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Abstract

Some methods for classification of picture elements (pixels) of remotely sensed images
are considered. The methods are contextual in the sense that measurement vectors from
neighbouring pixels are taken into account when the current pixel is classified. The proposed
procedures, which use 4 or 8 neighbours, are derived using a simple geometric Poisson field
model for the distribution of classes. Parameter estimates can be obtained using training

samples or the measurement vectors from the unclassified part of the scene.



1. Introduction.

Consider a scene of pixels. K classes or categories are defined on the scene. Let C; be
the true class of pixel <. Each C; is in {1,---, K,OUT}, where OUT includes all pixels not
belonging to any of the K predefined classes. Observed in pixel { is a d-dimensional vector X;,
usually having spectral measurements from each of d channels as components. X-vectors from

class k follow some density fi(z).

A statistical classification procedure aims at classifying each pixel, i.e. predicting the
Ci’s, on the basis of the observed X-vectors. We assume from now on that the outlier pixels
have been taken care of by a separate detection procedure, for example as described in Hjort

(1985a). Thus C; € {1,--, K} for the remaining pixels.

We now describe a class of neighbourhood based classification procedures discussed in
greater detail in Hjort and Mohn (1984). For convenience and concreteness we consider the

case where observations from pixel ¢ and its four immediate neighbours, say
A; = {X;, Xin, Xig, Xis, Xav }, (1)
are to be used when classifying pixel . Let
9(a,b,e,d | k) =Pr{Cixy =a, Cig =b, Cis =¢, Cow = d | C; = k} (2)
be configuration probabilities for classes, derived from some mosaic process model. Also, let
f(Ai | k,a,b,¢,d) = fi(X)h(A; | k,a,b,¢,d) (3)

be the simultaneous density of X;, X;n, X;g, Xis, Xow conditional on the underlying classes
being k, @, b, ¢, d. On the r.h.s. of (3) the individual class density fi(X;) is factored out so
that (A, | k,a,b,¢, d) is the density of the four neighbour vectors Xin, X;g, Xis, Xav given
the class figuration &, a, b, ¢, d and X;. (A more appealing but more cumbersome notation
would be k(X;n, Xig, Xis, Xow | k,a,b,¢,d; X;).) Finally, let x(k) denote the so-called a priori
probability of class k, interpreted as the proportion of class k pixels among the non-outlying
pixels in an imaginary very large scene of which the present scene (or rather the rest of the

given scene, after removing pixels from training sets) is a random part; k=1,.--, K.



Using the quantities introduced above we can ccnsider the important a posteriori proba-

bility of having class & in a pixel, given the observation vectors from itself and its neighbours:
P(k|A;) = Pr{C- =k|As}

(k) (a,6,¢,d| E)f(Ai | k,8,b,c,d)
(A)ﬂ' a%:,gd c, a,o,c, (4)

2w (k) (%) Y o(ab,c,d | K)A(A: | k,,b,0,d).

ab,e,d

f(A )

f(A;) is the marginal density, making Ef=1 P(k| A¢) =1.

Hjort and Mohn (1984) give arguments in favour of using the classification procedure

(5)

. k if P(k|A;) = maxm<g P(m | Ag) > 1—c¢,
T {D if every P(k | A;) <1—c.

Here D is a “doubt” option, to be used in the absence of strong evidence, intended for example
for pixels being mixtures of points from more than one class. The threshold 1 — ¢ originates

from a loss function of the type

0 if C;=C; (correct decision),
L(C;C) =41 #G; #C;and C;€{1,--- , K} (wrong decision),
¢ if C; = D (being in doubt).
If the user wants to avoid the doubt class option, i.e. assign a proper class label to every
pixel, he can choose ¢ > 1 — (1/X). In this case C; is just the class with highest a posteriori
probability.

The classifier (5) is not fully specified in that it requires a statistical model for the behavior
of the true classes {C;} on the scene and for the spectral signatures {X;} given the classes,
i.e. g and A in (4) must be modelled. Such models will also be defined in terms of unknown
parameters, which would then have to be estimated. Hjort and Mohn (1984) discuss several
choices for both g and A.

Remark 1. When choosing g and A one should of course strive for good approximations
to reality, using prior knowledge about spatial dependence and so on, but attention must also
be paid to the resulting complexity of the formula (4): the implementational and computational

cost involved in evaluating the large quadruple sum for K classes for each pixel might well
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be prohibitive. We should therefore also look for ¢ and A models that simplify or reduce the
expression in (4).

The aim of the present paper is to study classifiers of the type (5) for some new choices
of g, derived from some simple geometric probability models. As for A in (<) we will limit
discussion to the structurally simplest choice that corresponds to assuming X-vectors being

conditionally independent given the classes:
f(Ai | kya,b,¢,d) = fio(Xo) o Xiv) fo(Xig) fe(Xis) fa Xiw ),
h(Ai | k,a,b,¢,d) = fo(Xin) fo(Xig) fo(Xio) fa( Xw)-
This has been a common assumption in the literature, see for example Welch and Salter (1971),

Swain, Vardeman, and Tilton (1981), Haslett (1983), Owen (1984). The class densities them-

(6)

selves are typically taken to be Gaussian, with identical, proportional, or different covariance

matrices.

Remark 2. Hjort, Mohn, and Storvik (1985) argue that the conditional independence
hypothesis becomes less adequate for high resolution satellites, i.e. when the pixel size decreases.
They propose a h-model based on an autocorrelated noise process. The classifiers presented
in this paper may be generalised by using the A-model with the mentioned spatial dependence
property, see in particular “specification 3” of Hjort, Mohn, and Storvik (1985), at the price

of added complexity.

The paper of Owen (1984) is similar in spirit to the present work. He assumes that
Nature employs a particular Poisson field mechanism devised by Switzer (1965) when dividing
the landscape into categories, and obtains formulae for the g(a,b,¢,d | k)’s in terms of an
intensity parameter 8. His method of estimating A requires known “ground truth” along (at

least) a row of pixels.

Owen’s work is here extended in several directions. Section 2 relaxes the above mentioned
geometric probability model. Owen (1984, p. 195) notes that when daia are noisy and the
underlying categories shift smoothly accuracy could be increased if information from more
than the “pixel cross” with 5 pixels were used. In Section 3 the case of “pixel boxes” with 9
pixels is considered. Finally procedures for obtaining the necessary parameter estimates are

given in Section 4. Included is a method that uses all the unclassified vectors on the scene to



obtain estimates for the “contextual parameters” in g, assuming training sets are available to

get estimates of class densities first.

The classification procedures described in the present paper are currently being imple-
mented, on a VAX 11/780 tied to a RAMTEK colour screen, at the Norwegian Computing
Center. The methods are being tried out on simulated SPOT-scenes and on artificially gen-
erated data. Some results are reported in Hjort and Mohn (1984) and in the project report
by Sxbg et al. {1985). The experience to date, though limited, strongly indicates that the
contextual methods can offer much improvement over the traditional non-contextual ones that

are currently used in commercial systems.

2. A Simple Geometric Probability Model.

2.1. The p,q,r Model

Assume that Nature divides the scene under study into a set of regions R, S,---. Assume
further that the average (random) region is large compared with the pixel size, so that most
pixel crosses will have points from at most two regions. This motivates admitting positive

probability to only the three types of crosses below:

R R R
R R R S R R R R R
R S S

These patterns are denoted X, L, and T respectively. There are 4 possible L patterns and 4
possible T patterns. Suppose that the probability is p of getting an X, g/4 of getting one of
the 4 L’s, and r/4 of getting one of the 4 T’s; p+q+r=1.

Next, Nature assigns class labels to these regions, class label & with probability »(k),
independently for each region. (In particular, adjacent regions may be assigned to the same

class.) A pixel is given the class label of its centre point. It follows that Pr{C; = k} = x(k),



and using the notation in (2) we get

x(E)g(k, &, k, k | k) = pr(k) + %mk)z ety %rr(k)z
= x(k){p + (¢ + r)x(k)},
r(k)g(k,k,m,m | K) = Zax(k)x(m),
*(R)a(k, k,m, k| B) = grx(k)e(m),

m # k. Hence
g(k, k, k. k| k) = p + (g + r)x(E), ‘

g(k,k,m,m | k) = g(m,k, k,m | k) = g(m,m, k. k | k)
1

= 9(kam’ m)k l k) = zqr(m), 4 (7)

gk, k,m, k| k) = g(k,k, k,m | k) = g(m,k, k, k | k)

= g(k,m, b,k | £) = Sra(m),

m # k. Only these 8K — 7 terms are positive, making a substantial reduction of the quadruple

sum in the general formula (4).

The g-specifiction above determines, together with the h-specifiction (6), a contextual
classification procedure. According to (4) and (5) we are to find the class k having highest
value of

r(k) fi(X5) Re(As),

where Ri(A;) acts as a “spatial correction factor” to the standard noncontextual procedure,
) %

and is given by

Re(A) = D g(a,b,¢,d| k) fo(Xin) fi(Xi) fo(Xis) fa( Xiow)
ab.e,d

= {p+ (g + r)x(E)} fi( Xin) o (Xig) fi (Xis) fu (Xiw)

+ 70 X #(m)fa(Xiw) o Xi) fin (X 3) fon (X
m#k

<+ e

+ ;r mz;# 7(m) fu( Xin) fon ( Xi) S (Xis) e Xiaw ).

This can be written

Re(A;) = pAr(A¢) + gBi(A¢) + rCe(A)) (8)
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after some manipulation, where

Au(Ag) = fil(Xin) fi( Xig) fu( Xis) fu(Xaw ),
Bu(A) = {Ufe(Xix) fo(Xin)b(Xis, Xav) + fu(Xie) fu Xis)b( X, Xin)
+ fk(Xas)fk(X.w)b(XiN, X:g) + filXw ) fi(Xin)b(XiE, Xis)),

Ch(3) = Lol Xir) fo(Xi2) fu Xis)alXaw) + Ful Xire) o Xie)a( Xis) fu( Xiw)
+ filXin)a(Xie) fi(Xis) fi(Xow) + o(Xin) fi(Xig) fi( Xis) fu(Xaw )],

and where
K

a(z) = ) _ x(m)fm(z),

& (9)

b(z,y) = Y_ x(m) fm(2) fm(y)-

m=1

The resulting classifier may thus be described as follows: find the class k giving highest value
of x(k) fi(X;)Ri(As), with Ri(A;) calculated as above, and let C; be this k, unless

K
(k) fe( X Ra(A¢) < (1= ¢) Y #(m) foa (X:) Rm(A),

m=1

in which case the doubt reject option should be used.

Of course the parameters p, q, r, and x(k) and fz(z), need to be estimated. Procedures

managing this are in Section 4.
2.2. The Poiszon Field Model

Owen (1984) assumes that the regions R, S,:-- come from a partitioning of the plane
by straight lines that are generated according to a Poisson field model introduced by Switzer
(1965). If the intensity of this Poisson field is small (relative to the pixel size) then the
probability of having more than one line intersecting a pixel cross is negligible. Let 8 be the
probability that exactly one boundary line intersects a given pixel cross neighbourhood. Owen

shows that
p=1-8, ¢g=(V2-1)8, r=(2-V2)8 (10)

(in our notation).



The p,g,r model is only slightly more general than Owen’s (1984), having two unknown
parameters instead of one. Not much is lost in efficiency if the more flexible p,q,r model is

used and (10) happens to be true.

Since our quest is the construction of good classifiers we are not very much concerned
with probabilistic properties of the underlying stochastic processes, in particular we don’t
engage ourselves in the question of whether there really exists a stationary mosaic process on
a lattice with configuration probabilities (7). The p,q,r model is less dependent on modelling
assumptions, and in view of Remark 1.1 we consider (7), and the later fitting of data to these,

only as reasonable simplifying equations.

We remark also that it is easy to generalise the classifier described after (9) in several
ways. One possibility is to let the p,q,r parameters be class-dependent (i.e. use pz, gi, rz in

(8)); another is to let them be able to change smoothly over the landscape.
3. Classifiers Based on 8 Neighbours.

The present section will extend both the p,q,r model and its special case, the Poisson
field model that yielded (10), to the case where 8 neighbours of the current pixel are taken

into acount, i.e. data from the full 3 x 3 “pixel box” is used to classify its centre pixel.
3.1. The p,q,r,s,t,u Model

It is easy to give a formula for the a posteriori probability of having class k in pixel ¢,

given observation vectors from the pixel and its 8 nearest neighbours, analogous to (4)
P(k|Ag)=Pr{Ci=k| X;, X;1, -, Xiz}

= FIA-.—)T(k) Z 9(01,..-,03 I k)f(A'- | k)al"”,ag)

lieal )
= -f-(lA—._)l'(k)fl:(Xi) 3" glay,---, a8 | KYA(A; | k,aq,- -, ap).
O1rss
Here
9(61,...,aa l k) = Pr{C.-,l = al,"',C;'s = ag I C; = k} (12)

are configuration probabilities, and (Ciy, X;1), -+, (Cis, Xis) denote (true class, observation

vector) for pixels counted clockwise form the upper left hand (northwestern) corner of the pixel
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box having centre pixel . Furthermore,

At' = {Xs',Xi,ly' "aXl',B}7 (13)

and f and A in (11) have the obvious meanings, parallelling the situation in the previous
section. For simplicity we don’t change the notation of Ay; it should be clear from the context
whether 4 or 8 neighbours are used. This remark also applies to some of the notation used

below.

Recipe (5), along with specifications of g and & in (11), provides a contextual classification
procedure. However, the sum in (11) contains the potentially enormous number K® of terms,

and must be reduced or simplified in order to meet practical restrictions.

We may reason as in Section 2. Assume again that randomly constructed regions are
assigned class labels 1,--., K with probabilities x(1), -, #(K), independently of each other.
A pixel is given the class label of its centre point. Suppose that the regions are large compared
with pixel size so that a given pixel box will contain points from more than two regions with only
negligible probability. Thus it is not unreasonable to assume that at most one boundary curve
will intersect a given pixel box and that such an intersection segment will be approximately
linear. It follows from these assumptions that only six different types of patterns of regions
should have positive probability. These are denoted A, B, C, D, E, and F, and are displayed
in Figure 1. (Displayed in Figure 1 are really the pixel patterns that result from underlying

region patterns by letting a pixel’s region be that of its centre point.)

To construct a (possibly crude, but possibly effective) statistical model for the configura-
tion probabilities (12), postulate that as a result of Nature’s random division of the landscape
into regions, a given neighbourhood has probability p of being given an A pattern, and simi-
larly probability g/4, r/8, s/4, t/4, /8 of being given respectively a particular B, a particular
C, a particular D, a particular E, and a particular I" pattern; p+q+r+2+t+u=1. Then
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we may derive, analogously to (7) in the pixel cross case,
g(k, ko ko ko ko k ko k| k) = p+ (1 —p)x(k), )
ok, k,m, b, bk K,k | ) = San(m),
glk,m,m k, k, k, k. k| k)= %nr(m),
1 > (14)
g(m,m,m k. k k kk|k)= zur(m),

g(k,m,m,m,k kb k| k) = %tr(m),

g(m,m,m,m k. k k k|k)= %u:r(m),

7
m # k. Here we have only sampled one of the four B cases, one of the eight C cases, and so on;
a full listing has 29 entries, corresponding to the patterns shown in Figure 1. Only 28K - 27
of the K® probabilities in (12) are positive.

For example, the pixel pattern with nine k’s may have been the result of an A pat-
tern of regions, with probability pr(k), or the result of region pattern B;, with probability
lgx(k)?, etc. Adding these together and dividing out x(k) we obtain the conditional proba-
bility g(k, k, k,k, k, k, k, k | k) given above.

Let us turn to the classifier that results when using (14) and conditional independence,

f(At l k,ay,---, 58) = fk(xl')fdl (X",l) T fﬂs(xi'#)°

The a posteriori probabilities (11) are proportional to

(k) fe(Xi) Re(As),

where the “contextual correction factor” is

Rk(Al') = Z g(aly ce+,08 I k)fdl (Xt',l) "o foc(xl',S)

G1,°°*408

={p+(g+r+a+t+u)r(k)}fi(X1) - fi(Xis)
+ 50 X #lm)fm(Xis) T] £(Xi)
i#3

m#k

+ vee

+ %u E x(m) H fm (X 5) H fu(Xi),
m#k i=1278 §=3,4,5,6

10



corresponding to the 29 entries in the table that (14) samples. This can be written in the form

8
Ri(A) = [ fe(Xi) {pAr(A:) + aBe(A))
j=1 (15)

+ rCr(A;) + sDi(A;) + tER(A;) + uFi(A;)},

where
A(Ag) =1
1
Bi(Ai) = 3 a(Xi),
1,3,5,7
) ;
Ck(A.‘) = § bh(xl',ivxt'JL
(1,2),(2,3),(3,4),(4,5),(5,8),(6,7),(7,8),{8,1)
1
Di(Ai) = ¢ 3 er(Xi g, Xit, Xiim),
(19213)1(314'5%(57"7)’(7#91)
1
Ey(Ai) = D cx(Xij, Xity Xim),
(2,3,4),(4,5,9),(6,7,8),(8,1,2)
1
Fi(Ai) = ¢ > da(Xi g, Xty Xiyms Xin),
(1,2,3,4),(2,3,4,6),(3,4,5,6),(4,8,6,7)
(5,0'7,8),(‘,7,3,1),(1,3,1,2),(8,1,2,3)
and where

aulz fm(z)
i(z) = ;x( Bl

Jm(2) fm(¥)
,,z_:," ™ @A)

= Jm(Z) fm (y) fin (2)
(=9,7) ,,,Z_z,"‘ S APTAPTARR

Jm(2) fm () fm (2) fn (v)
,,,Z_:,”‘ ™ h@AD DA

The classifier picks for a given pixel ¢ the class k for which x(k) fi(A;)Ri(A;) is highest, unless

bk(z’ U)

di(z,y,2,v) =

K
(k) (D) Re(A3) < (1= ¢) Y #(m) fm(A)) Rm(Ay),

m=1

in which case one resorts to the doubt class.
2. The Poisson Field Model with 8 Neighbours

We now derive formulae for p, q,r, s,¢t, u of (14) in terms of a single parameter a, assum-

ing Nature to employ Switzer’s Poisson field model in her division of the plane into regions,

11



mentioned in Section 2.2. Thus we obtain the extension to the 8-neighbour case that Owen
(1984, p. 195) seems to ask for. The reasoning is similar to Owen’s Appendix I, but necessarily

becomes more involved and cumbersome.

The Poisson field can be described as follows. Generate points P; with polar coordi-
nates (r;,d;) in a large disc around an origin O containing the scene of interest. The r;’s are
from a Poisson process in (0,00) and the 6;’s are independent of these and i.i.d. uniforms on
(0,2x). Construct for each P; the line ¢; through P; perpendicular to OP;. These lines are the

boundaries of the induced regions.

Solomon (1978) shows that the number of lines of the field that intersect a given line
segment of length d has a Poisson distribution with parameter rd, r > 0 being a constant
characterising the field. Let N, Ngo, Np, Ng, Nr be the number of lines that intersect
a given pixel box and thereby induce respectively B, C, D, E, and F patterns. (We have
Np + ---+ Np < 1 with high probability according to assumptions.) These are independent
and Poisson distributed with means Ag, Ac, Ap, Ag, AF, =ay, by the arguments given in Owen
(1984, p. 197).

Consider the pixel box neighbourhood in Figure 2. Take the pixel size to be 1 x 1. Patient
examination shows that a Poisson field generated line intersecting the segment of unit length
shown in Figure 2(i) can induce one of the patterns C,, Cs, Dy, E,, E4, F,, F3, Fs, Fs, and
none of the others displayed in Figure 1. Hence

r=2c+d+2e+4f

where

1 1 1 1 1
b=138, c=3A, d=7Ap, e=7dp, [f=2dp, (16)

using a rotational invariance argument (the variables Np,,: -, Np, that add up to Nr must

have the same distribution, for example).

Summoning the needed perseverance we may similarly carefully enumerate which of the
29 patterns of Figure 1 that can be induced by having a straight line intersect the line segments
shown in Figure 2 (ii), (iii), (iv), (v). Intersecting the line segment of length /2 in (ii), for

12



Figure 2

Listed are in each case the different patterns that can be induced when a straight line intersects

the indicated line scgment.

Fig.20): C, Cs D, E, E, F F, Fy Fy

Fig.2(i): By C; Cs D, D E. F, F; Fr Fu

Fig. 2(ii) B, C, Cr Dy E, Fs F

Fig.2(iv): C, Cs Cr Cs Dy D E, Es F, Fs Fs F

Fig.2(v): By C» Cy Cs D, Dy Dy E, E E, F, Fs F, Fs F; Fi

| o
| N\
(1) (ii)
(iii) (iv)
o
S
{v)
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example, may induce the 10 different patterns listed there, and so on. We end up with equations

2¢+d+2e+4f=r1 )
b+2 +2d+e+4f =2r

b+2c+d+e+2f=r

2F

de+2d+2e+4f =V2r

b+3c+3d+3¢+6f =67

These can be solved to give

+
s
+
5,
hi
il
N
a
Ly

and hence
Ap = 4b = 1.17167
Ac = 8¢ = 47517
Ap =4d =1.18187
Ag = 4e = 69657

A =8f = 47517

(17)

(18)

Now we can obtain formulae for p,q,r,s,t,u. Let a be the probability that a given pixel

box is intersected by a Poisson field line. Then we have for example

q=aPr{N5=1|NB+---+NF=1}
=alp/(Ap+ -+ Ap)

= %m\glr = ab/r,

14



and similarly for r,s,t,u. The result is
p=1l-a
g=ab/r=.292%
r = 2ac/r = .1188a
p (19)
s = ad/r = .2954a

t=aef/r=.1741a

u=2af/r=.1188a |

The classifier described at the end of Section 3.1 works under the Poisson field modelling
assumption by inserting the above found values for p,q,r,s,¢,u in (15). The computational

complexity is the same. (15) can now be written

8
Ry(A) = J[ fu(X:j) {1+ a[.2029B4(4)
=1
+ .1188Ck(A;) + 2954 Dy (A;) + 1741 E(A;) + 1188F3(A;) —- 1]}

(20)

The problem of obtaining an estimate of a is studied in the next section.

It is interesting to note that formula (10), which was Owen’s (1984) result for the 4-
neighbour case, follows from the results of the present section. To see this, notice from Figure
1 that A and B patterns produce the X pattern for the pixel cross, and similarly that C and
D give T patterns, and E and F give L patterns. Hence

Pr(X)=p+q, Pr(T)=r+s Pr(l)=t+u.

The results obtained for p,q,r, s, ¢, u give

Pr(X)=1—a+ab/r=l-%a,
Pr(T)=a(27c+g) =a(\/§—l)=%(2—\/§),

Pr(L)=a(§+2—rf) =a(l—--;—\/§) =%(\/§—1).

These are exactly the equations of (10) with f = a/V/2.
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4. Parameter Estimates.

In order to put the classifiers decribed in previous sections to work one needs input
values for the unknown parameters involved. Needed in any case are estimates of the a priori
probabilities x(k) and the class densities fz(z). The pixel cross method uses either p,q,r or
the single parameter 8, whereas the pixel box method uses either p,q,r,s,¢, 4 or the single

parameter a. The present section gives some methods of estimating these parameters.
4.1. Class Densities and A Priori Probabilities

The tradition of taking the individual class densities to be Gaussian has been the dominant
one in remote sensing literature (this assumption is often made implicitly). Exceptions are cases
where a class, maybe after further inspection, is seen to have distinct “hidden subclasses”,
corresponding to more than one bump in histograms. In such cases the fi(z) in question may

be modelled as a mixture of Gaussian components.

Usually a training set is available for each class, i.e. there are observation vectors Xik), ceey
X,(.':) from pixels that are known to belong to class k; £ = 1,:--, K. These training sets are

used in the usual way to obtain estimates for parameters in the class densities fi(z).

Depending on sample sizes and other factors one may choose among (at least) three

possible models:
(i) filz) = Na(pz, Z)(2),
(ii) fi(z) = Na(ne, AeZ)(2) ,

(iii) fi(z) = Nalpe, Ze)(2) .

In case (iil) one uses the standard empirical mean and covariance matrix for each class:

n

(X9~ ) (X[ = ).
1

n
=1 =
In case (i) one keeps j2; and pools the matrices to get & = 2f=l(ng/n)f3,,; n= Ef:x ng. In
the interesting intermediate case (ii) one may use one of several possible iteration procedures to
obtain the maximum likelihood solutions Az, £. Owen (1984) uses this model of proportional

covariance matrices and gives such a computational procedure. He notes (op. cit., Appendix
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HI) that it is not known whether the likelihood equations he solves has a unique solution. It has
recently been proved, however, that there always is one and only one solution (Sgren Johansen

(1985), personal communication).

The a priori probabilities x(k) are sometimes taken to be equal, i.e. x(k) = %, or perhaps
crudely assessed from past experience. It is perfectly possible to estimate the x(k)’s on the
given scene, however, using vectors from all unclassified pixels, provided training sets are
available as above, so that initial class density estimates can be obtained. This is pointed out
in Hjort and Mohn (1984) and elaborated in Hjort (1985b). The latter reference also give
methods by which it is possible to “update” class description parameter estimates, say /i, £,

for the given scene, again using the unclassified vectors.
4.2. Estimating Contextual Parameters in the 4-Neighbours Case

We must construct estimates of p,q, r and of # in the mode! given by (7) and (10). There

are in fact several methods, depending also on the form in which relevant data is available.

Assume first that “ground truth” has been obtained for M sampled pixel crosses. These
could, perhaps ideally, constitute a random sample, or they could be available as a result of
examining three (or more) adjacent parallel rows of pixels in the terrain. The M crosses should
not be taken from the training sets of the classes, however, if these are chosen as they usually

are, as homogeneous regions lying safely within the appropriate classes.

Let Mx be the number of crosses among the M that have all § pixels from the same
class. Similarly, let Mz and Mr count the L and T patterns observed among the M, as
defined in Section 2.1. Let us discard all other crosses, and redefine M if necessary, so that
Mx + Mg + My = M. Then M, /M is an estimate of

K K
> w(k)g(k, k, k k| k) =Y x(k){p + (1 - p)x(k)}
k=1 k=1
=p + (l - p)w’
where
K
w=) (k)2 (21)
k=1
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Similarly, Mg /M is close to TxZmzrx(k)gr(m) = g(1 ~ w) and My /M is close to r(1 — w).

Thus natural estimators are

‘j:ML/M ;=MT/M
1-9’ 1-9’ (22)
p=l—@—f=Mx/M_w
1-9 ’

where 9 = Y1, #(k)? estimates w.

The form of these estimators are not dependent upon whether the M pixels were sampled
randomly or systematically, but their properties (standard deviations, for example) do depend
on the sampling procedure. It is easy to show that if the M crosses were chosen randomly from
a large scene (with (7) meaning statiorary probabilities), so that (Mx, My, My) is multinomial,
then p, g, # above are identical to the maximum likelihood solutions.

Estimators of 8 can also be given based on Mx/M, My /M, My/M. One possibility is

to solve the equation
Mx/M=p+(1-plo=1-8+pw
for 8, i.e.
p=(1-25) ra-ar-a+s, (23)
cf. (10). This also happens to be the maximum likelihood solution when (Myx, My, Mr) is

assumed multinomial.

Owen (1984) gives a similar method when ground truth is available only in nonadjacent

parallel rows of pixels.

The methods above require the user to have ground truth for a representative set of
pixels outside the individual class training sets. Obtaining such information is most often a

demanding and sometimes impossible task, however.

It is fortunate, then, that it is still possible to estimate p,q,r, and 8, as we now show.
One can in fact use all unclassified vectors to perform this task, without having to examine
the terrain outside the class training sets. The reason why this is possible is that data A; from

a pixel cross of unknown land, as in (1), has density

K

F(A) = 3 x(k) fu( X Re(A), (24)

k=1
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cf. (4) and (8), where the x(k)’s and the fz(-)’s are estimated with reasonable precision, and

where Ri(A;) carries information on the unknown parameters p,q,r (or ).

Choose M pixel crosses, not in the terrain, but in the computer, lying sufficiently distant
from each other to make independence between their A;’s a reasonable assumption. The
crosses can e.g. have centres constituting a lattice of points with smallest distance equal to 5
pixel sizes. Then Ay,---,Aas, a collection of 5M spectral vectors, have simultaneous density

l'[._1 f(A;), and we can employ the maximum likelihood program.

We have, assuming model (7) and using (8),

dlog f(Ay) 1 & . 3 p
aq = f(A) Et(k)fg(As){Bk(As) = Ak(As)}

$) =1

_v Bb(A.') — Ax(A)

= ZP(k | a){> ﬂls(Ao) - —a»(A )}

k=1

cf. also (4), where p = 1 — g — r is used, and where

ap(A) = pAr(Aq)/ Re(A¢),
Br(As) = qBr(As)/Re(As), (25)
T(As) = rCu(A)/ Re(A).

Notice that these tree sum to unity.

In this way we obtain maximum likelihood equatiors for p,q, r:

M K
; 1Y Pk | A)AAN) = ZZP(I: | Adax(As),

=1 k=1 s-l b—l
M K

2D Pkl A)n(a) = LSS Pk | Adas(A).
=1 k=1 =1 k=1
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These can also be written

M K
2D Plk| Adas(ay),

k
x|~

1 M K
0= 37 2.2 P(E12)A(A), (26)

L Mok
r= ZZP(" | Ad)re(As).

These are only implicit equations since p,q,r are involved in the r.h.s. expressions. However,
solutions p*,¢*,r* can be obtained by using (26) at “iterating equations®: start out with
(P0)»9(0):T(0)) = (3,3, 3) (say), use these values everywhere on the r.h.s. of (26), and get next
generation values (p(1),9(1),(1)). Continue this process until a convergence criterion is met;

the limit point is (p*, ¢*,r*).

Several comments are in order here. It was implicity assumed above that #(k)’s and f;’s
were used, i.e. #(k) and f; are considered “known” and equal to their estimates. This makes
sense since these are estimated with good precision from class training sets; p, q, r are for the
moment the “principal unknowns”. Secondly, p*,q*,r* obtained above depended only on the
chosen distant pixel crosses A;,---,Aps. One may move this lattice to a new position and
calculate (p*)’, (¢*), (r*)' based on Aj,---, A},, and so on. Eventually an average should be
made to define the “final” estimates p*, ¢*,r*. Thirdly, it is not obvious that the computational
procedure described will converge. That it in fact will converge is a consequence of the general
theory of EM-algorithms, cf. Wu (1983). General comments and other examples of “updating

procedures” using unclassified vectors are in Hjort (1985b).

Finally in this subsection we show how Owen’s parameter g can be estimated using the

scene’s unclassified vectors. The underlying model is (7) with
p=1-p8, g=.41428, r= .58588.
We get (24) again with

Re(A;) = (1 - B)Ar(A;) + .41428B;(A¢) + .58588C(A;).
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The maximum likelihood equation for # based on Ay,---, Aps becomes

M K
S Y Pk A9 ~Ap(Ad) +. 4142;:2?).” 585803(A) _ -

=1 k=1

The solution 8* can be arrived at by iteration.
4.3. Estimating Contextual Parameters in the 8-Neighbours Case

One may construct methods very similar to those presented in 4.2 in the case of pixel
boxes, with which Section 3 was concerned. Needed are input values of either p,q,r,s,,u4 or
of the single Poisson field parameter a. Since the arguments are similar we just present the

results.

Assume first that ground truth for a representative set of M pixel boxes is available. Let
M, be the number of these with the same class in a!l 9 pixels, and let Mp,---, Mp count the
number of B, - -, F patterns observed. Redefine M as M4 +---+ Mp. Then M, /M estimates
p+ (1 - p)w, Mg /M estimates ¢(1 — w) and so on, where w = Zfﬂ x(k)2. It follows that

(28)

are reasonable estimates. Next assume that the Poisson field model is in force, i.e. (19) holds.
Suppose for the moment that (My, - -, Mp) is multinomial, which is the case if the M pixel

boxes are randomly chosen from a large homogeneous scene. Then the likelihood is
(1 - aw)M4(.2929a1)M5 . .. (.1188awp)™*

whered =1-w=1- ,,_l x(k)?. Inserting the estimate % for w and focusing interest on

a we find the maximum likelihood estimator

(1— A—“1) [(1-6)=1-4. (29)

This is a reasonable estimator also when the pixel boxes have been chosen systematically (but
representatively).
P, 9,7, 8,t,u4, and a, can also be estimated automatically, fitting the assumed stochastic

model to the available, unclassified data. A; of (13) has density f(A;) = Ef:n (k) fo(X5)
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Ri(A;), where Ri(A;) is given in (15), under model (14). Write Rx(A;) = H,_l (X 7)Se(As),

where
Sk(Ai) = pAr(A¢) +aBi(A;) + rCr(A;) + sDi(A) + tE(A;) + uFi(A;).

Using P(k | A;) = x(k) fi( Xi) Re(Ai)/ f(Ai) we get

9 1oga£(A.) _ (A ) 2 ): (k) fu(X) H (X ){Br(A:) - A(Ad)}
i=1
= E P(k | A){Bi(As) - Ar(Ad)}/ Se(A4),
k=1
writingp=1—-q—r — 8 — ¢t — u, etc. Estimators p*,q*,r*,s*,¢t*,u4* based on Ay, -+, Aps can

be found by iterating the maximum likelihood equaiions

—EZHHMMM

=1 k=1
(30)

—ZZHHMMM,

=1 k=1
where ag(A;) = pAr(A:)/Se(A¢), -+, dk(A¢) = uFi(As)/Sk(A;). Again an average over sev-

eral lattices of distant pixel boxes should be made.

The maximum likelihood equation for the single paramter @ in the Poisson field model

becomes
M K

ZEP;:(L"“)'){ —1+.2920B(A;) + - + .1188F4(A;)} = 0, (31)
=1 k=1 t

of. (20) and (27).
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