compromise estimators is much easier than for the t
 case, applying general methods of Hjort (1993), due to the
 fact that the normal in these cases is an inner member of
 the family. Finally, we point out that there are other natural
 extensions of the basic normal model that also involve prob-
 lems with corners of parameter spaces and where this article's
 methods should be useful. One example is the normal con-
 tamination model.

 7. ADDITIONAL REMARKS

 7.1 Some Estimands

 To illustrate both the general formulas and the relative

 importance of bias and estimation noise, let us go through
 a short list of important estimands.
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 Hjort: The Tolerable Amount of t-Ness 673

 1. Let ,u = x'/3, the regression curve at a specific point.

 Then b = 0 and all compromise estimators become asymp-
 totically equivalent, with r2 = I X'D-1 xU as the limiting
 normalized risk. Thus familiar least squares estimates are
 sufficiently precise even in the presence of t-ness, and the

 same is true in other cases where the estimand depends only

 on Fl , * , 0,p
 2. Let ,u = E I Y( x) - x'f i, our starting example of Section

 5. Then ,u = oE I Z i, where Z is tm distributed, and some
 determined analysis gives b = 2 0o(O), r2 = 24(0)2oa. This
 gives

 2[

 risk= I R(a) +1]
 ir [12

 for the limit distribution version of n times mean squared
 error for ,u*; see (4.2).

 3. Let ,u be the pth quantile of the distribution for Y( x)

 at x. It is, for example, often useful and illuminating to draw

 the nine regression deciles (corresponding to p = j/ 10) in
 the same diagram, as functions of x. Then ,u = x'f3 + G-1 (p,
 m) in the notation of Section 1. One can work out a suitable

 expression for 9,u/a9y and then find b and rO of (5.2). The
 end result is

 risk = [zp + A(zp)/4(zp)]2R(a) + x'Dx + o

 in which zp = b-l(p) and A(t) = fO( 4z)W(z) dz, and
 W(z) is as in (2.5). Formula (5.3), with a weight function
 deemed appropriate in view of the discussion of Section 4,
 provides a regression quantile estimator that is robust against
 fatter-than-normal tails of the error distribution. More gen-
 erally, robust methods for regression quantiles have been
 provided by Koenker and Bassett (1978), Koenker and Port
 noy (1987), and Hjort and Pollard (1993, sec. 3D).

 4. The case of a probability ,u = Pr{Y(x) < y} = G((y
 - x',B)/ u, m) is similar to but simpler than case 3. The same
 expression for risk emerges, with z(y) = (y - x'30)/ o re-
 placing zp.

 7.2 False Confidence

 We proved in Section 3 that VH(ianarr -true) tends to
 Nl { b 2, r } under the (2.4) sequence of models. Traditional
 normality-based inference uses in essence that the limit is
 NV{0, r }. Accordingly, b232 is the invisible extra burden
 associated with using the normality-based estimator when
 in fact the wider model (2.4) is true. Consequences of this
 include that traditional normality-based confidence intervals

 and testing procedures behave incorrectly; the intervals have
 adequate length but are incorrectly placed, and the tests have

 too-high significance levels. If CIna, = ,u ? 1.645r% n, for
 example, then the coverage probability converges to

 Pr{ l I N{ b /ro 1 } I < 1.645} , which is strictly less than 90%
 unless b = 0 or 6 = 0 (see also Hjort 1993, sec. 4H).

 7.3 How Far Away is 1.458 AA ?

 One can test normality (y = 0) against t-ness (y > 0)
 using Tn = Vi.5 (see Sect. 4). The limit distribution under
 normality is max { N, 0}, where N is standard normal. The

 Tn > 1.645 test has (asymptotic) level 5% and power 4(a
 - 1.645). One way of quantifying the distance from nor-
 mality to the first intolerable t-distribution is in terms of
 4b(O.8399 - 1.645) = .210, the probability of detecting this
 amount of t-ness. The corresponding detection probability
 figure is .329 for the case of a 10% level test. These rather
 low power figures, even for the strong test that looks specif-

 ically for t deviation, suggest that 1.458l4 is not very far
 away from the normal, and that this moderate amount might
 not be easily visible. Statisticians often look at quantile-

 quantile plots to check approximate normality, and simu-
 lations demonstrate that these plots often look fairly linear
 with this amount of t-ness. As a little experiment, consider
 the natural quantile test statistic

 Dn= max fl + 21 Y(i) -narr _narrfb'(i/(n + 1))I
 i

 for normality against nonnormal tails, where the maximum
 is over .025 < i/(n + 1) < .975, say (i.e., it is scaled in such
 a way that it has a limit distribution in terms of a zero-mean

 Gaussian process); this is the formal version of looking for
 nonstraightness of the quantile plot. The power of the 5%
 version of this test for n = 100 at the suggested tolerance
 limit with 14.58 degrees of freedom is about 13%. The cor-

 responding power figure is 23% for a 10% level test.
 The bottom line is that standard normal-based procedures

 for estimands other than the simple mean parameter (more
 precisely, those where b of(3. 1) or (5.2) is not 0) are in danger.
 The risk calculations of Section 4 and the confidence un-

 dershooting pointed out in Section 7.2 are relevant for quite
 moderate doses of fat tails. This agrees also with the general
 scale mixture calculations of Section 6. Remedies include

 full estimation in the wide model, which is what Lange et
 al. (1989) did, or compromise, as with (5.3).

 There are other measures of distance from normality

 to t-ness that could fruitfully be used here (see Hjort 1993,
 secs. 4B and 4C for other proposals and interpretations in

 a general parametric robustness context). The LI distance
 f If - fo I dy is approximately .434/ l/n at the tolerance
 threshold, for example. Kass (1989, p. 211) mentioned as a
 piece of statistical trivia that the t density that in the sense
 of a certain curvature measure lies halfway between the Cau-
 chy and the normal has m = 3 degrees of freedom, and some

 calculations give that on the Li-distance scale, the corre-
 sponding answer has m = 2.3 degrees of freedom. The point
 is again that m 2 1.458l& means being reasonably close to
 normality.

 7.4 Additional Deviances from the Normal

 In many situations one would have to worry about ad-
 ditional ways in which the normal regression model could
 be wrong; for example, in the direction of variance hetero-
 geneity or nonlinearity of the mean. This calls for an exten-
 sion of our framework to moderate misspecification in several
 directions, where the first is t-ness. Our results can be suitably
 generalized and become more nuanced. There will be a sac-
 rosanct region around the normal, inside of which the pre-

 cision of each normality-based estimator is at least as good
 as that of the corresponding wide-model estimator. Each
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 given estimand will 'have its own, larger tolerance region,
 however, where narrow estimation is more precise than wide

 estimation (see Hjort 1993, sec. 51).

 7.5 Other Loss Functions

 Our risk functions and tolerance limits have been com-

 puted starting from the squared error criterion, where squared

 bias and variance are exchangeable currencies. Similar results

 can be reached for other loss functions but become more

 complicated. If absolute loss l; l,u* - Mtrue I is used, then
 there is again a one-one correspondence between estimators
 (4.1) of u and estimators a(t) = w(t)t of the nonnegative a

 based on T V 0, where T -iN { a, 1 }, but the absolute loss
 for ,u transforms into the different loss function f0 L(p(a (t)
 -a))4(t-a) dt for a, where L(z) = El z + N {O, I}I = z
 + 2+(z) - 2[1 - Ib(z)] and p = IbK1K/ro. The tolerance
 limit now depends on the parameter estimated via the value

 of p (see Hjort 1993, sec. 5H).

 APPENDIX: PROOF OF PROPOSITION 2

 By (2.2), the log-likelihood function can be written as

 n

 L.,(t a, y) = 2: logf(yi, (, U t)
 i=l1

 in

 = -n log(27r) 112-n log -- a - (yi _ )2/a2

 n

 + 'y z R((yi -t)a)
 i=l1

 n

 __y2 S((yi -t) / a) + Op (ny'), (A. 1)
 2

 in which

 R(z)=-z4 --z2-- and S(z) = z6 z4

 The limit in probability of (1 /n)Ln(t, a, b/ 1/H), under sequence
 (2.4), is seen to be -log(27r)/2 - log r - 2 [(t _ to)2 + u-2]/f2,
 uniformly over compact sets. It follows that the sequence of ML
 estimators {, &f must converge in probability to the parameter values

 that maximize this limit; i.e., to the underlying to, co. By working
 with the y-related part of (A.1), one shows similarly that 'jy
 = 3/ must converge to 0 in probability.

 In what follows, let In( (, a, y) be the 3 X 3 matrix with elements
 2=L (O2/dt2)logf(y1, (, a, y) and so on. If n, an, and in tend to
 to, oo, and 0 in probability, still under the (2.4) sequence of models,
 then -(1 /n)I,,({n, an, on) ~p Jwide- This holds because direct in-
 spection shows

 In-- n an, Yn)
 n

 = In I(t? 6, 00 ) + p ( I n to I + I an aO I + in)
 n

 and the first term here can be shown to converge to Jwide, under
 (2.4), using ordinary methods.

 There are two possibilities regarding the maximizers of (A. 1).

 Data (Yi, ... ., Yn) are such that maximum occurs either for some
 j > 0 or occurs for j' = 0. In the first case the ML values are
 solutions to '3Ln/c9t = 0, f3Ln/;aL = 0, d3Ln/OY = 0, and the familiar
 Taylor argument yields

 ( Vn(-)\ A
 V( f- Go) I= [- I,(S, a, F)/nIAI VnV
 Vn(y-0 Vn- Wn

 for suitable (t, -, oy) somewhere between (0, ao, 0) and (a, ,
 A ); see the definition in (2.5). In the second case L,(t, cr, y) de-
 creases in y ? 0, and the ML estimators are ((narr anarr 0). Let On

 be the set of (Yi, .y. , Yn) for which the first case happens. Then

 Vn( - 0, a' -o,y -0)'becomes

 / VHnU-\
 Jwide V'n Vn + Op(n 12)

 \ OWn

 or inf n 07 + )

 as On is in command or not. It turns out that On happens or not
 according to whether

 2 n- 2 n An =- ro n + Vnn > O or ?0
 3 f3

 to a first-order approximation. The An here is the third component

 Of Ji'deVl( UC,, V", Wn)', and the precise statement is that I(Qn)
 - I{ An > 0} goes to 0 in probability under the (2.4) regime of
 models. Using this result, the Lemma, and (2.7)-(2.8) in tandem

 yields the statement of Proposition 2, by the continuous mapping

 theorem on Vnl(U,n, V,n, Wn)'.
 To prove that Qn and { An > 0} are asymptotically equivalent

 events, consider once more the second half of (A. 1), which can be

 expressed as

 31 !32
 6 1 R((yi - ,)/O) _ _ 62 _ S((yi - 0 I6)
 Vn i=l 2 n n

 plus a remainder of size Op(63/Vn). This is a parabola in a ? 0,
 with maximum occurring to the right of 0 or at 0 depending on the

 sign of the R average. (The S average will be positive with probability
 tending to 1 in the parameter region of interest.) Accordingly, apart

 from an Op(n-"/2) term,

 = = v R((y, - t)/a)/- S((ya-

 provided that nominator is positive, and 3 = 0 otherwise. But

 n _Y _ _ 1 n - t0 YI 0(a-n))
 n a= f n i=I UO co

 + Op(n1)

 = R(Zi) )-- R'(zi )a

 - - R'(zj)zi a + Op(n'),
 n i=1 aOO

 where zi = (yi - to)/ Iao, and similarly for the S-function term.
 Judicious calculations based on this show that (l/n) Z i"=j S((Yi
 -$,)/a) goes to 7/2 and that

 n

 -z= R((y1 - )/a) = VW, - (2/GO) V(a - O) + Op(Ff112)

 = R vw,,-~ GV aoV, + Op(n /2)
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 Hjort: The Tolerable Amount of t-Ness 675

 on the set Qn. This finally means that V45 = An + O(n-1/2) in
 the An + Op(n-" 2) > 0 case and is 0 in the An + Op(n-"/2) < 0
 case. This proves what was needed.

 [Received April 1991. Revised July 1993.]
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