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ABSTRACT
It has been usual when designing classification procedures for remote
sensing data to assume independence of the feature vectors. This
assumption may be reasonable when the pixels are large, say 100 x 100 m,
but less realistic for high resolution satellites with pixel sizes of
20 x 20 m, or less.

This paper considers a simple model wh%chlallowSAfor spatial corr-
elation. The idea is to express the feature vectors from neighbouring
pixels as a sum of two independent processes, one having independent
vectors with class dependent distributions, the other being a contaminating,
auto-correlated noise process. This model is combined with different models
for the joint distribution of the classes of the neighbours, giving con-
textual classification rules incorporating the spatial relationship of
the feature vectors.

A method for estimating the parameters in the autocorrelation model
is also presented.



1. INTRODUCTION

A scene consists of N pixels. Observed in pixel i is a d-dimensional
vector xi, the components of which are spectral measurements in
different channels. Xi may also contain components bearing for example
topographic intformation. K classes, having prior probabilities

w(k), k = 1,...,K, are defined on the scene. The X's from class k are
assumed to be distributed according to a density fk(x), in the present

paper further assumed to be the Gaussian one.

Let Ci be the true class of pixel i. The aim of a statistical classi-
fication procedure is to estimate the Ci's on the basis of the observed
Xi's. Most procedures require some preliminary knowledge about the class
distributions, and sometimes also some further statistical parameters.
This knowledge, for example in the form of parameter estimates, is
usually extracted from a training set for each class and possibly
further samples of ‘ground truth'.

It is supposed in the present paper that all outliers, i.e. pixels
not belonging to any of the K predefined classes, have been taken care of
separately, such that each Ci € {1,...;K). (A procedure managing this
is described in Hjort (1985a).) Let Ci denote the class assignment,
according to a classification procedure, of pixel i. The possibility
of being in doubt and stating nothing about Ci is reserved, having in
mind, for example, pixels made up of a mixture of points from more
than one class. Thus each Ci* e {1,...,K,D}, where D means 'being
in doubt’'.

Assume that the loss incurred when pixel i is assigned to Cit is

of the type
0 if Cit = Ci (corfect decision)
% . x x ..
L(Ci,Ci) = 1 1if Ci # Ci and Ci e {1,...,K} (wrong decision)
c if'Cit =D (being in doubt)

where ¢ ¢ [0, 1 - (1/K) ] is a certain threshold. Number the pixels that
are to be classified 1,...,M (some of the original N pixels are used in

training sets, and some are already classified as outliers). As a total



measure of the consequences involved when pixels with true classes

T =1 3 ﬂ* *
(C1""'CM) are classified as ((.1 ,...,CM) , we use

_ M
L = (/M) g

b 4
total L(Ci'ci X

1

which is seen to equal the fraction of misclassified pixels plus ¢ times
the fraction of 'being in doubt' pixels. The expected loss may be
expressed as
x 4
= +
ELtotal e (c) + cd (c)

x 4 .
where e and @ are the error rate and doubt rate, respectively.

One may now show that the optimal (Bayes) rule, i.e. the classi-
fication procedure minimising ELtotal' is of the form

4
Ci= . (1)
m if Pi(mIA) = max, . Pi(kIA) > 1-c.
The rule involves the posterior probabilities

Pi(klA) = pr{ci = k|A}, (2)

where A (for ‘data') means the full scene's observations. It is seen
that the Bayes procedure is dependent upon the specification of the
probability distribution of (C1,...,CN,X1,...,XN). This being an
enormous vector, the algorithm (1) will usually be impossible to use
in practice.

The following procedure is proposed in Hjort & Mohn (1984) as an
approximation to the Bayes rule (1):

D if Pi(klAi) ¢ 1-c¢ for all k=1,...,K,

Q»
]

(3)
m if Pi(glqi) = maxy o Pi(klAi) > 1-c.



Here

Pi(k'Ai) = Pr(Ci = klAi}, (4)

and Ai is a suitably chosen set of observations, including at least
{Xi}, to take into account when trying to classify pixel i. A natural
choice, which will be employed in most of the present paper, is

X

A. = (xi'xiN' X b, (5)

i ie'¥is, Xiw
that is, observations from the four immediate neighbours lying north,
east, south, and west of a pixel are also used when this centre pixel
is classified. In this sense, the rules (3) are contextual, and aim at
better performance than the traditional rules of discriminant analysis
that are currently used in most commercial systems, in that these use

only Ai = {Xi).

It is not difficult to see that the posterior probabilities (4) may
be expressed as

Pi(kIAi)

Py(kIX; XX p Xy oiXiy)

(1/f(Ai)) n(k) [ dq(a.b,c,dlk) f(Ailk.a.b.c.d). (6)

a,b,c,
Here (a,b,c,d) is one of the g possible configurations of neighbour classes,
and g(a,b,c,d|k) is the probability of seeing this configuration, given

that the centre pixel is from class k. Further f(AiIk,a,b,c,d) is the
conditional joint density of the five vectors, given that k,a,b,c,d are

the classes in question. The denumerator t(Ai) is the unconditional density

of the five spectral vectors, making [k§1 Pi(kIAi) = 1. Assuming that
the conditional distribution of X given the classes in the neigh-
neighbourhood, just depends on the class ot pixel i, the class
density fk(xi) may be f;ctprised out in f(Ailk,a,b,c,d) to get

f(Ailk,a,b,c,d) = fk(Xi) h(XiN,...,Xiwlxi,k,a,b,c,d). (7)



A general formula for pi(klAi) results:

Pi(kIAi) = const. n(k)tk(xi) Rk(Ai)' (8)
where

Rk(Al) = [a,b,c,d g(a,b,c,dlk) h(xiNr--rxiwlxi:k:arblc:d) (9)

acts as a correction or adjustment factor, taking spatial dependence
into account, to the classical non-contextual method, which has

Pi(klxi) = const. w(k) fk(xi)'

The general formulae (6) and (8) were presented and further commented
upon in Hjort & Mohn (1984). The approach taken is seen to give rise
to a variety of contextual classification methods, depending on how g
and £ in (6) (or equivalently, g and h in (9)) are modelled. Several
published proposals may be seen to be special cases. Most of these assume
conditional independence between neighbouring spectral vectors, given
the classes, that is,

f(Ailk,a,b,c,d) = #k(Xi) fa(xiN) g fd(xiw), (10)
or

h(xiN,...,xiwlxi,k,a,b,c,d) = fa(xiN) e td(xiw),

and concentrate instead on constructing good models for the distribution
of classes, leading to specifications for g in (9). Two references here
are Owen & Switzer (1982) and Haslett (1983).

It is argued in Section 2, however, that the conditional independence
assumption (10) becomes inadequate when applied to small pixels, i.e.
data from high resolution satellites. The present paper concentrates on
a model for the spectral vectors that allows positive correlation
between spectral measurements from neighbouring pixels, given the
classes. This model is described in Section 2, and results in a speci-
fication of h in (9). When this h is combined with any choice of g,

a contextual classification procedure arises.



The two mosaic models used by Haslett and Owen & Switzer (op.cit.)
are singled out for special attention. In particular it is shown that a
simple approximation to the rule combining Haslett's Markov random field
and the correlation model of Section 2 produces a relatively simple and
easily implementable algorithm, that incorporates both types of context-
ual information: transition probabilities for the classes and spectral

gpatial correlation.

The procedures emerging in Section 2 employ an auto-correlation para-
meter ¢ and a proportion parameter 8. Section 3 offers methods to obtain
estimates of these parameters.

In Section 4 some possible generalisations are briefly considered.

The proposed classification procedures are presently implemented
on a VAX 11/780. They will be tried out and compared with other methods
on artificial data as well as on a simulated SPOT-scene. Results will be
reported in a forthcoming paper.

2. A MODEL FOR SPECTRAL OBSERVATIONS CONTAMINATED WITH
AUTO-CORRELATED NOISE

One of the simplest statistical models for the behaviour of spectral
vectors (x1,...,xu) given the true classes (C1""'CM) is the following:
the Xi's are conditionally independent, and Xi* N(uc L), i=1,... M.

i

My is envisaged as the mean of a large number of xi's from class k.

A more realistic model is presumably one where the process governing the
Xi‘s is thought of as being the sum of two independent processes, say
(Y1""'YH) having the simple class-dependent structure above, and a
contaminating, auto-correlated noise process (e1,...,eH). We think of
the Yi's as being the ones that directly bear information of a pixel's
class, whereas the ei's are imagined as being the result of measurement
erroxrs and possibly other sources of ‘extra variaton'.



To be specific, let Xi = Y.L toeg where Y1,...YM, (51,...,cM) are
independent, Yi* N(uC , (1-8)L), and where (e1,...,eM) is multinormally
i

distributed with zero means and

COV (e;, e5) = ol tgr, (11)

In particular
VAR ei = 0L.
It follows that xi - N(uC ,L) given Ci, as in the simple model mentioned
i

above. The important difference is that now the Xi's are positively

correlated:
COV(X;,X;) = elItler, i3 (12)

given the classes Ci’cj' (1j-i! means ordinary distance between (centres of)

pixels in an integer-valued coordinate system.)

If 8 = 0, then the simple model mentioned first results (and likewise
if 8 > 0 and ¢ = 0). The other extreme possibility is ® = 1, in which case
xi may be expressed as the class mean e plus auto-correlated noise. This

i

results in a model similar in spirit to the ones used by Kittler &
Foglein (1984), and Mardia (1984). Kittler and Fdéglein's model is a
Gaussian Markov field on the infinite rectangular lattice, considered
previously by Besag (1974). The conditional distribution of xi given
all other xj's is the multinormal with an expectation equal to a linear
function of the xj's from the neighbourhood of pixel i. In order to
satisfy the stationarity inherent in the model a normalisation of

the observed feature vectors has to be done. The starting point in
Mardia (1984) is "local spatial continuity®, which means that all pixels
in the neighbourhood are assumed to have the same class. The Xi's are
multinormal with a covariance structure corresponding to ® = 1 in our
model. The situation we have in mind, however, is one with positive,
but perhaps small values of g and 9.



The value of the autocorrelation parameter depends on the pixel size.
The larger the pixels, the smaller the value. To get a quantitative
impression of the relationship let us consider a SPOT scene Wwith resolution
20 x 20 m and a LANDSAT scene with resolution 100 x 100 m. Denote the
autocorrelation parameters for these two resolutions by ¢ and 6
respectively. Denote further a feature vector from an arbitrary pixel
in a SPOT scene by xi and in a LANDSAT scene by ii' For simplicity we
suppose that xi is the mean of the xj's from the 25 SPOT-pixels within
LANDSAT pixel no 1i:

° 1
X. = =7 L X
12 je .

covtii,iiH) = —1—2 L L COV(XyXy) = —15 (r 1 el ¥lyer
257 jef kef, 257 jef kef,,
van(ii) = -13 VAR( £ X.).
25 je®. ?
1
Requiring COV(ii,ii+1) = 3 e VAR(ﬁi) we obtain after some algebra that
6 ) 5A0+8A1+6A2+4A3+2A‘
25+9[SBO+881+GBZ+453+ZB‘]
where
9 ( 2.2
A = I (5-13-5D0 ), x=0,1,2,3,4
j=1
4 .
B,=2 I (5-3)p
3=1
4 2, :2
By = 50k+ 2 L (5-3) e K+ , k=1,2,3,4.

j=1



with 6=1 and ¢=0.5 we get 6=0.22. The usual assumption of conditional
independence of the spectral vectors may be acceptable for large pixels,
but quite unrealistic for high resolution satellites. Estimates of ¢
obtained in this'paper from a SPOT scene of As, Norway, around 0.9
indicate that the independence assumption may be doubtful even for
large pixels.

To construct a classification rule, we need to substitute in (6) an

expression for f(Ailk,a,b,c,d). This is a normal density in 54 dimensions:

'xm] 'ua} (L, 8L, yL , BL , af ]
xlE ub L, B8, yL , al
Xig “Ney (| wo | L, 8L ,al |)
v Mg Lol
X. r
Llj Luk.l L J

given that the classes are a,b,c,d,k. Here

a = correlation between 1-neighbours = g8,
B = correlation between /2-neighbours = ofze, (13)
Y = correlation between 2-neighbours = 926

We need a suitable expression for the h-term in formulae (7) - (9),
which i joi iti i : . . . i

. 1? the joint conditional density of (XlN,xlE,Xls,Xlw) given Xi,
still given the classes.

By Anderson (1958,p.28), this density is normal with mean vector

. - ; ]
My al CH + u(Xi-uk)

u al

b -1 :

“c + ol L (xi—uk) = ] (14)
‘| ot fa * o0k

and covariance matrix
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(1-a2)T, (8-a®)f, (y-a®)L, (B-a’)I

(1-a2 )L, (B-a2)L, (y-a°)L

Ly of (1-a2)L, (B-a®)L
(1-2 )t

(15)

The inverse of this matrix is needed. Define the 4 x 4 matrix
2 2 2 2
1-a”, B-a , y-a , B-a
1-a?, B-a’, y-a’
= . 16
s 1-u2, B-uz (16)

1—02

S has inverse of the form

u, v, W,
v 57
., (17)

£ € € <

Because I, can be written as the Kronecker product [, = S®IL, it follows
1

that [, ' = s '@ 1™ thus
ar™t, vt w7t v!:-11
-1 -1 -1
I -1 _ ul ', vi , wt - (18)
* -1 -1
ul ', vt
! ut”!

Explicit expressions for u,v,w in terms of «,8,y, and a fortiori in
terms of p,9, may be derived, but it is convenient for the moment to
define the real numbers u,v,w simply by (16) and (17). The particular
constant

t = u+2v+w (19)

will also be needed in what follows.



1"

We may now proceed with the derivation of an expression for

h(xiN'XiE'xiS'xiW'lxi'k'a'b’c'd)' Define
Xin = Ha | X; - vy ]
X. - X. - ¢
y;(a,b,c,d) = y; = o o T R k (20)
is He i My

Xiw ~ ¥Hg | 'y

Then
-1/2 Q. .(a,b,c,d)

. -2d -1/2 i,k
h(xiN'""xiw'xi’k'a'b'c'd) = (2r) TTIL, | /2 o '
where

- ' -1
Qi'k(alblcld) = (Yl- uzi) [* (Yl‘ uzi)
= ' -1 - f -1 2 ' ‘1
=Y; L, Y; 2uyi L, z; +a z, £, z;
=y.'IL -1 Yy, - 2at(X..  + + X... - - - vt
i i iN ‘¥ oo iw "M T gt T (Xmey)
2 . o1
Hence
: ~2afe0x- ) £ up)
exp{- 3 Qi'k(a,b,c,d))= e R;(a,b,c,d)-
¢ o1
eut(xlN +..+Xiw-ua‘--'ud) L (xl_ Uk) (21)
where

= 1 N
R,(a,b,c,d) = exp{- 5 y,(a,b,c,d)’" [, " y,(a,b,c,d)}. (22)
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Accordingly, by (8) and (9),

X. .. X. ..X

Pykix; X is'¥iw)

IN'T1E'

2 Coly
20t (X, - )" LT (X

H,)
1 k
= const. w(k)fk(xi)e .

C o
a ud) L (Xi uk)} (23)

[a’b'c'dg(a,b,c,dlk)Ri(a,b,c,d)exp{ut(xiN+..+ Xiw- )
where const. is independent of class k, and is determined by

K

k= = 1.

L 1 pi(klxi,x .,Xi

ine o ¥y
Each particular choice of probability distributions {g(a,b,c,dlk)} may
now be used in (23) to produce a classification procedure of the form (3).
The large number of terms involved in the general formula, K‘, make it
clear, however, that only choices of g that can lead to practical
simplifications should be considered, unless the number of classes is

very low.

Specification 1.

Many of the configuration probabilities g(a,b,c,d]k) will be small,

and the smallest ones could be set equal to zero, resulting in an
approximation to (23). A simple geometric probability model, modestly
generalising one by Owen & Switzer, (1982), is proposed by Hjort (198Sc)
and has g(a,b,c,dlk) positive for only 8K-7 contigurations:

g(k,k, k,klk) = p + (q+r)wn(k),

g(k,k,m,mlk)

g(m,k,k,mlk)

g(m,m, k,k|k) g(k,m,m, kik)

% qu(m)},

1

g(k,k,k,mlk) = g(m,k,k,k|k)

m # k, for certain parameters p,q,r summing to unity. Then (23) simplifies
(in the sense of number of terms, at least) to
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Py (kIX; XX onXg)

2 v 1 _
) -2ta (X-l- uk) L (Xi uk)
= const. w(k)tk(xi)e

[p exp(dat(X;- uk)'z"(xi ~u )} R, (KK K)

+ q expl2at(X; -uk)'z'1(xi “ud b Gy (% X))

. S | _ -
+ r exp{3at(X; -u)'L (X; -y )} Hi’k (xi,xi)]. (24)
where
_ K _ 1
ci’k(xi,xi) = m£1 x(m) exp{Zut(xi -um)'t (xi—uk))
1 .
7 [R;(kXk,m,m) + R; (m, X k,m) + R; (m,m,k,k) + Ri(k.m.m.k)].
- K - _1
1
1 [Ri(k,k,m,k) + Ri(k,k,k,m) + Ri(m,k,k,k) + Ri(k,m,k,k)],
and

>l
[}

in *t Xig * X5t Xy (25)

(™)
| s

Specification 2.

The parameters p,q,r involved in the previous specification are defined
in terms of probabilities for certain configurations of regions, see
Hjort (1985c). It is seen that they depend on the pixel size, and in
particular that for very small pixels (i.e. high resolution satellite
data) compared to the usual region sizes, p becomes close to 1 and q,r
become close to 0). Accordingly, we may propose this extremely special

special case of specification 1, namely
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.00 X i X. )

Pi(klX; X0 X ip XioiXiy

iN’

2 T
= const. "(k)tk(xi)e

- -1
tat(X. -u )L (X -wy)
e L K R R kK, (26)

as an approximation. This version is both easier to implement and should
require less computer time than the one based on (24).

The assumption on g that leads to (26) is the rather extreme one
that g(k,k,k,kik) = 1, and corresponds to what Switzer (1980) and Mardia

(1984) call local spatial continuity.

Specification 3.

Assume stationarity and isotropy, and let

w(mlk) = Pr{Cj= mlCi= k} (27)

where j is one of the immediate neighbours to pixel i. Haslett (1983)
and Hjort & Mohn (1984) consider a model having

g(a,b,c,dlk) = w(alk)w(blk)w(clk)u(dik), (28)

a,b,c,d = 1,...,K. This model, also related to a particular Markov
random field studied by Pickard (1980), was seen to lead to a consider-
able simplification of the formula for Pi(klxi,xiN,...,xiw) in the
conditional independence case, see e.g. Hjort & Mohn (1984). A clever
approximation for Ri(a,b,c,d) in (22) is needed now, however, in order

to simplify (23) under the model (28).
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Define

1

1 . -
Ri,o(a'b'c’d) = expl- 3 Yi(a,b,c,d) (r, I, Yi(a.b.C.d)). (29)

where the matrix (2*-1)0, while approximating I‘-1, is to be chosen so
as to imply a multiplicative structure on Ri o(a,b,c,d). Let
- 1]

! u £_1 : O : o , O

w0, 0

(Ft-1)o - uo£-1 , 0
i uO[-1

It is reasonable to choose the constant u, so that the ellipsoids

L -1 1 -1
y'[,L y < const., Yy ([‘ )o y < const.

get the same volumes, having in mind that Ri 5

in (29) is to be near Ri
L

in (22). In other words, the determinants

-1,d

-1
|

4

Is (.

IL

. . 4d
L, 0 = u It

-1,4

using (17) and (18), should agree. This leads to

o = s -1/4

. Is|

Using this approximation we obtain the following simplification of (23).
Substitute Ri(a,b,c,d) there with

= ot - e =1 v a . o1 2
Ri’o(arbtcpd) = exp{ 7 uO[(xiN ua) L (xlN ua) +--+(xiw ud) L (Xlw Ud)]}
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to get
202 (X ) 'L (K- py)
X..) = const. w(K)E, (X, )e Lk 1 gk
Tk(XiNIXi)Tk(XiEIXi)Tk(Xislxi)Tk(XiwIXi). (30)
where
K -4 u_{(x-p )‘2-1(x-u ) at(x-p )'[-1(x.-u )
T (xlx) = I w(mlke 20" "m L n R PT!
m=1

The conditional independence case corresponds to a=8=v=0, u°=1,
and leads to

. - 3 (xu) T e

Tk"""i) = Lhq n(mlk)e

n=
which is independent of Xy and proportional to lm§1 n(mlk)fm(y), compare
Hjort & Mohn (1984, formula (17)).

The classification procedure (3) with Pi(klAi) given by (30)
seems to be the simplest one among those that take both types of spatial
dependence into account: in the distribution of classes via the transi-
tion probabilities w(m|k), and between neighbouring spectral measurements,
via «,8,Y.

Remark. The class density fk(xi) appears in the general formula
(23) and in specifications 1,2,3, i.e. formulae (24), (26), (30). Since
Xi is N(uC ;L) in the model under study,
i

1 o1
fk(x) _ (2u)'d/2|£l'1/2 . 7 (X-u 'L (X-pp)
with a common [; i.e. the pooled estimated covariance matrix is the one
we should insert. We could however argue that the modelling work done
in this section only should be applied to g and h in the adjustment factor
Rk(Ai) in the general formula (8), leaving the possibility open of
estimating the class density tk(xi) by other means, or by other models.



17

In particular it is often better to assume class dependent covariance
matrices, as far as the separate estimation of tk(xi) is concerned,

that is,

1 TR
-d/2,. -1/2 e'?"""k) L (x-uy)

fk(x) = (2w) iL (32)

kl
can be used as well when applying formulae (24), (26), (30). One could
even use say non-parametric density estimation techniques to obtain

other estimates of fk(xi).

In this way formulae (24), (26), (30) may be looked at as leading
to contextual improvements not only of the best linear rule (which has
equal covariance matrices), but also of the best quadratic rule (which
corresponds to a priori different covariance matrices [1""'[K)'

3. ESTIMATION OF PARAMETERS

In Section 2 several contextual classification procedures were proposed,

all of the form (3), with neighbourhood data Ai as in (5) and Pi(kIAi)
evaluated according to one of formulae (24), (26), (30). Several statistical
parameters are involved in these formulae, and estimates are needed before
the procedures can be applied in practice.

Assume a training set for each class is available, say

Z= {Xj : J 1,...,nk,k=1,...,K) {33)

with ng) coming from class k. Define the usual class description

estimates
£ By (k)
2 B (k) % (k) _* o,

Following the argumentation in the remark ending Section 2, we might
estimate the class density fk(x) separately, according to either
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b 4 _ 4 ®
f (x) - N(Hk,[k)(X)
or
4 x b
fk(X) = N(“kl[)(x):

* K b 4 - K . . .
where I = [k=1 (nk/n) tk , = Ik=1 . is the pooled covariance matrix.

%

[k is no longer an unbiased estimator of [k in view of (12), but its bias

%
is small, and Ik is still reasonable to use.

The bias will depend on the location of the pixels in the training
set. Assuming that for class k the form is a square of size m x m, it can
be shown that

n er J2 .2 /2
k % _ ___k f2,, 2 _ 4p+80” "+8p 40
E — [k ~ [k -5 (4o+40” “+4p z + mz )

k-1 m -1

where the approximation arises from putting °x= 0 for x > 2. With for
example p = 9 = % we get
n *
k £, =20.98 f,.

nk-1 k k

E

Now turn to formulae (24), (26), (30). The prior probabilities w(k)
may be estimated on the given, unclassified scene by the method in Hjort
(1985b), cf. also Hjort & Mohn (1984, section 2). (In fact, the estimates
;k' Ek may be updated on the way too.) Further involved in (24) are the
configuration probability parameters p,q,r. A method producing estimates
for these is described in Hjort (1985c). Similarly methods are
available in Section 4.4 in S®bg & al.(1985) and in Hjort (1985b) by
which estimates of the transition probabilities w{(m|k) can be obtained.
(Some of the mentioned methods, but not all, require for their use
separate sampling of pixel crosses from ground truth.)

What is left, then, is the important problem of estimating a,8,Yy
defined in (13). Possessing such estimates, other parameters like u,v,w

in (17), t = u + 2v + w, u, = [s|°1/4 can automatically also be estimated.
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The training set (33) will usually consist of homogeneous groups
ot pixels, chosen so that a group lies sately within a given class, in
particular, a lot of pixel crosses with known classes become available.
Assume generally that my such crosses, no. i having observations

(x(k’ (:),xig), ig), ig)) are available from class k. (Some of them may
overlap.)
Define
m
a® = LR el e e afp - wp - w s
k i= 4
(k) _ (k) . _ (k)_ .
+ (Xls k)(X - uk) + (Xlw uk)(x uk) } (36)
m
By =1 F P ey e @l wpal-won on
k i=1
m
c®p =1 Flalouna®- s @ upa- . e
k i=1

It should be noted that these matrices are not symmetric. However, using (12)
and (13) it easily follows that

A = ar, ™) =8 ™ =

Substituting estimators for the CI 's, we should obtain reasonable
estimators for al, BL and yL. The natural choice is to use ”k' defined by (34).
However, the expectations of the corresponding estimators will depend on the
locations of the pixel crosses, i.e. of the geometrical forms of the training
areas, and only general formulae of the expectations can be found. Below we
therefore consider an alternative estimator. The expressions derived below
for biases and variance, should be conservative approximations to what

b 4
would result by using ukinstead.
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To obtain explicit formulae we will consider the situation where the
pixel crosses are chosen so far apart that their spectral vectors can be
considered uncorrelated. The central pixels of the crosses can for example
be chosen as every 4th pixel in the training set. As estimator for Wy we
will use the mean of the vectors from only the crosses belonging to class k:

m,
[ {X.
k i=1

Z_ 1

(k) (k) LN (k) o
a + X X

i 18 LW ).

The corresponding estimators A(k)(i(k)), B(k)(i(k)), C(k)(i(k)) will just

be denoted A(k), B(k) and C(k).
Let us consider EA(k). Introducing
- (k) _ (k)_
Ui - xi uk; iN x uk' etC.,
we find for the first term
(k) FR)y 0 50Dy R T ,
E(X )(x )'= E UiN Ui tn m, 3[1 E(U.+ U]N+ UJE+ “35* . )U +
1 B
- Tp ITE U (U + UJ + UJE+ UJS+ ij)
B j=1
1 %
+ L I E(U.+ U. .+ U. _+ U. _+ U )(U + U. 4+ U.+U. +U..)'
25mi i=1 §=1 i" "IN TiE TiSs JN° TJE T3S v

1 .
al - smk (144a)L Smk (1+a+ 28 + )L +

oy

25mi

+ (5 + da + 4(ax + 28 + ¥))IL

1 17
=u£-5m (1+—§a+—-6+51)[

k
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We get the same expression for the other 3 terms. Thus

(k)

- 1 17 2 1 39
EA =al - o (1 + g a t3 8 + 3 Y)L. (39)

k

As mentioned in the remark at the end of Section 2 it is more
realistic to assume the covariance matrices to be class dependent. In that

case we should write [k instead of L in (39). Considering the weighted

mean of the A(k)in (39).Considering the weighted mean of the A(k)‘s,
K
A=% x:mkA“"
k=1
we find
—of - K L N TP RN
EA = af - Ta (1 + 5 + 5 B + 5 ¥)E
where
T =23 (mr, +...+m,0,)
m Iyt YN KK
f = 1 (£, + + £.,) (40)
X gt K-

In the same way as we obtained (39) we get

(K) g o L g s2qe 125,56
EB = BL Smk (1 + 5 + z B+ 5 ¥)L (41)
EC(k)=1[-%—(1+%u+1—§-ﬁ+gy)t. (42)

k

(k)

We now turn to the covariance matrix of A . The calculations

become fairly involved, and we therefore simplify matters by considering

just the case where m, is big. Then i(k) is close to Wyt and in
(k)

the limit, as mes -, the covariance matrix of A is equal to the covariance

matrix of A(k)(uk). given in (36). We shall find this covariance matrix.
Introduce, as above

= x(%) v. = g% 3

Up = X3 = e Usn™ Ry 7 Mg Ui X4 = e e
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Then
(k) 1
A (uk) il T .[ (UiNUi + UiEUi + "15"1 + inUi )
k 1=1
Let us also introduce the matrices
Yi = UiNUi' + UiEUi. + UiSUi‘ + UiWUi , 1 = 1,...,mk. (43)
(k)_ Mk
Then A" '= [ Yi/4mk. The Yi's are identically distributed with EYi = 4al

1
and according to our assumption, they are uncorrelated. Hence

N VAR(Y,),

VAR(A 16mk

n
(k)) = —1 Zk VAR(Yi) =

16mk 1

{say).

Consider the covariance between two arbitrary elements of Y1; qu

and Yrs' say:

cov(ypq rs) = Eypqyrs - Eypq Eyrs.
Because EY1 = 4al, this equals
. 2
cov = -
(qu rs) Eypqyrs 16a %nq o

We introduce the vectors U, iw' U again, using (43). The joint

iN’ ULE' is’ U;
distribution of these vectors are the 5d4- dlmen51onal multinormal, with

expectation zero and covariance matrix

[ L BT I BI af]
I BL L af
I BL «al (44)

£ al
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Because we don't need the index 1 any longer, the components of the U-vectors

are denoted

E S
' . U, 4., 4., = 1 .d
4« 95 i Y 1=t
Then
N E S v
=y u +u u +uu_ +u u
qu P q P q P q P q
_ N E s W
Ypg = Up Ug P U U+ U U U, U
and

N E . S W N E s W
= + + + + )
EYpq¥rs = BlUp Ugh U ugt up ugt up up)(up ug + U ut up ughup U

The expectation of these 16 terms will only attain three different values,
namely

" m

EuN uN u u, Eu S
P I r

N
q S p

u u_u_, EuN u
P

q Ys u_ u_,

q s
depending on the locations in the cross of the factors. There are 4 terms
of the first type, 8 of the second and 4 of the third. To find the three
values we need the formula for the 4th order moment in the multinormal
distribution. Assume then 2 - Np (O,A). Then

E 2 zj 2, 2; = Aij Al * Mk M1t A Ajk,

cf. Mardia, Kent & Bibby (1979, p.95). In our case A is given by (44)
and we find

N N : | 2 2
Eupup gy = 05, 04 ¥ @ Opq Oy + & 0, 00,
N _E _ 2 2
E up ur uq us = 6opr oqs + a °pq °rs + a °ps oqr
N S 2 2
= +
E up ur uq us Yopr oqs (1 opq Ors + a ops oqr'
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Thus

2

= +
COV(qu'yrp) 4[(opr oqs + a (opq O, cps oqr)]

2

a ( + 0

+

B[B °pr °qs * opq ors ps °qr)]

2
+
4[1 opr oqs + a (opq ors opsoqr) ]

+

16u2

%q %rs

4«2

= 4[(1+2a+1) % %gs

°ps oqr]'

(k)

Denoting element (p,q) in A(k)(uk) by a oq

(uk) we then have

(k) (k) _ 1 2
cov(apq (uk), ars (uk)) = 4mk [(1+2B+1) apr oqs + 4a ops oqr]' (45)
For large values of mk, the covariances between the elements of A(k) are
approximately given by this formula. It also follows that
fm A qr )y —> N _(0,A);
< k 3
2
(1+28+y) o__ 0. _ + 4a” o o

where element ((p,q),(rs)) of A is PI 35 pS 9gr (46)

(Here o etc. are elements of [k; however, we have suppressed index k.)

pr'%gs

The estimation of a,8 and vy is considered under the assumptions that

the mk‘s are large and that the spectral vectors from different pixel crosses

(k)

are uncorrelated. Then EA [ Ek, or equivalently

E a(k)z Q a(k)

pq pq tor all p,q €{1,..,4}.
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Thus an estimator ot a stemming trom training data from class k can be
(k)/;(k) where {;(k)} = E
pq ' pq ' Pq k'
given by (35). An appraisal of which linear combination to use can be

(k)

based on a linear combination of the ratios a

based on the variances and covariances of the elements of A , given

by (46).

Let us put
g
Pq
A=1+ 28+ v, Q =T—_: p=1l"'ldlq=1l"lp
PI 95p%q
Then from (46)
igg A+4u2 agq 1 A 2
var = ~—— , var ==— (—— +4a ), P?Qq,
o 4m 4m 2
PP Pq °pq

(k)

showing that the variances of the diagonal elements of A'"’are less than

the oft-diagonal elements. The covariance between two diagonal elements is

N arr _ 2 A+4u2
COV("‘RE' __.) = 0 —
opp ' Opr pr 4m '

which is not so easy to compare with the covariance between the off-
diagonal elements. For the special case

a a 2
Pq qp qu

the diagonal covariance is clearly smaller. Considering two elements from
the same row we find

a a o
cov(;Bg . ;Ei) = 3% (6—32—— A+ 4u2).
Pq ps Pq PpPs

This will often be larger than the diagonal terms.
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It seems reasonable, therefore, to use just the diagonal terms when

estimating a. The unweighted mean is

(k)

d a
a® =1 r ,fi) . (47)
p=1 opp

Using the above formula we find, when my is large

k) 1+4a’ 4284y

2
44 my p

d+2¢€ o;r) (48)

var

As an example consider the case with d = 3 channels. From a simulated
SPOT scene of As, Norway, a typical covariance matrix may look like

10 10 10
L= {10 20 10
10 10 100

4 b 4 x
For the class "arable land" we have found a«a = 0.76, B = 0.73, y = 0.71.
Formula (48) gives

var ;(k) Q;QE .

X
When m, = 100 this corresponds to a standard dev1at10n of 0.08. For class
*blossoming rape seed" we found u = 0.33, B 0.40, 1 = (.26, which, with
mk = 100, gives a standard deviation of approximately 0.06.

In order to estimate B and y we proceed in the same way, obtaining
estimates

4 p® PR

(k) _ 1 P *(K) _ 1 Cpp

P =g Lty T a (43)
P=1 %pp P=1 %p

based on training data from the kth

above.

class. The variances can be evaluated as
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Finally, we estimate the correlation parameter ¢ and the noise-

parameter 8 trom the definitions (13):

a=06¢, B=26 ofz. Yy =28 02-
It follows that
J242
B ,/2+1 _a
Q - ( E ) ] 9 b f2+1 . (50)
8
h

Hence, based on training data from the kt class we use the estimators

(k) J2+1 *(k)
S(k) = (8 ) , glk) _ :
;(k) o(k)

Using data from the above example, we get for "arable land*

J2+1
*(k) _ 0.73 _ 2(k) _ 0.76 _
o = ( 0.76 ) = 0.94 ) e - —_'0.94 - 0.81
* b 4
and for “"blossomming rape seed" o(k) = 0.88, e(k) = %4%% = 0.49.
. \ *(k) *(k) $ . A
The variances ot the estimators p and 9 are more difficult to

*(k) * (k)

evaluate, because we need the covariance between a and B . This problem

is not studied in this paper.

The estimates obtained for each class have to be combined to one (g,9)-

*
estimate. There are two alternatives: either first to combine the u(k)'s,
b 4 % 1
B(k).s and Y(k) S

;(k)'s and é(k)

and then use (50) to obtain (g',e'); or to combine the

's directly. In both cases we combine independent estimators.
The optimal weights are then proportional to the inverses of the variances.
We see from (48) that the variance of ;(k) has the structure r/mk, where

t is independent of k. This implies that the weight for class k should equal
L the numbef(zf pixe}(§§osses. As mentioned above, we have not found the
variances of ¢ and o

4
(k)'s, thus we let

. However, it seems reasonable to use the same weight
as for the a

*

o = * (k) + _ 1 n 6k)

1
=L m e '
m X k m
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The pixel crosses on which the estimates are based are chosen by
picking out every r-th pixel (say) in the training area from the particular
class. These pixels serve as the central pixels of the crosses. All pixels
of the crosses belong to the class. After obtaining the estimates, the grid
of central pixels is moved one step, and a new set of estimates are obtained.
The averages of these constitute our final estimate.

An alternative approach to the estimation procedure described above
is to use maximum likelihood estimation. Under the assumption that the pixel
crosses are independent we can write down the joint distribution of the spectral
vectors from the crosses and maximise it with respect to the unknown parameters.
The maximum likelihood method is used in Mardia (1984) in a similar problem.
We hope to return to this in a forthcoming paper.

4. A MODEL WITH CLASS-DEPENDENT COVARIANCE MATRICES

In this section we consider a slight generalisation of the model.
Previously we assumed the same covariance matrix for each class
(however, by the Remark at the end of Section 2 we partly circumvented
this restriction). Now we allow the covariance matrices to differ from
each other by scaling factors.

Specifically we let xi = Yi + ¢,, where Y1,...,YH, (e1,...,su) are

i
independent and where

YiICi=k - N(uk, Ak[)
g " N(O, AOE) (51)

_ 13-1l
COV(ei,sj) = 0 AOL.
Then
var Xi = (Ak + Ao)t = rkz, (52)

say, and COV(Xi,Xj) = o“'” AL for i 3.
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The model leads to a more awkward formula for the posterior probability
(8) than berore. It is doubttul whether the combination with Owen-Switzer's
mosaic model gives calculations which are feasible in practice. To obtain
simplifications when combining with the Markov model requires further

approximations.

To tind the posterior probability, given by (8) and (9), we start, as
previously, by the conditional joint density of the five feature vectors

in the cross, given that the classes are a,b,c,d and k. Defining
Qa =9 Ao'

the covariance matrix is given by

- W L w

R R 1/ A

where the 1's are defined by (52). The conditional distribution of X.

1N’
xiE' xis' xiw, given Xi {and the classes) is again the 4d-dimensional
normal with expectation

W t ulrk (xi- uk)

Lud + u/rk (xi- “k)_

and covariance matrix Sk(a,b,c,d)o I, where

[ 2 2 2 T

L /tk g8 - a /rk Y- a /rk B - uzlrk

. L uzlrk B - uzlrk Yy - cxz/rk
Sk(a,b,c,d) = 2 2 (53)

Tc— o /Tk g - a /tk

] 9 uz/rk-
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The difficulty now is that this matrix depends on the classes a,b,c.d. All
elements in its inverse will depend on the classes. We denote the inverse

by
-1 _ pq
sk(a,b,c,d) = {sk (a,b,c,d)}
and let
4 Pq
Oi(a:byc,d) = 1 sk (a,b,c,d) , g =1,2,3,4
p=1
4
o, (a,b,c,d) = [ o3(a,b,c,d)
k o1k

be the column sums and total sum of the elements in the inverse. Then the

posterior probability can be written

Pi(klAi) = const n(k)fk(xi)

-3 N 7 9 (ab,c,d)

Ia’b,c'dq(a.b.C.dlk) IS, (a,b,c,d)| ' (54)
where
(a,b,c,d) = y!(S, (a,b,c,d) @) Lo (a,b,c,d) (X;- p) L (X:- )
Qk a,b,C, = Yi k a,db,C, Yi I2 Uk 1 0,C, i "k i Uk
k
Y- | _ o1 1 _ 4 _
2Tk(xi uk) L [ok (a.b,C.d)(XiN ua) +..+ o (a.b.C.d)(Xiw ud)] (55)

Here ¥i is given by (20).

Compared to (23) the main drawback of (54) is that we must calculate the
inverse and the determinant of the 4 x 4 matrix Sk(a,b,c,d) for each term in
the sum. In order to use (54) in practice it is necessary to combine it with
g-functions which lead to significant simplifications.
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ecitication

;

Using the generalisation ot the Owen Switzer model we tind

Pi(klAi) = const n(k)fk(xi)

-4 T kkxk 4
{[p+(q+r)n(k)] lsk(k.k.k.k)l e
d 1 1
Y -5 Q (klklmlm) - 35 Q (k,m,m,k)
+ 3 amDakem) (e 20K +te 2K )
4 2
m#k
i -4 1o k) - 3 9 (kom K, K)
+ ry L w(m)D1(k,m) (e . +..+ e ) .
m#k
where
Dz(k,m) = Isk(k,k,m,m)| =,.= ISk(k,m,m,k)l
D1(k,m) = Isk(k,k,m,kl =, .= ISk(k,k,m,k)I.

From (55) we see that the first term of Qk is a quadratic form in 44
dimensions with a matrix which has to be calculated for each combination
of classes. The two other terms could as well be calculated in this space.
Thus

[X. - b - v |
Q,(a,b,c,d) = N ek
[X.0e pie ', %= = vi1(S, (a,b,c,d) @1 ™))
iN a k' Ui 4 k ke
Xiw™ Ya~ k]
u2
where Ve 5T (Xi— uk). The tormula may still give too heavy computations
k

to be of any practical use. A significant simplification in the calculations
is obtained when we turn to
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cification
This model corresponds to Switzers (1980) “local spatial continuity" and
is obtained by putting p = 1, ¢ = r = 0. Then
1

| - § - 3 9k kk k)
Pi(kIAi) = const w(k)tk(xi) Isk(k,k,k,k)l e .

o oTa

The matrix Sk(k,k,k,k) has the structure , with all elements

[~ oY -

dependent on k. Then the inverse has the same structure

u v w
-1 _ u v
sk(k'k,k,k) - u

< €<

say, giving og(k,k,k,k) u(k)+2v(k)+w(k) = t(k), ok(k,k,k,k) = 4t(k).

Then
_ 4
= 2
expi- 20’e(x) (- p ) L (X ) + 4 K x N E
) iT ¥y iT ¥ T im My iT M
Ty k
7. =41
where xi =3 (xiN + xiE + xiS + xiw) and
, u(k) w(k) w(k) v(k) XiN_ i
= - S . ' r ' u(k) V(k) w(k) -1 .
Ri(k) exp{ 2[xiN ”k""xiw uk]( u(k) v(k)ct ) .
u(k) X. =



In order to obtaln a simplificaticn when using the Markov mo
g(a,b,c,d}k) = n(alk) w(blk) w(clk) w{dlk),

the rest ot the terms in (54) must be written as a product o
each depending on only one of the summation indexes a,b,c,d.
previous case this was obtained by approximating S_l by the
Now S-1 depends on X,a,b,c and d. Approximating with uk(a,b,
such a way that

1

Iuk(a.b.c,d) I4| = lsk(a,b.C.d) |,
we get
1
u (a,b,c,d) = IS (a,b,c,d)] *

The approximation implies that
opfa,b,c,d) u (a,b,c,d) , o, (a,b,c,d) 4u, (a,b,c,d)

and the exponent (55) can be approximated by

uk(a,b,c,d) iy
Qk(alblcld) 2 [(XlN_ Ua) L (XlN- Ua) +...+ (Xlw—
uzuk(a,b,c,d) . |
1
k
auy (a,b,c,d) -1
-2 — (Xi- uk) L (XiN— 4y +...+ Xiw- ud).

k

Then

Pi(klAi) const n(k)fk(Xi)

aplc,q T(@lR) T(bIK) w(clk) m(dlk) u(a,b,c,d)? e
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del (28)

f factors,
In the

diagonal uoI4.

c,d)I4 in

vem1 _
ud) r (Xiw ud)]

1
- 3 9 fabc,d)
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To proceed turther we first tactorise uk(a,b,c,d) by approximating the
determinant of (53) with the product of the diagonal terms:

2 2 2 2
)74 - - S %y - (- &
uk(a,b,c,d) = Isk(a,b,c,d)lz(ra Ty )(rb Tk)(rc Tk)(td ,‘k).

In the exponent we need a value independent of the summation indexes.

Using the geometric mean of the rk's

we define uk by

2
-4 - a .4
= (1,.- ) Il
k G T

2

= T -
u uk = 1/(TG Tk)

and let uk(a,b,c,d)auk. We then obtain

2u2uk

Tx

1

Pi(kIAi) = const n(k)fk(xi)e
(56)

T (XynI%;) T (X plX;) Tp(X1%,) T (X 01X, ),

where
u
K 2o )T - )
Tk(xlxi) = I u(mlk)(tm— r—) e
m=1 k
u
X S
a T (xi- "k) [ (x um)
e

If we assume the spectral vectors conditionally independent, corresponding
toa=p =1y =0, the formula gives
Pi(klAi)xconst w(k)fk(k) 'rk(xm) Tk(XiE) Tk(xis) Tk(xiw)'
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where

(X - u 'L (x - u)

n(mlk) Tn e G

t
[T e
N'—n
~
=
=

Tk(x)

The parameters Tyr must be estimated from training data. The problem

W X
'K
has been discussed by Owen & Switzer (1982) and will not be considered in

this paper.
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