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ABSTRACT. Confidence intervals for a single parameter are spanned by quantiles of a confidence
distribution, and one-sided p-values are cumulative confidences. Confidence distributions are thus a
unifying format for representing frequentist inference for a single parameter. The confidence
distribution, which depends on data, is exact (unbiased) when its cumulative distribution function
evaluated at the true parameter is uniformly distributed over the unit interval. A new version of the
Neyman—-Pearson lemma is given, showing that the confidence distribution based on the natural
statistic in exponential models with continuous data is less dispersed than all other confidence
distributions, regardless of how dispersion is measured. Approximations are necessary for discrete
data, and also in many models with nuisance parameters. Approximate pivots might then be useful.
A pivot based on a scalar statistic determines a likelihood in the parameter of interest along with a
confidence distribution. This proper likelihood is reduced of all nuisance parameters, and is
appropriate for meta-analysis and updating of information. The reduced likelihood is generally
different from the confidence density.

Confidence distributions and reduced likelihoods are rooted in Fisher—Neyman statistics. This
frequentist methodology has many of the Bayesian attractions, and the two approaches are
briefly compared. Concepts, methods and techniques of this brand of Fisher-Neyman statistics
are presented. Asymptotics and bootstrapping are used to find pivots and their distributions,
and hence reduced likelihoods and confidence distributions. A simple form of inverting
bootstrap distributions to approximate pivots of the abc type is proposed. Our material is
illustrated in a number of examples and in an application to multiple capture data for bowhead
whales.

Key words: abc correction, bootstrapping likelihoods, capture-recapture data, confidence
distributions and densities, frequentist posteriors and priors, integrating information, Neyman—
Pearson lemma, pivots, reduced likelihood

1. Introduction

This article presents core material in the frequentist tradition of parametric statistical
inference stemming from R.A. Fisher and J. Neyman. Confidence distributions are the
Neymanian interpretation of Fisher’s fiducial distributions. Confidence distributions are
often found from exact or approximate pivots. Pivots might also provide likelihoods reduced
of nuisance parameters. These likelihoods are called reduced likelihoods, and date back to
Fisher. Part of the material in our paper is old wine in new bottles; see Fraser (1996, 1998)
and Efron (1998). In addition, we present a new and extended version of the Neyman—
Pearson lemma, and also some new material on approximate confidence distributions and
reduced likelihoods. Our article attempts to demonstrate the power of frequentist
methodology, in the tapping of confidence distributions and reduced likelihoods. The
theory is illustrated by a number of examples and is briefly compared to the Bayesian
approach.

Confidence intervals and p-values are the primary formats of statistical reporting in the
frequentist tradition. The close relationship between p-values and confidence intervals allows a
unification of these concepts in the confidence distribution. Let the one-dimensional parameter
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of interest be . A confidence distribution for  is calculated from the data within the
statistical model. The cumulative confidence distribution function, C, provides C(y,) as the
p-value when testing the one-sided hypothesis Hy: y < i, whatever value ¥, takes. Any pair of
confidence quantiles constitutes, on the other hand, a confidence interval (C~!(a), C~!(B))
with degree of confidence f§ — a.

Distributions are eminent for presenting uncertain information. Much of the attraction of
the Bayesian approach is due to the use of distributions as the format of presenting
information, e.g. prior and posterior distributions. Fisher (1930) introduced fiducial
probability distributions as an alternative to the Bayesian posterior distribution as a format
for presenting what has been learned from the data in view of the model; see Fisher (1973) for
his final understanding of fiducial probability and the fiducial argument. Quantiles of a
fiducial distribution are endpoints of fiducial intervals. Following Neyman rather than Fisher
in understanding fiducial intervals as confidence intervals, we use the term confidence
distribution, in agreement with Efron (1998) and others. Section 2 gives basic definitions and
properties.

The confidence density is not a probability density in the frequentist sense, and is only in
special cases a likelihood function reduced of nuisance parameters. The connection between
likelihood and confidence distributions is discussed in section 3. There we also explain how
reduced likelihoods are obtained from exact or approximate pivots, following Fisher (1930).
When the pivot is exact, the reduced likelihood is either a marginal likelihood or a conditional
likelihood. We have settled for the wider term reduced likelihood, which also includes
approximate likelihoods.

Confidence distributions and reduced likelihoods are usually obtained from pivots for
the parameter of interest. In the presence of nuisance parameters, exact pivots are
essentially available only in exponential models. In such models, reduction by sufficiency
and conditioning might lead to canonical inference. We present in section 4 a new
version of the Neyman—Pearson lemma for confidence distributions, along with further
optimality results. It essentially says that the confidence distribution based on the
canonical statistic, possibly via conditioning, is less dispersed than any other confidence
distribution obtained from the data. In more complicated models where no canonical
frequentist inference can be identified, one might be satisfied with confidence distribu-
tions and reduced likelihoods obtained from approximate pivots. These approximate
pivots might be found from parametric bootstrapping. The pivot behind the acceleration
and bias corrected bootstrap percentile interval method leads to confidence distributions.
It has an appealing form and is seen to perform well in terms of accuracy in various
cases. It also leads to good approximations for reduced likelihoods. This is the theme of
section 5.

Our apparatus is illustrated in section 6 on data from a capture-recapture study of bowhead
whales based on photo-identification. Finally some supplementing remarks and discussion are
provided in section 7. We suggest that the confidence density is a very useful summary for any
parameter of interest. The confidence distribution may serve as the frequentist analogue of the
Bayesian’s posterior density, and together with the reduced likelihood a frequentist apparatus
for information updating is available as a competitor to the Bayesian methodology.
Differences from the Bayesian paradigm are discussed, and some advantages and limitations
are noted. We end by placing frequentist inference in terms of confidence distributions and
reduced likelihood in the grand context of what Hald (1998) terms the three (so far)
revolutions in parametric statistical inference.

© Board of the Foundation of the Scandinavian Journal of Statistics 2002.

UONIPUOD PUE SW L 8Y) 89S *[9202/60/52] U0 ARig1T BUIIUO AB]IM '000TSOVE - ButioAu| nusd 08O JO AIsIBAIUN Ad S8200°'6976-29rT/TTTT OT/I0P/0Y Ao |IMAReIq Ul UO//SANY WOIY papeoiunmod ‘Z ‘2002 ‘69v6L9YT

o Areiqipul|L

5UB0|17 SUOWILLIOD) BAIEaID) 3|gea | [dde auy Aq pausenoh aie sapie WO ‘8sn Jo sajni Joj Aeiq 1 aunuQ £8|1m uo



Scand J Statist 29 Confidence and likelihood 311

2. Confidence distributions
2.1. Confidence and statistical inference

Our context is a given parametric model for data Y with probability distribution P, ,, where i
is a scalar parameter of primary interest, belonging to a finite or infinite interval on the real
line, and y the remaining (nuisance) parameters. The focus is on inference for ; issues of
model selection and validation are thus (at the outset) outside our scope. With inference we
shall understand statements of the type “y > ", “y; < <,”, etc., where V), , etc. are
values usually computed from the data. To each statement, we would like to associate how
much confidence the data allow us to have in the statement.

Definition 1

A (one-dimensional) distribution for , depending on the data Y, is a confidence distribution
fory when its cumulative distribution function evaluated at the true value of Y, C(y; Y), has a
uniform distribution under Py ,, whatever the true value of (, x).

For simplicity, we write C(y) for C(y; Y) etc., keeping in mind that confidence, confidence
quantiles, confidence density and other related objects are stochastic variables or realizations
thereof. By the above definition, the (stochastic) confidence quantiles are endpoints of
confidence intervals with degree of confidence given by the stipulated confidence. For one-
sided intervals (—oo,y,), where W, = C7'(x), the coverage probability is, in fact,
Py Ay <y} =P, {CWY) <CY,)} =Py, {C(y) <o} =« while a two-sided confidence
interval (i, ;) has coverage probability ff§ — a.

Being an invertible function of the interest parameter, and having a uniform distribution
independent of the full parameter, C(y) is a pivot (Barndorff-Nielsen & Cox, 1994). On the
other hand, whenever a pivot piv(Y, ) is available, taken to be increasing in ¥/, and having
cumulative distribution function F independent of the parameter,

C(y) = F(piv(Y,y)) (1)

is uniformly distributed and is thus the c.d.f. of a confidence distribution for . If the natural
pivot is decreasing in ¥, then C(y) = 1 — F(piv(Y,¥)).

Example 1. Consider the exponentially distributed variate Y with probability density
SOy) = (1/y)exp(—y/y). The cumulative confidence distribution function for ¥ is
C(y) =exp(—=Y/¥). For each realisation yos of ¥, C() is a c.d.f. At the true value,
C(WYyye) has the right uniform distribution. The confidence quantiles are the familiar
C'(a) =Y/(—loga), and the confidence density is c() = (3/OW)C(¥;Yobs) =
Yobst 2 exp(—yops/W). The realized confidence density not only has a different interpretation
from the likelihood function L(1}) = =" exp(—yops/¥), but also a different shape.

Exact confidence distributions represent valid inference in the sense of statistical
conclusion validity (Cook & Campbell, 1979). The essence is that the confidence
distribution is free of bias in that any confidence interval (%,lpﬁ) has exact coverage
probability f —a«. The power of the inference represented by C is basically a question of
the spread of the confidence distribution. We return to the issues of confidence power in
section 4.

Hypothesis testing and confidence intervals are closely related. Omitting the instructive
proof, this relation is stated in the following lemma.
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Lemma 2
The confidence of the statement “Y < ,” is the degree of confidence C(\y,) for the confidence
interval (—oo, C~'(C(y,))], and is equal to the p-value of a test of Ho: W < o vs the alternative

H: lﬁ > l//o.

The opposite statement “y >, has confidence 1 — C(y),). Usually, the confidence
distributions are continuous, and “y > " has the same confidence as “¥ > y,”.

Confidence intervals are invariant w.r.t. monotone transformations. This is also the case for
confidence distributions. Confidence distributions based essentially on the same statistic are
invariant with respect to monotone continuous transformations of the parameter: If p = r(y),
say, with r increasing, and if C¥ is based on T while C? is based on S = s(T) where s is
monotone, then C?(p) = C¥(r~'(p)).

The sampling distribution of the estimator is the ex ante probability distribution of the
statistic under repeated sampling, while the realized confidence distribution is calculated ex
post and distributes the confidence that the observed data allow to be associated with different
statements concerning the parameter. Consider the estimated sampling distribution of the
point estimator v, say as obtained from the parametric bootstrap. If /* is a random estimate
of  obtained by ihe same method, the estimated sampling distribution is the familiar
S(W) = Pr{y’ < ii} = F ().

The confidence distribution is also obtained by (theoretically) drawing repeated samples,
but now from different distributions. The interest parameter is, for the confidence distribution,
considered a control variable, and it is varied in a systematic way. When J is a statistic for
which the hypothesis Hy: y <, is suspect when 1/A/ is large, the p-value is Pr{y" > lzobs;l/lo}.
The cumulative confidence distribution is then

Cy) = Pri{y’ > Psy} = 1 — Fy(9). )

The sampling distribution and the confidence distribution are fundamentally different entities.
The sampling distribution is a probability distribution, while the confidence distribution,
ex post, is not a distribution of probabilities but of confidence—obtained from the probability
transform of the statistic used in the analysis.

Fiducial distributions were introduced by Fisher (1930) by the quantiles of C(y) determined
by (1). Fiducial distributions for simple parameters are thus confidence distributions. Neyman
(1941) gave the frequentist interpretation of the fiducial distribution, which Fisher partly
disliked. Efron (1998) discusses this controversy, and supports the use of fiducial distributions
as confidence distributions. We emphasize that our distributions of confidence are actually
derived from certain principles in a rigorous framework, and with a clear interpretation. The
traditional division between confidence intervals on the one hand and fiducial distributions on
the other has in our view been overemphasized, as has the traditional division between
significance testing (Fisher) and hypothesis testing (Neyman); see Lehmann (1993). The unity
of the two traditions is illustrated by our version of the Neyman—Pearson lemma as it applies
to Fisher’s fiducial distribution (confidence distribution). Note also that we, in section 4 in
particular, work towards determining canonically optimal confidence distributions.

Example 2. Suppose the ratio y = g2/0; between standard deviation parameters from two
different data sets are of interest, where independent estimates of the familiar form
G; = a7 W;/v; are available, where W is a ,{‘ The canonical intervals, from inverting the

optlmal tests for single-point hypotheses = 1//0, take the form
/KN (1 =)' /K ()",
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where § = 6>/06) and K = K, ,, is the distribution function for the F statistic (W5 /v2) /(W /v1).
Thus C~!(a) = /K71 (1 - a)l/z. This corresponds to the confidence distribution function
C(y;data) = 1 — K( 2/y?), with confidence density

c(; data) = k(Y /)29 1y,
expressed in terms of the F density k = k,, ,,. See also section 4.1 for an optimality result of the

confidence density used here, and section 5.2 for a very good approximation based on
bootstrapping.

Example 3: linear regression. In the linear normal model, the n-dimensional data Y of the
response is assumed N(XB,¢2I). With SSR being the residual sum of squares and with
p = rank(X), S = SSR/(n — p) is the traditional estimate of the residual variance. With Sf
being E\he mean-unbiased estimator of the variance of the regression coefficient estimator [?j,
V; = (B; — B,)/S; is a pivot with a r-distribution of v = n — p degrees of freedom. Letting #,()
lle the quantiles of this ¢-distribution, the confidence quantiles for f8; are the familiar
B; + t,()S;. The cumulative confidence distribution function for f; is seen from this to become

C(B;:data) = 1 — G,((B, — B,)/S;) = Gu((B; — B,)/S)),

where G, is the cumulative z-distribution with v degrees of freedom. Note also that the
confidence density c(/i j;data) is the #,-density centred at B}- and with the appropriate scale.
Now turn attention to the case where o, the residual standard deviation, is the parameter of
interest. Then the pivot SSR/a? = vS? /4 is a ¥, and the cumulative confidence distribution is
found to be C(o; data) = Pr{y? > SSR/¢?} = 1 — I',(vS?/5?), where I', is the cumulative
distribution function of the chi-square with density y,. The confidence density becomes

vS2\ 2082 2(v/2)"*sr 1
c(o;data) =y, (F) - = Wo‘ (v+1) exp<f EVS2/0'2>.

2.2. Approximate confidence distributions for discrete data

To achieve exact, say 95%, coverage for a confidence interval based on discrete data is usually
impossible without artificial randomization. The same difficulty is encountered when
constructing tests with exactly achieved significance level. Confidence distributions based on
discrete data can never be exact. Since the data are discrete, any statistic based on the data
must have a discrete distribution. The confidence distribution is a statistic, and C(y) cannot
have a continuous uniform distribution. Half-correction is a simple device to achieve an
approximate confidence distribution. When T is the statistic on which p-values and hence the
confidence distribution is based, half-correction typically takes the form

C() = Pry{T > tops} + S Pry{T = tons}.

For an illustration, let 7 be Poisson with parameter 1. Then the density of the half-corrected
confidence distribution simplifies to

1 ¢t0b571 tobs
c(f) =z ———exp(—¥) + exp (—y) provided #,ps > 1.
(tobs - 1)' tobs!

Although the confidence distribution has a discrete probability distribution ex ante, it is a
continuous distribution for ¥ ex post.
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A confidence distribution depends on the model, not only on the observed likelihood. The
Bayesian posterior distribution depends on the other hand only on the observed likelihood
(and the prior). Thus, while likelihoodists (Edwards, 1992; Royall, 1997, etc.) and Bayesians
observe the likelihood principle, inference based on the confidence distribution, as with some
other forms of frequentist inference (Barndorff-Nielsen & Cox, 1994), is in breach of the
likelihood principle. This is illustrated by the following.

Example 4. Let T, be the waiting time until x points are observed in a Poisson process with
intensity parameter i, and let X, be the number of points observed in the period (0, 7). The two
variables are respectively gamma-distributed with shape parameter x and Poisson distributed
with mean z. In one experiment, 7, is observed to be ¢. In the other, X is observed to be x.
The observed log-likelihood is then identical in the two experiments, namely
() = xlog(ty) — tf. From the identity Pr{7} > ¢t} = Pr{X; < x}, and since Y7, is a pivot,
the confidence distribution based on Ty has c.d.f. C,(y) = 1 — F(x — 1;y¢) where Fis the c.d.f.
of the Poisson distribution with mean ¢. This is not an exact confidence distribution if the
experiment consisted in observing X,. It is, in fact, stochastically slightly smaller than it should
be in that case. As noted above, no non-randomized exact confidence distribution exists in the
latter experiment.

3. Likelihood related to confidence distributions

To combine past reported data with new data, and also for other purposes, it is advantageous
to recover a likelihood function or an approximation thereof from the available statistics
summarizing the past data. The question we ask is whether an acceptable likelihood function
can be recovered from a published confidence distribution, and if this is answered in the
negative, how much additional information is needed to obtain a usable likelihood.

Frequentist statisticians have discussed at length how to obtain confidence distributions for
one-dimensional interest parameters from the likelihood of the data in view of its probability
basis. Barndorff-Nielsen & Cox (1994) discuss methods based on adjusted likelihoods and
other modified likelihoods obtained from saddle-point approximations. Efron & Tibshirani
(1993) and Davison & Hinkley (1997) present methods based on bootstrapping and quadratic
approximations. The problem of finding a likelihood for a single parameter, reduced of
nuisance parameters, has also received attention. When a marginal or conditional likelihood
exists in the statistics behind the canonical confidence distribution, the problem is solved.
Fisher (1930) not only introduced the fiducial distribution, but he also pointed to the
likelihood associated with it through the underlying pivot. We follow his lead.

Example 3 (continued). The likelihood for ¢ is based on the pivot SSR /¢ or directly on the
SSR part of the data. It is the density of SSR =¢?y?, which is proportional to
L(o) = 07" exp(—3vS?/a?). This is the two-stage likelihood for ¢ of Fisher (1922), and is
the marginal likelihood. We will also term it the reduced likelihood for ¢ since it is obtained
through the pivot, as specified in proposition 3 below. Taking logarithms, the pivot is brought
on an additive scale, logS —logo, and in the parameter T = logo the confidence density is
proportional to the likelihood. The log-likelihood also has a nicer shape in t than in g, where it
is less neatly peaked. It is of interest to note that the improper prior n(c) = ¢!, regarded as
the canonical “non-informative” prior for scale parameters like the present o, yields when
combined with the likelihood L the confidence distribution as the Bayes posterior distribution.
See also the more general comment in section 7.4.
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The likelihood is invariant under monotone transformations of the parameter. This is not
the case for confidence densities, due to the presence of the Jacobian. A given reduced
likelihood can thus relate to several confidence distributions. Realized confidence distributions
can also relate to many likelihood functions (depending upon the model), as seen from the
following example.

Example 5. Consider a uniform confidence distribution for y over (0,1). It is based on the
statistic 7" with observed value fo,s = % We shall consider three different models leading to this
confidence distribution, and we calculate the likelihood function in each case.

The first model is a shift-uniform model with pivot y — 7'+ % = U where U has a uniform
probability distribution over (0,1). Thus, C(y/) = ¥ for 0 < < 1 representing the uniform
confidence distribution. Further, T is uniform over (Y —%,y +1) and the likelihood is
L (¥) = Lo,1)(¥), the indicator function. Second, consider the scale model with pivot
%np /T = U. Again, the confidence distribution is the uniform. The probability density of 7 is
easily found, and the likelihood based on T = % comes out as Lyeqle (W) = 24tf(.1)(¥). The third
model is based on a normally distributed pivot, ®! () — ®!(T) = Z, where Z has a standard
normal distribution with c.d.f. ®. For the observed data, the confidence distribution is the
same uniform distribution. Calculating the probability density of 7, we find the likelihood of
the observed data Loom (1) = exp[—1 (@7 ())*].

These three possible log-likelihoods consistent with the uniform confidence distribution are
shown in Fig. 1. Other log-likelihoods are also possible.

3.1. Confidence and likelihoods based on pivots

Assume that the confidence distribution C(i) is based on a pivot piv with cumulative
distribution function F and density f. Since s is one-dimensional, the pivot is often a function
of a one-dimensional statistic 7 in the data X. The probability density of T is then

0.0 0.2 0.4 0.6 0.8 1.0
psi

Fig. 1. Three log-likelihoods consistent with a uniform confidence distribution over [0, 1]. “Many
likelihoods informed me of this before, which hung so tottering in the balance that I could neither believe
nor misdoubt.” — Shakespeare.
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ot
see also Fisher (1930). Since piv(T;y) = F~'(C()) we have the following.

ﬂMW:f@wWw@ﬂﬂq;

Proposition 3
When the statistical model leads to a pivot piv(T; ) in a one-dimensional statistic T, increasing
in \, the likelihood is

i) = 17 o2

The confidence density is also related to the distribution of the pivot. Since one has
C(y) = F(piv(T;y)), c(¥) = f(piv(T;y))|0piv(T;)/O¢|. Thus, the likelihood is in this
simple case related to the confidence density by

|8p1v (T; ) ‘/‘8p1v (T; ) ‘

LysT) = 3)

There are important special cases. If the pivot is additive in T (at some measurement scale),
say piv(T;y¥) = u(y) — T for a smooth increasing function g, the likelihood is L(y;T) =
F(F~Y(C(¥))). When furthermore the pivot distribution is normal, we will say that the
confidence distribution has a normal probability basis.

Proposition 4 (Normal-based likelihood)
When the pivot is additive and nmmally distributed, the reduced log-likelihood related to the
confidence distribution is L(\f) = —3 {d) l//))}2

The normal-based likelihood might often provide a good approximate likelihood. Note that
classical first order asymptotics leads to normal-based likelihoods. The conventional method
of constructing confidence intervals with confidence 1 — o, including those i for which
2{((17/) — £(p)} is less than the 1 — a-quantile of the y3, where ¥ is the maximum likelihood
estimate, is equivalent to assuming the likelihood to be normal-based. The so-called ABC
confidence distributions of Efron (1993), concerned partly with exponential families, have
asymptotic normal probability basis, as have confidence distributions obtained from
Barndorft-Nielsen’s r* (Barndorff-Nielsen & Wood, 1998). Efron (1993) used a Bayesian
argument to derive the normal-based likelihood in exponential models. He called it the implied
likelihood.

In many applications, the confidence distribution is found by simulation. One might start
with a statistic 7 which, together with an (approximate) ancillary statistic 4, is simulated for a
number of values of the interest parameter iy and the nuisance parameter y. The hope is that
the conditional distribution of 7 given A is independent of the nuisance parameter. This
question can be addressed by applying regression methods to the simulated data. The
regression might have the format

p(y) =T =)V 4)

where V is a scaled residual distributed independently of (i, y) in the parameter region of
interest. Then piv(7;y) = {u(¥) — T}/t(¥), and the likelihood is L(y) = f (F~'(C(¥))) /=()
The scaling function 7 and the regression function p might depend on the ancillary
statistic.
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Example 6. Let T be Poisson with mean . The half-corrected cumulative confidence
distribution function is

Lobs

Cp) = 1= exp(—Y)y//j! +Sexp(—Y )™ /tops!.
7=0

Here V' = Z(ﬂ —+/T) is approximately N(0,1) and is accordingly approximately a pivot for
moderate to large . From a simulation experiment, one finds that the distribution of V is
slightly skewed, and has a bit longer tails than the normal. By a little trial and error, one finds
that exp(¥/1000) is closely Student distributed with df = 30. With Q3¢ being the upper
quantile function of this distribution and #;, the density, the log-likelihood is approximately
Ls(Y) = log t30(Q30(C(¥)). Examples are easily made to illustrate that the ¢,(y) log-likelihood
quite closely approximates the real Poisson log-likelihood 4() = tobs — ¥ + tobs 10g(W /tobs)-
Our point here is to illustrate the approximation technique; when the exact likelihood is
available it is of course preferable.

The confidence density depends on the parametrization. By reparametrization, the
likelihood can be brought to be proportional to the confidence density. This parametrization
might have additional advantages. Let L(y) be the likelihood and ¢(y) the confidence density
for the chosen parametrization, both assumed positive over the support of the confidence
distribution. The quotient J(¥) = L(Y)/c(y¥) has an increasing integral u(y), with
(0/0y)u=J, and the confidence density of pu = u(y) is L(y(u)). There is thus always a
parametrization that makes the observed likelihood proportional to the observed confidence
density. When the likelihood is based upon a pivot of the form u(y) — 7, the likelihood in
u = p(y) is proportional to the confidence density of p.

Example 7. Let @/ Y be standard exponentially distributed. Taking the logarithm, the pivot
is brought on translation form, and u(y) = logy. The likelihood and the confidence density is
thus c(u) o< L(p) = exp{u — u — exp(u — p)}. The log-likelihood has a more normal-like shape
in the p parametrization than in the canonical parameter .

When the likelihood equals the confidence density, the pivot is in broad generality of the
translation type. The cumulative confidence distribution function is then of translation type,
with C = F(u — i), and so is the likelihood, L = ¢ = f(u — 1).

3.2. Bootstrapping a reduced likelihood

Bootstrapping and simulation have emerged as indispensable tools in statistical inference. One
typically observes aspects of the bootstrap distribution of an estimator, and uses these to reach
accurate inference. In our context it is also useful to focus on bootstrap distributions of the full
log-likelihood curves or surfaces. Thus in example 3 (continued) above, the bootstrapped log-
likelihood curve takes the form ¢*(¢) = —vloga — %v(S*)z/o*Z, where S* is drawn from the
S(;2/v)'/? distribution.

In a parametric bootstrapping experiment, where the data set comprises “old” and “new”
parts, all the data need to be simulated, also the parts relating to past data and which enter the
analysis through a reduced likelihood. Consider the situation where the distribution of the
maximum likelihood estimate @ = argmax[max,{Loid (¥ )Lnew (¥, x)}] is sought for various
values ({//V,@ of the interest parameter and the nuisance parameter. From simulated old and
new data, bootstrapped likelihood functions, L? () and L% (i, ) are obtained, and by
maximization, 1/7*
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Focusing on the old data, the reduced likelihood Ly (1) is assumed to depend on the scalar
statistic 7 through a pivot piv(7T,y) = V. Proposition 3 specifies the construction. A draw V*
from the known pivotal distribution produces a bootstrapped value T7* by solving
piv(T*, J) = J*. This produces in turn a bootstrapped version of the reduced likelihood of
the old data,

L (3 ) = f(piv(T*,))|9piv(T*, ) /OT" .

In the location and scale model (4), for example, T* = u(y) + () V*, and

L) = <u<$> — u() + r@v*) !

() ()

When the reduced likelihood is normal-based, the parametric bootstrap of the log-likelihood is
W) = =5H{uW) — uly) + Z*}*, where Z* ~ N(0, 1). In the case of i.i.d. data, one typically
has (W) = vy (), and () = —Snfu (b) — 1 () + 2*//n}’. Modifications of the
normal-based likelihood and its bootstrap are called for in cases where t() is not constant in .

4. Confidence power

Let C(¥) be the cumulative confidence distribution. The intended interpretation of C is that its
quantiles are endpoints of confidence intervals. For these intervals to have correct coverage
probabilities, the cumulative confidence at the true value of the parameter must have a
uniform probability distribution. This is an ex ante statement. Before the data have been
gathered, the confidence distribution is a statistic with a probability distribution, often based
on another statistic through a pivot.

The choice of statistic on which to base the confidence distribution is unambiguous only in
simple cases. Barndorff-Nielsen & Cox (1994) are in agreement with Fisher when emphasizing
the structure of the model and the data as a basis for choosing the statistic. They are primarily
interested in the logic of statistical inference. In the tradition of Neyman and Wald, emphasis
has been on inductive behaviour, and the goal has been to find methods with optimal
frequentist properties. In exponential families and in other models with Neyman structure (see
Lehmann, 1959, ch. 4), it turns out that methods favoured on structural and logical grounds
usually also are favoured on grounds of optimality. This agreement between the Fisherian and
Neyman—-Wald schools is encouraging and helps to reduce the division between the two
schools.

4.1. The Neyman—Pearson lemma for confidence distributions

The tighter the confidence intervals are, the better, provided they have the claimed confidence.
EXx post, it is thus desirable to have as little spread in the confidence distribution as possible.
Standard deviation, inter-quantile difference or other measures of spread could be used to
rank methods with respect to their discriminatory power. The properties of a method must be
assessed ex ante, and it is thus the probability distribution of a chosen measure of spread that
would be relevant. The assessment of the information content in a given body of data is,
however, another matter, and must clearly be discussed ex post.

When testing Hy: =, vs Hj: > ,, one rejects at level o if C()) < a. The power of the
test is Pr{C(y,) < a;y,} evaluated at a point i; > i,. Cast in terms of p-values, the power
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distribution is the distribution at y; of the p-value C(y},). The basis for test-optimality is
monotonicity in the likelihood ratio based on a sufficient statistic, S,

LR(Y,¥2;S) = L(Y5;S)/L(4;S) is increasing in S for , > . (5)
From Schweder (1988) we have the following.

Lemma 5 (Neyman—Pearson for p-values)

Let S be a one-dimensional sufficient statistic with increasing likelihood ratio whenever yr; < \,.
Let the cumulative confidence distribution based on S be CS and that based on another statistic T
be CT. In this situation, the cumulative confidence distributions are stochastically ordered:

s ST () T s ST () p
CW) < C W) aty <y, and C(Y) = C(¥) at y > .

In the standard Neyman—Pearson sense, the focus is on rejection vs non-rejection of a
hypothesis, which amounts to using a spread measure for C of the indicator type. More
generally, every natural measure of spread in C around the true value y, of the parameter can
be expressed as a functional y(C) = [*_T'(y — y()C(dy), where I'(0) = 0, I' is non-increasing
to the left of zero, and non-decreasing to the right. Here I'(¢) = fé y(du) is the integral of a
signed measure 7.

Proposition 6 (Neyman—Pearson for power in the mean)

If S is a sufficient one-dimensional statistic and the likelihood ratio (5) is increasing in S whenever
V| <\, then the confidence distribution based on S is uniformly most powerful in the mean, that
is, By, 7(C%) < By, 9(CT) holds for all spread-functionals y and at all parameter values V.

Proof. By partial integration,

0 o0
"0 = / COp + o) (—) (W) + /0 (1= C( + o) n(d). (6)

o0

By lemma 5, Ey C5(y + ) < Ey CT (Y + ) for ¢ <0 while Ey (1 — CS5(y + ) < Ey,
(1-CT (y+1y,) for ¥ >0. Consequently, since both (—y)(dy) and y(dy) >0,
E,,7(C5) < Ey,»(CT). This relation holds for all such spread measures that have finite
integral, and for all reference values y,. Hence C* is uniformly more powerful in the mean
than any other confidence distribution.

The Neyman—Pearson argument for confidence distributions can be strengthened.

Proposition 7 (Neyman—Pearson for confidence distributions)

If S is a sufficient one-dimensional statistic and the likelihood ratio (5) is increasing in S whenever
Wy < Wy, then the confidence distribution based on S is uniformly most powerful; that is, y(C%) is
stochastically less than or equal to y(CT) for all other statistics T, for all spread-functionals y,
and with respect to the probability distribution at all values of the true parameter .

Proof. Let S be probability transformed to be uniformly distributed at the true value of the
parameter, set at i, = 0 for simplicity. Write LR(0,;S)= LR(;S) and let F,(¢) be the c.d.f.
of T. Now,

Fy(t) = By Fy (11S) = EyR(tlS) = EolRy(11S) LR(Y:S)],
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where the expectation is w.r.t. to the sufficient statistic S. With C7(})=1 — Fy(T), we have
from (6) that

0

2(CT) = Ey [(1 ~m(1ls) [ LR s><—v><dw>} +E, [F0<T|s> / T LR S)(dy)

provided these integrals exist. Now, from the sign of y and from the monotonicity of the
likelihood ratio, 4_(S) = ffoc LR(y;S)(—y)(dy) is decreasing in S while 4, (S)=
JoZ LR(y; S)p(d) is increasing in S. The functions ¢ and ¢, of S that stochastically minimize

Eo{p_($)h-(S) + ¢, (S)h+(S)}

under the constraint that both ¢_(S) and ¢_(S) are uniformly distributed at ¥, = 0, are
¢_(S)=1—S and ¢, (S) = S. This choice corresponds to the confidence distribution based
on S, and we conclude that y(C%) is stochastically no greater than y(CT).

4.2. Uniformly most powerful confidence for exponential families

Conditional tests often have good power properties in situations with nuisance parameters. In
the exponential class of models it turns out that valid confidence distributions must be based
on the conditional distribution of the statistic which is sufficient for the interest parameter,
given the remaining statistics informative for the nuisance parameters. That conditional tests
are most powerful among power-unbiased tests is well known, see e.g. Lehmann (1959). There
are also other broad lines of arguments leading to constructions of conditional tests, see
e.g. Barndorff-Nielsen & Cox (1994). Presently we indicate how and why also the most
powerful confidence distributions are of such conditional nature.

Proposition 8
Let y be the scalar parameter and y the nuisance parameter vector in an exponential model, with
a density w.r.t. Lebesgue measure of the form

p) =exp{ySO) + 1141 () + -+ 1, Ap (V) — k(W 15 1) 3

for data vector y in a sample space region not dependent upon the parameters. Assume (Y, y) is
contained in an open (p + 1)-dimensional parameter set. Then

CS\A(IP) = Prl}/,z{S > Sobs‘A = Aobs}

is exact and uniformly most powerful. Here Sqps and Aqys denote the observed values of S and A.

Proof. The claim essentially follows from previous efforts by a reduction to the one-
dimensional parameter case, and we omit the details. A key ingredient is that A4 is a sufficient
and complete statistic for y when ¥ =, is fixed; this parallels the treatment of Neyman—
Pearson optimality of conditional tests for the exponential family, as laid out e.g. in Lehmann
(1959). Note that the distribution of S given 4 = 4ops depends on  but not on i, ..., %,

The optimality of the conditional confidence distribution, and thus of conditional tests and
confidence intervals, hinges on the completeness of the statistic 4 for each fixed y,. By
completeness, there cannot be more than one exact confidence distribution based on the
sufficient statistic. The conditional confidence distribution is exact, and is thus optimal since it
is the only exact one. The conditioning statistic 4 identifies what Fisher (1973) calls
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recognizable subsets, which in his view leads to conditional inference given 4 (whether the
model is for continuous or discrete data).

Example 8. Consider pairs (X;, Y;) of independent Poisson variables, where X; and Y; have

parameters A; and 4, for j = 1,...,m. The likelihood is proportional to

exp{ yilogy+ > (x;+ ;) log /lj}
=1 —1

J

Write S = 27:1 Y; and 4; = X; + Y;. Then 4,,...,4,, become sufficient and complete for the
nuisance parameters when v is fixed. Also, ¥;|4; is a binomial (4;,y//(1 + y)). It follows from
the proposition above that the (nearly) uniformly most powerful confidence distribution, used
here with a half-correction for discreteness, takes the simple form

CS\A(’#) = Prl//{S > Sobs‘Al,ob& .. -7Aonbs} + %Prl//{s = Sobs‘Al,oby . -7Am,obs}
Z’" W : Zm W

A'o S 5 > lb (SOS A’O S ) )7
=1 j‘bleF'wb RIS =1 b 1+y

where Bin(-|n, p) and bin(-|n, p) are the cumulative and pointwise distribution functions for the
binomial.

—1— Bin (Sobs

4.3. Large-sample optimality

Consider any regular parametric family, with a suitable density f(x;0) involving a
p-dimensional parameter 0. Assume data X7,..., X, are observed, with consequent maximum
likelihood estimator §n. Let furthermore 0y denote the true value of the parameter. It is well
known that 5,, is approximately distributed as a normal, centred at 0y, for large n. The
following statement is loosely formulated, but may be made precise in various ways.
The above situation, for large n, is approximately the same as that of observing a sample from
the model with density exp{3>>7_, 0;u;(x) — B(0)}, where u;(x) = dlog f(x; 0y)/90 and B(0) the
appropriate normalization constant. This goes to show that the inference situation is
approximated with the form described in proposition 8. This can also be seen through normal
approximations of the likelihood. Thus, broadly speaking, the normal confidence distribution
constructed by the standard maximum likelihood machinery becomes asymptotically optimal.
The following section offers additional insight into this first order large-sample result, along
with second order correction recipes.

5. Approximate confidence and reduced likelihoods

Uniformly most powerful exact inference is in the presence of nuisance parameters only
available in regular exponential models for continuous data and other models with Neyman
structure. Exact confidence distributions exist in a wider class of models, but need not be
canonical. The estimate of location based on the Wilcoxon statistic has for example an exact
known distribution in the location model where only symmetry is assumed. In more complex
models, the statistic upon which to base the confidence distribution might be chosen on
various grounds: the structure of the likelihood function, perceived robustness, asymptotic
properties, computational feasibility, perspective and tradition of the study. In the given
model, it might be difficult to obtain an exact confidence distribution based on the chosen
statistic. There are, however, various techniques available to obtain approximate confidence
distributions and reduced likelihoods.
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Bootstrapping, simulation and asymptotics are useful tools in calculating approximate
confidence distributions and in characterizing their power properties. When an estimator,
often the maximum likelihood estimator of the interest parameter, is used as the statistic on
which the confidence distribution is based, bootstrapping provides an estimate of the sampling
distribution of the statistic. This empirical sampling distribution can be turned into an
approximate confidence distribution in several ways.

The simplest and most widely used method of obtaining approximate confidence intervals is
the delta method. In a sample of size n, let the estimator 5,, have an approximate multinormal
distribution centred at 0 and with covariance matrix of the form S,/n, so that
(n'/2)S;1/2(, — 0) —4 N(0,1). By the delta method, the confidence distribution for a
parameter iy = h(6) is based on linearizing / at 6, and yields

Caera(¥) = P((¥ — ¥)/3,) (7)

in terms of the cumulative standard normal. The variance estimate is 6> = §S,g/n where g is
the gradient of / evaluated at 0. Again, this estimate of the confidence distribution is to be
displayed post data with @ equal to its observed value t/Alobs.

This confidence distribution is known to be first order unbiased under weak conditions.
That Cgenia () is first order unbiased means that the coverage probabilities converge at the rate
n~1Y/2, or that Caelta (Wrye) converges in distribution to the uniform distribution at the n'/? rate.
Note also that the confidence density as estimated via the delta method, say cgeita (), is simply
the normal density N(l//;, 2). The additivity of the asymptotically normal pivot implies that the
reduced likelihood is Gaussian and actually identical to the confidence density cgeita (V).

More refined methods for obtaining confidence distributions are developed below.

5.1. The t-bootstrap method
For a suitable increasing transformation of y and 1/A/ toy=h(y) and y = h(l/A/), suppose
t=(y—7)/7T is an approximate pivot, (8)

where 7 is a scale estimate. Let R be the distribution function of ¢, by assumption
approximately independent of underlying parameters (i, y). The approximate confidence
distribution for y is thus Co(y) = R((y — 7)/7), yielding in its turn C(y) = R((h(y) — h(@))/?)
for , with appropriate confidence density ¢(y) = C’'(). Now R would often be unknown, but
the situation is saved via bootstrapping. Let 7* = h(@*) and 7* be the result of parametric
bootstrapping from the estimated model. Then the R distribution can be estimated arbitrarily
well as R, say, obtained via bootstrapped values of 7 = (7 —7*)/7*. The confidence

distribution reported is then as above but with R replacing R:

Concort) = R((h(W) — h()/%).

Example 9. Figure 2 illustrates the z-bootstrap method for the case of the correlation
coefficient in the binormal family, using Fisher’s zeta transformation h(p) = Jlog{(1 + p)/
(I = p)} and a constant for 7. The density cpoot(p) is shown rather than its cumulative, and
has been computed via numerical derivation. We note that the exact confidence distribution
for p involves the distribution of the empirical correlation coefficient p, which however is quite
complicated and is available only as an infinite sum (see Lehmann, 1959, p. 210).

This t-bootstrap method applies even when ¢ is not a perfect pivot, but is especially
successful when it is, since #* then has exactly the same distribution R as ¢. Note that the
method automatically takes care of bias and asymmetry in R, and that it therefore aims at
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1.5 2.0 25 3.0

1.0

-0.5 0.0 0.5 1.0

Fig. 2. Approximate confidence density for a binormal correlation coefficient, having observed p = 0.667
from n = 20 data pairs, via the z-bootstrap method. The confidence density curve is computed via
numerical derivation of the Cpoot(p) curve, using 5000 bootstrap samples. The smoother curve is the
simpler version which takes a standard normal for the distribution R.

being more precise than the delta method above, which corresponds to zero bias and a normal
R. The problem is that an educated guess is required for a successful pivotal transformation 4
and the scale estimate 7. Such might be facilitated and aided by regression analysis of the
bootstrapped statistics. Furthermore, the -bootstrap interval is not invariant under monotone
transformations. The following method is not hampered by this shortcoming.

5.2. The acceleration and bias corrected bootstrap method

Efron (1987) introduced acceleration and bias corrected bootstrap percentile intervals, and
showed that these have several desirable aspects regarding accuracy and parameter invariance.
Here we will exploit some of these ideas, but “turn them around” to construct accurate
bootstrap-based approximations to confidence distributions and reduced likelihoods.
Suppose that on some transformed scale, from s and l/A/ toy=h(¥)and y = h(@), one has

(r=7)/(1 +ay) —b~N(0,1) ©)

to a very good approximation, for suitable constants a (for acceleration) and b (for bias). Both
population parameters a and b tend to be small; in typical setups with n observations, their
sizes will be O(n~'/?). Assuming @y > —1, the pivot in (9) is increasing in y and
C(y) = ®((y —7)/(1 + ay) — b) is the confidence distribution for y. Thus

_ o) — k()
C(W)‘D<W—b> (10)

is the resulting confidence distribution for . This constitutes a good approximation to the real
confidence distribution under assumption (9). It requires / to be known, however, as well as a
and b.

To get around this, look at bootstrapped versions 7* = h(@*) from the estimated parametric
model. If assumption (9) holds uniformly in a neighbourhood of the true parameters, then also
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(7" =)/ +ay) ~N(=b,1)

with good precision. Hence the bootstrap distribution may be expressed as

G(t) = Pr.{J" <1} = Pr.{i” < h()} = ‘D(hl(ti;g i b)’

which yields h(r) = (1 +a7){® ' (G()) — b} + 7. Substitution in (10) is seen to give the abc
formula

(11)

1/~ o
/Cabc(l//) = dj( ? (G(l//)) b - b))

I+ a(@ " (GW)) - b)

since ¢! (E}(l/A/)) = b. Note that an approximation () to the confidence density emerges
too, by evaluating the derivative of Cupe. This may sometimes be done analytically, in cases
where @(w) can be found in a closed form, or may be carried out numerically.

The reduced abc likelihood is from (9) equal to L(y) = ¢((y —7)/(1 + ay))/(1 + ay), which
yields the log-likelihood

() = — 5 {07 W)Y ~logl1 + o~ (G()) — b)), (12)

since the unknown proportionality factor 1 + ay appearing in A(z) is a constant proportionality
factor in Lype(h(Y)).

It remains to specify a and b. The bias parameter b is found from 6(171) = @(b), as noted
above. The acceleration parameter a is found as a = %skew, where there are several ways in
which to calculate or approximate the skewness parameter in question. Extensive discussions
may be found in Efron (1987), Efron & Tibshirani (1993, ch. 14, 22) and in Davison & Hinkley
(1997, ch. 5), for situations with i.i.d. data. One option is via the jackknife method, which
gives parameter estimates J@ computed by leaving out data point i, and use a equal to
(6n'/2)" multiplied by the skewness of {:,Z(,) - IIA/“), ceh @A) - 1/7(,1)}. Here I/A/(,) is the mean of
the n jackknife estimates. Another option for parametric families is to compute the skewness
of the logarithmic derivative of the likelihood, at the parameter point estimate, inside the least
favourable parametric subfamily; see again Efron (1987) for more details.

Note that when a and b are close to zero, the abc confidence distribution becomes identical
to the bootstrap distribution itself. Thus (11) provides a second order non-linear correction of
shift and scale to the immediate bootstrap distribution. We also point out that results similar
in nature to (12) have been derived in Pawitan (2000), in a somewhat different context of
empirical likelihood approximations.

Example 10. Consider again the parameter = g,/ of example 2. The exact confidence
distribution was derived there and is equal to C(¥) = 1 — K(l/A/ 2/y%), with K = K,, ,,. We shall
see how successful the abc apparatus is for approximating the C(y) and its confidence density
). )

In this situation, bootstrapping from the estimated parametric model leads to " = 63/7'}
of the form @Fl/ 2 where F has degrees of freedom v, and v;. Hence the bootstrap distribution
is G(1) = K(tz/lzz), and @(@) = K(1) = ®(b) determines b. The acceleration constant can be
computed exactly by looking at the log-derivative of the density of @, which from |/A/ =yF'is
equal to p(r; ) = k(r2/y*)2r/y*. With a little work the log-derivative can be expressed as

v /v | vt (1] vy
E{_‘2+(Vl+VZ)1+(\)2/V1)$2/¢2} =iy {Beta(§v2,§v1>—v1+v2}.
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Calculating the three first moments of the Beta gives a formula for its skewness and hence for
a. (Using the jackknife formula above, or relatives directly based on simulated bootstrap
estimates, obviates the need for algebraic derivations, but would give a good approximation
only to the a parameter for which we here found the exact value.)

Trying out the abc machinery shows that @bc(tﬁ) is amazingly close to C(i), even when the
degrees of freedom numbers are low and imbalanced; the agreement is even more perfect when
vy and v, are more balanced or when they become larger. The same holds for the densities

Cabe(¥) and c(¥); see Fig. 3.

5.3. Comparisons

The t-bootstrap method and the abc method remove bias by transforming the quantile
function of the otherwise biased normal confidence distribution, ®(yy — @) The delta method
simply corrects the scale of the quantile function, while the abc method applies a shift and a
non-linear scale change to remove bias both due to the non-linearity in i as a function of the
basic parameter 0 as well as the effect on the asymptotic variance when the basic parameter is
changed. The ¢-bootstrap method would have good theoretical properties in cases where the 1/A/
estimator is a smooth function of sample averages. Theorems delineating suitable second-
order correctness aspects of both the abc and the r-bootstrap methods above can be
formulated and proved, with necessary assumptions having to do with the quality of
approximations involved in (8) and (9). Methods of proof would, for example, involve
Edgeworth or Cornish—Fisher expansion arguments; see e.g. Hall (1992). Such could also be
used to add corrections to the delta method (7).

There are still other methods of theoretical and practical interest for computing
approximate confidence distributions, cf. the broad literature on constructing accurate
confidence intervals. One approach would be via analytic approximations to the endpoints of
the abc interval, under suitable assumptions; the arguments would be akin to those found in

2.0

1.5

confidence density
1.0

0.5

0.0 0.5 1.0 1.5
psi=sigma2/sigma1

Fig. 3. True confidence density along with abc-estimated version of it (dotted line), for parameter
W = g2/01 with 5 and 10 degrees of freedom. The parameter estimate in this illustration is ¢ = 0.50. The
agreement is even better when v; and v, are closer or when they are larger.
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DiCiccio & Efron (1996) and Davison & Hinkley (1997, ch. 5) regarding ‘“approximate
bootstrap confidence intervals”. Another approach would be via modified profile likelihoods,
following work by Barndorff-Nielsen and others; see Barndorff-Nielsen & Cox (1994, chs. 6, 7),
Barndorff-Nielsen & Wood (1998), and Tocquet (2001). Clearly more work and further
illustrations are needed the better to sort out which methods have the best potential for
accuracy and transparency in different situations. At any rate the abc method (11) appears
quite generally useful and precise.

6. Confidence inference in a multinomial recapture model

Assuming captures to be stochastically independent between occasions and letting all
individuals having the same capture probability p, on occasions t = 1, 2, 3, 4, say (see below),
we have the multinomial multiple-capture model of Darroch (1958). The likelihood

L(N7p17"7p4 ( )Hp NX[

factors in X, the number of unique individuals sampled over the four occasions, and 4 = {X;},
which emerges as a conditioning statistic in inference for N. For fixed N, A4 is in fact sufficient
and complete for the nuisance parameter {p,}. The confidence distribution for N based on X in
the conditional model given A is therefore suggested by the arguments that led to proposition
8. With half-correction due to discreteness, the c.d.f. of the confidence distribution is

C(N) = Pry{X > Xobs|d} + S Pry{X = Xons|4}.

The conditional distribution is computed via the hypergeometric distribution. Let R, be the
number of recaptures on occasion ¢ relative to previous captures. Set R; = 0. The total
number of recaptures is R = Zf:] R, = Zf:] X; — X. Given the number of unique captures
previous to ¢, ZE;II(XZ» — R;), R, has a hypergeometric distribution. In obvious notation, the
conditional distribution is therefore

ror—r -1
PTN{X_X|{xl}}_ZZH V- lei ) ;(Xiiri) /(i\j) (13)

r=07r;3=0 =2 x, — 7 17}

The present approach generalizes to an arbitrary number of capture occasions, but it assumes
the population to be closed and homogeneous with respect to capturing, which is independent
over capturing occasions.

Example 11. Bowhead whales in Alaska. In the summers and autumns of 1985 and 1986,
photographs were taken of bowhead whales north of Alaska (see da Silva et al., 2000;
Schweder, 2002). We shall be concerned mainly with the immature component of the
population that had natural marks on their bodies. The numbers of individuals identified in
photographs taken on each of the four sampling occasions and in the pooled set of
photographs were 15, 32, 9, 11, 62 respectively.

The confidence distribution for number of immature whales is C(N) = Pry{X > 62}+
%PrN{X = 62}, calculated in the conditional distribution (13). The conditional probability
provides a reduced likelihood for N, viz. L(N) = Pry{X = 62}. The likelihood happens to be
extremely close to the normal-based likelihood calculated from C(N), see Fig. 4. This
agreement is due to the underlying conditional pivot. With N being the conditional maximum
likelihood estimate and Z a standard normal variate, the pivot is approximately

N-'2 —aN-'2 = 6Z. The coefficients a and ¢ and the power — 1 are estimated from ¢-¢
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—— Exactlog likelihood
---=- Normal scores log likelihood
Log confidence density

T T T T T
200 400 600 800 1000

Number of marked immature whales

Fig. 4. The exact conditional log-likelihood is shown together with the normal scores log-likelihood and
the log-confidence density for the number of marked immature bowhead whales.

plots of the confidence distribution (13) calculated from the observed data. To an amazing
accuracy, we find C(N) ~ ®(5.134 — 87.307N"'/2) over the relevant range in Fig. 4. The
natural parameter is u(N) = 1/N'/2. Due to the non-linearity in the natural parameter,
the likelihood is different from the confidence density (taking N to be continuous); in this case
the difference is actually substantial, see Fig. 4. (The same picture emerges for mature whales;
see Schweder (2002).)

7. Discussion

The context of this paper is that of parametric statistical models with one or more parameters
of primary interest. The model is assumed given. The very important questions of model
selection, model diagnosis and model uncertainty are not touched upon here. Our concern is
the assessment of uncertainty in conclusions due to sampling variability, given the model.
Inference concerning a single parameter of primary interest made from a certain set of data
has both direct and indirect use. Directly, the inference provides information about the state of
nature or society. Indirectly, inference made in one study is used together with new data as
part of the combined data for that study.

7.1. Confidence

The confidence distribution is a direct generalization of the confidence interval, and is a useful
format of presenting statistical inference. Our impression is that the confidence interval is by far
the most popular format of presenting frequentist inference, particularly since reporting an
estimate and its standard error is typically viewed as an implicit way of presenting a confidence
interval based on the normal distribution. The 95% confidence interval together with the point
estimate will often be a natural summary of the confidence distribution. For parameters of great
interest, such as the number of bowhead whales in the stock that currently is subject to whaling
by native Alaskans, a more complete report of the confidence distribution might be desirable.
The confidence distribution, sometimes called the risk profile, is actually used in fisheries stock
assessment (Gavaris & Ianelli, 2002). The lower tail of the confidence distribution for stock size
is of particular interest when a precautionary approach to management is taken.
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When there is more than one interest parameter, simultaneous confidence distributions
might be demanded. Unfortunately, the concept of multi-parameter confidence distributions is
difficult. The guidance we give is only applicable in special cases, e.g. when there are separate
and independent pivots for each of the parameters. The family of confidence are post ellipsoids
available in linear models with normal data provides, of course, a multivariate confidence
distribution. So does the family of confidence sets obtained by asymptotic considerations, say
by the modified likelihood ratio statistic w* or w** (Skovgaard, 2001). Note, however, that a
marginal of a multivariate confidence distribution is typically a confidence distributions for the
corresponding parameter only when the parameter is linear in the full parameter vector. A
general theory for multi-parameter confidence distributions and their reduction to confidence
distributions for derived parameters has not been developed as far as we know.

Following Neyman, the number 0.95 associated with a realized 95% confidence interval is
termed degree of confidence. We follow Neyman in this respect, but drop “degree of” for
simplicity. The confidence distribution is simply a distribution of confidence ex post, and
confidence is exactly what we are used to as the degree of trust in a reported confidence interval.
Neyman and Fisher disagreed on this point. When Fisher’s fiducial probability distribution
exists, it will typically be identical to the confidence distribution, and the interval will then be
fiducial probability interval. We side with Neyman, Efron and others on the use of “confidence”
instead of “probability”. And we side with Fisher and with Efron and others that the
full distribution (of confidence) is of potential interest. Distributions for parameters are
thus understood as confidence distributions and not probability distributions. The concept
of probability is reserved for (hypothetically) repeated sampling, and is interpreted
frequentistically.

7.2. Likelihood

The likelihood function is the ideal inferential format for indirect use of the results. It gives a
sufficient summary of the data, and it allows the future user to give the past data the
appropriate weight in the combined analysis. In situations with one interest parameter and
several nuisance parameters, there is a need to be freed of the nuisance parameters. This could
be done in the final analysis, with past data represented by the full likelihood, or it could be
done by representing the past data with a reduced likelihood for the parameter of interest.
Getting rid of nuisance parameters is often a taxing operation. A thorough understanding of
the data and the underlying probability mechanism is required. For this reason, and also to
avoid duplication of work, it will often be natural to carry out this reduction in the initial
analysis. Since the reduced likelihood usually comes for free when the pivot behind the
confidence distribution is identified, it certainly seems rational to present the reduced
likelihood for parameters for which the estimate is suspected to be subject to later updating.

In meta-analysis, one often experiences more variability in estimates across studies than
stipulated by the individual likelihoods or standard errors. In such cases, a latent variable
representing unaccounted variability in the individual reduced likelihoods might be called for.
Anyway, the reduced likelihoods are better suited for meta-analysis than only estimates
accompanied by standard errors.

Bootstrapping or simulation is an indispensable tool in confidence estimation. The future
user would thus like to simulate the past reduced data along with the new data. This is easily
done when the pivot underlying the reduced likelihood representing the past data is known.

A pivot in several parameters and in the same number of statistics determines a reduced
likelihood exactly as in section 3. It does also dictate how to simulate the data reduced to these
statistics.
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When data are weak, it is sometimes tempting to include a component in the likelihood that
represents prior beliefs rather than prior data. This subjective component of the likelihood
should then, perhaps, be regarded as a penalizing term rather than a likelihood term. Schweder
& Ianelli (2000) used this approach to assess the status of the stock of bowhead whales subject
to inuit whaling off Alaska. Instead of using the prior density as a penalizing term, they used
the corresponding normal-based likelihood. In one corresponding Bayesian analysis, the prior
density was, of course, combined multiplicatively with the likelihood of the observed data
(Raftery et al., 1995).

7.3. Reporting

To enable the best possible direct use of inference concerning a parameter of primary interest,
it should, in our view, be reported as a confidence distribution. Along with the confidence
distribution, a report of the underlying pivot and its distribution is helpful for future indirect
use of the data. It will usually determine both the reduced likelihood, which could be explicitly
reported, and how to carry out future parametric bootstrapping of the then past reduced data.
There are, of course, other important things to report than the final conclusions, e.g. the
confidence distribution for each of the parameters of primary interest.

The confidence distribution represents the frequentist analogue of the posterior marginal
distribution of the interest parameter in a Bayesian analysis, and the reduced likelihood
together with information on how to simulate the past reduced data corresponds to the
Bayesian’s use of a past marginal posterior as a prior for the new analysis. We hope that
reporting of confidence distributions and reduced likelihoods (with information on the pivots)
will have the same appeal to scientists as does Bayesian reporting.

7.4. The Bayesian paradigm vs the Fisher—Neyman paradigm

As Efron (1998) remarks, both Fisher and Neyman would probably have protested against the
use of confidence distributions, but for quite different reasons. Neyman might also have
protested against our use of reduced likelihoods. We will, nevertheless, call the approach to
statistical inference lined out in the present paper the Fisher—-Neyman paradigm.

It is pertinent to compare the frequentist Fisher—Neyman paradigm with the Bayesian
paradigm of statistical inference. Most importantly, the two approaches have the same aim: to
arrive at distributional knowledge in view of the data within the frame of a statistical model.
The distribution could then be subject to further updating at a later stage, etc. In this sense,
our approach could be termed ““frequentist Bayesian™ (a term both frequentists and Bayesians
probably would dislike).

We would like to stress as a general point the usefulness of displaying the confidence density
c(¥), computed from the observed data, for any parameter y of interest. This would be the
frequentist parallel to the Bayesian’s posterior density. We emphasize that the interpretation
of ¢() should be clear and non-controversial; it is simply an effective way of summarizing and
communicating all confidence intervals, and does not involve any prior.

One may ask when the c(y) curve is identical to a Bayesian’s posterior. This is clearly
answered by (3) in the presence of a pivot; the confidence density agrees exactly with the
Bayesian updating when the Bayesian’s prior is proportional to

o) — 'aplvrl//‘/‘apww'. 14
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In the pure location case the pivot is  — T, and = is constant. When  is a scale parameter
and the pivot is /T, the prior becomes proportional to Y. These priors are precisely those
found to be the canonical “‘non-informative” ones in Bayesian statistics. In the correlation
coefficient example of section 5.1, the approximate pivot used there leads to
mo(p) = 1/(1 — p?) on (—1,1), agreeing with the non-informative prior found using the
so-called Jeffreys’ formula. Method (14) may also be used in more complicated situations, for
example via abc or f-bootstrap approximations in cases where a pivot is not easily found. See
also Schweder & Hjort (2002).

It is possible for the frequentist to start at scratch, without any (unfounded) subjective prior
distribution. In complex models, there might be distributional information available for some
of the parameters, but not for all. The Bayesian is then stuck, or has to construct priors. The
frequentist will in principle, however, not have problems in such situations. The concept of
non-informativity is, in fact, simple for likelihoods. The non-informative likelihoods are
simply flat. Non-informative Bayesian priors are, on the other hand, a thorny matter. In
general, the frequentist approach is less dependent on subjective input to the analysis than the
Bayesian approach. But if subjective input is needed, it can readily be incorporated (as a
penalising term in the likelihood).

In the bowhead assessment model (Schweder & Ianelli, 2000) there were more prior
distributions than there were free parameters. Without modifications of the Bayesian synthesis
approach like the melding of Poole & Raftery (1998), the Bayesian gets into trouble. Due to
the Borel paradox (Schweder & Hjort, 1996), the Bayesian synthesis will, in fact, be completely
determined by the particular parametrization. With more prior distributions than there are
free parameters, Poole & Raftery (1998) propose to meld the priors to a joint prior distribution
of the same dimensionality as the free parameter. This melding is essentially a (geometric)
averaging operation. If there are independent prior distributional information on a parameter,
however, it seems wasteful to average the priors. If, say, all the prior distributions happen to
be identical, their Bayesian melding will give the same distribution. The Bayesian will thus not
gain anything from k independent pieces of information, while the frequentist will end up with
a less dispersed distribution; the standard deviation will, in fact, be the familiar a/kl/ 2,

Non-linearity, non-normality and nuisance parameters can produce bias in results, even
when the model is correct. This is well known, and has been emphasized repeatedly in the
frequentist literature. Such bias should, as far as possible, be corrected in the reported results.
The confidence distribution aims at being unbiased: when it is exact, the related confidence
intervals have exactly the nominal coverage probabilities. Bias correction has traditionally not
been a concern to Bayesians. There has, however, been some recent interest in the matter. To
obtain frequentist unbiasedness, the Bayesian will have to choose the prior with unbiasedness
in mind. Is this, then, Bayesian? The prior distribution will then not represent prior knowledge
of the parameter in case, but an understanding of the model. In the Fisher—-Neyman paradigm,
this problem is in principle solved. It takes as input (unbiased) prior confidence distributions
converted to reduced likelihoods and delivers (unbiased) posterior confidence distributions.

There are several other issues that could have been discussed, such as practicality and ease
of communicating results to the user. Let us only note that exact pivots and thus exact
confidence distributions and reduced likelihoods are essentially available only in regular
exponential models for continuous data. In other models one must resort to approximate
solutions in the Fisher—Neyman tradition. Whether based on asymptotic considerations or
simulations, often guided by invariance properties, an ad hoc element remains in frequentist
inference. The Bayesian machinery will, however, in principle always deliver an exact posterior
when the prior and the likelihood is given. This posterior might, unfortunately, be wrong from
a frequentist point of view in the sense that in repeated use in the same situation it will tend to
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miss the target. Is it then best to be approximately right, and slightly arbitrary in the result, as
in the Fisher—Neyman case, or arriving at exact and unique but perhaps misleading Bayesian
results?

7.5. The grand perspective

Hald (1998) speaks of three revolutions in parametric statistical inference, due to Laplace in
1774 (inverse probability, Bayesian methods with flat priors), Gauss and Laplace in 1809-1812
and Fisher in 1922. This is not the place to discuss Fisher’s revolution in any detail, other than
to note that it was partly a revolt against the Laplacian Bayesianism. When discussing
Neyman’s 1934 paper on survey sampling (Neyman, 1934), Fisher stated, “All realised that
problems of mathematical logic underlay all inference from observational material. They were
widely conscious, too, that more than 150 years of dispute between the pros and the cons of
inverse probability had left the subject only more befogged by doubt and frustration.” To get
around the problems associated with prior distributions, Fisher proposed the fiducial
distribution as a replacement for the Bayesian posterior. Efron (1998) emphasizes the
importance of the fiducial distribution, which he prefers reformulated to the confidence
distribution discussed in the present paper. The fiducial argument is not without problems (see
e.g. Brillinger, 1962; Wilkinson, 1977; Welsh, 1996) and has often been regarded as “‘Fisher’s
biggest blunder” (see Efron, 1998). By converting to the confidence formulation, as Neyman
did in 1941 but which Fisher resisted, Efron holds that the method can be applied to a wider
class of problems and that it might hold a key to “our profession’s 250-year search for a
dependable objective Bayes theory”. We agree, and hope with Efron (1998) and also with
Fraser when discussing Efron (1998) that fiducial or confidence distributions will receive
renewed interest. By emphasizing the importance of the reduced likelihood associated with a
confidence distribution, and by pointing out the role of the underlying (approximate) pivot for
future parametric bootstrapping, a form of objective Bayes methodology has been sketched.
Our form of ‘frequentist Bayesianism’ does not involve Bayes’ formula, although we have
nothing against using Bayesian techniques to produce confidence distributions with correct
frequentist properties. But it seeks to deliver digested statistical information in the format of
distributions, and it provides a method for rational updating of such statistical information.
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