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Focused Information Criteria and Model Averaging
for the Cox Hazard Regression Model

Nils Lid HJORT and Gerda CLAESKENS

This article is concerned with variable selection methods for the Cox proportional hazards regression model. Including excessive covariates
causes extra variability and inflated confidence intervals for regression parameters; thus regimes for discarding the less informative ones
are needed. Our framework has p covariates designated as “protected,” while variables from a further set of q covariates are examined for
possible inclusion or exclusion. We develop a focused information criterion (FIC) that for given interest parameter finds the best subset of
covariates. Thus the FIC might find that the best model for predicting median survival time is different than the best model for estimating
survival probabilities, and the best overall model for analyzing men’s survival might not be the same as the best overall model for analyzing
women’s survival. Methodology is also developed for model averaging, wherein the final estimate of a quantity is a weighted average of
estimates computed for a range of submodels. Our methods are illustrated in simulations and for a survival study of Danish skin cancer
patients.

KEY WORDS: Akaike information criterion; Covariate selection; Cox regression; Focused information criteria; Median survival time;
Model averaging.

1. INTRODUCTION

Suppose that survival data of the form (ti, δi,xi, zi) are
recorded for n individuals, where ti is lifetime (possibly cen-
sored); δi is an indicator for noncensoring; xi contains, say,
p covariates that are deemed necessary in the regression model;
and zi has, say, q further covariates potentially worthy of inclu-
sion. The most popular model for such data is the Cox model
of proportional hazards, where the hazard rate for individual i
is expressed as

hi(u) = h0(u) exp(xt
iβ + zt

iγ ) for i = 1, . . . ,n. (1)

Here h0(u) is assumed to be continuous and positive over the
range of lifetimes of interest but is otherwise not specified. This
makes the model partly parametric and partly nonparametric.
Inference about (β,γ ) typically proceeds using the well-known
partial likelihood Ln(β,γ ), which is properly defined in Sec-
tion 2.

This article is concerned with developing methods for select-
ing covariates zi,j that are, in some sense, best among the q.
The argument against simply including all of them is that this
may cause excessive estimation variability, leading to inflated
confidence intervals and less-powerful tests. On the other hand,
including too few covariates could mean serious modeling bias
and missing important explanatory features in the analysis.
Thus selecting the “best” set is a statistical balancing act be-
tween bias and variance.

1.1 The Danish Malignant Melanoma Study

For an illustration (revisited in Sec. 9), we study the skin
cancer survival analysis dataset described and extensively an-
alyzed by Andersen, Borgan, Gill, and Keiding (1993) and oth-
ers. In this Danish study, 205 patients with malignant melanoma
underwent radical removal surgery and were followed after
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surgery over the period of 1962–1977. Several covariate vari-
ables are of potential interest for studying survival chances, in-
cluding x1, an indicator for sex of the patient; z1, thickness of
the tumor; z2, infection infiltration level, a measure of resistance
against the tumor; z3, presence so-called “epithelioid cells”; z4,
presence of ulceration; z5, invasion depth (at levels 1, 2, and 3);
and z6, age of the patient at the operation (in years). Among
the findings of Andersen et al. (1993) were that men tend to
have higher hazards than women. That is why we designate x1

(indicator for sex of the patient) as “protected” here and look
for the “best” covariates to keep among z1, . . . , z6. We develop
selection methods that choose different subsets of the zj’s for
different purposes, as opposed to being content with one subset
to serve all purposes.

1.2 Some Selection Methods

There are rather few well-developed variable selection meth-
ods for the Cox model. Methods involving pretesting of coeffi-
cients and variants of backward and forward regression can be
put forward, in partial analogy with linear or generalized linear
regression theory. The general model averaging theory that we
develop in Section 8 actually accurately describes the perfor-
mance of such methods. Fan and Li (2002) proposed a penal-
ized version of the log-partial likelihood, with a penalty called
the smoothly clipped absolute deviation (SCAD). This SCAD
penalty depends on two unknown parameters, one fixed at a pre-
determined value and the other chosen through an approxima-
tion to generalized cross-validation. This approach was further
extended by Cai, Fan, Li, and Zhou (2005) for marginal hazards
models. In that article, different regression coefficients were al-
lowed to have different penalties and regularization parameters.
Tibshirani (1997) used the lasso method for variable selection
in the Cox model; this and similar L1-based methods refined
later by Efron, Hastie, Johnstone, and Tibshirani (2004) are of
particular value when the number q of nonprotected covariates
is large. Bunea and McKeague (2005) introduced a penalized
likelihood, where now the penalty depends on both the number
of parameters in the parametric part of the model and on the
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number of components in the sieve construction to estimate the
unknown baseline hazard function.

More traditional model selection methods, such as the
Akaike information criterion (AIC) and Bayes information cri-
terion (BIC), are not automatically defined for Cox models,
because there is no workable full likelihood for data. One may,
however, choose to use the partial likelihoods, say Ln,S for the
model that only uses covariates zi,j for j ∈ S, which leads to

AICn,S = 2 log Ln,S(β̂S, γ̂ S) − 2(p + |S|),
(2)

BICn,S = 2 log Ln,S(β̂S, γ̂ S) − (p + |S|) log n,

in terms of the Cox estimators (β̂S, γ̂ S) inside the S sub-
model. Here |S| denotes the number of elements in S, and the
model with the highest score is selected. These model selec-
tion schemes are easily implemented using software for han-
dling the Cox regression model. Volinsky and Raftery (2000)
investigated some aspects of the BIC scheme, including discus-
sion of other penalty factors, along with versions of Bayesian
model-averaging strategies for the Cox model. Less theory has
been developed for the AIC and BIC methods valid for the Cox
model than for fully parametric regression models, however.
It should be noted that these criteria work only with the para-
metric part of the (1) model, thus ignoring the nonparametric
part. Therefore, it is not clear whether model selectors using (2)
are relevant when it comes to consequences for questions that
relate to all of the (1) model, like survival probabilities and me-
dian survival time.

1.3 Focused Information Criteria and Model Averaging

Different selection methods find different “best” subsets, as
is dramatically shown in the Danish melanoma dataset with the
AIC and the BIC (see Sec. 9.2). What all of the aforementioned
methods have in common is that they advocate one and only one
final model, regardless of its intended use, whether this involves
predicting median survival time or estimating survival chances
for patients with unusual characteristics and so on. We develop
an FIC that, for each parameter of interest, finds the best sub-
model for that purpose. Specifically, for a given focus parameter
µ(β,γ ,H0), where H0 is the cumulative baseline hazard rate,
we are able to estimate the mean squared error (MSE) for each
of the many candidate estimators. The FIC strategy is to select
the model with lowest possible MSE estimate. We do not view
this as a paradox, even if it means leaving behind the tradition-
ally strong and conceptually sirening paradigm of finding one
adequate model to explain all aspects and facets of data. See
also Longford (2005).

When a model selection scheme like the AIC or FIC is fol-
lowed to produce an estimator, it is important to realize that
the real variance involved is larger than it would be had the se-
lected model been given in advance. Studying statistical prop-
erties of such postselection estimators involves more work than
simply understanding the limit distributions of the Cox esti-
mators. In our work we reach precise large-sample results for
a broad class of “compromise estimators” that interpolate be-
tween all candidate models, with the postselection estimators
constituting special cases. The limit distributions involved are
not normal, but rather nonlinear mixtures of different normals.

The theory and results for our FIC and model average esti-
mators parallel the development and findings in our earlier arti-
cles (Claeskens and Hjort 2003; Hjort and Claeskens 2003a,b,
hereafter referred to as CH and HC 2003). These articles were
concerned with likelihood methods for general parametric mod-
els, including various regression models, but the results reached
there do not capture and cannot be applied directly inside the
Cox regression model. This is partly because of the censoring
and of the semiparametric nature of model (1), rendering analy-
sis of estimators that combine both H0 and (β,γ ) estimators
difficult. Thus a separate development for building a proper FIC
for the Cox model is needed, supplemented with proper model
averaging methods.

While working on this development, we have learned that
the CH and HC (2003) theory and methods carry over with rea-
sonable ease to situations that involve only the regression pa-
rameters (β,γ ); in other words, as long as questions are posed
that can be answered in terms of (β,γ ), we do not need sig-
nificant extensions of the already available theory. This com-
ment will be seen to apply to results for the AIC strategy as
well. Many questions of interest relate to the full model (1),
however, including the hazard rate part, like the median sur-
vival time H−1

0 (log 2/ exp(xtβ + ztγ )), the survival probability
exp{− exp(xtβ + ztγ )H0(t)}, and conditional survival probabil-
ities given that one has survived up to a certain time point. It is
for such reasons that the CH and HC (2003) theory needs more
work to appropriately extend it, as we discuss later.

1.4 The Present Article

The article is organized as follows. In Section 2 we set up
the basic framework, properly defining all subset estimators µ̂S
for a given focus parameter µ(H0,β,γ ), and providing a lo-
cal neighborhood formulation that turns out to give fruitful
large-sample approximations to modeling bias, variance, and
distributions of estimators. In Sections 3 and 4 we develop the-
ory for describing the behavior of submodel-based estimators
β̂S and γ̂ S for the regression coefficients and Ĥ0,S for the cu-
mulative hazard. We use this in Section 5 to provide precise
large-sample results for limit distributions and limiting risk for
all submodel estimators. This is a harder task than proving limit
theorems for the Cox estimators, in that these also need to be
studied outside model conditions and because we need to con-
sider simultaneous aspects of all of the estimators involved. In
Section 6 we go through a list of particularly important parame-
ters of interest, including survival probability curves for given
strata of patients, median survival times, and relative risks. We
also describe how to estimate various quantities necessary for
implementing the FIC methods. In Section 7 we give the proper
machinery for the FIC and its averaged versions. Then in Sec-
tion 8 we provide a “master theorem” that accurately describes
the limit distribution for a large class of model averaging esti-
mators. In particular, this provides precise descriptions of the
large-sample behavior of all postselection strategies, like the
AIC and the FIC. Also in Section 8 is a discussion of unfortu-
nate side consequences for consistent model selection methods,
like the BIC; the maximal risk using, for example, the BIC, di-
vided by the maximal risk using, for example, the FIC, tends
to infinity with growing n. In Section 9 we illustrate our meth-
ods in some settings with simulated data and analyze the Dan-
ish melanoma survival dataset. We end the article with a list of



Hjort and Claeskens: Focused Information Criterion for Cox Regression Models 1451

concluding remarks in Section 10, some of which might lead
to further research work. We provide proofs of the lemmas and
theorem in the Appendix.

2. A FRAMEWORK FOR COVARIATE
SUBSET SELECTION

Working inside the (1) model, with lifetime data observed
or partly observed over a time horizon [0, τ ], the log-partial
likelihood can be written as

log Ln(β,γ )

=
n∑

i=1

∫ τ

0

[

xt
iβ + zt

iγ

− log

{
n∑

i=1

Yi(u) exp(xt
iβ + zt

iγ )

}]

dNi(u), (3)

where Yi(u) = I{ti ≥ u} and dNi(u) = I{ti ∈ [u,u + du],
δi = 1}. The maximum partial likelihood estimators, also re-
ferred to as the Cox estimators, are the (β̂, γ̂ ) values max-
imizing (3). The theory developed in this article partly uses
the large-sample theory associated with counting processes
and martingales, as exposited by, for example, Andersen et al.
(1993), where results are most comfortably reached if the upper
time limit τ is finite, so we assume it to be so; somewhat more
technical assumptions would be needed if we wished to obtain
results valid for τ = ∞.

For each subset S of {1, . . . ,q}, we may study the model in-
dexed by (β,γ S), where γ S contains precisely those γj coef-
ficients where j ∈ S, that is, corresponding to including in the
model only those zi,j’s where j ∈ S and excluding those with
j /∈ S. There are a total of 2q such submodels to consider. Some-
times several of these may be ruled out on a priori grounds,
for example, when there is a natural ordering in complexity,
in which case only the q + 1 nested submodels of {1, . . . ,q}
are considered. For each submodel S there are Cox estimators
(β̂S, γ̂ S), and also an accompanying Aalen–Breslow type esti-
mator of the cumulative baseline hazard function, namely

Ĥ0,S(t) =
∫ t

0

∑n
i=1 dNi(u)

∑n
i=1 Yi(u) exp(xt

iβ̂S + zt
i,Sγ̂ S)

, (4)

where zi,S represents the components zi,j of zi for which
j ∈ S. Accordingly, for given estimand of interest, say µ =
µ(β,γ ,H0), there is a list of potential estimators,

µ̂S = µ(β̂S, γ̂ S,0Sc , Ĥ0,S), (5)

one for each submodel. The notation indicates that we use the
null value γj = 0 for j /∈ S, that is, for j ∈ Sc, the complement
set. The µ in question may also depend on covariate positions
x and z, as exemplified in Sections 6 and 9.

We study questions of covariate inclusion and exclusion in-
side a large-sample framework where γ is small or moderate
and where the largest of the models, the one containing all p+q
covariates, contains the truth. More specifically, the real hazard
rate functions are taken to be

hi,true(u) = h0(u) exp(xt
iβ + zt

iη/
√

n ) for i = 1, . . . ,n, (6)

for suitable (β1, . . . , βp)
t and (η1, . . . , ηq)

t not depending on n.
This turns out to be a fruitful framework for deriving accu-
rate approximations to modeling bias and variances and hence
MSEs for different estimators, essentially because variances
and squared biases now become exchangeable currencies, both
of order O(1/n).

The assumption (6) is a crucial one for deriving our re-
sults and for the new model selection proposals, and warrants a
brief and hopefully clarifying discussion before we go further.
Its chief nonstandard feature compared with (1) is that we let
γ = γ (n) = η/

√
n depend on the sample size. This is a mathe-

matical construction, chosen with the aim of deriving informa-
tive limit distributions and good approximations for MSEs of
estimators, for example. Thus (6) is not meant to convey that we
interpret the γ of (1) to change value from n = 200 to n = 201,
for example; this would also clash with Kolmogorov consis-
tency. The trick to deriving results inside the (6) framework
is akin to using local alternatives to derive approximations to
local power of hypothesis tests. Thus our limit distribution re-
sults, arrived at in the following sections, are really obtained in
a “triangular” framework, with the true model depending on n.
To avoid overburdening the notation, we omit the n in γ = γ (n)

and so on, however. (See also the general discussion surround-
ing these issues in CH 2003 and HC 2003a,b.)

3. SUBMODEL ESTIMATORS FOR HAZARD
REGRESSION COEFFICIENTS

In this section we develop theory for the large-sample be-
havior of all submodel estimators (β̂S, γ̂ S). This requires some
modifications and extensions of standard theory for the Cox
regression models, in that we need to analyze estimators for
models that are perhaps approximately but not fully correct.
We also need an apparatus for handling estimators from dif-
ferent submodels simultaneously. (See Andersen and Gill 1982;
Gill 1984; and Andersen et al. 1993 for such “standard theory.”)

To properly analyze the submodel estimators, we need to in-
troduce certain random quantities and their limit functions. Let

G(0)
n (u,β,γ ) = n−1

n∑

i=1

Yi(u) exp(xt
iβ + zt

iγ ),

G(1)
n (u,β,γ ) = n−1

n∑

i=1

Yi(u) exp(xt
iβ + zt

iγ )

(
xi

zi

)

,

G(2)
n (u,β,γ ) = n−1

n∑

i=1

Yi(u) exp(xt
iβ + zt

iγ )

(
xi

zi

)(
xi

zi

)t

,

and En(u,β,γ ) = G(1)
n (u,β,γ )/G(0)

n (u,β,γ ). We also need
the subfunctions associated with using the subset S instead
of the full {1, . . . ,q}; thus G(1)

n,S is the (p + |S|)-vector where
the first p components make up G(1)

n,0 and the next |S| com-
ponents define G(1)

n,1,S, and similarly with the ratio En,S, which
has p components giving En,0 and then |S| components defin-
ing En,1,S.

As is commonly assumed in treatises on the Cox regression
model, we postulate that these functions have limits in prob-
ability g(0)(s,β,γ ), g(1)(s,β,γ ), and g(2)(s,β,γ ), and that
these limit functions are continuous in s. Actually, because we
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work under the assumption (6), we are more concerned with
the related condition that G(0)

n (s,β,η/
√

n ) →p g(0)(s,β,0),
and so on. We also write e(s,β,0) for the limit function of
G(1)

n (s,β,η/
√

n )/G(0)
n (s,β,η/

√
n ).

Let Un and Vn be the derivatives with respect to β and γ of
the log-likelihood normalized by n−1, so that
(

Un(β,γ )

Vn(β,γ )

)

= n−1
n∑

i=1

∫ τ

0

{(
xi

zi

)

− En(u,β,γ )

}

dNi(u).

(7)

Also let In(β,γ ) be the (p + q) × (p + q) matrix of second-
order derivatives, leading to

−In(β,γ ) =
∫ τ

0
�n(u,β,γ )G(0)

n (u,β,γ )h0(u)du,

in which �n = G(2)
n /G(0)

n − EnEt
n.

Under standard assumptions about the covariate sequences
xi and zi, and in the framework defined by (6), it follows that
−In(β,η/

√
n ) as well as −In(β,0) have as a limit in probabil-

ity a (p + q) × (p + q) matrix,

Jfull =
(

J00 J01
J10 J11

)

, (8)

which we also take to be positive definite (see Andersen et al.
1993 for more details). In fact, Jn,full = −In(β̂full, γ̂ full) also
tends in probability to Jfull, under condition (6). The estimator
that we use for Jfull is

Ĵfull =
∫ τ

0
�n(u, β̂full, γ̂ full)G

(0)
n (u, β̂full, γ̂ full)dĤ0,full(u)

=
∫ τ

0
�n(u, β̂full, γ̂ full)n

−1
n∑

i=1

dNi(u)

= n−1
n∑

i=1

�n(ti, β̂full, γ̂ full)δi. (9)

We shall also have occasion to need the (p + |S|) × (p + |S|)
submatrix JS, with blocks, say, J00,J01,S,J10,S, and J11,S. It is
convenient to phrase some of the results in terms of the projec-
tion function πS :Rq → R|S|, which takes v = (v1, . . . , vq)

t to
its subvector vS with those vj for which j ∈ S. Thus πS is an
|S| × q matrix of 1’s and 0’s.

The following key lemma (the proof of which is given in
the App.) gives the precise large-sample behavior of the S-sub-
model Cox estimators, under the assumption (6). We assume
that “ordinary regularity conditions,” as spelled out and dis-
cussed by Andersen et al. (1993, chap. VII) are in force; these
may actually also be substantially weakened, as discussed by
Hjort (1992) and Hjort and Pollard (1996).

Lemma 1. Assume that the conditions just described are
in force. Then, under the sequence of true hazard rate func-
tions (6),
(√

n(β̂S − β)√
nγ̂ S

)

→d

(
BS

CS

)

∼ Np+|S|
(

J−1
S

(
J01

πSJ11

)

η,J−1
S

)

.

Armed with this lemma, we may derive useful expressions
for the approximate MSE of estimators µ(β̂S, γ̂ S,0Sc) of es-
timands of the type µ(β,γ ). Because we take an interest in

more general estimands, which also may depend on H0, further
efforts are needed to determine the behavior of the Ĥ0,S estima-
tors.

4. SUBMODEL ESTIMATORS FOR THE CUMULATIVE
BASELINE HAZARD

Inside a submodel S, which gives maximum partial likeli-
hood estimators (β̂S, γ̂ S) for the model (3), we now study the
accompanying Aalen–Breslow type estimator given in (4) for
the cumulative hazard function H0(t) = ∫ t

0 h0(u)du. To reach a
precise result, first consider

Wn(t) = n−1/2
∫ t

0

∑n
i=1 dMi(u)

G(0)
n (u,β,0)

.

This is a martingale with variance function converging toward
∫ t

0 g(0)(u,β,0)−1 dH0(u), which implies that the Wn(·) process
tends in distribution to a Gaussian mean-0 martingale W(·)
with var dW(u) = dH0(u)/g(0)(u,β,0). We also find that the
Wn process and the vector of

√
nUn(β,0) and

√
nVn(u,β,0)

are independent in the limit; that is, the W process becomes in-
dependent of each BS and CS of Lemma 1. To see this, work
first with cov{√nUn(β,0),dWn(u)}, which, by martingale the-
ory, can be expressed as the mean of Sn, say, where

Sn = n−1
n∑

i=1

{xi − En,0(u,β,0)}Yi(u) exp(xt
iβ + zt

iη/
√

n )

G(0)
n (u,β,0)

,

which is seen to be composed of G(1)
n,0(u,β,0)−En,0(u,β,0)×

G(0)
n (u,β,0), which vanishes, plus a term of order Op(n−1/2).

A similar calculation confirms the claim for
√

nVn(u,β,0)

and Wn.
For the next central result (the proof of which is given in the

App.), we introduce the (p + q)-vector function

F(t) =
∫ t

0
e(u,β,0)dH0(u) =

(
F0(t)
F1(t)

)

,

where the first p components compose F0(t) and the final q
components make up F1(t). We also use F1,S(t) to denote the
subset of F1(t) with components belonging to subset S, and fi-
nally FS(t) for the (p + |S|)-vector with F0(t) and F1,S(t).

Lemma 2. Under the assumption (6), in concert with other
conditions stated in connection with Lemma 1, the An,S(t) =
n1/2{Ĥ0,S(t)−H0(t)} process tends in distribution to the process

AS(t) = W(t) −
(

F0(t)
F1,S(t)

)t ( BS

CS

)

+ F1(t)
tη.

Note that var AS(t) = ∫ t
0 g(0)(u,β,0)−1 dH0(u) + FS(t)t ×

J−1
S FS(t), growing larger when more covariates are included.

This needs to be weighted against its bias level, which can be
determined from Lemmas 1 and 2. An expression for the bias
will also flow from the work of the next section.

5. LIMITING RISK OF SUBMODEL ESTIMATORS

Consider an estimand of the general type µ(β,γ ,H0(t)),
with t kept fixed for the moment. There is one potential es-
timator, µ̂S = µ(β̂S, γ̂ S,0Sc , Ĥ0,S(t)), for each regressor sub-
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set S ⊂ {1, . . . ,q}. We derive a precise limit distribution result
for µ̂S. Our limiting risk results involve concise expressions for
bias and variance in terms of the quantities

�S = π t
SKSπSK−1,

ω = J10J−1
00

∂µ

∂β
− ∂µ

∂γ
, and (10)

κ = κ(t) = {J10J−1
00 F0(t) − F1(t)} ∂µ

∂H0
.

Here K = J11 is a q × q matrix, computed from the inverse
of Jfull, and, similarly,

KS = J11,S = (πSK−1π t
S)

−1

is the lower-right corner |S| × |S| submatrix of the inverse
of JS. The partial derivatives are evaluated at the center point
(β,0,H0(t)); thus both ∂µ

∂H0
and κ = κ(t) depend on the t un-

der consideration. Note that both ω and κ are of dimension q.
Finally, define

τ 2
0 =

(
∂µ

∂H0

)2 ∫ t

0

dH0(u)

g(0)(u,β,0)

+
{

∂µ

∂β
− ∂µ

∂H0
F0(t)

}t

J−1
00

{
∂µ

∂β
− ∂µ

∂H0
F0(t)

}

, (11)

which is the minimal possible limiting variance of the µ̂S esti-
mators. The model underlying the data is again taken to be that
of (6), under which µtrue = µ(β,η/

√
n,H0(t)).

Lemma 3. Assume that the µ estimand has continuous deriv-
atives in a neighborhood of (β,0,H0(t)). Under the conditions
laid out for Lemmas 1 and 2, and under the circumstances in (6),
the variable �n,S = √

n(µ̂S − µtrue) tends in distribution to

�S =
(

∂µ

∂β

)t

BS +
(

∂µ

∂γ S

)t

CS −
(

∂µ

∂γ

)t

η + ∂µ

∂H0
AS(t).

(12)

This is a normal variable with mean and variance equal to (ω −
κ)t(I − �S)η and τ 2

0 + (ω − κ)t�SK�t
S(ω − κ).

Following the details of the proof, given in the Appendix, we
also establish a quite fruitful representation of the limit distrib-
ution, namely

�S =
(

∂µ

∂H0

)

W(t) +
(

∂µ

∂β
− ∂µ

∂H0
F0(t)

)t

J−1
00 U

+ (ω − κ)t{(I − �S)η − �SV′}, (13)

in which U and V′ are independent and Np(0,J00) and Nq(0,

K). It also follows from this that the MSE of the large-sample
limit of n times µ̂S (i.e., the limiting risk associated with using
the S subset) is

E�2
S = τ 2

0 (t) + (ω − κ(t))t{(I − �S)ηηt(I − �t
S) + �SK�t

S

}

× (ω − κ(t)), (14)

allowing our notation here to reflect that both τ0 and κ depend
on the t engaged in the estimand µ = µ(β,γ ,H0(t)).

Remark 1. There is a result corresponding to that of lemma 3
in CH and HC (2003), valid for general parametric families but
involving only a quantity similar to the ω. It is the semipara-

metric nature of the Cox regression model that here leads to the
more general ω − κ quantity.

Remark 2. If
√

n(θ̂ − θ) →d �, say, then we use “limit risk”
in the sense of the MSE E�2 of the limit distribution. This is
typically (but not always) the same as the limit of n times the
MSE of θ̂ . The limit risk may also be defined as the limit of
r(c) = limn E min{n(θ̂ − θ)2, c} as c → ∞.

6. RISK CALCULATION AND ESTIMATION FOR
IMPORTANT ESTIMANDS

Note that the limit distributions and limiting risks derived in
the previous section depend crucially on both τ0(t) and the co-
efficients of ω − κ(t), which vary from one parameter to the
next. We now illustrate this for a brief list of examples, before
turning to the task of estimating these and other quantities in-
volved in the limiting risk expressions. The important case of
the median survival time or, more generally, the task of esti-
mating the quantile distribution of the survival time, needs some
technical development of separate interest, which we provide in
Section 6.2.

6.1 A List of Foci

1. One may naturally compare hazard level for individu-
als with covariate x with hazard level for those with covari-
ate x0 using a hazard ratio of, say, h(s | x, z)/h(s | x0, z) =
exp{(x − x0)

tβ}. This focus parameter has ω = exp{(x −
x0)

tβ}J10J−1
00 (x − x0) and κ = 0.

2. A natural parameter of interest is the relative risk µ =
exp(xtβ + ztγ ) at position (x, z) in the covariate space; here
ω = exp(xtβ)(J10J−1

00 x − z), whereas κ = 0. The quantity just
discussed can be viewed as the relative risk in comparison with
an individual with covariates (x, z) = (0,0). This is a natural
quantity in situations where the covariates have been centered to
have mean 0; in this case the “relative” in “relative risk” would
mean in comparison with the “average” individual. Similarly, if
x and z represent risk factors, scaled such that the zero level cor-
responds to normal healthy conditions and positive values cor-
respond to increased risk, then the µ = µ(x, z) represents the
relative risk increase at level (x, z) in comparison with normal
health level. In yet other situations it would be more natural to
compare individuals with an existing or hypothesized individ-
ual with suitable null covariates (x0, z0), say. This corresponds
to focusing on the relative risk µ = exp{(x−x0)

tβ +(z−z0)
tγ }

and leads to κ = 0 and

ω = exp{(x − x0)
tβ}{J10J−1

00 (x − x0) − (z − z0)}. (15)

Note in particular that different covariate levels give different ω
vectors, which, in view of Lemma 3 and risk expression (14),
means that there might well be different optimal S submodels
for different covariate regions. This is accounted for in our FIC
for model selection, as discussed in Section 7.

3. For the problem of estimating H0(t) separately, the ω vec-
tor is 0, whereas κ = J10J−1

00 F0(t) − F1(t).
4. Estimating a survival probability for a given individual

translates to

Su(t | x, z) = exp{− exp(xtβ + ztγ )H0(t)},
for which we find that ω = −Su(t | x, z)H0(t)(J10J−1

00 x−z) and
κ = −Su(t | x, z) exp(xtβ){J10J−1

00 F0(t) − F1(t)}.
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5. Consider now a patient’s chance of surviving t given that
he or she has managed to survive up to time t0. This probability
is exp[−{H0(t) − H0(s)} exp(xtβ + ztγ )]. Handling this esti-
mand calls for some modifications of Lemmas 2 and 3, in that
∫ t

t0
dH0(u) is at work rather than the full H0(t). Lemma 2 may

be extended to reach parallel results involving AS(t) − AS(t0)
rather than simply AS(t) without serious difficulties. This in-
cludes revised definitions of κ and τ 2

0 , replacing F0(t) and F1(t)
with F0(t) − F0(t0) and F1(t) − F1(t0).

6.2 Estimating Median Survival Time

A patient’s median survival time, in terms of his or her co-
variates, can be expressed as ξ = H−1

0 (log 2/ exp(xtβ + ztγ )).
That this is a quantity of serious interest, and sometimes more
important than, say, the mean survival time, was made clear by,
for example, Gould (1995). Earlier work on conditional median
survival time includes that of Dabrowska and Doksum (1987)
and Burr and Doss (1993). Handling the case of such condi-
tional quantiles here, in general,

ξ(r) = H−1
0

(

− log(1 − r)

exp(xtβ + ztγ )

)

for 0 < r < 1,

requires some separate development, and it is not a priori clear
that the limiting distribution of, say,

√
n(̂ξS − ξtrue) = √

n

{

Ĥ−1
0,S

(
log 2

exp(xtβ̂S + zt
Sγ̂ S)

)

− H−1
0

(
log 2

exp(xtβ + ztη/
√

n )

)}

,

has the same appealing structure as in Lemma 3, because the
ξ(β,γ ,H0) under consideration now does not depend on H0

only at a single value.
Consider an estimand of the general form ξ = H−1

0 ( f (β,γ )),
where f (β,γ ) is some smooth function of the regression coeffi-
cients and for which we contemplate using any of the estimates

ξ̂S = Ĥ−1
0,S( f (β̂S, γ̂ S,0Sc))

= sup{t : Ĥ0,S(t) ≤ f (β̂S, γ̂ S,0Sc)}.
The following result is proved in the Appendix.

Lemma 4. Assume that conditions laid out for Lemmas
1 and 2 are in force and that f (β,γ ) has continuous derivatives
in a neighborhood of (β,0). Then, under the circumstances
in (6), the variable �n,S = √

n(̂ξS − ξtrue) tends in distribution
to

�S = h0(ξ0)
−1{−W(ξ0) + Rt

0J−1
00 U + ζ t�SV′ − ζ t(I − �S)η

}
,

with U and V′ as in (13), where ξ0 = H−1
0 ( f (β,0)), R0 =

F0(ξ0) + ∂f
∂β , R1 = F1(ξ0) + ∂f

∂γ , and ζ = R1 − J10J−1
00 R0 and

where the partial derivatives of f are evaluated at (β,0). The
limit distribution is normal, with mean and variance equal to

−h0(ξ0)
−1ζ t(I − �S)η and

h0(ξ0)
−2{var W(ξ0) + Rt

0J−1
00 R0 + ζ t�SK�t

Sζ }.

The limit distribution involves the baseline hazard rate h0(u),
which for its estimation would require a suitable smoothing
operation, using, say, a kernel smoother on Ĥ0(·). But this is
not really required here, because our aim is to compare MSEs,
and the very same multiplicative factor h0(ξ0)

−1 enters each of
the �S. Therefore, we may compare and estimate the MSEs of
the variables �̄S = h0(ξ0)�S, which has

E�̄2
S = var W(ξ0) + Rt

0J−1
00 R0 + ζ t�SK�t

Sζ

+ ζ t(I − �S)ηηt(I − �S)
tζ .

Here the first three terms combine to give the variance part,
whereas the fourth term stems from the model bias. Moreover,
the two first terms are not affected by the model choice S, and
they represent the minimal possible variance achieved by using
the narrow model, where S = ∅. We see that the structure of
these limiting risk expressions is of precisely the same form as
in (14), as found there through Lemma 3, with the only essential
difference being that

ζ = R1 − J10J−1
00 R0

= ∂f

∂γ
− J10J−1

00
∂f

∂β
− {J10J−1

00 F0(ξ0) − F1(ξ0)}
of Lemma 4 replaces ω−κ of Lemma 3. Clearly, ζ is very sim-
ilar to ω − κ , but, as explained earlier, Lemma 3 does not cover
the type of estimands handled by Lemma 4, which required a
separate treatment.

Going back to the quantiles of the conditional survival
time, for an individual with covariate (x, z), we have ξ(r) =
H−1

0 ( f (β,γ )) with f (β,γ ) = c exp(−xtβ − ztγ ) and c =
− log(1− r) for the rth quantile. Thus ζ = R1 −J10J−1

00 R0 with
R0 = F0(ξ0)− c exp(−xtβ)x and R1 = F1(ξ0)− c exp(−xtβ)z,
and c = log 2 for the case of the median.

6.3 Estimation of Risk Quantities

Theory and calculations developed in the previous sections
led to the definition of various model-based quantities that need
to be estimated in practice. This is required particularly in light
of the model selection criteria of the next section. Here we de-
scribe the required estimators. We use (β̂, γ̂ ) to denote the full-
model-based partial likelihood estimators.

This is a convenient place to discuss estimation of τ0,
J = Jfull, K, �S, KS, ω, κ , ζ . Use of the theory in the fol-
lowing sections demands that the estimators τ̂0, Ĵ, and so on
be consistent; that is, that they should converge in probability
to the relevant quantities as n grows, under the local neighbor-
hood circumstances (6). There are, in fact, several possibilities
for say Ĵ here, typically ranging from, say, −In(β̂narr,0), which
uses estimators from the narrow model, to −In(β̂, γ̂ ), which
uses estimators in the fullest (p + q)-parameter model. The
first-order large-sample theory that we develop does not distin-
guish between these estimators as long as they are consistent. In
practice, we will typically prefer the full-model-based versions,
partly for reasons of model robustness. (See CH and HC 2003
for a parallel discussion.)

We start with the information matrix J, for which we use
the full-model-based estimator (9). From this matrix we ex-
tract further estimates Ĵ00, Ĵ01, Ĵ11, and ĴS, and also K̂ = Ĵ11

with its consequent �̂S = π t
SK̂SπSK̂−1 matrices. We also

use full-model-based parameter estimates for estimating the
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(p + q)-vector function F of Section 4, giving

F̂(t) =
∫ t

0
En(u, β̂, γ̂ )dĤ0(u)

=
n∑

i=1

I{ti ≤ t}En(ti, β̂, γ̂ )
Ĥ0(ti)

= n−1
n∑

i=1

I{ti ≤ t} G(1)
n (ti, β̂, γ̂ )

G(0)
n (ti, β̂, γ̂ )2

δi.

Finally, there are a couple of options when estimating the par-
tial derivatives of µ(β,γ ,H0), which are required to arrive at
ω̂ and κ̂ . In most of our examples we are able to find explicit
expressions for these, as for the examples given earlier in this
section, after which we again insert parameter estimates from
the fullest model. General numerical recipes also may be used
in situations where explicit expressions are harder to come by.

For τ0 = τ0(t) of (11), we insert estimates already de-
scribed for the partial derivatives of µ with respect to β , γ ,
and H0(t), and likewise for F0(t) and F1(t). The remaining in-
tegral

∫ t
0 g(0)(u,β,0)−1 dH0(u) is estimated as

∫ t

0

dĤ0(u)

G(0)
n (u, β̂, γ̂ )

=
n∑

i=1

I{ti ≤ t} 
Ĥ0(ti)

G(0)
n (ti, β̂, γ̂ )

= n−1
n∑

i=1

I{ti ≤ t} δi

G(0)
n (ti, β̂, γ̂ )2

.

For handling the model selection problems associated with
conditional median or quantile survival distributions, or more
generally situations where Lemma 4 is applicable, we need es-
timates of ξ0, R0, R1, and ζ . We use ξ̂0 = Ĥ−1

0 ( f (β̂, γ̂ )), so for
the median case we use Ĥ−1

0 (c exp(−xtβ̂−ztγ̂ )) with c = log 2.
Similarly, we use

R̂0 = F̂0(̂ξ0) − c exp(−xtβ̂ − ztγ̂ )x and

R̂1 = F̂1(̂ξ0) − c exp(−xtβ̂ − ztγ̂ )z,

also leading to the crucial quantity ζ̂ = R̂1 − Ĵ10̂J−1
00 R̂0.

7. THE FOCUSED INFORMATION CRITERION FOR
COX REGRESSION MODELS

In this section we use theory developed in earlier sections to
derive an FIC (that specified in Sec. 1.3) for general use in Cox
proportional hazards regression models. The theory partly par-
allels that developed in CH and HC (2003), but required more
buildup work (viz. Lemmas 1–4), due to the semiparametric
nature of the Cox model and the fact that the partial likelihood
does not involve the baseline hazard.

7.1 The Focused Information Criterion

We have demonstrated in Sections 5 and 6 that for fo-
cus estimands µ(β,γ ,H0), with ensuing estimators µ̂S =
µ(β̂S, γ̂ S, Ĥ0,S), the limiting risk can be expressed as

risk(S)

= τ 2
0 + (ω − κ)t{(I − �S)ηηt(I − �S)

t + �SK�t
S

}
(ω − κ)

for the relevant τ0, ω, and κ . When the full (p + q)-parameter
model is used, for example, �S = Iq and the risk function is

τ 2
0 + (ω − κ)tK(ω − κ), constant in η. The other extreme is to

select the narrow p-parameter model, for which �S = 0, leading
to risk function τ 2

0 + {(ω − κ)tη}2.
In these risk expressions, quantities τ0, ω, κ , �S, and K may

all be estimated consistently with ordinary
√

n precision; see
the recipes of Section 6.3. The only quantity that cannot be es-
timated consistently is ηηt. For η, about the best we can do is
η̂ = √

nγ̂ full, using the estimator of γ in the full Cox model
with all p + q covariates included. From Lemma 1,

η̂ = √
nγ̂ full →d D ∼ Nq(η,K). (16)

For the ηηt quantity, therefore, the natural estimator is η̂η̂t −
K̂ = nγ̂ γ̂ t − K̂, in that η̂η̂t →d DDt, a variable with mean
ηηt + K. Thus we have an asymptotically unbiased risk esti-
mator,

r̂isk(S) = τ̂ 2
0 + (ω̂ − κ̂)t{(I − �̂S)(̂ηη̂t − K̂)(I − �̂S)

t

+ �̂SK̂�̂
t
S

}
(ω̂ − κ̂) (17)

for each candidate model S. The FIC consists of selecting the
model with smallest estimated risk.

It is useful in practice to compute each of these risk numbers,
because they have direct interpretation as estimates of sam-
ple size times MSE. We could also usefully display FIC∗(S) =
{r̂isk(S)/n}1/2, because these are estimates of root MSE. Statis-
ticians are used to interpreting standard errors (i.e., estimated
standard deviations), the ubiquitous companions to estimates
of model parameters. Here we suggest also supplying the FIC∗
numbers, supplemented with F̂IC scores defined in the next
paragraph.

As long as emphasis is on model selection, we may simplify
the foregoing algebra somewhat and give a crisper, but equiva-
lent, version of the FIC. For this, we subtract the constant τ̂ 2

0 ,
which does not affect model comparison, and further subtract
out the quantity (ω̂ − κ̂)tK̂(ω̂ − κ̂), which is also common to
each risk estimate. These rearrangements lead to

F̂IC(S) = (ψ̂ − ψ̂S)
2 + 2(ω̂ − κ̂)tπ t

SK̂SπS(ω̂ − κ̂), (18)

in terms of estimates ψ̂ = (ω̂ − κ̂)t̂η and ψ̂S = (ω̂ − κ̂)t�̂Sη̂
(see CH 2003, sec. 4). This better conveys the statistical bal-
ancing game between modeling bias (the first term) and esti-
mation variability (the second term). The FIC sees to it that an
optimal model is selected for the particular task at hand; differ-
ent estimands µ(β,γ ,H0) correspond to different ω − κ and
different ψ .

We have reached formulas (17) and (18) in the framework
of Section 5, using in particular Lemma 3, covering a broad
variety of situations. For the case of quantile survival time es-
timators, we need to use Lemma 4 rather than Lemma 3, with
a more complicated limit distribution. However, as argued af-
ter Lemma 4, the same structure emerges when we work with
�̄S = h0(ξ0)�S, which means that the foregoing FIC formulas
still work, with ζ̂ replacing ω̂ − κ̂ .

Remark 3. The risk estimate (17) is the sum of a variance and
a squared bias estimate. These terms can, with a little algebra
in combination with (19), be expressed as

Vn(S) = τ̂ 2
0 + (ω̂ − κ̂)t�̂SK̂�̂

t
S(ω̂ − κ̂)

= τ̂ 2
0 + (ω̂ − κ̂)tπ t

SK̂SπS(ω̂ − κ̂)
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and

(B2)n(S) = (ω̂ − κ̂)t(I − �̂S)(̂ηη̂t − K̂)(I − �̂S)
t(ω̂ − κ̂)

= n{(ω̂ − κ̂)t(I − �̂S)γ̂ }2

− (ω̂ − κ̂)t(K̂ − π t
SK̂SπS)(ω̂ − κ̂),

also demonstrating that (B2)n(S) typically will increase with n,
with size essentially determined by (ω − κ)t(I − �S)η. Never-
theless, it can happen that the event negligible bias:

n{(ω̂ − κ̂)t(I − �̂S)γ̂ }2 < (ω̂ − κ̂)t(K̂ − π t
SK̂SπS)(ω̂ − κ̂)

(19)

occurs, in which case we choose to redefine (B2)n(S) as 0, to
avoid estimating the squared bias with a negative number. Thus
we redefine r̂isk(S) = Vn(S) and

F̂IC(S) = Vn(S) + (B2)n(S) − τ̂ 2
0 − (ω̂ − κ̂)tK̂(ω̂ − κ̂)

= (ω̂ − κ̂)t(π t
SK̂SπS − K̂)(ω̂ − κ̂)

for those instances where the negligible bias event (19) occurs.

7.2 Securing Good Average Performance

The FIC apparatus introduced earlier is at the outset tailor
made for optimal model selection when considering a single pa-
rameter of interest. One would not infrequently encounter focus
parameters that depend on a covariate value or a time point that
one next would wish to study across portions of the covariate
space or time scale. We now show that the FIC machinery also
yields methods for dealing with such problems.

For concreteness of illustration, consider the estimand µ =
µ(z) = exp{(x−x0)

tβ + (z−z0)
t} discussed in Section 6.1, but

now viewed as a function of z with levels x0 and x kept fixed.
We wish to select a submodel S that provides optimal precision
for estimates µ̂S(z) across many values of z. From Lemma 3,√

n{µ̂S(z)−µ(z)} →d �S(z), say, of the form given there, with
ω = ω(z) as calculated in (15). From this, we infer that if Qn is
some distribution of covariates z tending to some limit Q, then,
under mild conditions,

ρn(S) = n
∫

{µ̂S(z) − µ(z)}2 dQn(z)

→d ρ(S) =
∫

�S(z)2 dQ(z),

say. Hence the average risk of using µ̂S(z), say riskn(S) =
Eρn(S), converges to

risk(S) = Eρ(S)

=
∫

[
τ 2

0 + ω(z)t{(I − �S)ηηt(I − �S)
t + �SK�t

S

}

× ω(z)
]

dQ(z)

= τ 2
0 + Tr

[
{
(I − �S)ηηt(I − �S)

t + �SK�t
S

}

×
∫

ω(z)ω(z)t Q(dz)
]

.

This can be estimated as in the previous section, plugging in
consistent estimators of τ0, �S, and K along with the distribu-
tions Qn for Q and η̂η̂t −K̂ for ηηt. This leads to a list of r̂isk(S)

numbers to be minimized over candidate models S.

In the present case, with (15) for ω(z), the crucial
∫

ω(z) ×
ω(z)t Q(dz) matrix becomes

J10J−1
00 (x − x0)(x − x0)

tJ−1
00 J01 +

∫

(z − z0)(z − z0)
tQ(dz)

− J10J−1
00 (x − x0)(z̄ − z0)

t − (z̄ − z0)(x − x0)
tJ−1

00 J01,

where z̄ = ∫
z Q(dz). We could, for example, take Qn to be the

empirical distribution of z1, . . . , zn and take z0 to be the average
of these, in which case the estimated

∫
ωωt dQ matrix becomes

Ĵ10̂J−1
00 (x − x0)(x − x0)

t̂J−1
00 Ĵ01 + Sn, with Sn being the empir-

ical covariance matrix of the zi’s.
The foregoing FIC-averaging scheme is illustrated in Sec-

tion 9.2 for the Danish skin cancer survival data. Note that the
foregoing reasoning is general in nature, and can be applied
with appropriate variations to the task of finding the best sub-
set S for best average estimation of the nine decile survival
times Su−1( j/10 | x, z), for example.

8. MODEL AVERAGE ESTIMATORS AND
THEIR PERFORMANCE

In the previous section we developed the FIC, to be used for
model selection purposes in connection with any focus parame-
ter µ of interest. It is also important to understand the statistical
behavior of the resulting estimator-post-selection strategy. Such
estimators take the form µ̂ = µ̂(̂S), say, where Ŝ is the randomly
selected submodel. This is a special case of a more general class
termed compromise estimators in HC (2003a). In this section
we develop theory for such model averaging strategies for the
Cox model. We also study the performance of AIC and BIC se-
lectors and their associated smoothed-AIC and smoothed-BIC
variants.

8.1 Model Averaging Estimators

When several candidate models are being considered, as ear-
lier, a natural idea is to form compromise estimators that weight
across models in a suitable fashion. Specifically, now consider

µ̂ =
∑

S

wn(S | η̂)µ̂S, (20)

where the weights depend on η̂ = √
nγ̂ full of (16) and sum to 1.

Any estimation-post-selection estimators that act on η̂ to de-
termine the final model are of this form, with weight 1 for the
chosen submodel and weight 0 for the others. We show later
that the AIC and FIC strategies are essentially of this form. The
following “master theorem” may now be stated; the proof is
given in the Appendix. The quantities τ0, ω, κ , �S, and K are
as defined at the start of Section 5.

Theorem 1. Suppose that the regularity conditions used in
Lemmas 1, 2, and 3 continue to hold, and assume that the ran-
dom weights wn(S | η̂) used in the compromise estimator (20)
are such that the vector of wn(S | η̂) tends in distribution to the
vector of w(S | D), in terms of the limit D of η̂ as in (16), where
each w(S | D) has at most a finite number of discontinuities
in D. Then

√
n(µ̂ − µtrue) →d � = �0 + (ω − κ)t{η − η̂(D)}.

Here �0 ∼ N(0, τ 2
0 ) is independent of D ∼ Nq(η,K), and

η̂(D) = ∑

S w(S | D)�SD.
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As a consequence of this result, for any model averaging es-
timator, we may compute its limit risk function under squared
error loss as risk(η) = E�2 = τ 2

0 + R(η), say, where

R(η) = E
[
(ω − κ)t{̂η(D) − η}]2

= (ω − κ)tE{̂η(D) − η}{̂η(D) − η}t(ω − κ). (21)

Note the broad generality here; the performance of almost every
model averaging strategy can be precisely assessed, for large n,
by evaluating the precision of the estimator (ω − κ)t̂η(D)

for the estimand (ω − κ)tη, in the limit experiment where
D ∼ Nq(η,K) and where all quantities are known apart from η.
In particular, performance of the AIC versus that of the FIC,
and so on, can be studied for different situations determined by
K and ω − κ .

Some natural model averaging estimators take the form
∑

S w′
n(S)µ̂S, with data-dependent weights w′

n(S) that are not
direct functions of η̂, as in (20). It follows from the proof of
the theorem that the limit distribution is as described there as
long as w′

n(S) →d w(S | D) for each S. This remark particularly
pertains to AIC and FIC strategies.

8.2 Akaike Information Criterion Performance for
Cox Regression Models

The AIC is generally applicable for comparing competing
parametric models. (See, e.g., Burnham and Anderson 2002 for
a broad introduction with applications to many kinds of mod-
els.) The arguments behind its construction do not necessar-
ily apply to the Cox regression model, however, because of its
semiparametric nature. We are not aware of any other attempts
in the literature to define or discuss aspects or performance of
the AIC for the Cox model. We are, however, free to define and
analyze

AICn,S = 2 log Ln,S(β̂S, γ̂ S) − 2(p + |S|) (22)

in the style of parametric models, where Ln,S is the partial likeli-
hood function engaging (β,γ S) [see (3)]. The submodel S with
largest AIC score (22) is selected.

A useful representation of AICn,S can be derived, in terms
of η̂ of (16), as

AICn,S − AICn,∅ = η̂tK−1π t
SKSπSK−1η̂ − 2|S| + op(1).

This may be shown following arguments in HC (2003a). Note in
particular that all AICn,S numbers across submodels S depend
essentially only on the η̂ vector. We may also show from this
that

AICn,S − AICn,∅ →d aic(S) = DtK−1π t
SKSπSK−1D − 2|S|

∼ χ2|S|(λS) − 2|S|, (23)

with eccentricity parameters λS = ηtK−1/2π t
SKSπSK−1η and

where D is as in (16). If K is diagonal (k1, . . . , kq), then λS =
∑

j∈S η2
j /kj.

These results imply in particular that there are well-defined
precise limit probabilities for the different submodels being
chosen by the AIC, specifically,

chn(S,η) = Pr{model S is chosen}
→ Pr{aic(S) is bigger than all other aic(S′)}
= ch(S,η).

As an illustration, assume that we wish to select either the nar-
row model with only β or the fullest model with all of (β,γ ).
Then

chn(full,η) → ch(full,η) = Pr{χ2
q (ηtK−1η) ≥ 2q},

a probability that increases with the distance between η and 0.
In view of (6), the probability of selecting the fullest model will
typically increase toward 1 with sample size n, with a speed
dictated by the size of γ tK−1γ .

It is worth pointing out that the AIC as developed here, using
the partial likelihood, in a sense does not consider H0 or how
well the indirectly selected Ĥ0,S estimator performs. The FIC
methods of Section 7, on the other hand, may be geared toward
good estimation performance for H0, for example.

Theorem 1 gives the limit distribution of AIC estimators,
corresponding to the particular random weights wa(S | D) =
I{aic(S) is larger than all other aic(S′)}. For the case of K di-
agonal, the winning subset S consists of precisely those j for
which D2

j /kj > 2, which means that the AIC essentially acts as
a pretest procedure with significance level Pr{χ2

1 > 2} = .157
per parameter tested. The theorem similarly yields the limit dis-
tribution of each estimator post-FIC, with wf (S | D) equal to 0
for all sets S except the one in which

fic(S) = (ω − κ)t{(I − �S)(DDt − K)(I − �S)
t + �SK�t

S

}

× (ω − κ)

is the smallest. We may now compare AIC and FIC perfor-
mance in given settings, through (21) and the respective η̂(D) =
∑

S w(S | D)�SD estimators of η.

8.3 Smoothing the Akaike Information Criterion,
Bayes Information Criterion, and
Focused Information Criterion

Theorem 1 is very general and allows a broad class of model
averaging estimators. Among these, we single out two proce-
dures: smoothed versions of the AIC and the FIC. Further op-
tions were discussed in HC (2003a). For the smoothed AIC, we
use (20) with data-determined weights,

wn,aic(S) = exp( 1
2λAICn,S)

∑

all S′ exp( 1
2λAICn,S′)

, (24)

in terms of the AIC scores (22). The sum in the denominator ex-
tends over all submodels under consideration. The list of these
does not have to be extensive; often, some submodels can be
ruled out on a priori grounds. The λ of (24) is like a smoothing
parameter, dictating the amount of smoothing between candi-
date models. If λ is large, then the method is essentially equiv-
alent to the AIC selection scheme; if λ = 0, then all methods
are weighted equally. Certain arguments provided by Buckland,
Burnham, and Augustin (1997) and Burnham and Anderson
(2002) on an ad hoc basis and more fully in HC (2003a) ad-
vocate taking λ = 1 in (24). This is the value that we take in
our simulations and illustrations in Section 9. The limit distri-
bution of the smoothed AIC estimator is as in Theorem 1 with
w(S | D) proportional to exp{ 1

2λaic(S | D)}, in view of (23) and
the remark ending Section 8.1.
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In a similar manner, the smoothed FIC uses (20) with weights

wn,fic(S) = exp

{

−1

2
λ

F̂IC(S)

(ω̂ − κ̂)tK̂(ω̂ − κ̂)

}

/ ∑

all S′
exp

{

−1

2
λ

F̂IC(S′)
(ω̂ − κ̂)tK̂(ω̂ − κ̂)

}

, (25)

again with a parameter λ determining the degree to which lower
FIC scores should be compared with higher ones. The point of
the scaling here, through the (ω̂ − κ̂)tK̂(ω̂ − κ̂) factor, is to
make different situations similar with respect to the scale of the
smoothing parameter λ; (ω − κ)tK(ω − κ) is the constant risk
of the minimax method in the limit experiment alluded to after
Theorem 1. In our illustrations, we have taken λ = 1. Larger
values would push the model averaging method closer to the
FIC method, and values closer to 0 would correspond to equal
weights across the submodels considered. The limit distribution
is again given by the theorem, with weights w(S | D) propor-
tional to exp{− 1

2λ′fic(S)}, where λ′ = λ/{(ω − κ)tK(ω − κ)}.
Variations exist, such as using (24) and (25) involving, say,

only the top 10 marked models. Theorem 1 still applies and ac-
curately describes the large-sample performance of such model
averaging schemes. Limit distributions are nonlinear mixtures
of normals and as such are nonnormal; see the illustration in
Section 10.6.

As with (24) and (25), we may form smoothed BIC estima-
tors by simply replacing the AIC scores in (24) with those of
the BIC. Smoothing BIC scores is actually somewhat different
from smoothing AIC and FIC scores. Inside our local neighbor-
hood framework [cf. (6)], arguments that led to (23) imply that
BICn,S − BICn,∅ = Zn(S) − |S| log n + op(1), where Zn(S) con-
verges in distribution. It follows that BIC penalizes sufficiently
heavily for complexity when n grows for the narrow model
S = ∅ to be the winner, with probability converging to 1. (See
Claeskens and Hjort 2004 for some more formal arguments and
further discussion in a different but similar context.) In other
words, wn,bic(∅) →p 1, and the smoothed BIC estimator be-
comes asymptotically equivalent to the narrow model strategy.
The limit risk is risk(η) = τ 2

0 + {(ω − κ)tη}2, by (21), and in
particular is unbounded in η.

8.4 Consistency May Be a Bad Property

Different issues may be addressed when studying perfor-
mance aspects of model selectors. One issue is that of having
high probability for selecting the “right” model. Some meth-
ods have the consistency property, that is, the probability of
selecting the right model goes to 1 when the sample size in-
creases. The BIC of (2), as well as the SCAD method of Fan
and Li (2002) and the penalized likelihood method of Bunea
and McKeague (2005), have this “oracle” property. If a certain
submodel is correct, then the model selector will find this sub-
model with probability going to 1, and the final estimator after
selection will be asymptotically equivalent to the estimator con-
structed under this submodel.

In this article we are more concerned with another issue: per-
formance of the final estimator. Some inspection reveals that
the oracle property sounds better than what it actually delivers,
and that there are unfortunate side effects regarding estimator
performance. We discuss a certain max-risk problem associated

with the BIC, the SCAD, and the penalized likelihood method
in the present context of proportional hazards regression mod-
els, a problem to which the FIC and FIC-smoothed methods
that we have developed are immune. This disturbing max-risk
phenomenon has been discussed by Foster and George (1994)
for the BIC in multiple regression, by Yang (2005) for more
general oracle procedures in a context of additive regression
models, and by Leeb and Pötscher (2004, 2005). The latter au-
thors worked inside a somewhat limited framework of subset
selection in linear regression models (with a fixed and known
value for the residual standard deviation parameter σ , in some
conflict with the aspect of modeling that larger models entail
smaller σ and vice versa), but argued that the phenomena ex-
hibited there should occur rather more generally.

To describe what happens in the Cox regression framework
it will suffice to consider the case of p = 0 and q = 1, so there
are only two models, M0 and M1, to consider, corresponding to
γ = 0 and γ ∈R. Several model selectors are of the form

select

{

M0 if |Vn| ≤ c1/2
n

M1 if |Vn| > c1/2
n

or are asymptotically equivalent to such a form, where Vn =√
nγ̂ /σ̂ in terms of the full-model Cox estimator γ̂ and its es-

timated standard deviation σ̂ /
√

n. That both the AIC and BIC
methods can be paraphrased as here for cn = 2 and cn = log n
follows from elaborations of the (2) formulas in the style of re-
sults of Section 8.2. Moreover, each FIC method is essentially
equivalent to the AIC here, when q = 1 (see CH 2003, sec. 4).
Consistency outside the null model means that

Pn(M1 | γ ) = Pr
{|Vn| > c1/2

n | γ } → 1 for γ �= 0,

which is seen to be equivalent to cn/n → 0, so both AIC and
BIC have this property. But consistency at the null model takes
Pn(M1 | γ ) → 0 for γ = 0, which is seen to mean cn → ∞. So
BIC is null-model consistent, whereas the AIC and FIC are not.

That consistency may be unfortunate is seen by examining
the associated estimator post selection,

µ∗ =
{

µ(0) if |Vn| ≤ c1/2
n

µ(γ̂ ) if |Vn| > c1/2
n .

Take, for example, µ = exp(γ ), the relative risk of individuals
with covariate z+1 compared with those with covariate z. Then

Rn(γ ) = nE(µ∗ − µ)2

= nE
[
exp(γ̂ )I

{|Vn| > c1/2
n

}

+ I
{|Vn| ≤ c1/2

n

} − exp(γ )
]2

.

We may show here that this risk function is uniformly bounded
in n and γ , provided that cn stays bounded (as for the
AIC and FIC), whereas it becomes highly unstable for γ close
to 0 when cn → ∞ (as for the BIC). Some analysis shows that
Rn(a(cn/n)1/2) → ∞, for a = 1

2σ , where σ is the limit in prob-

ability of σ̂ ; the key is that then |Vn| ≤ c1/2
n with probability

converging to 1. It may be similarly demonstrated that the max-
risk for any oracle property method goes to infinity with n,
whereas the max-risk of the AIC and of any FIC method stays
bounded.
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9. ILLUSTRATIONS AND APPLICATIONS

In this section we illustrate our FIC and model averaging
methods in simulations and find that the postselection FIC as
well as the smoothed FIC methods may perform well in com-
parison with, for example, the AIC and BIC regimes. We then
analyze the Danish skin cancer survival study data described in
Section 1.1.

9.1 Results of a Simulation Study

Data ti are generated following a Cox proportional hazards
regression model,

hi(u) = h0(u) exp(xt
iβ + zt

iγ ) = h0(u) exp(xt
iβ + zt

iη/
√

n ),

for i = 1, . . . ,n, with constant baseline hazard h0(t) = 1 and
with all p + q covariates xi,j and zi,j generated independently
from the standard normal distribution. In each setting we use
p = 2 protected variables with β = (1,1)t. Censoring times are
generated from an exponential distribution with mean 10/9.
In our settings this corresponds to an average proportion of
censored observations of about 52%. This figure is approxi-
mately valid for each of our settings, because γ = η/

√
n is

not far from 0. In setting (A), q = 4, and data are generated
under the narrow model assumption, that is, η = (0,0,0,0)t.
Situation (B) is the same as (A) but corresponding to the full
model with η = (3,−3,3,−3)t. In setting (C) a situation in be-
tween the narrow and the full model is taken with q = 6 but
η = (0,0,3,−3,3,−3)t.

In these situations we study four focus parameters. Focus pa-
rameter (a) is the relative risk of a subject with covariates at
value .5, relative to the mean covariate values, i.e. µ(x, z) =
exp(xtβ + ztγ ) with each x and each z fixed at .5. Focus
point (b) is H0(t), the cumulative baseline hazard rate function
at time t = .5. Our third focus (c) is the survival probability
Su(t | x, z) for a subject with the same covariates and time val-
ues as in (a) and (b). The last focus point (d) is the median
survival time ξ(.5 | x, z), with again the same covariate values
as in (a).

For each of the sim = 10,000 simulation runs, we compute
for all subsets the estimators of the focus parameters µ in each
of the 2q models, together with the values of AIC, BIC [per (2)],
and for each focus parameter the corresponding FIC. The final
estimators are the post–model selection estimators pAIC, pBIC,
and pFIC, as well as the model-averaged weighted estimators
wAIC, wBIC, and wFIC, with model weights based on the val-
ues of the information criteria for that model; see Section 8.2.
We compute the root MSEs, {sim−1 ∑sim

j=1(µ̂j − µtrue)
2}1/2,

across the simulations. Two sample sizes are used, n = 150
and n = 300. Thus the true values of the four parameters are
(2.718, .500, .257, .255) for setting (A) for both sample sizes
and (3.200, .500, .202, .217) and (3.051, .500, .218, .227) for
settings (B) and (C) for the two sample sizes. The results are
summarized in Table 1. The winning criterion in each situa-
tion is identified with its score given in bold. Note that even
with sim = 10,000 runs, there is some simulation uncertainty
that leaves some of the comparisons still open and the identi-
fied “winners” not quite clear.

In setting (A), the narrow model is the true model. It is
known that the BIC is a consistent model selector and that it

Table 1. Root MSEs Over 10,000 Simulation Runs [for (A) and (B)] and
3,000 Runs [for (C)] of the Post–Model Selection and Model-Averaged

Estimators Based on the FIC, AIC, and BIC, for Focus Parameters
(a) Relative Risk, (b) Cumulative Hazard, (c) Survival Probability,

and (d) Median

wFIC pFIC wAIC pAIC wBIC pBIC

Setting (A)
n = 150 (a) .447 .456 .455 .489 .396 .401

(b) .090 .090 .090 .090 .089 .089
(c) .062 .063 .063 .066 .059 .060
(d) .048 .043 .049 .051 .045 .046

n = 300 (a) .277 .277 .281 .301 .246 .249
(b) .063 .063 .063 .063 .063 .063
(c) .043 .043 .044 .046 .041 .041
(d) .033 .030 .033 .035 .031 .032

Setting (B)
n = 150 (a) .504 .535 .599 .638 .593 .692

(b) .091 .092 .093 .094 .092 .093
(c) .070 .076 .078 .081 .078 .088
(d) .063 .057 .061 .064 .064 .073

n = 300 (a) .306 .319 .370 .393 .372 .434
(b) .063 .063 .064 .064 .063 .064
(c) .047 .051 .053 .055 .054 .060
(d) .039 .036 .041 .042 .042 .048

Setting (C)
n = 150 (a) .566 .582 .669 .731 .627 .722

(b) .091 .092 .093 .094 .092 .094
(c) .074 .078 .082 .087 .081 .090
(d) .069 .062 .065 .068 .068 .076

n = 300 (a) .333 .330 .398 .422 .388 .450
(b) .063 .064 .064 .064 .064 .064
(c) .048 .050 .053 .056 .053 .059
(d) .041 .037 .040 .042 .041 .047

NOTE: Setting (A) corresponds to η = (0, 0, 0, 0)t; setting (B) to η = (3, −3, 3, −3)t; and set-
ting (C) to η = (0, 0, 3, −3, 3, −3)t.

often works well for models with a small number of parame-
ters. Hence it is expected to do well for this situation, as indeed
it does. Note that especially for focus parameters (b) and (d),
the differences with the FIC values are only minor. For settings
(B) and (C), where there are four more nonzero parameters in
the true model than in the narrow model, the BIC is no longer
preferred. The smoothed FIC is clearly the best choice for set-
ting (B) where the wide model is true, whereas for the median
as a focus point, the post-FIC selector gives the best results. For
setting (C), in between the narrow and full model, the pFIC and
wFIC outperform the AIC and BIC. Overall, model averaging
tends to yield smaller simulated MSE than post–model selec-
tion. Considering only the post–model selection estimators, we
see that the pBIC performs well for the simplest setting where
all extra parameters are 0. For setting (B) the pFIC is the best.
pFIC is also the best for setting (C), where all three criteria per-
form about equally well for focus (b).

9.2 Survival Analysis for Malignant Melanoma

Here we examine the dataset described in Section 1, involv-
ing n = 205 patients with covariates x1, z1, . . . , z6. As explained
earlier, x1 is a protected covariate, included in each candidate
model, whereas all 26 = 64 subsets of the zj’s are searched
through for our model selection tasks. The seven hazard regres-
sion coefficient estimates were .535 (.277) for β1, .036 (.052)
for γ1, .321 (.192) for γ2, −.707 (.314) for γ3, −.995 (.324)
for γ4, .334 (.241) for γ5, and .017 (.008) for γ6, with the esti-
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mated standard deviation (standard error) in parentheses, com-
puted using the full model. In particular, variables x1, z2, z3,
z4, and z6 may be considered to have a reasonably clear influ-
ence on lifetimes, as measured by the ratio estimates divided by
standard error. Coefficients γ1 and γ5 would not be seen as sig-
nificantly different from 0 in most analyses, however. Neverthe-
less, we see that variable z5 will often be selected by different
criteria for different purposes.

The model selection methods applied are the AIC, the BIC,
and four versions of FIC, each corresponding to a particular
focus parameter. FIC1 corresponds to µ1 = exp{(x − x0)

tβ +
(z − z0)

tγ }, relative risk of a man with average tumor thick-
ness among all men participating in the study, infection in-
filtration level z2 = 3, epithelioid cells not present (z3 = 2),
ulceration present (z4 = 1), invasion depth z5 = 1, and aver-
age men’s age in the study, compared with that of women with
averages of tumor thickness and age computed over the sub-
group of women in the study, with the other covariates the same.
The first set of covariates for men defines the variables level
(x, z), and the second set corresponds to (x0, z0). FIC2 com-
putes the FIC values for µ2 = H0(t) at time t = 3 · 365 days,
which corresponds to the time at which the estimated Kaplan–
Meier survival probability reaches .85. The third focus, which
defines FIC3, is the survival probability at time t = 3 · 365
for the same set of covariates (x, z) as for the first focus pa-
rameter, that is, µ3 = Su(t | x, z). The final focus parameter is
µ4 = ξ(.10) = Su−1(.90 | x, z), the time at which at least 90%
of the patients with covariate level (x, z) are still alive.

Table 2 shows the 10 highest-ranked score values for each
of the criteria in question, after having searched through all
26 = 64 candidate models, with the selected zj variables. Here,
for example, “245” means that variables z2, z4, and z5 are in-
cluded, and so on. Note that the values are sorted in terms of
importance per criterion.

The AIC model choice method yields a model with the five
variables z2, z3, z4, z5, and z6; only z1, tumor thickness, is not
selected. The BIC, on the other hand, selects only variables z4
(ulceration) and z5 (invasion depth). Variable z4 is present in all
of the 20 best BIC models. With the FIC, there is not one single
answer for the “best” model, as explained in Sections 1 and 7;
the model chosen by FIC depends on the focus. The relative
risk as a focus parameter lets FIC point to the narrow model,
followed by models with variables z2 and then {z2, z6}, and
so on. In the second example, to estimate the cumulative haz-
ard H0(t) at time t equal to 3 years, only variable z5 (invasion

Table 3. For Focus Parameter (3) and Survival Probability Su(t | x, z),
for Each of the 10 Best Models According to FIC, as Well as for AIC
(one but last line) and BIC (last line), the Variables in the Model, the

Estimate µ̂, Classical Standard Error Pretending This Is the True
Model, Estimated Bias, Root MSE, and the Value of FIC

Variables µ̂S SES BiasS (MSES/n)1/2 FICS

5 .487 .048 .022 .048 .146
6 .431 .050 .014 .050 .184
46 .588 .050 .019 .050 .184
16 .523 .050 .020 .050 .185
56 .264 .051 −.004 .051 .189
146 .608 .050 .022 .051 .190
456 .425 .051 .005 .051 .190
156 .387 .051 .007 .051 .195
1456 .493 .051 .012 .051 .195
45 .640 .048 .030 .051 .200
23456 .286 .055 −.004 .055 .275
45 .640 .048 .030 .051 .200

depth) is selected, with the second-best model being {z2, z5}.
The picture is somewhat different when studying the survival
probability, focus µ3. Here variable z5 is again the most impor-
tant, followed by the model {z4, z5}, and so on. Note that vari-
able z6 (age) shows up quite frequently in the list of the best
FIC3 models, whereas variable z5 (invasion depth) appears to
be the most important one for FIC2. For the 10% quantile [i.e.,
Su−1(.90 | x, z)], we find the narrow model, including none of
the extra variables, to be the best FIC4 choice, with models {z5}
and {z5, z6} as second best.

The fact that different models are selected for different pur-
poses should not lead to confusion; rather, it should be viewed
as a way of strengthening the biostatistician’s ability to produce
more precise estimates or predictions for a specific patient or
patient group.

Table 3 gives results for the model selection problem for fo-
cus parameter (3), the survival probability for a patient with
covariates (x, z). We observe in particular that for the 10 best
models, according to FIC3, the estimates of the focus parame-
ter µ̂S = Ŝu(t | x, z) are quite variable, ranging from .209 (vari-
ables 5, 6) to .590 (variables 4 and 5). For other situations the
estimates for the best say 10 models may be more homoge-
neous than for this particular case. Note that one version of
the smoothed FIC method described in Section 8.2 is to take
a weighted average of the 10 best candidate estimates µ̂S of
Table 3, with weights as given there.

Whereas the arguably most important output from such
an FIC analysis would be this list of the most important models,

Table 2. Values of the AIC, BIC, and FIC for Four Focus Parameters: (1) Relative Risk, (2) Cumulative Hazard, (3) Survival Probability,
and (4) 10% Quantile ξ (.10) = Su−1(.90)

Variables AIC Variables BIC Variables FIC1 Variables FIC2 Variables FIC3 Variables FIC4

23456 −527.15 45 −542.72 ∅ 2.84 5 3.33 5 .15 ∅ .029
3456 −528.29 14 −542.98 2 4.11 25 4.09 6 .18 5 .038
12346 −528.59 345 −544.04 26 4.17 235 4.11 46 .18 56 .038
123456 −528.69 24 −544.71 25 4.30 56 4.15 16 .18 15 .039
2346 −529.57 4 −544.89 256 4.35 356 4.15 56 .19 25 .039
13456 −529.65 3456 −544.91 6 4.63 125 4.40 146 .19 156 .040
2345 −529.94 124 −545.05 456 4.85 35 4.42 456 .19 256 .040
1234 −530.45 134 −545.42 14 5.22 2 4.43 156 .20 3 .042
1346 −530.51 456 −545.47 145 5.22 156 4.46 1456 .20 23 .042
345 −530.74 245 −545.49 146 5.26 1356 4.46 45 .20 13 .042

NOTE: The table shows the 10 largest AIC and BIC values and the 10 smallest FIC values for each of the focus parameters. The values are sorted for each criterion and for each focus parameter;
the selected variables among z1, . . . , z6 are listed.
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along with FIC scores and the list of corresponding µ̂ estimates,
it is also often fruitful to examine the bias and standard devia-
tion components that combine to give the risk estimate (17).
As demonstrated in Section 7, this risk estimate is directly re-
lated to the FIC formula (18), and sorting models by the FIC
score is equivalent to sorting by risk estimate. The bias can be
estimated in a couple of different ways. What we can term the
“direct bias estimate” involves plugging in estimates in the bias
formula in Lemma 3 of Section 5; that is, using biasS equal
to (ω̂ − κ̂)t(I − �̂S)̂η/

√
n. We divide by

√
n here to give an

estimate for the genuine bias of µ̂S at sample size n. The alter-
native method is as spelled out in Remark 3, with biasS equal
to the signed square root of (B2)n(S)/

√
n. It is with this second

version, through the correct estimate of the squared bias, that
we have the Pythagorean combination of biasS and seS giving
mseS/

√
n.

The FIC reflects the bias–variance trade-off phenomenon, as
seen here by having larger biases for simpler models and larger
standard errors for more complex models, even though the stan-
dard errors and resulting MSE estimates are fairly close in this
particular situation.

We take the FIC analysis of this dataset one step further
by examining the average FIC and risk criteria developed in
Section 7.3 to select models with good performance across
user- and context-defined portions of the covariate space.
Specifically, we study focused model selection for the rela-
tive risk of a man with average tumor thickness among all
persons participating in the study, infection infiltration level
z2 = 3, epithelioid cells not present (z3 = 2), ulceration present
(z4 = 1), invasion depth z5 = 1, compared with the risk of
women with covariate information (x0, z0) as given earlier in
this section. This corresponds to a certain µ(x, z, x0, z0) para-
meter, with x = 2 for man versus x = 1 for women. The present
task is to find the best submodel for the best average perfor-
mance, weighted across all ages z6. Following the method of
Section 7.3, we compute, for all 205 subjects in the study rang-
ing in age from 4 to 95, and for each of the 26 = 64 models S,
the values of FIC and the corresponding (MSES/n)1/2. The re-
sulting 205 × 64 FIC values can be analyzed by patient. Sum-
marizing this, we have the following situation:

Variables: 1 24 26 2 35 3 46 4 5 ∅
Times selected: 10 37 3 7 7 12 12 35 10 72.

This corresponds to individual selection per patient or per age.
Because there is clearly a difference in individual model choice,
for an overall model we follow the approach of Section 7.3 and
compute both the average FICS and the average r̂isk(S) values,
taken over all 205 patients, then order the resulting 64 aver-
aged values. Results for the five best models, given in Table 4,
show that the overall model with variables z2 and z6 is the best
choice. This application points yet again to the importance of
first considering using the selected model before blindly apply-
ing a model selection criterion.

The picture does not always have to be so diverse. If we carry
out the same exercise for focus parameters µ2, then the FIC2
best model is chosen in all 205 cases, and the model for best
average performance coincides with the individual best models.
This gives a good overall model for µ2, independent of age.

Table 4. For Focus Parameter (1), the Relative Risk as Specified in the
Text, We Give for Each of the Five Best Models According to Averaged

FIC the Variables in the Model, the Value of the Averaged FIC,
and of the Averaged Risk

Variables Averaged FIC1 (MSES/n)1/2

26 24.92 30.079
456 25.44 30.088
346 26.23 30.102
126 26.37 30.104
1346 26.39 30.105

10. CONCLUDING REMARKS

We end the article with some comments and remarks, some
of which might point to further research work.

10.1 “Protected” versus “Open”

Our framework uses p “protected” covariates, designated to
always be inside the chosen models, with further q “open” co-
variates that may or may not be included in the final models.
Deciding which is which is context-related and up to the statis-
tician. For the analysis of Section 9.2 we could have chosen to
use both sex x1 and age z6 as protected, for example, leaving the
FIC and model average machinery to work with z1, z2, z3, z4,
and z5 as open. The R software programs that we have devel-
oped make it easy to work through each desired combination.
One may also choose not to pinpoint any protected covariates
at all; that is, using p = 0 and leaving it all to data to decide
which covariates should be included for what purposes. Our
Lemmas 1–4 with Theorem 1 can be extended to cover the re-
quired p = 0 case.

10.2 Pretesting, Backward and Forward Selection

A simple pretesting approach is sometimes followed for co-
variate inclusion. For the skin cancer data one might include
those zj for which |Wn,j| = |γ̂j/se(γ̂j)| exceeds, say, 1.645,
corresponding to test significance level of .10 per coefficient;
this yields the {z2, z3, z4, z6} model, with z1 and z5 excluded.
One might likewise have attempted versions of “forward” and
“backward” selection strategies. It is important to realize that
each of these methods is covered by Theorem 1 of Section 8,
with appropriate nonnormal limit distributions. This also makes
it possible to compare performances via the risk function R(η)

given there. A systematic study of this sort would be useful.
A tentative and partial conclusion from some evidence pre-
sented in CH and HC (2003) is that the AIC and the FIC will
tend to outperform the pretest regime, and that the smoothed
versions wAIC and wFIC often are even better.

10.3 Two Cultures

There are at least two uses of statistical modeling of the Cox
regression variety (and more general models). The models may
be used primarily for interpretation (perhaps of a biomedical
nature, e.g., finding that high blood pressure is associated with
higher risk) and may be used primarily as a vehicle for produc-
ing precise estimation of quantities, such as median survival
time, relative risk, survival probabilities, and so on. Though
these uses are not fully orthogonal (see, e.g., Breiman 2001),
the viewpoint of the present article has (primarily) been the
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second one, aiming for as precise estimation and prediction as
possible.

10.4 Even More Submodels

We have studied estimators of the form µ(Ĥ0,S, β̂S, γ̂ S), but
may in principle use different covariate subsets for the H0 part
and the (β,γ ) part. Our techniques allow extensions to cover
the required simultaneous distribution of all 22q combined es-
timators, which would lead to a somewhat more general FIC,
and so on, but we do not pursue this here.

10.5 Bayesian Model Averaging

Section 8 dealt with the large class of compromise or model
averaging estimators, with Theorem 1 being a “master theorem”
giving the limit distribution of all such estimators. It can be fur-
ther generalized in the direction of “generalized ridging” esti-
mators (as in HC 2003a, secs. 8 and 9). These take the form

(β̃S, γ̃ S) = (
β̂S, ε(S | η̂)γ̂ S

)
with shrinking factor

ε(S | η̂) ∈ [0,1],
with consequent µ̃S = µ(β̃S, γ̃ S, H̃0,S). They may be particu-
larly useful when the number q of extra covariates is grow-
ing large. It turns out that a class of Bayesian model averaging
methods, as worked with from several perspectives by Volinsky,
Madigan, Raftery, and Kronmal (1997), Clyde (1999), Hoeting,
Madigan, Raftery, and Volinsky (1999), Volinsky and Raftery
(2000), becomes first-order equivalent to a special subclass of
such generalized ridge estimators. Thus their performance can
be studied along with that of the frequentist model averaging
schemes of Section 8.2.

10.6 Confidence Intervals and Tests

We have developed methods for selecting the “right” vari-
ables in applications with the Cox regression model, with dif-
ferent optimal subsets for different contexts and uses. Our
methodology also extends to averages over candidate models
and reaches precise descriptions of the large-sample distribu-
tions involved. These descriptions can be used to, for example,
illustrate the “overoptimism” involved in applying the standard
output from Cox regression analysis too simplistically, as when
setting a 95% confidence interval for a parameter based on the
AIC-selected model without taking into account the extra un-
certainty associated with the model selection step. (See sec. 4 of
HC 2003a for concrete illustrations of this.) The same phenom-
enon affects the significance levels of tests, where a tentative
5% test may actually have a much larger size.

So far we have not touched directly on application of the
large-sample results to supplying “real” confidence intervals
and “real” significance tests. This is not easy, in part because
the required limit distributions of

√
n(µ̂ − µ) are nonlinear

mixtures of many normals. This is illustrated in Figure 1 for
four estimation strategies for the case of the second focus esti-
mand µ2 in the Danish skin cancer survival study. Confidence
intervals and tests with correct confidence levels and signifi-
cance for large samples can be constructed based on assessment
of these limit distributions in several ways (see, e.g., the “bet-
ter confidence” recipe and the general discussion in HC 2003a,
sec. 4).

Figure 1. Results for the Second Focus Estimand µ2 of Section 9.2,
the Cumulative Hazard Rate Function for the Danish Skin Cancer
Survival Data. Shown are densities for the limit distributions Λ for√

n(µ̂2 − µ2 ) for four different estimators: the FIC method ( ——),
the AIC method ( - - - -), the smoothed FIC method ( -·-·-·-·-), and the
smoothed AIC method (· · · · · ·). The densities are computed as kernel
estimates based on 10,000 simulations from the four appropriate ver-
sions of Λ as per Theorem 1 of Section 8, at the position η̂ = √

nγ̂ full in
the η parameter space.

APPENDIX: PROOFS

Proof of Lemma 1

We start from Taylor expansion
(

0
0

)

=
(

Un(β̂S, γ̂ S)

Vn,S(β̂S, γ̂ S)

)
.=

(
Un(β,0)

Vn,S(β,0)

)

+ In,S(β,0)

(
β̂S − β

γ̂ S

)

,

which, with appropriate analysis of the error term involved, leads to
(√

n(β̂S − β)√
nγ̂ S

)

= {−In,S(β,0)}−1
( √

nUn(β,0)√
nVn,S(β,0)

)

+ op(1).

Introduce the martingales

Mi(t) = Ni(t)−
∫ t

0
Yi(u) exp(xt

iβ+zt
iη/

√
n )dH0(u) for i = 1, . . . ,n.

These are orthogonal with variance functions 〈Mi,Mi〉(t) = ∫ t
0 Yi(u)×

exp(xt
iβ + zt

iη/
√

n )dH0(u) (see, e.g., Andersen et al. 1993). We may
then write

( √
nUn(β,0)√

nVn,S(β,0)

)

= n−1/2
n∑

i=1

∫ τ

0

{(
xi

zi,S

)

− En,S(u,β,0)

}

dMi(u)

+ n−1/2
n∑

i=1

∫ τ

0

{(
xi

zi,S

)

− En,S(u,β,0)

}

× Yi(u) exp(xt
iβ + zt

iη/
√

n )dH0(u).

The first term is an integral of a previsible function with respect to a
martingale, and thus is itself a martingale evaluated at τ and with total
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variance matrix

n−1
n∑

i=1

∫ τ

0

{(
xi

zi,S

)

− En,S(u,β,0)

}{(
xi

zi,S

)

− En,S(u,β,0)

}t

× Yi(u) exp(xt
iβ + zt

iη/
√

n )dH0(u),

which is seen to converge in probability toward JS. After some algebra
and analysis, the second term may be written as

n−1
n∑

i=1

∫ τ

0

{(
xi

zi,S

)

− En,S(u,β,0)

}

× zt
iYi(u) exp(xt

iβ)dH0(u)η + Op
(
n−1/2)

,

which is seen to converge to the matrix with first p rows equal to J01η

and the next |S| rows equal to πSJ11η. This proves the lemma.

Proof of Lemma 2

With some Taylor approximation analysis, we find that dĤ0,S(u)

may be expressed as
∑n

i=1 dNi(u)

nG(0)
n (u, β̂S, γ̂ S)

=
∑n

i=1{dMi(u) + Yi(u) exp(xt
iβ + zt

iη/
√

n )}
nG(0)

n (u,β,0)

×
{

1 − G(1)
n,S(u,β,0)t

G(0)
n (u,β,0)

(
β̂S − β

γ̂ S

)}

,

plus terms of order Op(n−1), which, after some further effort, becomes
[

dH0(u) +
∑n

i=1 dMi(u)

nG(0)
n (u,β,0)

+ n−1/2
∑n

i=1 Yi(u) exp(xt
iβ)zt

i dH0(u)

nG(0)
n (u,β,0)

η + op(n−1)

]

×
{

1 − En,S(u,β,0)t
(

β̂S − β

γ̂ S

)}

.

This leads to

n1/2{dĤ0,S(u) − dH0(u)}

= n−1/2
∑n

i=1 dMi(u)

G(0)
n (u,β,0)

− En(u,β,0)t
(√

n(β̂S − β)√
nγ̂ S

)

dH0(u)

+ G(0)
n (u,β,0)−1G(1)

n,2(u,β,0)t dH0(u)η + op(1)

→d dW(u) − e(u,β,0)t
(

BS
CS

)

dH0(u) + e2(u,β,0)tη dH0(u),

which proves the lemma.

Proof of Lemma 3

It is helpful to translate BS and CS to other representations that
better reveal the underlying bias and variance balance. Going back to
the proof of Lemma 1, let us write
(√

nUn(β,0)√
nVn(β,0)

)

→d

(
J01η

J11η

)

+
(

U
V

)

,

where

(
U
V

)

∼ Np+q(0,Jfull).

Next, let V′ = J10U + J11V = K(V − J10J−1
00 U). We may show

that V′ ∼ Nq(0,K), independently of U ∼ Np(0,J00). Further alge-
bra leads to

BS = (J00,SJ01 + J01,SπSJ11)η + J00,SU + J01,SVS

= J−1
00 J01(I − �S)η + J−1

00 U − J−1
00 J01π t

SKSπS(V − J10J−1
00 U)

= J−1
00 J01(I − �S)η + J−1

00 U − J−1
00 J01�SV′,

whereas, similarly,

CS = (J10,SJ01 + J11,SπSJ11)η + J10,SU + J11,SVS

= KSπSK−1(η + V′).

We may also use this in conjunction with Lemma 2 to derive an alter-
native expression for AS(t) that better identifies the bias and variance
parts.

We are now in a better position to work with µ̂S. It is not difficult
to derive representation (12) from Lemmas 1 and 2 through the delta
method. Using the expressions found for BS and CS, we may isolate
the bias and the random parts of �S. The random part may, after some
algebra, be expressed as

(
∂µ

∂H0

)

W(t) +
{

∂µ

∂β
− ∂µ

∂H0
F0(t)

}t
J−1

00 U + (κ − ω)t�SV′,

with variance as indicated earlier. Similarly, the nonrandom parts may
be collected together and expressed as bt

Sη, where we indeed find that
bS = (I − �t

S)(ω − κ).

Proof of Lemma 4

An essential ingredient in our proof is that the earlier process
convergence result An,S(t) = √

n{Ĥ0,S(t) − H0(t)} →d AS(t) from
Lemma 2, implies that

�n,S(u) = √
n{Ĥ−1

0,S(u) − H−1
0 (u)} →d �S(u) = −AS(H−1

0 (u))

h0(H−1
0 (u))

as a process in u, in the Skorokhod topology over each compact inter-
val. That this is true follows from general inversion results and tech-
niques presented and discussed by Doss and Gill (1992) and Burr and
Doss (1993).

We now work with

ξ̂S − ξtrue = Ĥ−1
0,S( f (β̂S, γ̂ S,γ 0,Sc )) − H−1

0 ( f (β,η/
√

n ))

= Ĥ−1
0,S( f (β̂S, γ̂ S,γ 0,Sc )) − H−1

0 ( f (β̂S, γ̂ S,γ 0,Sc ))

+ H−1
0 ( f (β̂S, γ̂ S,γ 0,Sc )) − H−1

0 ( f (β,0))

+ H−1
0 ( f (β,0)) − H−1

0 ( f (β,η/
√

n )),

which decomposes our �n,S into three different sources of variation.
With proper Taylor expansion arguments, we find that

�n,S = �n,S( f (β̂S, γ̂ S)) + (H−1
0 )′( f (β,0)){ f (β̂S, γ̂ S) − f (β,0)}

− (H−1
0 )′( f (β,0)){ f (β,η/

√
n ) − f (β,0)} + op(1),

which, by Lemmas 1 and 2, must have a limit distribution with repre-
sentation

�S = �S( f (β,0)) + (H−1
0 )′( f (β,0))

{(
∂f

∂β

)t
BS +

(
∂f

∂γ S

)t
CS

}

− (H−1
0 )′( f (β,0))

(
∂f

∂γ

)t
η

= h0(ξ0)−1

×
[

−AS(ξ0) +
{(

∂f

∂β

)t
BS +

(
∂f

∂γ S

)t
CS

}

−
(

∂f

∂γ

)t
η

]

.

In particular, the factor h0(H−1
0 ( f (β,0))) enters each of the contribu-

tions here and will be of no consequence when the task is to compare
limiting risks for different subset models S.

The statement of Lemma 4 follows from these results, using repre-
sentations for BS and CS arrived at in the course of proving Lemma 3.
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Proof of Theorem 1

There is joint convergence in distribution of all (�n,S, η̂,wn(S | η̂)

to that of (�S,D,w(S | D)), as can be seen from previous proofs. Also,
from representation (13), �S = �0 + (ω − κ)t(η − �SD). The state-
ment of the lemma follows from this. (Also see the corresponding dis-
cussion in HC 2003a,b.)

[Received November 2004. Revised October 2005.]
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