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Abstract

In this thesis we are exploring the application of count time series models to
time series of battle deaths. A time series of battle deaths represents the number
of people killed due to intrastate conflict and/or internationalized intrastate
conflicts in a country. We have created our own data sets, mainly using the
Georeferenced Event Dataset from the Uppsala Conflict Data Program (UCDP).
Created data sets contains the weekly number of battle deaths from 1989-2019 in
a country, as well as covariates from the World Bank and Varieties of Democracy
Institute. Although time series of battle deaths are rather different from each
other, they have some common characteristics; exhibiting heteroskedasticity,
zero-inflation and overdispersion. Additionally, the values in the time series
are counts (non-negative integers), motivating the application of models from
the count time series framework. The main goal of the thesis is to explore and
understand the type of models from the count time series framework which
can be a good fit for the different time series of battle deaths - with focus
on having the characteristics mentioned above. These questions are partly
developed in collaboration with the Peace Research Institute of Oslo (PRIO).
In particular, we also investigate how such a model can be used in peace
research by including covariates. Different models from the count time series
framework are explored, along with some i.i.d. models, with focus on four
data sets - representing Colombia, Uganda, Congo and Ethiopia, which we
believe constitutes a representative sample of time series of battle deaths. In
the process of exploring, we identify a so-called NB-INGARCH(1,1) to be the
best of the candidate models when comparing AIC and some scoring rules.
This model is abbreviated from Negative Binomial distributed INteger-valued
GARCH model, and is inspired by the GARCH model in the standard time
series framework. Model adequacy of the NB-INGARCH(1,1) is checked using
standardized Pearson residuals and PIT histograms.

i



Acknowledgements

First of all, I would like to thank my supervisor - Gudmund Hermansen,
co-supervisor - Geir Storvik and Håvard Nygård from PRIO for their assistance
and guidance of this thesis. I would especially like to thank Gudmund for his
dedication, support and insights.

I would also like to thank my roommate Sverre for the nice evenings we
spent watching Ex on The Beach DK, unwinding from long days this semester.

Lastly, I would like to thank my parents and my brother for their continuous
support throughout this process.

ii



Contents

Abstract i

Acknowledgements ii

Contents iii

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Content in each chapter . . . . . . . . . . . . . . . . . . . . . 2
1.3 Code for figures and models . . . . . . . . . . . . . . . . . . . 3

2 The Data 4
2.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Explanation of the columns . . . . . . . . . . . . . . . . . . . 7
2.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Theory 12
3.1 Introducing time series . . . . . . . . . . . . . . . . . . . . . . 12
3.2 Introducing count time series . . . . . . . . . . . . . . . . . . . 14
3.3 Estimation, Model Identification and Model Adequacy . . . . 20
3.4 INGARCH models . . . . . . . . . . . . . . . . . . . . . . . . 27

4 Exploration 33
4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.2 Fitting models to the selected countries . . . . . . . . . . . . . 35
4.3 Model Adequacy . . . . . . . . . . . . . . . . . . . . . . . . . . 49

5 Adding Covariates 55
5.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
5.2 Adding covariates to one country . . . . . . . . . . . . . . . . 57
5.3 Fitting Multiple Countries With Covariates . . . . . . . . . . 59
5.4 Alternative ways to place covariates . . . . . . . . . . . . . . . 71

6 Conclusion 74

Appendices 76

A 77

iii



Contents

A.1 Details about fitting and computations in Chapter 4 . . . . . 77
A.2 Deriving zero indexes . . . . . . . . . . . . . . . . . . . . . . . 78
A.3 Deriving the variance for the INGARCH(1,1) models . . . . . 79
A.4 GP, GP-INAR(1), GP-INARCH(1) and GP-INGARCH(1,1) . 81
A.5 NB-INGARCH(2,2) . . . . . . . . . . . . . . . . . . . . . . . . 81
A.6 Details about fitting in Chapter 5 . . . . . . . . . . . . . . . . 82
A.7 Fitted models in Chapter 5 . . . . . . . . . . . . . . . . . . . . 83
A.8 Scripts for figures . . . . . . . . . . . . . . . . . . . . . . . . . 84

Bibliography 86

iv



CHAPTER 1

Introduction

1.1 Background

In this thesis we will explore a class of integer-valued time series models for the
number of people killed due to internationalized intrastate and/or intrastate
conflicts in a single country, which we will refer to as a time series of battle deaths
for some country. Briefly said, intrastate conflict means that a government in
a country fights one or several rebel groups, while internationalized intrastate
conflict is like intrastate conflict, but foreign government troops are also involved
in the conflict.1 The idea of studying time series of battle deaths stems from
PRIO (the Peace Research Institute of Oslo), with the original intention of
studying models for the dynamics and intensity of conflicts in a country through
time. However, since time series of battle deaths inhabits some interesting
and challenging characteristics for modelling, the aim of this thesis is first and
foremost to find an appropriate model for such time series.
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Figure 1.1: Battle deaths in each week from 1989-2019 in Iraq, Congo and
Myanmar.

In Figure 1.1, we see time series of battle deaths for Iraq, the Democratic
1A more precise definition of battle deaths will be given later.

1



1.2. Content in each chapter

Republic of the Congo (Congo) and Myanmar from 1989-2019. Each data point
represents battle deaths for a certain week in a calendar year. Looking at Figure
1.1, we first see that the three time series are quite different from each other.
However, they share some common characteristics. Within each time series,
we see that there are periods when there are more variability in the number of
battle deaths than others, i.e., heteroskedasticity. We also see that there is a
high number of weeks with zero battle deaths in the three time series. This,
in combination with some weeks having very high numbers of battle deaths,
leads to a relatively low mean compared to the variance; this is also known
as overdispersion. To summarize the characteristics seen in the different time
series from Figure 1.1;

• Battle deaths are counts (non-negative integers)

• Exhibits heteroskedasticity

• Large amount of zero battle deaths

• Overdispersed

Traditional and standard time series- and regression models are not necessary
well suited for this type of data, at least without some form of aggregation or
transformation. So, in this thesis we will be using models from the count time
series framework which are designed to handle the characteristics listed above.
This is a framework used for modelling time series of counts with concepts
inspired from real-valued time series. A general introduction to this framework
is given in (Weiß, 2018), which we have had good use of when writing this
thesis. To our knowledge, count time series models have not been applied to
peace research. The main goal is to explore and find a unified model from the
count time series framework which works well for time series of battle deaths,
as illustrated in Figure 1.1, and more generally - can handle the characteristics
mentioned in the list above. We will also illustrate how such a model can further
be applied in peace research by exploring how covariates can be included to
capture global effects.

1.2 Content in each chapter

Chapter 2 introduces data sets used in this thesis, containing time series of
battle deaths and covariates, and shows how these were created.
In Chapter 3, we provide the necessary theory for count time series used in this
thesis, and see how concepts from real-valued time series motivates some of this
theory.
Chapter 4 explores models and concepts from Chapter 3 in pursuit of a unified
model for the time series of battle deaths.
In Chapter 5, we show how covariates can be added to a promising model from
Chapter 4 for one-, and multiple time series of battle deaths.
Lastly, in Chapter 6 we provide a conclusion based on our findings from Chapter
4 and 5.
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1.3. Code for figures and models

1.3 Code for figures and models

Through the process of working with this thesis, a lot of code have accumulated
for different figures and models. Instead of putting all of the code in an
appendix, we have gathered all code in a git-repository at the following url;
https://github.com/jejakobsen/msc
In the root/scripts folder of this repository, the reader can view code from each
chapter - for which scripts are sorted after. For a more detailed overview on
which scripts produces the different figures in the thesis, please see Appendix
A.8. Furthermore, the root/data folder contains raw data, as well as data sets
we’ve created for the purpose of this thesis. Now, since all scripts uses relative
paths, the whole repository can be downloaded and scripts can be run locally
on the reader’s computer. However, please see the readme.md-file located at
root for further instructions.

3
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CHAPTER 2

The Data

In this chapter we shall begin by giving an overview of the data sets used in
this thesis, and briefly describe how they were created. Then, a more thorough
explanation of the columns in the data sets are given, and some visual examples
of the data sets are provided. Lastly, we discuss some of the choices made when
creating the data sets.

2.1 Overview

First of all, 4 sources (3 data sets and 1 database) have been used to create the
data sets presented in this chapter. These sources, along with their origins, are;

• UCDP Georeferenced Event Dataset (GED) version 20.1, from the Uppsala
Conflict Data Program (UCDP). (Sundberg and Melander, 2013)

• UCDP/PRIO Armed Conflict Dataset (ACD) version 20.1, from the
UCDP and PRIO. (Gleditsch et al., 2002) and (Pettersson and Öberg,
2020)

• Country-Year: V-Dem Core version 10, from the Varieties of Democracy
(V-Dem) Institute at the University of Gothenburg. (Coppedge et al.,
2020) and (Pemstein et al., 2020)

• World Development Indicators (WDI) database, from the World Bank.
(The World Bank, 2021)

The "main" data source used to create our data sets is the UCDP GED, which
in combination with UCDP/PRIO ACD have been used to filter, extract and
aggregate battle deaths from a daily scale to a weekly scale, battle_deaths.
From the V-Dem data set we have extracted covariate v2x_polyarchy, and
from the WDI database we have extracted covariates gdp_pc and pop_tot.
Every covariate represents values from a calendar year. The highlighted text
represents a column name in each of our data sets which is explained in a list
below. Now, we have created 10 data sets for this thesis, where each data
set represents a country. These countries are; Colombia, Congo, Ethiopia,
Iraq, Mali, Myanmar, Nigeria, Pakistan, Sierra Leone and Uganda, and have
primarily been selected because they have some interesting time series of battle
deaths. Figure 2.1 shows some of the rows from the data set of Uganda.
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2.1. Overview

Figure 2.1: Row 411-419 of the data set of Uganda loaded into R Studio.

Each data set have 1617 rows and 6 columns. The number of rows re-
flects 1617 full 7-day weeks (week starting on Monday), between 2nd of
January 1989 and 29th of December 2019, and the data sets are sorted accord-
ingly. The column names and a short description of their values are given below;

year – calendar year
week – week number of calendar year
battle_deaths – estimated1 number of people killed in intrastate and/or
internationalized intrastate conflicts in given week of a calendar year.
v2x_polyarchy – electoral democracy index in former calendar year
gdp_pc – Gross Domestic Product (GDP) per capita (in constant 2010 US$) in
former calendar year
pop_tot – total population in former calendar year

Here, we will use battle_deaths as response later on, while v2x_polyarchy,
gdp_pc and pop_tot are considered to be the available covariates. Before
going into detail of these columns, we shall briefly mention how data sets were
created.

2.1.1 Creating the data sets

In order to create the data sets used in this thesis, many operations are applied
to the four sources listed above, which we will refer to as the data creation
process. As mentioned, the "main" source used in this process is the UCDP
GED, containing, among other things, disaggregated information about the
number of people killed due to various conflicts around the world. In Figure 2.2,
a high-level flowchart illustrating the data creation process is shown. For more
details regarding the data creation process, please see data_creation_process.md
available in the git repository https://github.com/jejakobsen/msc under the
folder root/scripts/data. Now, we will briefly provide information about how
the data creation process was implemented. The class AggregateConflictData
was written in Python, and contains methods (functions in a class) of the
different operations as illustrated in Figure 2.2. This class is located in

1in terms of precision in time and the numbers reported
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2.1. Overview

the script agg_conflict_data.py. In order to use the class, another script,
create_datasets.py, calls different methods from the class in a specific order
which produces multiple data sets. It is this script that produces data sets of
the 10 countries that will be used in this thesis. To fully understand how to
use these scripts, please read data_creation_process.md. All files mentioned in
this section is available in the folder root/scripts/data.

GED

Filter 1

Merge 1 UDCP/PRIO
ACD

Filter 2

Aggregate

Merge 2
V-Dem +

World Bank

Compiled
dataset

Figure 2.2: A high-level flowchart illustrating the data creation process of one
data set. The GED passes Filter 1, where many unnecessary columns and events
are removed. In Merge 1, information from UCDP/PRIO ACD regarding type
of state-based conflict is added to the events in the GED. Then, the merged
data passes Filter 2, where only events with conflicts of type intrastate and
internationalized intrastate is kept. Additionally, all other countries except one
is removed here. Note: If several countries are selected in create_datasets.py,
the process branches out from Filter 2. The data is then aggregated to level
year-week in Aggregate. At last, information regarding democracy, GDP and
population from V-Dem and the World Bank is merged into the data set in
Merge 2. The product from this operation is the compiled data set, meaning
the finalized data set.
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2.2. Explanation of the columns

2.2 Explanation of the columns

In this section, we will discuss the main variables used for modelling later on
and how they were created. For more details regarding this information; see
data_creation_process.md.

2.2.1 Response

battle_deaths – estimated number of people killed in intrastate and/or
internationalized intrastate conflict in given week of a calendar year.
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Figure 2.3: battle_deaths in Congo, Uganda and Colombia from 1989-2019.

First off, conflicts of type intrastate and internationalized intrastate are
subgroups of state-based armed conflicts. A state-based armed conflict is defined
by UCDP as

a contested incompatibility that concerns government and/or territory
where the use of armed force between two parties, of which at least one is
government of a state, results in at least 25 battle-deaths in a calender year

(Petterson, 2020)[p. 1]

Furthermore, a conflict of type intrastate means that there is one government
fighting one or several rebel groups, with no involvement of foreign government
troops. Conflicts of type internationalized intrastate are like intrastate conflicts,
but includes involvement of foreign government troops. These definitions are
obtained from (Petterson, 2020)[p. 5-6], and along with the definition of a
state-based armed conflict, constitutes the framework for what events in the
UCDP GED are considered battle_deaths. Basically, an event in the UCDP
GED is an incident with at least one direct death stemming from a conflict
at a specific date and location. (Högbladh, 2020)[p. 4] One event amounts to
one row in the UCDP GED, and is, among other things, supplemented with
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2.2. Explanation of the columns

different estimates of the number of people killed, type of conflict and precision
of event in time and place. However, in order to filter out any event, except
those who can be related to intrastate/internationalized intrastate conflict, this
particular information must be merged from the UCDP/PRIO ACD (Merge
1 in Figure 2.2). In this thesis, we are considering events having a maximum
uncertainty of one week and using the "best" estimate of the number of people
killed in an event. This estimate includes casualties sustained on both/all sides
of the conflict and civilians. When creating battle_deaths for some country,
all events for that country in the UCDP GED matching the specifications
mentioned are aggregated to the level of year-week. This means summing all
best estimates for events belonging to the same week of some year. Lastly, we
should mention that we have followed guidelines from Håvard Nygård, a former
researcher at PRIO, when creating this column.

2.2.2 Covariates

Electoral Democracy Index

v2x_polyarchy – electoral democracy index in former calendar year
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Figure 2.4: v2x_polyarchy in Congo, Uganda and Colombia from 1989-2019.

The value of v2x_polyarchy can be thought of as the answer to the question

To what extent is the ideal of electoral democracy in its fullest sense
achieved?

(Coppedge et al., 2019)[p. 15]

The answer to this question is a value in the interval [0, 1], where values close to
0 represents a country being far away from being an ideal electoral democracy,
and values close to 1 represents a country being very close to being an ideal
electoral democracy. The index’s name has not been changed from the original
V-Dem data set, and is introduced to our data sets once battle_deaths have
been created. Some of the key characteristics of an ideal electoral democracy,
in terms of the V-Dem data set, are;

8



2.2. Explanation of the columns

• Rulers of a country is responsive to it’s citizens

• Clean and fair elections

• Freedom of expression and association

• Independent media

For more information of what constitutes an ideal electoral democracy in the V-
Dem data set, see (Coppedge et al., 2019)[p. 15]. Note that v2x_polyarchy in
our data sets represents the electoral democracy index at the former year. This
means that at rows with year=2009, the v2x_polyarchy at the corresponding
rows represents the electoral democracy index in calendar year 2008. The
reason behind this is that when fitting models to our data, we want to relate
information about the country from the former year to the response of the
present year.

World Development Indicators

gdp_pc – Gross Domestic Product (GDP) per capita (in constant 2010 US$) in
former calendar year
pop_tot – total population in former calendar year
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Figure 2.5: gdp_pc (left), and pop_tot (right) in Congo, Uganda and Colombia
from 1989-2019.

The gdp_pc and pop_tot are self-explanatory covariates, representing two
usual characteristics associated with a country. These covariates corresponds
to the World Development Indicators NY.GDP.PCAP.KD and SP.POP.TOTL,
respectively, in the World Bank database (The World Bank, 2021). In the data
creation process, these covariates are added to our data sets using the World
Bank’s API in Python, after v2x_polyarchy have been added. For details
regarding use of the API, see data_creation_process.md. Again, we emphasize
that gdp_pc and pop_tot represents indicator values from the former calendar
year, similarly to v2x_polyarchy.
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2.3. Discussion

2.3 Discussion

We shall now discuss some of the choices we made when creating the data sets,
involving alternatives and justification for our choices. As mentioned, Håvard
Nygård have provided us with some guidelines for deriving battle_deaths,
but the choice of aggregation level and which countries to consider have been
made by us. Additionally, we shall discuss the covariates selected.

2.3.1 Aggregation Level

As mentioned earlier, battle_deaths are aggregated to the level of calendar
year and week number in calendar year. This means that some dates in a
calendar year are regarded as belonging to some week in another calendar
year. For example, the 1st-3rd of January 2016 are regarded as belonging to
week 53 of 2015. Due to this level of aggregation, the covariates at indexes
year=2015 and week=53 represents more dates than intended. If we were
to aggregate battle_deaths to the level of year or year-month instead, this
problem would be avoided. However, these levels of aggregation does not,
strictly speaking, constitute discrete-time time series for battle_deaths, since
the length of months and years vary. Another drawback of these aggregations
is that we obtain fewer, and higher-valued datapoints, covering less of the range
N0 = {0, 1, 2, ...}. In any case, issues regarding covariates representing more
dates than intended will only amount to a small deviation from reality - which
should not be a problem for our analysis and interpretation.

2.3.2 Covariate Selection

Both the V-Dem data set and the World Bank’s API provides a variety of options
when it comes to introducing covariate information to our data sets. For instance,
the V-Dem data set have indexes addressing more specific characteristics of
an ideal electoral democracy, like how independent the media in a country
is considered to be. The World Bank, on the other hands, provides many
interesting indicators regarding poverty, demographics and health for example.
We don’t claim to have chosen the best covariates for our data sets in this thesis,
but we have decided to focus on some of the most general and well-known ones.
Selecting more specific covariates, which could be more appropriate for our data
sets, would require more knowledge and experience about conflict research. In
any case, we believe that we have a reasonable starting point with our chosen
covariates, and that future readers, of type conflict researches, might elaborate
on the covariate selection in any future related work.

2.3.3 Country Selection

There are many countries to choose from in the UCDP GED, but some are more
appropriate for modelling than others. We could have chosen South-Korea for
example, but this country have only registered a total of 52 people killed due
to some types of conflicts in a 30 year period. Hence, our selection of countries
is primarily based upon the observation that there exist some volume of data
for each country. Furthermore, the countries we have selected for our data
sets contains complete covariates through time. In other words, there are no
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2.3. Discussion

empty rows of covariate information in our data sets. For example, Somalia is
a country lacking extensive information about the GDP per capita. Anyways,
we believe that the countries selected constitutes a start, and is representative
enough to investigate/illustrate the relevancy of models and methods considered
in this thesis.
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CHAPTER 3

Theory

In this chapter we will introduce models for count time series, and how to
identify and evaluate such models. The theory presented is largely based on
(Weiß, 2018), which we shall frequently refer to. To create a reference point, we
start off by defining basic concepts for continuous-valued time series and the
AR(1) model.

3.1 Introducing time series

In this section we will briefly cover the basic concepts of time series and the
AR(1) model. This model will be used to motivate the origin of the count time
series framework, and concepts introduced here will applicable for count time
series.

In this thesis, we will be working with discrete-time time series. This
means that we have a set of observations recorded at equally spaced points
in time. Now, let (xt)T0 be a discrete-time time series, where T0 is a discrete
and linearly ordered set. For example will the set T0 = {0, 1, 2} correspond
to the time series (x0, x1, x2). Furthermore, we have that xt ∈ R ∀t. Since
we will only be working with discrete-time time series in this thesis, we
shall refer to such time series simply as time series. Now, let (Xt)T be the
continuous-valued stochastic process where the time series (xt)T0 is stemming
from. Equally, for T0, T is also a discrete and linearly ordered set, but with the
distinction that T0 ⊆ T . Commonly, it’s used that T = Z = {...,−1, 0, 1, ...},
or T = N0 = {0, 1, ...}. An important characteristic of the process (Xt)T
is whether it is stationary or not. Using a depiction from (Brockwell et al.,
2016, p.13), stationarity can loosely be thought of as (Xt)T sharing statistical
properties with the time-shifted process (Xt)T +h for any integer h ∈ Z. There
are two levels of a stationary process; weakly and strictly stationary

Definition 3.1.1. Suppose a process (Xt)Z has E[X2
t ] <∞ ∀t. Then, (Xt)Z is

a weakly stationary process if the process have the two following properties
(i) E[Xt] is independent of t
(ii) Cov[Xt+h, Xt] is independent of t for each h ∈ Z

Definition 3.1.2. If a process (Xt)Z has E[X2
t ] <∞ ∀t and is strictly stationary,

then (X1, ..., Xn) and (X1+h, ..., Xn+h) have the same joint distribution for any

12



3.1. Introducing time series

integer h and n ≥ 1. Furthermore, if (Xt)Z is strictly stationary, then it is also
weakly stationary. (Brockwell et al., 2016, p.13)

We can now introduce two important functions for weakly stationary time
series

Definition 3.1.3 (ACVF and ACF). The autocovariance function (ACVF) of a
weakly stationary process (Xt)Z at lag h is given as

γ(h) = Cov[Xt+h, Xt]

The autocorrelation function (ACF) of a weakly stationary process (Xt)Z at
lag h is given as

ρ(h) = γ(h)
γ(0) = Corr[Xt+h, Xt]

Note: In several cases we have that γ(h) = γ(|h|) = Cov[Xt+|h|, Xt], and
consequently ρ(h) = ρ(|h|) = Corr[Xt+|h|, Xt].

When working with time series, the characteristic ACF of a weakly stationary
process is often of interest. This function tells us about the correlation structure
between stochastic variables in the process (Xt)Z, and can therefore be used as
a reference for identifying a proper model for observed data. The diagnostic
tool which is used for assessing the correlation structure in the observed data
is the sample autocorrelation function (SACF), given in Defintion 3.1.4. The
SACF is typically plotted to see if there is a pattern resembling the ACF of a
stochastic process, (Xt)Z.

Definition 3.1.4. Let (x1, ..., xn) be the observations of a time series, and define

γ̂(h) = 1
n

n−|h|∑
t=1

(xt+|h| − x)(xt − x) for h ∈ (−n, n)

as the sample autocovariance function (SACVF). The sample autocorrelation
function (SACF) can then be given as

ρ̂(h) = γ̂(h)
γ(0) for h ∈ (−n, n)

At this point, we have introduced some of the fundamental concepts and
tools of time series and processes. We will now turn our attention to a simple
model, the autoregressive process of order 1 - the AR(1).

3.1.1 AR(1)

Let (εt)Z be the (unobservable) innovations (also known as white noise) being
independent and identically distributed (i.i.d.) random variables with E[εt] = 0
and V [εt] = σ2. Now, assume that (Xt)Z is a weakly stationary process satisfying
the equation

Xt = α ·Xt−1 + εt, t ∈ Z

13



3.2. Introducing count time series

where α is a parameter between 0 and 1, and εt is uncorrelated with Xs for any
s < t. Then, (Xt)Z is an AR(1) process. (Brockwell et al., 2016, p.15) It can
be shown for an AR(1) process that

E[Xt] = 0 V [Xt] = σ2/(1− α2)
γ(h) = α|h|V [Xt] ρ(h) = α|h| for h ∈ Z

With the basic concepts of time series and the AR(1) model introduced, we can
now embark upon the non-negative integer-valued counterpart of these subjects.

3.2 Introducing count time series

In this thesis, we will be working with time series of battle_deaths - which
we defined in Chapter 2. A value of battle_deaths can be considered as a
count, that is, an observation y taking a value in N0. Since models like the
AR(1) from the framework in Section 3.1 is intended for continuous-valued
observations, we will turn our focus towards the count time series framework.
As the name suggests, this framework is designed to model time series of counts,
which is convenient for our time series of battle_deaths. We’ll start off by
defining count time series and count processes.

Let (yt)T0 denote a count time series, similar to a time series (xt)T0 , but
with yt ∈ N0 ∀t. Similarly, let (Yt)T denote a count process, where Yt ∈ N0 ∀t.
Note that we will be using the letter y for integer-valued variables, and x for
continuous variables.

3.2.1 Multiplication Problem and Binomial Thinning

Applying AR-like models for count time series isn’t as straight forward as in
the continuous case. Suppose we have the AR(1) recursion

Yt = α · Yt−1 + εt

This recursion cannot be applied to the count process framework even if the
innovations εt ∈ N0. The reason for this is due to the multiplication problem,
that is, the multiplication α · Yt−1 does not guarantee to preserve the discrete
range. In (McKenzie, 1985), a number of AR(1)-like models for count time
series are introduced. To tackle the multiplication problem, (McKenzie, 1985)
proposed to use different mechanisms for reducing Yt−1. One of these proposals
is called binomial thinning, also referred to as binomial subsampling.

Definition 3.2.1. Let Y ∈ N0 and α ∈ (0, 1). Furthermore, denote (Z1, ..., ZY )
as the counting series having i.i.d. binary random variables independent of Y
with Zi ∼ Bernoulli(α) = Bin(1, α) for all i ∈ {1, ..., Y }. The random variable

α ◦ Y =
Y∑
i=1

Zi

is said to arise from Y by binomial thinning. Here, ◦ is referred to as a random
operator. At the boundaries, where α = 0 or α = 1, define 0 ◦ Y = 0 and
1 ◦ Y = Y . It is then clear that α ◦ Y can only have integer values between 0
and Y . (Weiß, 2018, p.17)

14
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Note that if the value of Y is known in Defintion 3.2.1, then

α ◦ Y |Y = Z1 + Z2 + ...+ ZY ∼ Bin(1 + 1 + ...+ 1︸ ︷︷ ︸
Y

, α) = Bin(Y, α)

Moreover, we see that

E[α ◦ Y ] = E[E[α ◦ Y |Y ]] = E[α · Y ]

i.e., the mean of α·Y and α◦Y are the same. This further motivates substituting
α · Yt−1 with α ◦ Yt−1 in the AR-recursion, since the mean does not change
based on this substitution. However, the variance of α · Y and α ◦ Y are not
the same

V [α ◦ Y ] = V [E[α ◦ Y |Y ]] + E[V [α ◦ Y |Y ]] = V [α · Y ] + E[α(1− α) · Y ]
6= V [α · Y ]

Now, for interpreting binomial thinning, suppose first that Yt−1 represents
some population at time t − 1. At the next time step t, the population may
shrink due to individuals dying. If we can assume that each individual survives
independently of each other with the probability α of a individual surviving
from time t−1 to t, then the population at time t can be given as Yt = α◦Yt−1,
where α ◦ Yt−1 is the number of survivors from t − 1. See also (Weiß, 2018,
p.17-18).

3.2.2 INAR(1)

So far, we have introduced the count time series framework, how the
multiplication problem in the AR(1)-recursion can be solved by binomial
thinning and gone into some detail about this random operator. We are
now ready to define the integer-valued autoregressive process of order 1 - the
INAR(1), first introduced by (McKenzie, 1985) and (Al-Osh and Alzaid, 1987).

Definition 3.2.2. Let (εt)N be the innovations consisting of i.i.d. random
variables with mean E[εt] = µε and variance V [εt] = σ2

ε . Now, assume that
(Yt)N0 is a count process satisfying the equation

Yt = α ◦ Yt−1 + εt, t ∈ N

where α is a parameter between 0 and 1. If all thinning operations are performed
independently of each other and of (εt)N, and if the thinning operations at
each time t as well as εt are independent of Xs for any s < t, then the process
(Yt)N0 is said to be an integer-valued autoregressive process of order 1 - INAR(1)
process. See (Weiß, 2018, p.18).

It can be shown that the INAR(1) is a strictly stationary process according
to Definition 3.1.2, given that we have the probability generating function of
the innovations distributions and that µε, σ2

ε <∞. For details, see (Weiß, 2018,
p.19).
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Now, using the interpretation of binomial thinning from earlier, (Al-Osh
and Alzaid, 1987) provided an interpretation of the INAR(1) recursion as

Yt︸︷︷︸
Population at time t

= α ◦ Yt−1︸ ︷︷ ︸
Survivors from time t− 1

+ εt︸︷︷︸
Immigration

Both (McKenzie, 1985) and (Al-Osh and Alzaid, 1987) showed that the INAR(1)
process is a homogeneous Markov chain, that is, the transition probabilities
does not change with t. The 1-step ahead transition probabilities are defined as

pk|l = P (Yt = k|Yt−1 = l)

=
min(k,l)∑
j=0

(
l

j

)
αj(1− α)l−j · P (εt = k − j) (3.1)

Further results of the INAR(1) from (Weiß, 2018, p.19), is given below

E[Yt] = µε
1− α V [Yt] = σ2

ε + αµε
1− α2

γ(h) = αhV [Yt] ρ(h) = αh for h ∈ N0

Note that the autocovariance- and autocorrelation function for the INAR(1) is
very similar to the AR(1) in Section 3.1.1. We shall also provide conditional
first and second order moments, as these will be used for other concepts later;

E[Yt|Yt−1] = αYt−1 + µε and V [Yt|Yt−1] = α(1− α)Yt−1 + σ2
ε

3.2.3 Overdispersion and zero-inflation

Up until now we have introduced basic concepts for continuous valued time
series, and leaped over to count time series. In this leap, we have showed how
the AR(1) process inspired the creation of the INAR(1) process. Now, we will
introduce two important aspects to consider when working with count time
series, or count data in general. These aspects will later motivate different
instances of the INAR(1).

For continuous random variables the normal distribution is often regarded
as the "benchmark distribution", but for count random variables the Poisson
distribution often fills this role. The Poisson distribution is quite characteristic,
with it’s mean equal to it’s variance. This is commonly referred to as the
equidispersion property, and can be used to compare other distributions with
the Poisson distribution, typically by using the (Poisson) index of dispersion

Definition 3.2.3. Let Y be a count random variable with mean µ and variance
σ2. Then the index of dispersion for Y is defined as

I = σ2

µ
∈ (0,∞)

It is clear that if Y ∼ Pois(λ), then we always have that I = 1. Deviations
from 1 in the index of dispersion tells us that the distribution we are considering
is underdispersed (I < 1) or overdispersed (I > 1) relative to the Poisson
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distribution. (Weiß, 2018, p.13) An example of an underdispersed distribution
is the Good distribution, while an example of an overdispersed distribution is
the negative binomial distribution. When working with count data in general, a
typical concern is to find out if the data is under- or overdispersed. By knowing
this, we can perhaps select an appropriate distribution, or at least limit our
search of potential distributions. Now, suppose we have some data (y1, ..., yn).
A common way to assess under- or overdispersion in the data is to calculate

Î = s2

y

where s2 = 1
n−1

∑n
i=1(yi − y)2 and y = 1/n

∑n
i=1 yi.

Another concern when working with count data in general is the level of
zero inflation exhibited in the data. Zero inflation must be understood relative
to the Poisson distribution, and tells us that there are more zeros in the
observed data than what the Poisson distribution exhibits. More generally,
we can think of other distributions than the Poisson distribution being zero
inflated or zero deflated. This can be addressed by the zero index from (Puig
and Valero, 2006)

Definition 3.2.4. Let Y be a count random variable with mean µ and p0 =
P (Y = 0). Then, the zero index is defined as

Izero = 1 + log p0

µ
∈ (−∞, 1)

With Y ∼ Pois(λ) we get µ = λ and p0 = exp(−λ), which gives Izero = 0
and serves as the reference value. Whenever Izero > 0, it indicates that the
distribution we are considering is zero inflated, while Izero < 0 indicates zero
deflation, relative to the Poisson distribution. (Weiß, 2018, p.14) To assess zero
inflation/deflation in observed data we may calculate

Îzero = 1 + log p̂0

y

where p̂0 is the proportion of zeros in the data.

3.2.4 Instances of the INAR(1)

In the former section, we mentioned that the Poisson distribution serves as a
benchmark for count data. This is also true for count time series, and more
specifically, the INAR(1). Hence, one instance of this model is the Poisson
INAR(1). Simulations of this process can be seen in Figure 3.1.

Example 3.2.5 (Poisson INAR(1)). Assume that (Yt)N0 is an INAR(1) process
according to Definition 3.2.2, and let εt ∼ Pois(λ)∀t ∈ N. Then (Yt)N0 is a
Poisson INAR(1) model.

Note that the Poisson INAR(1) is considered to be the benchmark for the
INAR(1) model, so we shall frequently refer to the Poisson INAR(1) as the
INAR(1). Now, for the INAR(1) from Example 3.2.5, it can be shown that
the marginal distribution of (Yt)N0 is actually Poisson distributed with a closed
form expression. See (Weiß, 2018, p.20) for details.
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Figure 3.1: Simulations of the Poisson INAR(1) with α = 0.2 and λ = 3 (left),
and α = 0.8 and λ = 3 (right).

Moving on, Example 3.2.5 provides a recipe of how other instances of the
INAR(1) from Defintion 3.2.2 can be constructed. If we simply change the
distribution of (εt)N we can create other instances of the general INAR(1) model.
An example is to let εt ∼ NB(n, π) with probability mass function (pmf)

P (εt = k) =
(
n+ k − 1

y

)
· (1− π)kπn for k = 0, 1, 2, ...

be the NB-INAR(1). (Weiß, 2018, p.25) However, the NB-INAR(1), unlike the
INAR(1), does not have a closed form expression for the marginal distribution.
This is usually the case for other distributions than the Poisson, but some
exceptions exists. See (Schweer and Weiß, 2014) for examples. If we need the
stationary marginal distribution of an INAR(1) process, the following subsection
provides a way to approximate this distribution.

Simulating from the INAR(1) process

Let us now see how we may simulate from the INAR(1) process. If we have the
marginal distribution, then we may simply do an initial draw from the marginal
distribution, and then use this draw to make further draws from the 1-step
ahead transition probabilites in Equation 3.1. This is how we generated Figure
3.1. If we don’t have the marginal distribution, we have two options, where
both options are based on an initial draw from the approximated marginal
distribution. The first option involves approximating the stationary distribution
explicitly.

Option 1 Let p = (p0, p1, ...)T denote the marginal distribution of (Yt)N0 , and
P = (pi|j)i,j=0,1,... denote the corresponding transition matrix. Here, pi|j is the
1-step ahead transition probabilities from Equation 3.1. When (Yt)N0 is strictly
stationary, the following equation holds

Pp = p

Hence, by letting p̃ = (p0, p1, ..., pM )T and P̃ = (pi|j)i,j=0,1,...,M for some finite
M , we may solve the eigenvalue problem P̃p̃ = p̃ to obtain an approximation
of p. These results are obtained from Markov chain theory, see (Weiß, 2018,
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p.233-237) for more details. Now, with the marginal distribution approximated,
we may first draw from this distribution, and then use this draw to make
further draws from the 1-step ahead transition probabilities. This will amount
to simulating from the INAR(1).

Option 2 Another way, which is simpler than Option 1, is to use the ergodicity
of the INAR(1) process. Ergodicity follows from the INAR(1) being strictly
stationary, and means that the h-step-ahead transition probabilities, p(h)

i|j , which
can be derived from Ph, converges to pi (from p) when h→∞.
To use ergodicity when simulating, create first a prerun (Y−r, ..., Y0) with
Y−r = round(µ) and simulate (Y−r+1, ..., Y0) using the 1-step ahead conditional
distribution. The marginal distributions of (Y−r+1, ..., Y0) will then converge
towards the strictly stationary distribution when r is sufficiently large. Getting
the distribution of Y0 sufficiently close to the stationary marginal distribution,
the book reports using at least r ∈ [200, 500]. (Weiß, 2018, p.42) With Y0
obtained, we may then simply continue to draw from the 1-step ahead transition
probabilities to simulate from the INAR(1).

3.2.5 Extensions of the INAR(1)

We shall now briefly provide some of the natural extensions for the INAR(1)
model. The extensions considered can roughly be divided into two, where one
of the extensions changes the structure of the AR recursion, while the second
extension has changes in the thinning operator. We will begin with extending
the structure of the AR recursion.

INARMA(p, q)

For continuous-valued time series, a popular baseline model, which includes
the AR(1) model, is the autoregressive moving average (ARMA) model. This
model class is a combination of higher order AR-models, which includes multiple
past observations in the recursion from Section 3.1.1, and higher order moving
average (MA) model. The latter model have multiple past innovations/white
noise terms instead of observations in it’s recursion. This is possibly best
illustrated through the ARMA(p, q) recursion

Xt = α1 ·Xt−1 + ...+ αp ·Xt−p + εt + β1 · εt−1 + ...+ βq · εt−q, (εt)Z ∈ R

Here, α1, ..., αp, β1, ..., βq determines the dependence of past observations/in-
novations. If q = 0, we obtain the ARMA(p, 0) which equals the AR(p) model,
and if p = 0, we obtain the ARMA(0, q)=MA(q).
The counterpart to the ARMA(p, q) model in the count time series framework,
is the integer-valued ARMA(p, q) (INARMA(p, q)), with the following recursion
(Weiß et al., 2019)

Yt = α1 ◦ Yt−1 + ...+ αp ◦ Yt−p + εt + β1 ◦ εt−1 + ...+ βq ◦ εt−q, (εt)N ∈ N0

The random operator "◦" above is the binomial thinning operator from Definition
3.2.1. Similarly to the ARMA model, the INARMA(p, q) model consists of
the INAR(p)- and the INMA(q) model by setting either q = 0 or p = 0 in the
INARMA(p, q), respectively. Here, the INMA(q) is the integer-valued moving
average process of order q.
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Changing the thinning operator

Consider now the INAR(1) recursion, Yt = α ◦ Yt−1 + εt. Another way of
extending this, is to change the binomial thinning operator to some other
thinning operator. This leads to the concept of applying the generalized
thinning operator

Yt = α •ν Yt−1 + εt =
Yt−1∑
j=1

Zj + εt, α ∈ (0, 1), ν > 0

Here, the notation α•ν implies that E[Zj ] = α and V [Zj ] = ν for j =
1, 2, ..., Yt−1. The random variable Zj is now allowed to take the full range of N0
instead of just 0 or 1, which is the case for binomial thinning. As a consequence,
this leads to another interpretation than the number of survivors from t− 1 for
the term α •ν Yt−1. A more appropriate interpretation is that of a reproduction
mechanism, where each Zj in α •ν Yt−1 =

∑Yt−1
j=1 Zj represents the number of

offspring from the jth individual in the population Yt−1. (Weiß, 2018, p.55)
Such models that utilizes the generalized thinning operator, and contains higher
order terms are denoted as the generalized INAR(p) (GINAR(p)) model. We
won’t discuss these models further, but we shall later see that they are related
to the INARCH models considered later in this chapter. See Section 3.4.2.

3.3 Estimation, Model Identification and Model Adequacy

Before introducing another class of models, we will introduce tools for estimation,
model identification and model adequacy used in this thesis. We will use an
autoregressive model of order 1 for count data, for example the INAR(1), to
illustrate the concepts introduced in this section. This is because it’s easier to
define some of these concepts while having a concrete, simple model in mind.
In any case, all concepts considered are easily extended for higher-order models.

3.3.1 Estimation

A well known estimation technique across multiple fields is the principle of
maximum likelihood (ML) estimation. Suppose we have the time series (yt)1:T ,
where 1 : T denotes the set {1, 2, ..., T}, and let θ be the parameter vector.
Then, the full log-likelihood function for an INAR(1) model applied to (yt)1:T is

`(θ) = log py1(θ) +
T∑
t=2

log pyt|yt−1(θ)

Here, py1(θ) = p(Y = y1|θ) denotes the marginal distribution of the INAR(1)
model, and pyt|yt−1(θ) denotes the 1-step ahead transition probabilities from
Equation (3.1). When working with most other instances than the Poisson-
INAR(1), the marginal distribution must be estimated - as pointed out in the
last section. This can sometimes be challenging and cumbersome. By simply
ignoring the first observation y1, we circumvent estimating py1(θ), and obtain
the so-called conditional log-likelihood

`(θ|y1) =
T∑
t=2

log pyt|yt−1(θ)
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which can be used to gain estimates of θ. Like the maximum likelihood
estimates, θ̂ML = arg maxθ `(θ), the conditional maximum likelihood (CML) is
defined similarly, θ̂CML = arg maxθ `(θ|y1). See (Weiß, 2018, p.28-29)

Note that other methods of estimation can also be applied, but in this
thesis we will focus on CML-estimation as this works well for the former models
introduced, as well as the ones considered in Section 3.4.

3.3.2 Model Identification

We will follow the guidelines outlined in (Weiß, 2018) of model identification for
count time series. However, we won’t present every tool suggested, but focus
on a subset of these tools which we think are useful for our model identification
routine later in this thesis. Let us provide an overview of these tools, before
going into detail about each of these tools

• SACF-plots

• Evalutate overdispersion and zero-inflation

• AIC and BIC

• Scoring Rules

SACF-plots

As a first step to identify a suitable model for a count time series, the sample
autocorrelation function (SACF), ρ̂(h), from Definition 3.1.4 should be computed
and plotted. For an INAR(1), the ACF is defined as ρ(h) = αh. Hence, a
SACF-plot having an exponential decay-like trend would motivate the use of a
model with ρ(h) = αh (See Example 3.3.1 below).

Example 3.3.1. Let (yt)1:100 be 100 realizations of a NB-INAR(1) process with
θ = (α, n, π) = (0.4, 1, 0.4). These realizations are simulated using Option 2 in
Section 3.2.4. See Figure 3.2 for a plot of (yt)1:100
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Figure 3.2: Realizations from a NB-INAR(1) with α = 0.4, n = 1 and π = 0.4.
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Computing the SACF from lag 0 to 20, and plotting these calculations gives
us Figure 3.3. In this figure, we identify that the general trend of ρ̂(h) resembles
exponential decay.
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Figure 3.3: ρ̂(h) for the count time series in Figure 3.2

Evaluate overdispersion and zero-inflation

Having identified a suitable autocorrelation structure for the data, the data’s
marginal distribution should be considered. Calculating the index of dispersion
and zero index of the data, presented in Section 3.2.3, helps determining if
the Poisson distribution seems appropriate, or if we have deviations from this
distribution.

Example 3.3.2. Consider the data from Example 3.3.1. With s2 = 6.47,
y = 2.56 and p̂0 = 0.21 the index of dispersion and zero index is

Î = s2

y
≈ 2.53 Îzero = 1 + log p̂0

y
≈ 0.39

indicating that the data are overdispersed and zero-inflated, relative to the
Poisson distribution. This motivates a model with a different marginal
distribution than the Poisson, and which can exhibit the behaviour observed in
the data (overdispersion and zero-inflation).

AIC and BIC

When multiple models are considered to be relevant for the data, (Weiß, 2018,
p.31) points out that information criteria can be used to select a final model. In
particular, the AIC and BIC is mentioned, and can be used for CML estimates
as well. These quantities are considered as normal tools to use when generally
fitting models with ML-based estimation, and hence, will be one of the tools
that we consider in this thesis.

Let `max be either the maximum log-likelihood, or the conditional max-
imum log-likelihood, and let nparams and nobs be the number of parameters
and observations, respectively, evaluated in `max. Then, the AIC and BIC is
defined as

AIC = −2`max + 2nparams BIC = −2`max + 2 lognobs (3.2)
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If `max = `(θ̂CML|yp, ..., y1) is considered for multiple models with varying p,
the quantity (nobs + p)/nobs can be inserted before `max in the AIC to counter
differences between the models. See (Weiß, 2018, p.236) for details.

Now, a study by (Emiliano, Vivanco and De Menezes, 2014) of the men-
tioned information criterias applied to, among other things, time series, showed
that selecting a final model based solely on these criterias may lead to selecting
the wrong model. Hence, other criterias should be considered as well when
selecting a final model.

Scoring rules

A well-known interest when working with time series in general, is to find models
appropriate for forecasting. In the count time series framework, scoring rules
presented in the article by (Czado, Gneiting and Held, 2009) can be used to
assess the performance of predictive distributions, and can therefore be suitable
tools for selecting a final model. In this thesis we will consider some of these
scoring rules, which takes the form s(p·|yt−1 , yt). Here p·|yt−1 = (pk|yt−1)k=0,1,...
denotes the conditional distribution of every k = 0, 1, ... given yt−1. Hence,
these scoring rules compares an observations yt with p·|yt−1 . Furthermore, the
scoring rules we are about to present are negatively oriented, meaning that the
smallest score indicates the most favorable model. Additionally, these scoring
rules are computed by the mean score 1

T−1
∑T
t=2 s(p·|yt−1 , yt) to assess the

overall predictive performance of the model for the data (yt)1:T . (Weiß, 2018,
p.33) In this thesis, we will consider three scoring rules given in the definitions
below

Definition 3.3.3. Let fk|l = P (Yt ≤ k|Yt−1 = l) =
∑k
j=0 pj|l, i.e., the

conditional cumulative distribution function (cdf) of k given l. Then the
ranked probability score (rps) is defined as

srps(p·|yt−1 , yt) =
∞∑
k=0

(
fk|yt−1 − 1(yt ≤ k)

)2

where 1(·) is the indicator function.

Put in to words, the rps from Definition 3.3.3 is the squared deviations
between the conditional cdf and the observation.

Definition 3.3.4. The Logarithmic Score (ls) is defined as

sls(p·|yt−1 , yt) = − log pyt|yt−1

Definition 3.3.5. The Quadratic Score (qs) is defined as

sqs(p·|yt−1 , yt) = −2pyt|yt−1 +
∞∑
k=0

p2
k|yt−1

At (Czado, Gneiting and Held, 2009, p.1257), it is pointed out that "There
is no automatic choice of a proper scoring rule to be used in any given situation,
unless there is a unique and clearly defined underlying decision problem."
Regardless of this, it is also pointed out in the same article that a forecast
can have multiple usages, and by addressing different properties of a forecast’s
distribution with multiple scoring rules is therefore appropriate.
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3.3.3 Model Adequacy

Once having selected the best of the candidate models from the model
identification process, further checks that the selected model is adequate for
the data should be conducted. Such checks involves generally to see if the data
originates from the selected model. In this thesis we shall follow some of the most
emphasized concepts from (Weiß, 2018, p.32-34), which are considered normal
to use for checking model adequacy of count time series. Again, we introduce
concepts supposing we have the data (yt)1:T fitted to a type of autoregressive
model of order 1.

Standardized Pearson residuals

Suppose the data (yt)1:T is fitted to an integer-valued autoregressive type of
model with order 1. Then, the standardized Pearson residuals are given as

et = yt − E[Yt|yt−1]√
V [Yt|yt−1]

for t = 2, ..., T

The series (et)2:T should be uncorrelated, have mean ≈ 0 and variance ≈ 1, if
the model is adequate for the data. (Weiß, 2018, p.32) The series is usually
plotted along with it’s SACF to address these properties. If the variance of
(et)2:T is greater than 1, then the data is more dispersed than the model, and if
the variance is smaller than 1, then the data is less dispersed than the model.
See (Harvey and Fernandes, 1989) for details. To illustrate the use of these
residuals, we have provided Example 3.3.6.

Example 3.3.6. Consider the data from Example 3.3.1, and suppose we want
to check if the data is adequate for two different models. Our first model is the
NB-INAR(1) with θNB = (α, n, π) = (0.4, 1, 0.4), which is the data-generating
process, and the second model is the INAR(1) with θP = (α, λ) = (0.4, 1.5).
The parameter values in the INAR(1) are not estimates, but have been selected
such that the marginal mean, E[Yt] = 2.5 is the same in both models. This
is computed with the formula for the marginal mean of the general INAR(1)
in Section 3.2.2. In the same section, we have also used the conditional mean
and variance of the general INAR(1) to compute the standardized Pearson
residuals. Appropriate expressions for µε and σ2

ε are substituted into these
formulas. Figure 3.4 shows the resulting residuals from these operations.
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Figure 3.4: Standardized Pearson residuals of the data from Example ?? using
a NB-INAR(1) with θNB = (α, n, π) = (0.4, 1, 0.4) (left), and an INAR(1) with
θP = (α, λ) = (0.4, 1.5) (right).

We see from Figure 3.4 that both plots seems to display constant variance,
and that they have a higher number of positive, large residuals than the negative
counterparts. The latter point can be explained by a relatively low mean, and
the variance being limited in the negative direction. Furthermore, we see that
the mean is the same in both plots, and that the variance is 1.18 and 2.48 for the
residuals of the NB-INAR(1) model and the INAR(1) model, respectively. This
gives us an indication that the NB-INAR(1) model is slightly underdispersed
compared to the data, and the INAR(1) model is much more underdispersed
compared to the data. The residuals in both plots seems to be uncorrelated,
but for further checking of the correlation structure we could have plotted the
SACF. With these observations in mind, we would determine the NB-INAR(1)
model to be adequate for the data, and the INAR(1) model not to be adequate
for the data.

PIT histograms

Next, (Czado, Gneiting and Held, 2009) proposed the (non-randomized)
probability integral transform (PIT) for addressing the level of dispersion
between the model and the data - like the standardized Pearson residuals.
However, instead of using conditional moments this method uses the conditional
cdf. Recall fk|l = P (Yt ≤ k|Yt−1 = l) =

∑k
j=0 pj|l from earlier. The mean PIT

is defined as

F (u) = 1
T − 1

T∑
t=2

Ft(u) for u ∈ [0, 1] where

Ft(u) =


0 if u ≤ fyt−1|yt−1

u−fyt−1|yt−1
fyt|yt−1−fyt−1|yt−1

if fyt−1|yt−1 < u < fyt|yt−1

1 if u ≥ fyt|yt−1

For the case when f0−1|l = f−1|l, let f−1|l = 0 ∀l ∈ N0. A histogram can be
created using the mean PIT by following the steps;
1. Divide the interval [0,1] into J sub-intervals

[
j−1
J , jJ

]
for j = 1, ..., J

2. For j ∈ {1, ..., J}

25



3.3. Estimation, Model Identification and Model Adequacy

2.1 Compute hj = F ( jJ )− F ( j−1
J ).

2.2. Plot rectangle with height hj at position
[
j−1
J , jJ

]
.

The PIT histogram will resemble a uniform distribution when the fitted model is
adequate. If the histogram is U-shaped, then the fitted conditional distribution
is underdispersed in comparison with the data, and if the histogram is inverse
U-shaped then the distribution is overdispersed.

Example 3.3.7. Consider the data and models from Example 3.3.6. We will
now check for model adequacy using PIT histograms calculated from the scheme
above this example. Again, we point out that the NB-INAR(1) model from
Example 3.3.6 is the data-generating process. PIT histograms of the data for
the two models are displayed in Figure 3.5.
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Figure 3.5: PIT histograms of the data from Example 3.3.1 with the NB-INAR(1)
(left) and INAR(1) (right) from Example 3.3.6.

Figure 3.5 shows that none of the two plots have a clear uniform distribution,
but that the plot which is closest to such a distribution is generated by the
NB-INAR(1). The PIT histogram generated by the INAR(1) shows a U-pattern,
indicating that the conditional distribution is underdispersed compared to the
data. In conclusion, none of these two plots shows that the models applied to
the data is adequate. However, if we had to pick one of the two models based
solely on the PIT histogram, we would have chosen the NB-INAR(1) - as this
is closest to a uniform distribution.

Example 3.3.8. Now, by simulating longer from the NB-INAR(1) process used
to generate the data from Example 3.3.1, and use the same models as before on
this new data to create PIT histograms, we obtain Figure 3.6.
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Figure 3.6: PIT histograms of an extended sample path of the data from
Example 3.3.1, using the NB-INAR(1) (left) and INAR(1) (right) from Example
3.3.6.
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3.4. INGARCH models

Now, we see a very clear resemblance to a uniform distribution with the
PIT histogram created using the NB-INAR(1) model in Figure 3.6. This
demonstrates an important point; PIT histograms seems to be sensitive to
the number of observations. Anyways, we would label the NB-INAR(1) model
adequate for the extended data considered in Figure 3.6. The PIT histogram of
the INAR(1) model from Figure 3.6 shows a similar trend as in Figure 3.5, and
we would therefore say that the INAR(1) is also inadequate for the extended
data.

3.4 INGARCH models

We will now turn our focus towards a new family of models in the count time
series framework - INGARCH models. This family of models is inspired by
a continuous counterpart, similar to how the AR(1) inspired the creation of
the INAR(1). Hence, we will start off this section by providing definitions for
(G)ARCH models.

3.4.1 GARCH models

In for example financial time series, it is common to observe varying volatility
as shown in Figure 3.7. At this resolution in the figure, we observe that more
then the first half of the time series is almost flat, having low volatility, and the
rest of the time series exhibits a high level of volatility.

Figure 3.7: Daily Bitcoin trading prize in USD (blue line) from late October 2015-
late September 2018. Figure created from https://finance.yahoo.com/quote/BTC-
USD/

The AR(1)-model, and it’s more general extension, the AR(p)-model, have
V [Xt|Xt−1, ...] = σ2

ε i.e., conditional variance being constant, making such
models not suitable for capturing time-varying volatility. However, in (Engle,
1982) the autoregressive conditional heteroskedasticity (ARCH) model was
introduced - which can capture time-varying volatility in data. Let’s define the
ARCH(p) model;

Suppose a process (εt)Z is i.i.d. with E[εt] = 0 and V [εt] = 1 (white noise). Let
β0, αp > 0 and α1, ..., αp−1 ≥ 0. Then the process (Xt)Z following

Xt = σt · εt, where σ2 = β0 + α1X
2
t−1 + ...+ αpX

2
t−p (?)

is an autoregressive conditional heteroskedasticity process of order p, ARCH(p)
process, if εt is independent of any Xs for s < t.
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3.4. INGARCH models

For an ARCH(p) process, we have that

V [Xt|Xt−1, ...] = V [σt · εt] = σ2
t V [εt] = σ2

t = β0 + α1X
2
t−1 + ...+ αpX

2
t−p

Hence, the conditional variances of an ARCH(p) process contains the AR(p)-like
recursion, allowing it to vary through time. It can further be shown that
γ(k) = 0 for k 6= 0, so it is serially uncorrelated, and if α1 + ...+ αp < 1, then
the ARCH(p) is a weakly stationary process. (Weiß, 2018, p.244)

Moving on, the generalized ARCH (GARCH) model was introduced a few
years later in (Bollerslev, 1986). Bollerslev suggested that not only are the
conditional variances dependent on the observations, but also on the conditional
variances itself. This suggests extending the recursion from (?) to

σ2
t = β0 + α1X

2
t−1 + ...+ αpX

2
t−p + β1σ

2
t−1 + ...+ βqσ

2
t−q (3.3)

in order to obtain the GARCH(p, q) process. If α1 + ...+αp + β1 + ...+ βq < 1,
then the GARCH(p, q) is a weakly stationary process. (Weiß, 2018, p.245)

3.4.2 INGARCH models

Recall the AR(1) recursion, Xt = α ·Xt−1 + εt. In the effort of applying this
recursion to the count time series framework, we encountered the multiplication
problem which was circumvented by using the binomial thinning operator for
the INAR(1) model. Another way to circumvent the multiplication problem, is
by transferring the AR(1) recursion to the level of conditional means, that is

Mt = E[Yt|Yt−1] = α · Yt−1 + β0

Here, β0 is just a constant. Then, by for example letting Yt conditionally
follow a Poisson distribution with mean Mt, that is Yt|Yt−1 ∼ Pois(Mt), we are
guaranteed that Yt ∈ N0. This approach resembles linear regression, but also
an ARCH(p = 1) model from Section 3.4.1, because the conditional variance
of Yt|Yt−1 is also Mt for the Poisson case above, i.e., allowing the conditional
variance to vary with time. Now, in Equation 3.3 we see that σ2

t is dependent
on X2

t−1 and σ2
t−1 for a GARCH(1,1). Using this notion, a natural extension of

Mt from above is to let

Mt = β0 + α1Yt−1 + β1Mt−1

These two examples constitutes the (Poisson) integer-valued ARCH(1) (IN-
ARCH(1)) and INGARCH(1,1), respectively. The more general (Poisson)
INGARCH(p, q) was proposed by (Rydberg and Shephard, 1999), (Heinen,
2003) and (Ferland, Latour and Oraichi, 2006), defined below.

INGARCH(p, q)

Suppose (Yt)Z is a process with Yt ∈ N0 for all t ∈ Z, and let p ≥ 1 and q ≥ 0.
The process (Yt)Z is a Poisson INGARCH(p, q) if

(i) Yt|Yt−1, Yt−2, ... is Poisson distributed according to Pois(Mt), where
(ii) the conditional mean Mt = E[Yt|Yt−1, Yt−2, ...] satisfies

Mt = β0 +
p∑
i=1

αiYt−i +
q∑
j=1

βjMt−j
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3.4. INGARCH models

with β0 > 0 and α1, ..., αp, β1, ..., βq ≥ 0. If q = 0, the model is referred to as
the INARCH(p) model.

Again, we shall frequently refer to the Poisson INGARCH(p, q) model as
the INGARCH(p, q) model, just like we did with the INAR(1) model. However,
we may also refer to the INGARCH(p, q) in a general sense, meaning that the
conditional distribution is unspecified. We shall make it clear to the reader
when this is the case. Now, the INGARCH model can handle overdispersed
data, even though the conditional distribution is Poisson, because

µt = E[Yt] = E[E[Yt|Yt−1, ..]] = E[Mt]
and

V [Yt] = E[V [Yt|Yt−1, ..]] + V [E[Yt|Yt−1, ..]] = E[Mt] + V [Mt]
= µt + V [Mt] > µt

In (Ferland, Latour and Oraichi, 2006), it was shown that the Poisson
INGARCH process exists and is strictly stationary, with finite first- and
second-order moments, if α• + β• =

∑p
i=1 αi +

∑q
j=1 βj < 1. Then, the

mean µ = E[Xt] = E[Mt] equals

µ = E[Mt]
µ = E[β0 + α1Xt−1 + ...+ αpXt−p + β1Mt−1 + ...+ βqMt−q]
µ = β0 + α1µ+ ...+ αpµ+ β1µ+ ...+ βqµ

µ = β0 + α•µ+ β•µ

µ(1− α• − β•) = β0

µ = β0

1− α• − β•

while (Weiß, 2009) showed that the variance and autocovariances are given as a
set of Yule-Walker equations

Cov[Yt, Yt−k] = γ(k) =
p∑
i=1

αiγ(|k − i|) +
min{k−1,q}∑

j=1
βjγ(k − j)

+
q∑
j=k

βjγM (j − k) for k ≥ 1,

Cov[Mt,Mt−k] = γM (k) =
min{k,p}∑
i=1

αiγM (|k − i|) +
p∑

i=k+1
αiγ(i− k)

+
q∑
j=1

βjγM (|k − j|) for k ≥ 0

This shows that the INGARCH differs from the GARCH in terms of autoco-
variance/correlation structure, because realizations from a GARCH will be
uncorrelated; see (Weiß, 2018, p.75) for more details.

We will now take a closer look at the INGARCH(1,1) and INARCH(1)
to highlight some of the specific and general features of the INGARCH family.
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3.4. INGARCH models

This will also help us motivate further extensions of this family of models in
Section 3.4.3. We’ll begin with the INGARCH(1,1).

INGARCH(1,1)

For an INGARCH(1,1) model, the recursion reduces to Mt = β0 + α1Yt−1 +
β1Mt−1. Using the Yule-Walker equations presented earlier, it can be shown
that the marginal variance and ACF of the INGARCH(1,1) is

σ2 = 1− (α1 + β1)2 + α2
1

1− (α1 + β1)2 · µ

ρ(k) = (α1 + β1)k−1α1(1− β1(α1 + β1))
1− (α1 + β1)2 + α2

1
for k ≥ 1

Now, the INGARCH(1,1) process is observation-driven, although it’s partly
defined by hidden conditional means (Mt)Z, also known as the feedback
mechanism. An observation-driven process has it’s serial dependence explained
by past observations, which can be illustrated for the INGARCH(1,1) by

Mt = α1

t∑
k=1

βk−1
1 Yt−k + βt1M0 + β0

1− βt1
1− β1

(3.4)

Hence, Mt is influenced by all past observations, where the dependency of a
past observation decreases exponentially at increasing time lag k, (βk−1

1 Yt−k).
Since Mt is influenced by all past observations, so is the current observation Yt
- making the process observation-driven. See (Weiß, 2018, p.76).

Fitting an INGARCH(1,1) (or INGARCH models in general) is relatively
easy using CML estimation, but it should be pointed out that M0 from Equa-
tion (3.4) must either be initialized, or estimated when doing so. In (Weiß,
2018, p.78) the recommended approach is to estimate M0 by treating it as a
parameter during CML estimation, because different values of M0 can lead to
significantly different likelihoods for the data.

INARCH(1)

Now, let’s turn our focus to the INARCH(1) with 0 < α < 1. Here,
Mt = β + αYt−1. We have previously mentioned that GINAR(p) models
can be related to INARCH models. Recall the GINAR(1) recursion from
Section 3.2.5

Yt = α •ν Yt−1 + εt =
Yt−j∑
j=1

Zj + εt, α ∈ (0, 1), ν > 0

Now, if Zj ∼ Pois(α), then α•αYt−1|Yt−1 ∼ Pois(αYt−1). Recall that ν denotes
the variance of the Zj ’s. Additionally, if εt ∼ Pois(β), then

Yt|Yt−1 ∼ Pois(αYt−1) + Pois(β) = Pois(αYt−1 + β)

Hence, the INARCH(1) can be understood as a particular type of GINAR(1)
with Poisson thinning, and innovations being Poisson distributed. This result
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3.4. INGARCH models

can be extended to higher-order INARCH models, and be modified for INARCH
models with other distributions.

The marginal mean and variance of the INARCH(1) model are given as

µ = β

1− α σ2 = β

(1− α)(1− α2)

This gives I = 1/(1− α2) using Definition 3.2.3, showing that the INARCH(1)
is overdispersed, and that the dispersion index is only dependent of the
autocorrelation structure. We shall use this result in the next section. It
can also be shown that ρ(k) = αk, so the ACF is the same as for the INAR(1)
model. Furthermore, the stationary marginal distribution of the INARCH(1),
or higher order INGARCH models, does not have a closed-form expression.
However, we may use Markov chains approximations presented in Section 3.2.4
to obtain an approximation of the stationary marginal distribution. See (Weiß,
2018, p.80-81) for details.

3.4.3 Extensions of the INGARCH model

Thus far, we have focused on the Poisson INGARCH model, but in this section
we will first see how the INGARCH model can be extended to other distributions.
We shall focus on a particular extension - the dispersed INGARCH (DINGARCH)
model, which allows us to model even more overdispersed data than what is
suitable for the Poisson INGARCH models. Additionally, we shall see how
covariates can be included in the general INGARCH model.

DINGARCH models

Recall the degree of overdispersion from the Poisson INARCH(1) model,
I = 1/(1 − α2). From this index, we see that data which exhibits a large
amount of overdispersion, and have a weak level of autocorrelation would
not be appropriate for the Poisson INARCH(1). A more general point to be
made is that Poisson INGARCH models isn’t suitable for data which are very
overdispersed. This leads us to a family of models, the dispersed INGARCH
(DINGARCH), which can handle higher levels of overdispersion. Like the
Poisson INGARCH, the conditional mean follows the linear relationship

Mt = E[Yt|Yt−1, ..] = β0 +
p∑
i=1

αiYt−i +
q∑
j=1

βjMt−j

but the conditional variance of a DINGARCH model, is given as

V [Yt|Yt−1, ..] = η ·Mt

where η is called the (time-invariant) conditional dispersion index. We see that
when η = 1, we obtain the Poisson INGARCH model.
Now, suppose we have the DINGARCH(p = 1, q = 0), or DINARCH(1). It can
be shown that the marginal mean and variance is

µ = β0

1− α and σ2 = η

1− α2 · µ
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3.4. INGARCH models

so the dispersion index is I = η/(1 − α2), showing that with η > 1, the
DINGARCH models is able to capture more dispersion in the data compared
to the Poisson INGARCH. We shall now provide an example of a particular
instance in the DINGARCH family.

Example 3.4.1. Suppose that Yt|Yt−1, .. ∼ NB(nt, π) with nt = Mt
π

1−π . This
model is called the NB-INGARCH, and belongs to the DINGARCH because

E[Yt|Yt−1, ...] = 1− π
π

nt = 1− π
π

π

1− πMt = Mt

Consequently, we have that V [Yt|Yt−1, ...] = 1−π
π2 nt = 1

πMt, so the conditional
dispersion index, η, is 1/π.

Adding covariates to the INGARCH model

Now, let’s consider how we may include covariates in a general INGARCH
model. First, we will consider a specific way to include covariates, and then a
more generalized approach. Let Zt = (1, Z1,t, ..., ZK,t) denote the covariates at
time t and γ = (γ0, γ1, ..., γK) denote the covariates’ parameters. Zt can either
be deterministic or stochastic. To include covariates in an INGARCH model,
we extend the recursion to

Mt = β0 +
p∑
i=1

αiYt−i +
q∑
j=1

βjMt−j + h(γ,Zt)

where, h(·, ·) is a non-negative function. See (Weiß, 2018, p.85).

Now, a more generalized approach involves identifying the INGARCH(p, q)
model as a particular instance of the generalized autoregressive moving-average
(GARMA) models of order (p, q)

g(Mt) = γTZt +
p∑
i=1

αi · A(Yt−i,γTZt−i) +
q∑
j=1

βj · M(Yt−j ,Mt−j)

where g(·) is the link function, while A andM are functions of the autoregressive
and moving average terms, respectively. This model class opens up the possibility
of covariates interacting with the αi’s and/or past observations.

32



CHAPTER 4

Exploration

In this chapter we shall consider data sets from Chapter 2 in the count time
series framework. The objective is to explore and find a suitable model for this
type of data. To do this, we will first fit different models and compare these to
each other. When the best model have been identified, we will check for model
adequacy.

4.1 Preliminaries

Before we start fitting different models, we begin this chapter by addressing
which data sets we have chosen and what expectations we have for upcoming
models. We have also provided a section for how we will evaluate and compare
models later in this chapter.

4.1.1 Selected data sets and expectations

0
50

10
0

15
0

20
0

Colombia

years

ba
ttl

e_
de

at
hs

1989 1993 1997 2001 2005 2009 2013 2017

0
50

15
0

25
0

Uganda

years

ba
ttl

e_
de

at
hs

1989 1993 1997 2001 2005 2009 2013 2017

0
50

0
10

00
20

00

Congo

years

ba
ttl

e_
de

at
hs

1989 1993 1997 2001 2005 2009 2013 2017

0
20

00
60

00

Ethiopia

years

ba
ttl

e_
de

at
hs

1989 1993 1997 2001 2005 2009 2013 2017

Figure 4.1: The number of battle_deaths of Colombia, Uganda, Congo and
Ethiopia from 1989-2019

We will use 4 data sets to illustrate how models from the count time series
framework performs for time series of battle_deaths. The 4 data sets selected
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4.1. Preliminaries

is in our opinion a representative sample of our 10 data sets. Our selected
data sets are of Colombia, Uganda, Congo and Ethiopia, where the first 3
countries were presented in Chapter 2. Figure 4.1 shows battle_deaths of
the 4 countries through time. The reason why we’ve picked these 4 countries
is that they exhibit quite different behaviours in terms of battle_deaths,
making them a representative sample. Looking at the scales in Figure 4.1, we
see that the maximum number of battle_deaths is quite high for Congo and
Ethiopia, compared to Colombia and Uganda. We also see that the frequency
of battle_deaths varies quite much between the countries.

Now, as we pointed out in Chapter 1, time series of battle_deaths seems to
have some common characteristics;

• Exhibits heteroskedasticity

• Large amount of zero battle deaths

• Overdispersed

These characteristics seems to be the case for the data sets in Figure 4.1, and
and we can address the latter two points in the list by computing the dispersion
index and zero index. Recall from Section 3.2.3 that

Î = s2

y
and Îzero = 1 + log p̂0

y

and that Î > 1 indicates overdispersion, while Îzero > 0 indicates zero-inflation,
relative to the Poisson distribution. In Table 4.1, we have computed Î and Îzero
for Colombia, Uganda, Congo and Ethiopia.

Country Î Îzero
Colombia 31.9 0.907
Uganda 58.5 0.946
Congo 558.8 0.972
Ethiopia 3493.6 0.993

Table 4.1: Dispersion index and zero index for battle_deaths of Colombia,
Uganda, Congo and Ethiopia.

In Table 4.1, we see that all data sets are indeed very overdispersed and zero-
inflated. Hence, we expect that a model being overdispersed and zero-inflated
from the count time series framework is a better fit for our data than the opposite
alternatives. Additionally, since the data seems to exhibit heteroskedasticity we
would expect that an INGARCH type of model is more appropriate than an
INAR type of model, since the former type of model can exhibit this behaviour.
Anyways, in this chapter we will be fitting different instances of i.i.d-, INAR-
and INGARCH-models, and try to explain why some models are better than
others.

Notation

From now on, we will use mathematical notation for battle_deaths of some
country. With T = 1617, let (yt) = (yt)1:T = (y1, y2, ..., yT ) denote a count
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4.2. Fitting models to the selected countries

time series of battle_deaths at week 1, 2, ..., T (relative to week 52 in 1988) of
some country. This notation does not specify which country we are considering.
When referring to the count time series of a specific country, we might say
"...(yt) of Uganda...".

4.1.2 Model Evaluation

For comparing and evaluating different models, we will use some of the tools
from Section 3.3.2. We will focus on the AIC, Ranked Probability Score (RPS)
and the Quadratic Score (QS). Since there is a varying nobs for i.i.d. models
and autoregressive models, we normalize the AIC according to

AIC = −2nobs + p

nobs
`max + 2nparams

where p = 0 for the log-likelihood, `max = `(θ̂ML), and p is obtained from the
conditional log-likelihood, `max = `(θ̂CML|yp, ..., y1).

The logarithmic score (LS) is closely related to the AIC, and will there-
fore not be used. Recall that the scoring rules are computed by their mean
score 1

T−1
∑T
t=2 s(p·|yt−1 , yt), and that

srps(p·|yt−1 , yt) =
∞∑
k=0

(fk|yt−1 − 1(yt ≤ k))2

sqs(p·|yt−1 , yt) = −2pyt|yt−1 +
∞∑
k=0

p2
k|yt−1

This scheme assumes that we are working with an INAR(1) type of model, but
is easily extended to include i.i.d. models and INGARCH models. For i.i.d.
models, we can consider all observations and change the conditional distribution
with the i.i.d. distribution, i.e., 1

T

∑T
t=1 s(p·, yt). For an INGARCH(p, q), we

condition on the history Ft−1 = Yt−1, Yt−2, ... in the conditional distribution
instead of yt−1, and consider T − r observations to base our score on, where
r = max(p, q). This changes the mean score to 1

T−r
∑T
t=r s(p·|Ft−1 , yt).

Note that a problem with the RPS and QS is that they have infinite sums
in their definitions. This is especially troublesome when working with the
generalized Poisson distribution later in this chapter, because this distribution
exhibits very high levels of dispersion. Hence, we need to restrict these scores
during computations. For the RPS, the summation stops when the indicator
function is 1 and (fk|yt−1 − 1)2 ≤ 10−6. For the QS, when computing p2

k|yt
we

also compute fk|yt
, and when fk|yt−1 ≥ 0.99 for some k, we start checking if

p2
k|yt−1

≤ 10−8. So if fk|yt−1 ≥ 0.99 and p2
k|yt−1

≤ 10−8, we stop the summation
of the QS.

4.2 Fitting models to the selected countries

In this section we will explore different models for our selected data sets. This
means that we will fit, evaluate and compare models, and try to explain why
some models are better than others. The aim of this section is to end up with
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one model that generally fits all our selected countries well.

Before we continue, note that for all models fitted in this chapter we have
used ML- or CML-estimation. Each model for every selected country is fitted
independently of each other. Using the programming language R, we have
defined the negative log-likelihood function for each model and minimized this
using nlm() - a standard function in R that minimizes a inputted function
with a type of Newton algorithm. The nlm() is called multiple times for each
model and each country, using different start-values. The best fit from this
process is presented in this chapter. Importantly, we have put boundaries on
the parameters in the negative log-likelihood function - which is not a trivial
task. This is to ensure that our fitted models are strictly stationary. For further
details about the fitting process, see Appendix A.1.

4.2.1 NB-INAR(1) and NB

From Section 4.1.1, we mentioned that the data are very overdispersed and
zero-inflated. Since the Poisson INAR(1) have a marginal distribution which is
Poisson, we start with a overdispersed model - the NB-INAR(1).

Suppose that (yt) follows an INAR(1) process from Definition 3.2.2. With the
innovations following the negative binomial distribution with parameters n and
π from Section 3.2.4, the NB-INAR(1) can be defined as

yt = α ◦ yt−1 + εt, where εt ∼ NB(n, π) for t = 2, ..., 1617 (NB-INAR(1))

where α ◦ yt−1|yt−1 ∼ Bin(yt−1, α). The letters inside the parenthesis to the
right (in the line above) is the name of the model that we will refer to in the
text.
Now, we will also be fitting an i.i.d. model according to the negative binomial
distribution to demonstrate an important point. So, suppose that (yt) is i.i.d.
according to

yt ∼ NB(n, π) for t = 1, ..., 1617 (NB)

We will use ML-estimaton to fit the NB model, and CML-estimation for the
NB-INAR(1) model. If not stated, we will be using CML-estimation. Table 4.2
shows estimates of the NB and NB-INAR(1) model.

NB NB-INAR(1)
n π α n π

Colombia 0.282 0.0273 9.6e-08 0.282 0.0273
Uganda 0.059 0.0126 9.0e-04 0.058 0.0125
Congo 0.073 0.0053 4.0e-10 0.073 0.0053
Ethiopia 0.051 0.0009 6.7e-12 0.051 0.0009

Table 4.2: Parameter estimates of the NB and NB-INAR(1) for (yt) of Colombia,
Uganda, Congo and Ethiopia.

From Table 4.2, we observe that α ≈ 0 for all countries and that the
estimates of n and π is approximately the same for both models. Hence, it
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seems like the NB-INAR(1) practically reduces to the NB. This is in fact the
case when α = 0, as demonstrated in Example 4.2.1.

Example 4.2.1. Suppose (Yt)N0 is an INAR(1) model according to Definition
3.2.2. If α = 0, then the pmf of the 1-step ahead transition probabilities reduces
to the pmf of the innovations, as shown underneath

P (Yt = k|Yt−1 = l) =
min(k,l)∑
j=0

(
l

j

)
αj(1− α)l−j · P (εt = k − j), set α = 0

=
min(k,l)∑
j=0

(
l

j

)
0j1l−j · P (εt = k − j)

=
(
l

0

)
001l−0P (εt = k − 0) +

(
l

1

)
011l−1P (εt = k − 1) + ...

= 1 · P (εt = k) + 0 · P (εt = k − 1) + ...

= P (εt = k)

In other words, fitting a NB-INAR(1) to our data sets is almost the same
as fitting the NB model. This is a bit surprising as SACF plots of (yt), seen
later in Figure 4.3, shows that there is a correlation structure in the data sets,
while ρ(h) = αh for h ≥ 0 for the NB-INAR(1) (see Section 3.2.2). A possible
explanation has to do with binomial thinning. Recall from Definition 3.2.1
that α ◦ yt−1 =

∑yt−1
i=1 Zi, where Zi ∼ Bernoulli(α). Therefore, we have that

α ◦ yt−1 ∈ [0, yt−1]. If we look at (yt) of the different countries in Figure 4.1, we
see that there are frequent occurrences when yt−1 is a large number followed
by yt being a very low number. This might be troublesome as a very little
probability is assigned to yt being low, if 0 < α < 1. To further illustrate this,
we let α = 0.2 and yt−1 = 200, and borrow estimates from the NB-INAR(1)
model of Congo, n = 0.073 and π = 0.0053. In Figure 4.2, we show the pmf
of α ◦ yt−1|yt−1 and the pmf of yt|yt−1 from the NB-INAR(1) model using
parameters mentioned.
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α ⋅ yt−1|yt−1

Figure 4.2: The pmf of α ◦ yt−1|yt−1 ∼ Binom(200, 0.2) and pmf of yt|yt−1
being a NB-INAR(1) model with α = 0.2, n = 0.073 and π = 0.0053. Both
models are conditioned on yt−1 = 200.

In Figure 4.2, we see that the pmf of α ◦ yt−1 seems to dominate the
conditional pmf of the NB-INAR(1) model. If yt = 0, however, then we see that
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the conditional pmf of the NB-INAR(1) becomes very small. Hence, it seems
like the NB-INAR(1) does not work as well for our data, and that it does not
provide any more insight than the NB model. For comparisons of models later
in this chapter, we shall therefore use the NB model.

4.2.2 NB-INARCH(1)

Since the NB-INAR(1) did not work well for our data, we will now fit the
NB-INARCH(1) model, derived from Example 3.4.1. This model stems from
the DINGARCH family from Section 3.4.3, which is suited for higher levels of
dispersion than the Poisson INGARCH, and exhibits heteroskedasticity - unlike
INAR(1) models. Hence, this is family of models that we have confidence will
be a better fit for our data sets. Later in this section, we shall also fit a Poisson
INARCH(1) for comparison.

We begin by recalling the conditional mean of the INGARCH(p,
q)/DINGARCH(p, q), because we will later fit models with higher complexity
than INARCH(1) type of models.

E[Yt|Yt−1, Yt−2, ...] = Mt = β0 +
p∑
i=1

αiYt−i +
q∑
j=1

βjMt−j

where β0 > 0 and α1, ..., αp, β1, ..., βq ≥ 0. For the INGARCH(p, q) to be strictly
stationary we have that

∑p
i=1 αi +

∑q
j=1 βj < 1. This condition also holds for

the NB-INGARCH(p, q), and later in this chapter, the GP-INGARCH(p, q) to
be strictly stationary as well. See (Weiß, 2018)[p.87] for further details.
Now, for the NB-INARCH(1), or any instance of the DINGARCH(1, 0), we
have that

Mt = β0 + αyt−1, β0 > 0, α ∈ [0, 1)

The model formulation of the NB-INARCH(1) for (yt) is then given as

yt|yt−1 ∼ NB
(

π

1− πMt, π

)
(NB-INARCH(1))

for t = 2, ..., 1617. Table 4.3 shows estimates of the NB-INARCH(1).

NB-INARCH(1)
β0 α π

Colombia 5.9 0.412 0.033
Uganda 2.4 0.471 0.015
Congo 9.0 0.344 0.006
Ethiopia 46.6 0.135 0.001

Table 4.3: Parameter estimates of the NB-INARCH(1) for (yt) of Colombia,
Uganda, Congo and Ethiopia.

In Table 4.3, we see that α is not essentially zero, as we observed for the
NB-INAR(1). Obviously, the NB-INAR(1) and the NB-INARCH(1) are quite
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different models, since the latter model exhibits heteroskedasticity and is not
restricted by any binomial thinning operator for instance, but both models
reduces to an i.i.d. model when α = 0. This is clear if we set α = 0 in the
recursion of Mt above.

Comparing the NB-INARCH(1) to the NB and INARCH(1)

Let us now compare the NB-INARCH(1) to the NB model from Section 4.2.1 in
terms of the AIC, RPS and QS. Additionally, we fit the (Poisson) INARCH(1)
and compute the same quantities for further comparison. This model is defined
as

yt|yt−1 ∼ Pois(Mt) (INARCH(1))

where Mt is the same as for the NB-INARCH(1). Table 4.4 shows the AIC,
RPS and QS for the NB, NB-INARCH(1) and INARCH(1).

Model Country AIC RPS QS
NB Colombia 9658 7.24 -0.1623

Uganda 4637 4.17 -0.6081
Congo 6424 12.81 -0.4667
Ethiopia 6700 53.34 -0.4783

NB-INARCH(1) Colombia 9409 6.68 -0.1884
Uganda 4430 3.95 -0.6345
Congo 6286 11.98 -0.4871
Ethiopia 6634 50.94 -0.4828

INARCH(1) Colombia 32484 8.57 0.0480
Uganda 28581 5.44 0.0520
Congo 90315 17.50 0.0812
Ethiopia 485314 82.66 0.0459

Table 4.4: AIC, RPS and QS of the NB, NB-INARCH(1) and INARCH(1)
fitted to (yt) of Colombia, Uganda, Congo and Ethiopia.

In Table 4.4, we have highlighted the best AIC and scores with bold
font. We see that the NB-INARCH(1) is better than the NB for the AIC
and both scores. As we have mentioned earlier, the NB-INARCH(1) exhibits
heteroskedasticity, which probably explains why this model performs better
for our data. However, the INARCH(1) also exhibits heteroskedasticity, but
shows much worse AIC and scores than the NB and NB-INARCH(1) model.
The reason for this, is probably because the INARCH(1) can’t handle the level
of dispersion in the data as well as the NB-INARCH(1). We can address the
dispersion in the models by computing the dispersion index for the two models.
From Section 3.4.3, we have that the dispersion index of a DINARCH(1) model
is

IDINARCH(1) = η

(1− α2)

where η = 1 for the INARCH(1) and η = 1/π in the NB-INARCH(1). Looking
at the estimates in Table 4.3 and 4.5, it is clear that the dispersion index of the
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INARCH(1) is much smaller than the dispersion index of the NB-INARCH(1).
For example, for Colombia, we have that

IINARCH(1) = 1
1− 0.4102 = 1.2, and INB-INARCH(1) = 1

0.033(1− 0.4122) = 36.5

while Î = 31.9 for this country. Here, Î is the approximated dispersion index of
the data and is obtained from Table 4.1. Hence, we see that the INARCH(1)
can’t handle the level of dispersion in the data, and probably explains why the
AIC and scores becomes much worse for this model in Table 4.4.

INARCH(1)
β0 α

Colombia 5.9 0.410
Uganda 2.8 0.383
Congo 6.1 0.554
Ethiopia 29.7 0.447

Table 4.5: Parameter estimates of the INARCH(1) for (yt) of Colombia, Uganda,
Congo and Ethiopia.

4.2.3 NB-INGARCH(1,1)

So far we have seen that the NB-INARCH(1) is better than the NB model,
and the INARCH(1). A natural step forward is therefore to consider the
NB-INGARCH(1,1), which have Mt = β0 + α1yt−1 + β1Mt−1. This model
is similar to the (Poisson) INGARCH(1,1), having the same Mt for instance.
However, the INGARCH(1,1) have a closed-form expression of the ACF, while
the NB-INGARCH(1,1) does not. Before we formally define and fit the NB-
INGARCH(1,1), we shall see that the ACF of an INGARCH(1,1) model can at
least motivate the use of an INGARCH(1,1) model.

SACF-plots and the INGARCH(1,1)

In Figure 4.3, we have computed and plotted the SACF (see Definition 3.1.4)
of (yt) up to lag 15 for our selected countries.
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Figure 4.3: SACF of (yt) up to lag 15 for Colombia, Uganda, Congo and
Ethiopia.

From Figure 4.3, we observe that the SACF of Uganda and Ethiopia looks
most alike, although their scales differs slightly. The SACF of Colombia also
resembles the SACFs of Uganda and Ethiopia, but has smaller differences
between the values of the lags than the two other countries. The pattern of
the SACF for these 3 countries seems almost linear and slightly decreasing
from lag 1-15, most notably for Colombia and Uganda. On the other hand,
the SACF of Congo stands out, looking more like exponential decay, but with
some higher values around lag 5 and lag 13. Note that a linear and slightly
decreasing pattern is quite resembling of (very) slow exponential decay, which
is fortunate as the ACF considered in Chapter 3 are functions representing
exponential decay in general.
Both the INAR(1) and (Poisson) INARCH(1) has ρ(k) = αk. To obtain slow
exponential decay, we must let α be close to 1. However, this choice of α would
result in an ACF on a much higher scale than the SACFs observed in Figure
4.3. The ACF of the INGARCH(1,1) (see Section 3.4.2) is given by

ρ(k) = (α+ β)k−1 · α(1− β(α+ β))
1− (α+ β)2 + α2 for k ≥ 1

If this function were to represent a slow exponential decay, then α+ β must be
close to 1. We shall now study how ρ(k) for an INGARCH(1,1) behaves
for different choices of α and β. Figure 4.4 shows different ACFs of an
INGARCH(1,1) model with some choices of α and β.
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Figure 4.4: ACF-plots of an INGARCH(1,1) for a fixed α and varying β (left),
and for a fixed β and varying α (right).

The lines from both plots in Figure 4.4 that have the characteristic
(solid/dashed/dotted) shares the feature that α + β is the same. In other
words, the decay factor is the same across plots with same type of line. Even
if the decay factor is the same across plots, the choices of α and β results in
quite different ACFs. This is due to differences in the constant term. We see
that this constant term is heavily influenced by the value of α, since the lines
in the left plot, which has the same α, seems to have a more similar starting
point (at lag 1) than the lines in the right plot, which have different α’s. From
the two plots in Figure 4.4, we see that the ACF for an INGARCH(1,1) with a
high β and low α should provide a good fit for matching the linear and slowly
decreasing pattern discussed earlier in Figure 4.3. Hence, in terms of the ACF,
the use of an INGARCH(1,1) model can be motivated for our data.

Fitting and comparing the NB-INGARCH(1,1) with former models

We shall now define the strictly stationary NB-INGARCH(1,1) for (yt). This
model have conditional means according to

Mt = β0 + α1yt−1 + β1Mt−1, where β0 > 0, α1, β1 ≥ 0 and α1 + β1 < 1

and can then be defined as

yt|yt−1 ∼ NB
(

π

1− πMt, π

)
(NB-INGARCH(1,1))

for t = 2, ..., 1617. Note that M1 must either be initialized or estimated. In
Chapter 3, we mentioned that it is recommended to estimate M1, so we will do
just that. Table 4.6 shows CML estimates of the NB-INGARCH(1,1).
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NB-INGARCH(1,1)
β0 α1 β1 m1 π

Colombia 8.7e-02 0.0463 0.9449 5.4 0.0394
Uganda 5.5e-10 0.0406 0.9592 1.6 0.0177
Congo 6.5e-01 0.1101 0.8437 0.0 0.0072
Ethiopia 1.8e+01 0.0850 0.5795 606.7 0.0011

Table 4.6: Parameter estimates of the NB-INGARCH(1,1) for (yt) of Colombia,
Uganda, Congo and Ethiopia.

Looking at the estimates in Table 4.6, we see that α1 and β1 takes a small
and large value, respectively. This is what we argued would generally be a good
match for the SACF plots in Figure 4.3 for the INGARCH(1,1) model. Hence,
it is possibly reasonable that the ACF of a NB-INGARCH(1,1) is similar to the
INGARCH(1,1), which would explain our observations of α1 and β1.

We will now compute and compare the AIC, RPS and QS of the NB-
INGARCH(1,1) with the NB and NB-INARCH(1) a bit more thoroughly.

AIC
NB NB-INARCH(1) NB-INGARCH(1,1)

Colombia 9658 9409 9176
Uganda 4637 4430 4006
Congo 6424 6286 6120
Ethiopia 6700 6634 6606

Table 4.7: AIC of the NB, NB-INARCH(1) and NB-INGARCH(1,1) for (yt) of
Colombia, Uganda, Congo and Ethiopia.

From Table 4.7, we see that the best model in terms of the AIC is the
NB-INGARCH(1,1) for all selected countries. Like the NB-INARCH(1), this
model also exhibits heteroskedasticity which again explains why the the NB-
INGARCH(1,1) is favored over the NB for our data sets. Unlike the NB-
INARCH(1), however, the NB-INGARCH(1,1) additionally conditions on the
past conditional mean, Mt−1. Hence, it is clear that by adding Mt−1 to the
recursion of Mt improves our model in terms of the AIC - most notably seen
for Colombia, Uganda and Congo.

NB NB-INARCH(1) NB-INGARCH(1,1)
RPS QS RPS QS RPS QS

Colombia 7.24 -0.1623 6.68 -0.1884 6.13 -0.1987
Uganda 4.17 -0.6081 3.95 -0.6345 3.60 -0.6656
Congo 12.81 -0.4667 11.98 -0.4871 12.03 -0.5049
Ethiopia 53.34 -0.4783 50.94 -0.4828 49.05 -0.4853

Table 4.8: RPS and QS of the NB, NB-INARCH(1) and NB-INGARCH(1,1)
for (yt) of Colombia, Uganda, Congo and Ethiopia.

In Table 4.8, we see that differences in the QS between the different
models are quite small. However, the NB-INGARCH(1,1) have the lowest
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QS implying that this is the favorable model. For the RPS, we see that the
NB-INGARCH(1,1) is the favorable model, except for Congo. However, taking a
closer inspection of the values reveals that the difference between the RPS of the
NB-INARCH(1) and NB-INGARCH(1,1) is very small. In conclusion, the NB-
INGARCH(1,1) is the favorable model compared to the NB and NB-INAR(1)
in terms of AIC, RPS and QS.

4.2.4 Comparison to GP-distributed models

Thus far, we have primarily focused on negative binomial distributed models.
In this section, we will fit similar models as in Section 4.2.1, 4.2.2 and 4.2.3, but
with another distribution - the generalized Poisson. This is also a overdispersed
distribution, and the objective of this section is to see how models with this
distribution stacks up against the negative binomial ones.

Let’s begin by defining the generalized Poisson distribution. The pmf of
Y ∼ GP(λ, θ) is

P (Y = y) = λ

y! (λ+ θy)y−1 exp(−(λ+ θy)) for y = 0, 1, ...

with λ > 0 and θ ∈ [0, 1). If θ = 0, we obtain GP(λ, 0) = Pois(λ). The mean
and variance of the generalized Poisson distribution is

E[Y ] = λ

1− θ V [Y ] = λ

(1− θ)3

Now, for (yt) the i.i.d. model, GP, and the GP-INAR(1) can be defined as

yt ∼ GP(λ, θ) for t = 1, ..., 1617 (GP)
and

yt = α ◦ yt−1 + εt, where εt ∼ GP(λ, θ) for t = 2, ..., 1617 (GP-INAR(1))

Fitting the the GP and GP-INAR(1) with ML- and CML-estimation, respect-
ively, shows that α of the GP-INAR(1) is essentially zero, and the estimates of
λ and θ is very similar to the same estimates for the GP model. See Appendix
A.4. Hence, the GP-INAR(1) reduces to the GP as detailed in Example 4.2.1.
This is possibly explained by the same notion as for the NB-INAR(1) case, that
is, binomial thinning does not work well for our data. Moving on, in Example
4.2.2 we show the generalized Poisson instance of the DINGARCH(p, q).

Example 4.2.2. Let Yt|Yt, ... ∼ GP(λt, θ) where λt = (1 − θ)Mt and Mt =
β0 +

∑p
i=1 αiYt−i +

∑q
j=1 βjMt−j . This is a GP-INGARCH(p, q) because

E[Yt|Yt−1, ...] = λt
1− θ = (1− θ)Mt

1− θ = Mt

Consequently, we have that V [Yt|Yt−1, ...] = λt

(1−θ)3 = 1
(1−θ)2Mt, so the

conditional dispersion index is η = 1/(1− θ)2.

Using Example 4.2.2, we explicitly define the GP-INARCH(1) for our data
as

yt|yt−1, ... ∼ GP((1− θ)Mt, θ) (GP-INARCH(1))
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where Mt = β0 + αyt−1, β0 > 0, α ∈ [0, 1)

and the GP-INGARCH(1,1) as

yt|yt−1, ... ∼ GP((1− θ)Mt, θ) (GP-INGARCH(1,1))

where Mt = β0 + α1yt−1 + β1Mt−1, β0 > 0, α1, β1 ≥ 0 and α1 + β1 < 1.
In both these models, we have that t = 2, ..., 1617. CML-estimates of the
GP-INARCH(1) and GP-INGARCH(1,1) can be found in Appendix A.4.

We will now compare the GP, GP-INARCH(1) and the GP-INGARCH(1,1) to
the negative binomial distributed counterparts. See Table 4.9.

AIC RPS QS AIC RPS QS
NB GP

Colombia 9658 7.24 -0.1623 9958 7.37 -0.1453
Uganda 4637 4.17 -0.6081 4864 4.23 -0.6037
Congo 6424 12.81 -0.4667 6562 12.86 -0.4607
Ethiopia 6700 53.34 -0.4783 6664 52.64 -0.4733

NB-INARCH(1) GP-INARCH(1)
Colombia 9409 6.68 -0.1884 9643 6.79 -0.1775
Uganda 4430 3.95 -0.6345 4623 4.00 -0.6322
Congo 6286 11.98 -0.4871 6397 12.02 -0.4864
Ethiopia 6634 50.94 -0.4828 6586 50.55 -0.4790

NB-INGARCH(1,1) GP-INGARCH(1,1)
Colombia 9176 6.13 -0.1987 9364 6.19 -0.1875
Uganda 4006 3.60 -0.6656 4160 3.66 -0.6588
Congo 6120 12.03 -0.5049 6180 11.85 -0.5077
Ethiopia 6606 49.05 -0.4853 6564 49.55 -0.4814

Table 4.9: AIC, RPS and QS of the NB, GP, NB-INARCH(1), GP-INARCH(1),
NB-INGARCH(1,1) and GP-INGARCH(1,1) for (yt) of Colombia, Uganda,
Congo and Ethiopia.

In Table 4.9, we have highlighted the best AIC and scores between the i.i.d.
models, INARCH(1)-models and INGARCH(1,1)-models. For all countries, we
see that the negative binomial distributed models are generally preferred over
the generalized Poisson distributed models. We believe that this might has to
do with parameters π and θ, and how they control the level of zero-inflation
and overdispersion in the models. We will illustrate this for the i.i.d. models,
because we can’t analytically compute the zero-index for the INARCH(1)-and
INGARCH(1,1)-models. However, we believe that what we are about illustrate
can partly be transferred to the INARCH(1)-and INGARCH(1,1)-models.

The zero-index for the NB and GP model is (See Appendix A.2 for derivations
of these expressions)

IZ,NB = 1 + π log π
1− π IZ,GP = θ
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while the dispersion index is computed as

INB =
(1−π)n
π2

(1−π)n
π

= 1
π

IGP =
λ

(1−θ)3

λ
1−θ

= 1
(1− θ)2

Hence, we see that the level of zero-inflation and dispersion in the NB and GP
model are controlled by π and θ, respectively. We will now compute the zero
index and dispersion index for the NB and GP model of the different countries.
Using estimates from Table 4.2 we compute INB and IZ,NB. From Appendix
A.4, we obtain estimates of θ and compute IGP. Additionally, we will show the
approximated zero index Îzero and dispersion index Î from Table 4.1. Results
are presented in the Table 4.10 and Table 4.11.

Îzero IZ,NB IZ,GP/θ
Colombia 0.907 0.899 0.883
Uganda 0.946 0.944 0.941
Congo 0.982 0.972 0.969
Ethiopia 0.993 0.994 0.993

Table 4.10: Approximated zero-index, and zero-indexes for the NB and GP
model of (yt) of Colombia, Uganda, Congo and Ethiopia.

Î INB IGP
Colombia 31.9 36.6 73.1
Uganda 58.5 79.4 287.3
Congo 558.8 188.7 1040.6
Ethiopia 3493.6 1111.1 20408.2

Table 4.11: Approximated dispersion index, and dispersion indexes for the NB
and GP model of (yt) of Colombia, Uganda, Congo and Ethiopia.

From Table 4.10, we observe that the zero indexes of the NB and GP model
are quite close to the approximated zero indexes. In Table 4.11, we see that INB
attains values much closer to the Î than IGP. We also see that IGP seems to be
consistently overdispersed compared to Î. This brings us to our point; When
looking at Table 4.10 and 4.11, both models seems to strive more attaining the
level of zero-inflation in the data, than the level of dispersion. Knowing that the
level of zero-inflation and dispersion in the two models are solely controlled by
the second parameter of the NB and GP, respectively π and θ, the consequences
of attaining a high level of zero-inflation comes at a greater cost in terms of the
level of dispersion for the GP model, compared to the NB model.
In particular, Uganda have Îzero = 0.946, which is closely attained by both
the NB and GP model, respectively IZ,NB = 0.944 and IZ,GP = 0.941. These
quantities are computed with only π and θ, but so are the dispersion indexes.
Consequently, INB = 79.4 lies closer to Î = 58.5, than IGP = 287.3 for Uganda.
So, by the apparent constraint of attaining the level of zero-inflation in the

46



4.2. Fitting models to the selected countries

data, the resulting dispersion index becomes much bigger for the GP model
than the NB. This may explain why the NB model is generally favored over the
GP in terms of the AIC and scores; the GP becomes too overdispersed for our
data, when constrained by the level of zero-inflation, which leads to worse AIC
and scores than the NB.

As mentioned, we believe that what we just illustrated can partly be ap-
plied to the INARCH(1)-models and INGARCH(1,1)-models. Namely, that the
generalized Poisson distributed models generally becomes too overdispersed
for our data - possibly leading to worse AIC and scores. To show this, we will
focus on the INGARCH(1,1)-models, and compute the overdispersion index.
The variance of the DINGARCH(1,1) is given as

σ2 = 1− (α1 + β1)2 + α2
1

1− (α1 + β1)2 · ηµ

where µ is the marginal mean of the DINGARCH(1,1). This expression is
derived in Appendix A.3. Now, the conditional dispersion index is 1/π and
1/(1− θ)2 for the NB-INGARCH(1,1) and the GP-INGARCH(1,1), respectively.
Hence, the dispersion indexes for these models are

INB-INGARCH(1,1) = 1− (α1 + β1)2 + α2
1

1− (α1 + β1)2 · 1
π

IGP-INGARCH(1,1) = 1− (α1 + β1)2 + α2
1

1− (α1 + β1)2 · 1
(1− θ)2

Using estimates of the NB-INGARCH(1,1) from Table 4.6, and estimates of the
GP-INGARCH(1,1) from Appendix A.4, we compute the dispersion indexes for
the different countries. These results are shown in Table 4.12, along with the
approximated dispersion indexes.

Î INB-INGARCH(1,1) IGP-INGARCH(1,1)
Colombia 31.9 28.5 48.1
Uganda 58.5 289.3 1476.5
Congo 558.8 157.5 665.3
Ethiopia 3493.6 920.9 12599.5

Table 4.12: Approximated dispersion index and dispersion indexes for the NB-
INGARCH(1,1) and GP-INGARCH(1,1) model for (yt) of Colombia, Uganda,
Congo and Ethiopia.

In Table 4.12, we see that the GP-INGARCH(1,1) is overdispersed compared
to the dispersion levels in the data, and more dispersed than the NB-
INGARCH(1,1). Hence, this might explain why the NB-INGARCH(1,1) is
favored in terms of the AIC, RPS and QS in Table 4.9 compared to the GP-
INGARCH(1,1).

4.2.5 Higher-order NB-INGARCH models

All INGARCH-models considered thus far have had a low order in terms of
how many past observations and past conditional means which are included in
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4.2. Fitting models to the selected countries

Mt. We will now see if a higher-order model can be appropriate for our data.
From the last section, we saw that the generalized Poisson distributed models
became generally worse than the negative binomial ones. Hence, we shall not
consider the generalized Poisson distribution any further in our models and
focus on the negative binomial distribution.

The natural extension of the NB-INGARCH(1,1) is the NB-INGARCH(2,2)
and have conditional means according to

Mt = β0 + α1yt−1 + α2yt−2 + β1Mt−1 + β2Mt−2,

where β0 > 0, and α1, α2, β1, β2 ≥ 0, and α1 + α2 + β1 + β2 < 1
With Mt defined, the NB-INGARCH(2,2) is given as

yt|yt−1, ... ∼ NB
(

π

1− πMt, π

)
for t = 3, .., 1617 (NB-INGARCH(2,2))

We fitted the model using CML-estimation. Results showed that α2 became
more or less close to zero, (See Appendix A.5) suggesting that we instead should
fit a NB-INGARCH(1,2), specified by

Mt = β0 + α1yt−1 + β1Mt−1 + β2Mt−2,

yt|yt−1, ... ∼ NB
(

π

1− πMt, π

)
for t = 3, .., 1617 (NB-INGARCH(1,2))

where β0 > 0, and α1, β1, β2 ≥ 0, and α1 + β1 + β2 < 1.
Parameter estimates of the NB-INGARCH(1,2) fitted to our data are shown in
Table 4.13.

NB-INGARCH(1,2)
β0 α1 β1 β2 m1 m2 π

Colombia 1.5e-01 0.081 0.268 0.636 0.0 7.6 0.0396
Uganda 4.9e-41 0.054 0.609 0.336 0.0 2.4 0.0178
Congo 9.0e-01 0.158 0.359 0.419 0.0 0.0 0.0073
Ethiopia 1.8e+01 0.087 0.503 0.072 11.8 306.4 0.0011

Table 4.13: Parameter estimates of the NB-INGARCH(1,2) for (yt) of Colombia,
Uganda, Congo and Ethiopia.

Since we have β1 and β2 in our model formulation, we had to estimate M1
and M2. Note that β2 is indeed an active component in the model. Moving on,
we compute the AIC, RPS and QS for the NB-INGARCH(1,2) fitted to our
selected countries and compare results with the NB-INGARCH(1,1).

NB-INGARCH(1,1) NB-INGARCH(1,2)
AIC RPS QS AIC RPS QS

Colombia 9176 6.13 -0.1987 9169 6.12 -0.2000
Uganda 4006 3.60 -0.6656 4011 3.59 -0.6655
Congo 6120 12.03 -0.5049 6122 11.88 -0.5049
Ethiopia 6606 49.05 -0.4853 6601 49.08 -0.4856

Table 4.14: AIC, RPS and QS of the NB-INGARCH(1,1) and NB-
INGARCH(1,2) for (yt) of Colombia, Uganda, Congo and Ethiopia.
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Looking at Table 4.14, it becomes clear that differences between evaluation
criteria for the two models are quite small. Hence, we select the NB-
INGARCH(1,1) to be our final model.

4.3 Model Adequacy

The common tools for checking model adequacy of models from the count time
series framework are standardized Pearson residuals and PIT histograms. See
(Weiß, 2018)[p.32-33]. Note that we will use the (Poisson) INARCH(1) as a
reference model for comparison with the NB-INGARCH(1,1). As we saw earlier
in this chapter, the INARCH(1) did not seem to be a good fit for our data,
where we argued that this model is probably very underdispersed compared to
the level of dispersion observed in the data. The standardized Pearson residuals
and PIT histograms addresses the dispersion of a model in relation to the data
in different ways.

4.3.1 Standardized Pearson Residuals

From Section 3.3.3, the standardized Pearson residuals for the INARCH(1) and
NB-INGARCH(1,1) are computed as

et = yt − E[Yt|yt−1, ...]√
V [Yt|yt−1, ...]

for t = 2, ..., 1617

where the conditional mean and variance for the INARCH(1) and NB-
INGARCH(1,1) are, respectively

E[Yt|yt−1, ...] = V [Yt|yt−1, ...] = β0 + αyt−1

and
E[Yt|yt−1, ...] = Mt = β0 + α1yt−1 + β1Mt−1

V [Yt|yt−1, ...] = 1
π
Mt

We have been using CML-estimates from Table 4.5 and 4.6 to compute the
standardized Pearson residuals (and the mean PIT seen later in this section) for
each model of every country. Going forward, we will refer to the standardized
Pearson residuals of for example the INARCH(1) of Uganda as "... the (εt)2:1617
of the INARCH(1) of Uganda...". Additionally, we will also use the shorthand
notation (εt) = (εt)2:1617, and we may also refer to (εt) in a more general sense,
for example "...the (εt) of the INARCH(1) models...". In Figure 4.5, we see
(εt) for the INARCH(1) and NB-INGARCH(1,1) of all selected countries, and
Figure 4.6 shows the SACF plots of the (εt)’s from Figure 4.5.
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Figure 4.5: Standardized Pearson residuals of the INARCH(1) (left) and NB-
INGARCH(1,1) (right) for (yt) of Colombia, Uganda, Congo and Ethiopia.
Note that the y-axis have been restricted in both plots, such that the highest
observations from the INARCH(1) models are hidden.

From Figure 4.5, we see that the INARCH(1) have a much bigger spread
in (εt) than the NB-INGARCH(1,1) for all countries. This is reflected by the
variance of (εt), displayed in the bottom right corner of each plot. Here, we see
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that the variance is ≈ 1 for the NB-INGARCH(1,1), while being significantly
greater than 1 for the INARCH(1). From our observation of the variances in
the plots, it is quite clear that the INARCH(1) is underdispersed compared
to the data, while the NB-INGARCH(1,1) seems to be more well-dispersed in
comparison. More specifically, results suggests that the NB-INGARCH(1,1) is
slightly overdispersed for Colombia and Uganda, while being slightly underd-
ispersed for Congo and Ethiopia.
Another interesting observation when looking at the spread of (εt) for all the
NB-INGARCH(1,1) models, is that the higher values of (εt) are all positive.
This indicates that the model have problems capturing the really high observa-
tions.
Moving on, we shall now investigate if (εt) is uncorrelated. In Figure 4.6, we
see that (εt) of the NB-INGARCH(1,1) for Colombia, Uganda and Congo
looks quite uncorrelated. When looking at (εt) of the INARCH(1) for the
same countries, they seem to show more correlation in comparison to the
NB-INGARCH(1,1). For Ethiopia on the other hand, there seems to be a
more significant correlation structure for (εt) of the NB-INGARCH(1,1) than
for the INARCH(1), and none of the plots seems to show that (εt) is uncorrelated.

It is clear that (εt) of the INARCH(1) is not adequate for the data, be-
ing very underdispersed compared to the data and showing some correlation in
(εt). In contrast, the NB-INGARCH(1,1) seems to be way more well-dispersed
for our data, and (εt) seems to be quite uncorrelated for 3 out of 4 countries.
Hence, we would deem the NB-INGARCH(1,1) to be close of attaining model
adequacy for our data sets.
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Figure 4.6: SACF plots of the standardized Pearson residuals seen in Figure
4.5. On the left we have the SACF of the standardized Pearson residuals of the
INARCH(1) for (yt) of Colombia, Uganda, Congo and Ethiopia, while the plots
on the right shows the SACF of the NB-INGARCH(1,1) for the same data.
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4.3.2 PIT histograms

The mean Probability Integral Transform (PIT) is defined by

F (u) = 1
T − 1

T∑
t=2

Ft(u) for u ∈ [0, 1] where

Ft(u) =


0 if u ≤ fyt−1|Ft−1

u−fyt−1|Ft−1
fyt|Ft−1−fyt−1|Ft−1

if fyt−1|Ft−1 < u < fyt|Ft−1

1 if u ≥ fyt|Ft−1

f−1|Ft−1 : = 0

Here, we have slightly changed the definition of the mean PIT from Section
3.3.3 such that it can be used for the NB-INGARCH(1,1), as well as the
INARCH(1). Specifically, instead of conditioning on yt−1, we condition on the
history Ft−1 = (yt−1, yt−2, ...). See (Weiß, 2018)[p.11]. Now, in order to create
PIT histograms, we must execute the following steps;
1. Divide the interval [0,1] into J sub-intervals

[
j−1
J , jJ

]
for j = 1, ..., J

2. For j ∈ {1, ..., J}
2.1 Compute hj = F ( jJ )− F ( j−1

J ).
2.2. Plot rectangle with height hj at position

[
j−1
J , jJ

]
.

The PIT histograms of the INARCH(1) and NB-INGARCH(1,1) for all
countries can be seen in Figure 4.7. We have been using J = 10, so if a model
is adequate for the data, then we expect to see a uniform distribution with
height around 0.1. We see very clearly that none of the PIT histograms from
the INARCH(1) models follows a uniform distribution. A U-shape in the PIT
histogram indicates that the model is underdispersed compared to the data,
which seems to be the case for all PIT histograms of the INARCH(1) model.
For the NB-INGARCH(1,1), PIT histograms seems to be well-dispersed for
Colombia and Uganda. In the PIT histogram of Congo, we see indications
of underdispersion, except for the last bar to the right which deviates from
the U-shaped pattern. For Ethiopia, there seems to be a similar pattern
compared to the same histogram for Congo, although more subtle. Since
we observe deviations from a U-shape pattern of the PIT histograms for the
NB-INGARCH(1,1) models of both Congo and Ethiopia, we will be a bit careful
with classifying these plots as underdispersed. Instead, we deem these plots not
to be well-dispersed.

In terms of model adequacy, there are strong indications from Figure 4.7
that the INARCH(1) is very underdispersed, and therefore, is not adequate for
our data sets. For the NB-INGARCH(1,1), observations of the PIT histograms
suggested that the model is well-dispersed for Colombia and Uganda, but
not so much for Congo and Ethiopia. However, deviations from a uniform
distribution are not as severe for the NB-INGARCH(1,1) of Congo and Ethiopia,
compared to the same countries for the INARCH(1). We will therefore deem
the NB-INGARCH(1,1) to be adequate for Colombia and Uganda, and close
to adequate for Congo and Ethiopia. On a general level, we argue that the
NB-INGARCH(1,1) is close to adequate for our data sets.
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Figure 4.7: PIT-histograms of the INARCH(1) (left) and NB-INGARCH(1,1)
(right) for (yt) of Colombia, Uganda, Congo and Ethiopia.
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CHAPTER 5

Adding Covariates

In this chapter we will be adding covariates to the NB-INGARCH(1,1), which
we identified as the best model in Chapter 4. We will start simple, fitting one
country with covariates first, mainly to illustrate how the model works with
covariates. Then, we will fit several countries at the same time, looking for a
global effect from the covariates, or at least, illustrate how this can be done.
Before fitting any models, we will show the reader a general way of including
covariates. We will also introduce the necessary notation for the response and
covariates initially in this chapter. At last, after we have fitted models, we shall
discuss some alternative ways to include covariates in the models.

5.1 Preliminaries

5.1.1 General model specification

We will be adding covariates to the NB-INGARCH(1,1) by extending the
recursion of E[Yt|Yt−1, ...] = Mt to

Mt = β0 + α1Yt−1 + β1Mt−1 + h(γ,Zt)

where h(·, ·) is a non-negative function, and γ are the parameters, while Zt
are the covariates at time t. This parameterization was proposed in Section
3.4.3, and is the one we liked the best. Now, in practical terms, the covariates
can either give a small or large contribution to the best guess of Yt given
Yt−1, .... More accurately we could therefore define Mt = E[Yt|Yt, ..., Zt, ...].
Here, we use Zt, ... becauseMt contains information from all former observations
and covariates. Anyways, throughout this chapter, we will be using the same
function of h(γ,Zt), which is

h(γ,Zt) = exp(−γTZt)

5.1.2 Response, Covariates and Notation

First, recall that we have 10 data sets where each data set represents a country.
To distinguish these data sets, we define the set C as

C = {COL,CON,ETH, IRQ,MLI,MMR,NGA,PAK,SLE,UGA}

The 3-letter abbreviations in C represents Colombia, Congo, Ethiopia, Iraq,
Mali, Myanmar, Nigeria, Pakistan, Sierra Leone and Uganda, respectively. As
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we recall, each of the data sets represented by a country contains a response and
covariates through time. We start by defining the response in vector notation,
so for i ∈ C, let

yi =


battle_deathsi,1
battle_deathsi,2

...
battle_deathsi,1617

 =


yi,1
yi,2
...

yi,1617


With this notation, we use the opportunity to recall the definition of
battle_deaths.

yi,t - estimated number of people killed in intrastate and/or
internationalized intrastate conflict in country i at week t.

Here, we recall that "week t" must be seen relative to the last week in
1988.
Now, we will provide a similar definition for our covariate matrix, but first we
will address the scales of the covariates on a general level. The scale of gdp_pc
and pop_tot is quite large, and varies much between and within the countries.
We shall therefore apply a log-transformation to both of these covariates. In
contrast, the covariate v2x_polyarchy is defined in the interval between 0 and
1, so we shall not do any manipulations to this covariate. Now, we will also
use time as a covariate itself throughout this chapter. This is to account for
possible time effects within the different covariates, and/or account for a time
effect in battle_deaths. The time effect, and it’s values will be mutual for all
countries. We shall further investigate and discuss the time effect later. Now,
the covariate matrix for a country i ∈ C is

Xi =


v2x_polyarchyi,1 log(gdp_pci,1) log(pop_toti,1) year1
v2x_polyarchyi,2 log(gdp_pci,2) log(pop_toti,2) year2

...
...

...
v2x_polyarchyi,1617 log(gdp_pci,1617) log(pop_toti,1617) year1617



=


x1,i,1 x2,i,1 x3,i,1 τ1
x1,i,2 x2,i,2 x3,i,2 τ2
...

...
...

x1,i,1617 x2,i,1617 x3,i,1617 τ1617

 =
[
x1,i x2,i x3,i τ

]

where

x1,i,t - electoral democracy index in country i in the former calendar
year relative to week t
x2,i,t - log of GDP per capita in country i in the former calendar year
relative to week t
x3,i,t - log of total population in country i in the former calendar year
relative to week t
τt - calendar year of week t

We have now defined the responses and covariate matrices which will be
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used throughout this chapter. Entries of the covariate matrix Xi will later be
standardized relative to itself,Xi, or relative toX = (XCOL,XCON, ...,XUGA),
but this will specifically be addressed later.

5.2 Adding covariates to one country

We will now be fitting one country to the general model presented in Section
5.1.1. Our selected country for this exercise is Congo, so suppose we have yCON
and XCON from Section 5.1.2. We standardize XCON by subtracting the mean
and dividing by the standard deviation of each covariate. The standardized
covariate matrix is labeled as X?

CON, where each entry in the matrix has the
"?" notation.

We will now define γ and Zt from the parameterization h(γ,Zt) = exp(−γTZt).
The choices of γ and Zt are based upon the parameterization for fitting multiple
countries later in this chapter, and will not be discussed here. So, with X?

CON
we define

ZCON,t =
[
1 x?1,CON,t

(
x?1,CON,t

)2
x?2,CON,t x?3,CON,t τ?t

]
for t = 2, 3, ..., 1617. From now on, we shall drop the "CON" subscript for any
further formulations since we will only be working with one country in this
section. Moving on, we define our parameter vector as γ =

[
γ0, γ1, γ2, γ3, γ4, γ5

]
,

so

h(γ,Zt) = exp(−γTZt)

= exp
(
−
(
γ0 + γ1x

?
1,t + γ2

(
x?1,t
)2 + γ3x

?
2,t + γ4x

?
3,t + γ5τ

?
t

))
will be our additive term in the Mt recursion. We can now give the full model
formulation for a NB-INGARCH(1,1) with covariates for Congo

Mt = β0 + α1Yt−1 + β1Mt−1 + exp(−γTZt)

Yt|Yt−1 ∼ NB
(

π

1− πMt, π

)
for t = 2, ..., 1617

where β0 > 0, α1, β1 ≥ 0, α1 + β1 < 1 and π ∈ [0, 1]. Furthermore, we have
that γj ∈ R for j = 0, 1, 2, ..., 5. We fitted this model with CML-estimation,
using the same approach as for the models in Chapter 4. See Appendix A.1 for
details. Estimates from this model are briefly discussed in the two following
sections, but the main focus is to see what happens when we include covariates
to the NB-INGARCH(1,1).

5.2.1 Comparison to model without covariates

We use estimates from the NB-INGARCH(1,1) without covariates for Congo
from Table 4.6 in Chapter 4, along with estimates of the model with covariates
to produce Table 5.1.
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5.2. Adding covariates to one country

β0 α1 β1 m1 π
Without covariates 6.5e-01 0.1101 0.8437 0.0 0.0072
With covariates 2.4e-19 0.0641 0.8184 0.0 0.0074

Table 5.1: Estimates of β0, α1, β1, m1 and π from the NB-INGARCH(1,1) of
Congo without- and with covariates.

In Table 5.1, we see that the estimate of β0 decreases quite drastically when
including covariates in the NB-INGARCH(1,1). This makes sense as we may
view the combination of β0 and exp(−γTZt) as a time-specific intercept in Mt,
that is

Mt = β0,t + α1Yt−1 + β1Mt−1

where β0,t = β0 + exp
(
−γTZt

)
So, it looks like the dependency on β0 in the model has decreased as a
consequence of introducing exp(−γTZt). Figure 5.1 illustrates how exp(−γTZt)
influences Mt.
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Figure 5.1: Battle deaths of Congo (left), and β0 + exp(γTZt) (middle) and
condtional means Mt (right) for t = 1, 2, ..., 1617 of the NB-INGARCH(1,1)
with covariates fitted to Congo.

In the middle plot of Figure 5.1, we see how the time-specific intercept
varies through time. Here, β0 + exp(−γTZt) is quite flat up until around
t = 1000, and then starts growing. In the right plot, we have computed
Mt for t = 1, 2, ..., 1617 using estimates from the model with covariates and
y (battle_deaths of Congo). Here, we see that the time-specific intercept
influences quite much how Mt behaves, where the trend of Mt is synchronized
with the movement of β0 + exp(−γTZt). If we were to plot Mt of a model
without covariates in contrast, it would have a flatter structure looking more
like the left plot in Figure 5.1.

Now, it is clear from Figure 5.1, that exp(−γTZt) contributes a lot to
the model. In fact, the AIC reduces from 6120 to 5708 when adding covariates
to the model. Additionally, we see that π increases for the model with covariates,
implying that less variance in the data is explained by this parameter. This
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5.3. Fitting Multiple Countries With Covariates

also makes sense, as the conditional variance in the model is given by

V [Yt|Yt−1, ...] = 1
π
Mt

where Mt is influenced by the exp(−γTZt).

5.2.2 Effects from the covariates

From the middle plot in Figure 5.1, we observed an increasing pattern in
exp(−γTZt). It might be reasonable to believe that this pattern stems from a
time-effect, γ5, but in fact is due to the effect from the population, γ4.

γ0 = 1.43 γ1 = −0.14 γ2 = −0.29
γ3 = 1.47 γ4 = −24.03 γ5 = 22.45

As we see from the estimates above, γ4 and γ5 are very large and almost
opposite values. The problem here is that x?3 (log(pop_tot)?) and τ ? are
highly correlated. In fact, we have that Corr(x?3, τ ?) = 0.9992. So, γ4x

?
3,t

and γ5τ
?
t tends to largely cancels each other out, but with a slight favor of γ4

giving an increasing slope to exp(−γTZt) in the end. Hence, it is very hard to
distinguish if there is an effect from the population or the time in this model,
and we don’t recommend fitting such a model. Since the model considered in
this section are meant for fitting multiple countries at once, we won’t bother
with interpreting the other estimates here.

5.3 Fitting Multiple Countries With Covariates

In this section we shall fit multiple countries at once, to see if there are any global
effects impacting the number of battle deaths. Let it be said that we have quite
little data, compared to all countries that have experienced battle_deaths in
the world. Hence, we do not claim that the model presented in this section will
be appropriate if more countries are introduced. Our aim is to show how global
effects can possibly be identified and include these in the NB-INGARCH(1,1).
First, we will show how the data are standardized, and conduct a short analysis
based these data. Our aim from this analysis is to make some choices when
selecting the parameterization γTZt. Lastly, we will fit the model with multiple
countries and interpret the results.

5.3.1 Standardization

Using the vector and matrix notation from the former section, we have yi and
Xi for i ∈ C = {COL,COD,ETH, IRQ,MLI,MMR,NGA,PAK,SLE,UGA} at
our disposal. Now, we will standardize the covariates globally. This means that
the globally standardized values are computed according to

x′j,i,t = xj,i,t − xj
sxj

for j = 1, 2, 3 and i ∈ C and t = 1, 2, ..., 1617

where xj = 1
1617 · nC

∑
i∈C

1617∑
t=1

xj,i,t, and s2
xj

= 1
1617 · nC − 1

∑
i∈C

1617∑
t=1

(xj,i,t − xj)2
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5.3. Fitting Multiple Countries With Covariates

Here, nC is the number of countries - which is 10 in our case. We use the same
scheme from above to standardize τt, subtracting the mean and dividing by
the standard deviation of 16170 observations, giving us τ ′t . Our standardized
covariate matrix for a country i ∈ C can be given as

X ′i =


x′1,i,1 x′2,i,1 x′3,i,1 τ ′1
x′1,i,2 x′2,i,2 x′3,i,2 τ ′2
...

...
...

...
x′1,i,1617 x′2,i,1617 x′3,i,1617 τ ′1617


5.3.2 Effects on battle deaths from covariates

Before we start to look for any effects from the covariates, we should again
emphasize that we have quite little data compared to all countries in the
world, or all countries that have experienced battle_deaths in the world.
Studying such phenomena involves much more extensive work than presented
here. Therefore, we will be conservative when selecting our parameterization of
γTZt. The main objective of this section is to show how we may select such
effects, and hopefully get a small grasp of some global effects.

We will now show how we may investigate relationships between battle_deaths
and the covariates across countries to help us select a parameterization for
γTZt. To do this, we will first compute the country-specific mean, that is, the
mean of yi for i ∈ C, and then standardize these means. We will label the
standardized country-specific means as y′i for i ∈ C. Then, we compute the
country-specific mean for each of the standardized covariates, x′1,i,x′2,i,x′3,i for
i ∈ C. To be explicit, these quantities are computed as

x′j,i = 1
1617

1617∑
t=1

x′j,i,t for j = 1, 2, 3 and i ∈ C

Lastly, we plot x′1,i,x′2,i,x′3,i against y′i with country labels (Figure 5.2) to see
if we might identify some pattern. We use the standardized country specific
means of the response and country-specific means of the standardized covariates
to get an impression of the uniqueness of each country.
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Figure 5.2: Standardized country-specific means of battle_deaths vs. country-
specific means of standardized covariates v2x_polyarchy (left), log(gdp_pc)
(middle) and log(pop_tot) (right).

Looking at Figure 5.2, it is clear that Ethiopia and Iraq have some very high
means of battle_deaths. We should therefore be wary of these two countries
later on. For example, looking at the middle plot displaying the standardized
means of log(gdp_pc), we see that Ethiopia and Iraq is on different sides
of the spectrum. Fitting a model with a linear effect on log(gdp_pc) could
possibly pick up on a relation between battle_deaths and either a low, or
high log(gdp_pc) from Ethiopia or Iraq, respectively. Hence, we may view
these countries as outliers. Either way, we shall still include a linear effect on
log(gdp_pc). For the rest of this discussion, we will ignore Ethiopia and Iraq.
Now, looking at the right plot, we see that there seems to be a positive, linear
trend among the countries. This seems intuitive as countries with a higher
population at least has the potential of experiencing more deaths in general.
However, we won’t speculate further here, and simply put a linear effect on
log(pop_tot) as well. In the left plot, we see a slight tendency of a inverse
U-shape. This suggests that a quadratic effect on v2x_polyarchy might be
appropriate. We shall also add that a quadratic effect on v2x_polyarchy have
previously been seen to be significant in related studies to ours, like in (Fjelde,
Knutsen and Nygård, 2021), further strengthening this suggestion. However,
we will use a 2nd degree polynomial which incorporates this effect.

Time Effect

We will now investigate if there is an effect between time and battle_deaths
for all countries. To do this, we aggregate the number of battle_deaths
for all countries based on which year the observations belongs to, and plot
these aggregated data against time. We will refer to this data as the total
battle_deaths. Since we saw from Figure 5.2 that Ethiopia and Iraq has a
very large mean of battle_deaths, we will also specifically aggregate these
battle_deaths of these two countries based on years, and plot these time series
along the total battle_deaths. These data will be referred to as the Ethiopia
battle_deaths and Iraq battle_deaths. Additionally, we will subtract the
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5.3. Fitting Multiple Countries With Covariates

Ethiopia- and Iraq battle_deaths from the total battle_deaths. Figure 5.3
shows plots of the mentioned steps above.
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Figure 5.3: Left plot: Aggregated battle_deaths of 10 countries based
on years (Total), and the same aggregation based on years applied to
battle_deaths of Ethiopia and Iraq. Right plot: The total battle_deaths
minus battle_deaths of Ethiopia and Iraq.

Looking at the left plot in Figure 5.3, we see that Ethiopia and Iraq
provides an especially large contribution to the total battle_deaths at the
beginning and end of the time series. Here, we see that Ethiopia amounts to
most of the total battle_deaths from 1989-1991, and that Iraq amounts to
a large proportion of total battle_deaths from 2014-2017. We also see that
from 2004-2008, Iraq accounts for quite many of the total battle_deaths
as well. In terms of a general time effect for these two countries, Ethiopia
experiences a decline in battle_deaths over time, while Iraq experiences an
incline in battle_deaths over time. This could distort our analysis of a time
effect for the total battle_deaths. When Ethiopia and Iraq are removed
from the total battle_deaths, we see from the right plot that the resulting
battle_deaths are more flattened out. As a general trend, we might argue
that the battle_deaths of the 8 countries slightly increase over time. We see,
however, that there is spike from 1997 up until 2000, breaking with the notion
that the battle_deaths slightly increases over time. This spike, or at least
some of it, might result from Congo. See left plot of Figure 5.1. Anyways, since
we have identified a slight increase in battle_deaths, and we don’t have a lot
of data - as mentioned earlier, we shall put a linear effect on τ ′t .

From our analysis of Figure 5.2, we argued that we wanted to to put a
linear effect on the standardized log(gdp_pc) and log(pop_tot), and a 2nd
degree polynomial effect on the standardized v2x_polyarchy. When we looked
at the time effect in Figure 5.3, we also argued for a linear effect on the
standardized year. Putting these arguments together, we propose the following
parameterization of γTi Zi,t for a country i ∈ C as

γTi Zi,t = γ0,i + γ1x
′
1,i,t + γ2

(
x′1,i,t

)2 + γ3x
′
2,i,t + γ4x

′
3,i,t + γ5τ

′
t
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5.3. Fitting Multiple Countries With Covariates

Here, γ0,i is a country-specific intercept.

5.3.3 Fitting 10 countries with covariates

We will now be fitting 10 countries with covariates to the NB-INGARCH(1,1)
using the parameterization of γTi Zi,t from above. We will label this model as
10C;

Mi,t = β0,i + α1,iYi,t−1 + β1,iMi,t−1 + exp(−γTi Zi,t)

Yi,t|Yi,t−1, ... ∼ NB
(

πi
1− πi

Mi,t, πi

)
(10C)

for t = 2, ..., 1617 and i ∈ C

where β0,i > 0, α1,i, β1,i ≥ 0, α1,i + β1,i < 1, πi ∈ [0, 1] and γ0,i ∈ R for all
i ∈ C. Additionally, we have that γj ∈ R for j = 1, 2, ..., 5.
This amounts to 65 parameters to estimate, where we have 10 unique β0’s, α1’s,
β1’s, M1’s, π’s and γ0’s. The last five parameters are γ1, γ2, γ3, γ4, γ5, which
are our global effects. This model was fitted using CML-estimation, similar to
how we did in Chapter 4. However, this model needed more constraint on the
parameters compared to the models in Chapter 4. See Appendix A.6 for details.
All estimates can be found in Appendix A.7.

With the estimates of Model 10C we will look at some different aspects
of the model. First, we will use the estimates of β0,i, α1,i, β1,i, Mi,1, πi and
γi to compute the AIC of a country i ∈ C. We will compare this to the AIC
of a NB-INGARCH(1,1) without covariates for countries i ∈ C, to see which
countries benefits from adding covariates. In practice, we have fitted model
10C without exp(−γTi Z ′i,t) in the recursion of Mi,t. We will also use this
opportunity to show that the value of γ0,i is important for explaining why the
AIC worsens for some countries. After the following section, we will look at the
global effects of model 10C.

The AIC of each country and γ0,i

In Table 5.2, we see the AIC of each country using estimates of model 10C and
estimates of a NB-INGARCH(1,1) without covariates fitted to each country.
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5.3. Fitting Multiple Countries With Covariates

Without covariates With covariates
Colombia 9176 9173
Congo 6120 5730
Ethiopia 6606 6425
Iraq 9966 9900
Mali 2818 2702

Myanmar 5653 5597
Nigeria 4670 4661
Pakistan 7080 7064

Sierra Leone 2818 2830
Uganda 4006 4019

Table 5.2: The AIC of the NB-INGARCH(1,1) with, and without covariates for
10 countries.

From Table 5.2, we see that all countries, except Sierra Leone and Uganda,
improves in terms of the AIC. The most notable changes can be seen for Congo,
Ethiopia, Iraq, Mali and Myanmar. Now, looking at estimates of γ0,i in Table
5.3 tells us why the AIC does not improve for Sierra Leone and Uganda.

γ0,i
Colombia -6.73
Congo 6.12
Ethiopia 4.74
Iraq -5.52
Mali 9.44

Myanmar 1.08
Nigeria -4.06
Pakistan -1.01

Sierra Leone 23.90
Uganda 14.88

Table 5.3: Estimates of γ0,i from model 10C.

In Table 5.3, we see that the estimates of γ0,i are very large for Sierra
Leone and Uganda. This means that the constant effect from γ0,i, which is
exp(−14.88) = 3.4e− 07 for Uganda for example, reduces the effects from the
other covariates in exp(−γTi Zi,t). This is possibly best illustrated in Figure
5.4, where we see the time-specific intercept, β0,i + exp(−γTi Zi,t), for Mali and
Uganda.
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Figure 5.4: Time specific intercept, β0 + exp(−γTi Zi,t), for Mali and Uganda
at t = 1, 2, ..., 1617.

In Figure 5.4, we see that the scales of the time specific intercept for Uganda
is very small compared to Mali. Now, as a consequence of this it is clear that
the contribution from the covariates to Mi,t for Uganda becomes very small,
which is virtually the same as fitting a model without covariates to Uganda. In
other words, the parameter γ0,i have the possibility to "turn off" effects from the
other covariates. We selected Mali for comparison because this country also has
a large γ0,i, but still seems to have a significant effect from the covariates which
is reflected in Figure 5.4 and the reduction in the AIC from Table 5.2. Hence,
we can’t blindly say that if γ0,i is large, then the effect from the covariates are
not significant for the model. However, it gives us an indication that this might
the case.

Global Effects

We will now look at estimates of the global effects from model 10C in Table
5.4, along with 95% confidence intervals. We have also provided the associated
covariates to the parameters to easier see what each parameter influences.

Estimate 95% CI Associated covariates
γ1 -1.38 (-1.87, -0.89) v2x_polyarchy′

γ2 1.04 (0.70, 1.39) (v2x_polyarchy′)2

γ3 6.22 (5.25, 7.20) log(gdp_pc)′
γ4 4.02 (-1.03, 9.08) log(pop_tot)′
γ5 -4.12 (-5.69, -2.55) year′

Table 5.4: Estimates of the global effects from model 10C with 95% CI, and a
column displaying the associated covariates for the global effects.

First off, confidence intervals in Table 5.4 are computed by assuming that
estimates of γj for j = 1, ..., 5 are normally distributed, and extracting the
asymptotic variance σ2

γj
of γj for j = 1, ..., 5 from the inverted negative Hessian

matrix (observed Fisher information). Then we compute γj ± 1.96σγj
for

j = 1, ..., 5. The Hessian matrix is computed during estimation with nlm().
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5.3. Fitting Multiple Countries With Covariates

Now, in Table 5.4, we see that estimates of γ1, γ2, γ3 and γ5 are signific-
ant, and not significant of γ4. To better interpret these effects we shall divide
h(γi,Zi,t) = exp(−γTi Zi,t) into individual components. Let

hpa(x) = exp(−(γ1x+ γ2x
2))

hgdp(x) = exp(−γ2x)
hpop(x) = exp(−γ3x)
htime(x) = exp(−γ4x)

be the polyarchy-effect, gdp-effect, population-effect and time-effect, respectively.
Here, we have that x represents an arbitrary value. In Figure 5.5, we have
plotted each effect with x taking values in the range of each standardized
covariate seen in Table 5.4.
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Figure 5.5: Polyarchy-effect (top-left), gdp-effect (top-right), population-effect
(bottom-left) and time-effect (bottom-right).

Each effect in Figure 5.5 contributes to exp(−γTi Zi,t), which again
contributes to Mi,t. We shall therefore say that Mi,t increases if for example
the years increases. Moreover, the value of each standardized covariate can
be seen going from low to high values in each plot. So, for the gdp-effect and
population effect we see a declining slope, implying that low values of pop_tot
and gdp_pc gives a high value of Mi,t. The time-effect has an increasing slope,
telling us that Mi,t is large if years is high. The polyarchy-effect, on the other
hand, has an inverse U-shape meaning that either low values, or very high values
of v2x_polyarchy gives a lower value of Mi,t. Now, we should ask if these
observations is what we expected for our model in relation to the data. For
reference to the following points, see Section 5.2.2. For the polyarchy-effect we
earlier argued that an inverse U-shape might be appropriate, which seems to be
right. We also argued that there seemed to be an increase in battle_deaths
over time, matching the observation in Figure 5.5. For the population-effect on
the other hand, we argued that battle_deaths seemed to increase with the size
of the population in a country. This does not match our observation above, but
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5.3. Fitting Multiple Countries With Covariates

the effect was seen to not be significant in Table 5.4. We know that pop_tot,
or more accurately log(pop_tot), increases more or less linearly within each
country over time. So, a possible explanation why the population-effect becomes
not significant is that the time-effect is not only related to battle_deaths, but
also to the log(pop_tot). Lastly, for the gdp-effect we argued that there was no
apparent pattern from Figure 5.2, but that Ethiopia or Iraq may distort these
estimates. For model 10C, it seems like Ethiopia, having a small log(pop_tot)
and very many battle_deaths, may explain why the gdp-effect gives a higher
Mi,t for a small gdp_pc. To further investigate this, we will remove Ethiopia
from model 10C, but also Iraq since we have earlier argued that both of these
countries may be regarded as outliers. The intention of this action is to check
the robustness of the estimates for the global effects with emphasis on the
gdp-effect.

5.3.4 Fitting 8 countries

We will now be fitting 8 countries to the NB-INGARCH(1,1) with covariates. We
shall therefore use the set C− = {COL,CON,MLI,MMR,NGA,PAK,SLE,UGA},
representing Colombia, Congo, Mali, Myanmar, Nigeria, Pakistan, Sierra Leone
and Uganda. Hence, we have excluded Ethiopia and Iraq from this set. With
C−, we standardize our covariates in the same way as done in Section 5.3.1.
Then, we essentially fit model 10C with these new standardized covariates and
yi for i ∈ C−. We will label this model as model 8C. All estimates of model
8C can be found in Appendix A.7. In Table 5.5, we compare estimates of the
global effects from model 10C and 8C.

10C 8C 10C & 8C
Est. 95% CI Est. 95% CI Associated covariate

γ1 -1.38 (-1.87, -0.89) -1.39 (-2.04, -0.74) v2x_polyarchy′

γ2 1.04 (0.70, 1.39) 1.44 (0.88, 2.00) (v2x_polyarchy′)2

γ3 6.22 (5.25, 7.20) 0.31 (-3.34, 3.96) log(gdp_pc)′
γ4 4.02 (-1.03, 9.08) 6.47 (-2.68, 15.63) log(pop_tot)′
γ5 -4.12 (-5.69, -2.55) -4.11 (-6.32, -1.90) year′

Table 5.5: Estimates of global effects in model 10C and 8C, along with 95% CI
and associated covariates to the parameters.

In Table 5.5, we see that estimate of γ3 reduces quite much in model 8C
and is no longer significant. This strengthens our belief that Ethiopia distorted
this estimate. Moreover, the same observations for the global-effects pointed
out in the last section can be observed here. However, the slope from the
population-effect in model 8C is much steeper, while the slope of the gdp-effect
is less steep. Additionally, the inverse U-shape of the polyarchy-effect has
slightly changed with the increase in γ2 from model 8C. We also observe that
the width of the confidence intervals have become greater in model 8C, but
this naturally follows as a result of less data in this model. We shall now show
that the dominant effect in the model is from time, and further broaden our
understanding of how the model works.
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Dominant effect from time

Recall that for model 10C, the AIC of Uganda and Sierra Leone becomes worse
when compared to the NB-INGARCH(1,1) without covariates. We argued that
this is due to the parameter γ0,i in exp(−γTi Zi,t) being very large, practically
"turning" off the effects from the other covariates. Now, the same thing is
happening for model 8C, which can be seen in Table 5.6.

Without covariates 8C γ0,i (8C)
Colombia 9176 9175 4.39
Congo 6120 5740 -0.34
Mali 2818 2701 9.63

Myanmar 5653 5601 3.08
Nigeria 4670 4616 -3.80
Pakistan 7080 7065 -2.90

Sierra Leone 2818 2830 22.94
Uganda 4006 4019 15.89

Table 5.6: The AIC of the NB-INGARCH(1,1) with, and without covariates for
8 countries.

The reason why this is happening is probably because the time-effect does
not apply well to Sierra Leone and Uganda, as opposed to the other countries.
The time effect in model 8C (and 10C) suggests that more battle_deaths
will occur later in time as opposed to earlier, which is inconsistent with the
battle_deaths of Uganda and Sierra Leone seen in Figure 5.6. Here, we
observe a large amount zeros when ≈ t > 1000 for Uganda and ≈ t > 750 for
Sierra Leone.
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Figure 5.6: Battle deaths in Sierra Leone and Uganda for t = 1, 2, ..., 1617.

This brings us to an important point - that the time effect is quite dominant
in the model. We saw for example in Figure 5.4 that β0 + exp(−γTi Zi,t) from
model 10C of Mali and Uganda quite clearly increases with time. This must
mostly happen for all countries in model 10C and 8C, since the covariate τ ′t for
t = 1, 2, ..., 1617 is the same across countries, and estimates of γ5 is almost the
same in model 10C and 8C. In fact, all countries will be subject to the slope of
the time-effect in Figure 5.5 - which takes on quite high values at the end-point.
Focusing on model 8C, in order for Mi,t not to explode from the contribution
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5.3. Fitting Multiple Countries With Covariates

of the time-effect, other parameters in exp(−γTi Zi,t) must compensate. This
explains why the population-effect takes on a high, positive value, γ4 = 6.47,
compared to the time-effect, γ5 = −4.11. So, for countries with a high pop_tot,
like Nigeria, the population-effect compensates for the time-effect to avoid
exploding Mi,t. However, this does not work so good for countries with a
smaller pop_tot, like Mali, which may explain why the parameter γ0,i is added
to the mix of compensating parameters. In Table 5.6, we see that the smaller
countries in terms of pop_tot (for example Mali and Colombia) have a positive
value of γ0,i, while larger countries, like Nigeria and Pakistan, have a negative
value of γ0,i - possibly compensating for a large population effect. In other
words, since the time-effect is very dominant for each country in model 8C (and
10C), it seems like the population-effect and effect from γ0,i tries to compensate
such that Mi,t does not explode. To better illustrate what we mean, let us first
take a look at the battle_deaths and β0,i + exp(−γTi Zi,t) of Nigeria. We
remark that all of the following plots in this section uses estimates from model
8C.
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Figure 5.7: Battle deaths (left), β0,i + exp(−γTi Zi,t) (middle) and Mi,t (right)
of Nigeria.

In Figure 5.7, we see that almost all battle_deaths (left plot) happens
at the end of the time series. Now, this suggests a time-effect is present for
Nigeria, which is reflected in β0,i+exp(−γTi Zi,t) (middle plot) by the increasing
slope over time. The right plot shows the conditional mean, Mi,t, of Nigeria
which is influenced by battle_deaths and β0,i + exp(−γTi Zi,t). Now, we will
decompose exp(−γTi Zi,t) from the middle plot in Figure 5.7 into 3 parts

hic+pop+time(γ0,i, x
′
3,i,t, τ

′
t) = exp

(
−(γ0,i + γ4x

′
3,i,t + γ5τ

′
t)
)

hpa(x′1,i,t) = exp
(
−(γ1x

′
1,i,t + γ2(x′1,i,t)2)

)
hgdp(x′2,i,t) = exp(−γ3x

′
2,i,t)

and plot these functions separately for the standardized covariates through time.
Multiplying the components above gives us exp(−γTi Zi,t). In Figure 5.8, we
have plotted the individual components (right) along with exp(−γTi Zi,t) (left)
from Figure 5.7.
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Figure 5.8: exp(−γTi Zi,t) (left), along with the decomposed effects
hic+pop+time(γ0,i, x

′
3,i,t, τ

′
t), hpa(x′1,i,t) and hgdp(x′2,i,t) of Nigeria.

In Figure 5.8, we clearly see the influence of the time-effect in hic+pop+time,
which we know takes on an increasing slope from Figure 5.5. However, looking
at the scales in the right plot, it is clear that the time-effect has drastically
been reduced by the population-effect, which we know have a decreasing slope
from Figure 5.5 and taking on some very small values for Nigeria because it
has a large pop_tot. Additionally, we have γ0,i = −3.80 added to the mix
of compensating forces, probably compensating for some of the small values
exhibited by the population-effect.

We emphasize that the point of showing these figures is to show that the
time-effect is very dominant, and that the population-effect and effect from γ0,i
tries to compensate such that Mi,t does not explode. Now, we can also show
the same figures from above of Mali to further demonstrate our point, but here
the population-effect and effect from γ0,i takes on opposite signs as opposed to
Nigeria. See Figure 5.9 and 5.10.
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Figure 5.9: Battle deaths (left), β0,i + exp(−γTi Zi,t) (middle) and Mi,t (right)
of Mali.
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Figure 5.10: exp(−γTi Zi,t) (left), along with the decomposed effects
hic+pop+time(γ0,i, x

′
3,i,t, τ

′
t), hpa(x′1,i,t) and hgdp(x′2,i,t) of Mali.

5.3.5 Concluding Thoughts and Further Work

We hope that the models considered in Section 5.3 demonstrates how global
effects can be added to the NB-INGARCH(1,1) for multiple countries. We have
tried to show how the models work, and pointed out some weaknesses; With
relatively few countries fitted to the model, the risk of one country dominating
one effect is present, which seems to explain why removing Ethiopia from model
10C made the gdp-effect not significant in model 8C. We also saw that the
time-effect seemed to be quite dominant in the model, which we illustrated was
problematic - as other parameters seemed to try to counter this effect.
For further work, we would advise adding more countries to the model to see
how robust estimates really are, and possibly try some other parameterization
of the time effect.

5.4 Alternative ways to place covariates

We will now consider some alternative ways of including covariates in the
NB-INGARCH(1,1). For the following two sections, we have been inspired by
the generalized autoregressive moving-average (GARMA) model of order (p, q)
from Section 3.4.3. Any type of INGARCH(p, q) can be seen as belonging to a
GARMA model, motivating the notion why we use this model as inspiration.
Now, a GARMA model of order (p, q) is defined as

g(Mt) = γTZt +
p∑
i=1

αi · A(Yt−i,γTZt−i) +
q∑
j=1

βj · M(Yt−j ,Mt−j)

Here, g(·) is the link function, while A andM are functions of the autoregressive
and moving average terms, respectively. For the last section, we have proposed
our own way of including covariates. Mutual for all sections is that we can
think of γTi Zi,t being the same as for model 10C and 8C.
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5.4. Alternative ways to place covariates

5.4.1 Dropping β0,i

A possible way to include parameters in the NB-INGARCH(1,1) for multiple
countries, is to completely drop β0,i from the recursion of Mi,t. That is,

Mi,t = h(γi,Zi,t) + α1,iYi,t−1 + β1,iMi,t−1

Yi,t|Yi,t−1, ... ∼ NB
(

πi
1− πi

Mi,t, πi

)
for t = 2, ..., 1617 and i ∈ C

where h(γi,Zi,t) = exp(−γTi Zi,t). The motivation behind this model is that β0,i
possibly loses it’s significance in model 10C and 8C, when including h(γi,Zi,t).
However, this is not always true, as for example Myanmar have β0,i = 1.5 in
model 8C. This result is obtained from Appendix A.7, which also shows that
β0,i varies in the range between ≈ 10−2 and ≈ 10−6 for the other countries.
Hence, there seems to be a varying degree of dependence from β0,i for the
different countries, which shows that it is possibly useful to allow for some more
flexibility by letting β0,i stay in the model. However, if the values of all β0,i’s
are very small, removing β0,i from the model can be considered.

5.4.2 Covariates in relation to α1,i

Another way to place covariates are in relation to α1,i, like the following model
shows

Mi,t = β0,i + α1,ig(γi,Zi,t)Yi,t−1 + β1,iMi,t−1

Yi,t|Yi,t−1, ... ∼ NB
(

πi
1− πi

Mi,t, πi

)
for t = 2, ..., 1617 and i ∈ C

where g(γi,Zi,t) = 1/(1 + exp(−γTZi,t)) ∈ [0, 1]. Then, we could think of α1,i
varying in time, like α1,i,t = α1,i/(1+exp(−γTZi,t)). This could be understood
as the contribution from Yi,t−1 to the recursion Mi,t are greater in certain
regions in time. For example, suppose we have a time series of battle_deaths
with only one spike in some region of the time series. Then, we don’t want
this observation to influence Mi,t much and hence, we would prefer a low α1,i
here. However, if we have a region in the time series with many consecutive
spikes, we would prefer a larger α1,i in comparison. In any case, when trying to
implement such a model, we had troubles restricting α1,i and β1,i sufficiently,
so we abandoned this idea.

5.4.3 Covariates in πi
Lastly, we tried to include covariates in πi, shown in the model below

Mi,t = β0,i + α1,iYi,t−1 + β1,iMi,t−1

Yi,t|Yi,t−1 ∼ NB
(

g(γi,Zi,t)
1− g(γi,Zi,t)

Mi,t, g(γi,Zi,t)
)

g(γi,Zi,t) = 1
1 + exp(−γTZi,t)
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5.4. Alternative ways to place covariates

Here, we can think of πi varying in time, suggesting that πi,t = g(γi,Zi,t). In
Chapter 4, we saw that the parameter π controls the level of zero-inflation and
dispersion in the negative binomial distribution. So, decreasing π would give a
higher level of zero-inflation and dispersion in a model. Now, a model with πi,t
could possibly be relevant for a time series of battle_deaths where one region
exhibits a high level of zero-inflation and some very few, but high observations.
This would suggest a small πi,t for this region in the time series. Suppose now
that there is a second region in the time series, where we have many, but low
observations. This would suggest that πi,t should be greater than in the first
region, giving a lower level of dispersion and zero-inflation for the second region.
An example of a time series that could perhaps benefit from a model with πi,t
is Congo, seen in Figure 5.11.
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Figure 5.11: Battle deaths of Congo at t = 1, 2, ..., 1617
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CHAPTER 6

Conclusion

In this thesis we have investigated how models from the count time series frame-
work can be applied to time series of battle deaths. In short, this framework
extends ideas and concepts for continuous-valued time series to count data. The
time series of battle deaths considered in this thesis represents the weekly number
of people killed in a country due to intrastate conflict and/or internationalized
intrastate conflict from 1989-2019. There are several challenges to such data;
exhibiting heteroskedasticity, zero-inflation and overdispersion - which makes
standard time series and regression models not necessary applicable, without
some form of transformation and aggregation of the data. This is the reason
why we wanted to investigate the count time series framework, and the main
goal in the thesis was to explore this framework with respect to time series of
battle deaths. These questions are partly developed in collaboration with PRIO.

Given the challenges in the data described above, our initial beliefs was therefore
that a model exhibiting this behaviour would probably be a good fit for the data.
In Chapter 4, we fitted i.i.d.-, INAR-, INARCH- and INGARCH-models to four
data sets (Colombia, Uganda, Congo and Ethiopia), and compared these using
AIC, ranked probability score and quadratic score. We primarily focused on
the negative binomial distributed instances of these models, knowing that this
distribution exhibits overdispersion and zero-inflation. Here, we saw that the
data did not benefit from the INAR-models, essentially reducing to i.i.d.-models.
We believe that this reduction happened because the INAR-models were too
restrictive for the data due to binomial thinning. The INARCH-models, on the
other hand, proved to be better than the i.i.d.-models, showing that including
information from past observations was beneficial - unlike the INAR-models.
In contrast to INAR-models, the INARCH-models are more flexible and not
restricted by binomial thinning, probably explaining why the models benefitted
from information of past observations. Additionally, the INARCH-models
exhibits heteroskedasticity which possibly explains why these models were
better than the i.i.d.-models. Furthermore, we saw that the INGARCH-models
improved on the INARCH-models, and that this improvement could possibly
be explained by better attainment of the correlation-structure in the data.
When comparing generalized Poisson distributed instances of the i.i.d.-, INAR-,
INARCH-, and INGARCH-models, we saw that these models performed gen-
erally worse than the negative binomial distributed counterparts. We argued
that the generalized Poisson distributed models seemed to be too overdispersed
for the data, and that the negative binomial distributed models attained levels
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of dispersion closer to the data, i.e., more well-dispersed for the data. We also
tried fitting a Poisson instance of the INARCH-models, but saw that these
models became very underdispersed compared to the data - which was also
discussed in Section 4.3 when checking for model adequacy. Lastly, we argued
that the NB-INGARCH(1,1) was the best model in terms of AIC and scoring
rules, where higher-order NB-INGARCH showed only minor improvements. In
terms of model adequacy, we deemed the NB-INGARCH(1,1) to be close to
adequate for the data when we looked at PIT histograms and standardized
Pearson residuals. This model met our expectations for what we believe could
be a good model for the data - being zero-inflated, overdispersed and exhibiting
heteroskedasticity. However, this is not a perfect model for the data - which
was illustrated for all four data sets in Figure 4.5. Here, we saw that the model
seemed to struggle with capturing very high observations. Additionally, we saw
that the PIT histograms of Congo and Ethiopia seemed to indicate that the
model is not as well-dispersed compared to Colombia and Uganda.

In Chapter 5, we illustrated how the NB-INGARCH(1,1) could be applied in
peace research by fitting multiple countries with covariates. Although fitting
multiple countries with covariates in the model seems to work, we emphasized
that there are issues with the estimates which must be addressed. In our study,
we saw that there is potential of a country dominating, and that an effect can
dictate the behaviour of other effects in the model. Hence, caution must be
applied when interpreting effects, and it is not obvious how effects should be
included in the model. We expect that some of these issues might become
less problematic if more countries are included in the model, and some other
parameterization of effects is used.
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APPENDIX A

A.1 Details about fitting and computations in Chapter 4

This section describes how all models have been fitted in Chapter 4. The scripts
which are discussed in this section can be found in the folder root/scripts/ex-
ploration in the git-repo https://github.com/jejakobsen/msc.

Each model in the chapter is defined in an individual script, which we will
call the model-script. For example, the model-scripts nb.R and nb_inarch1.R
represents the NB and NB-INARCH(1) models, respectively. In each model-
script, we have defined a unique negative log-likelihood, or negative conditional
log-likelihood function which is used to fit the model. For simplicity, we
shall refer to both of these functions as the negative log-likelihood function.
In the negative log-likelihood function, the inputted parameters are in fact
transformed parameters, defined on R. When these transformed parameters
enters the negative log-likelihood function, they are restricted to the right space
by a inverse transformation. For example, for a NB-INARCH(1) we have the
restrictions β0 > 0, α ∈ (0, 1) and π ∈ [0, 1]. When the transformed parameters
β′0, α

′, π′ ∈ R are inputted in the negative log-likelihood function, they are
inversely transformed with functions

β0 = f−1
1 (β′0) = exp(−β′0) α = f−1

2 (α′) = 1
1 + exp(−α′)

π = f−1
2 (π′) = 1

1 + exp(−π′)

which gives the desired space of β0, α and π. The reason why we restrict the
parameters in this way, is that we have found this to work better (not fail) than
putting explicit restrictions in the negative log-likelihood function. By explicit
restrictions in the negative log-likelihood function, for the NB-INARCH(1) as
an example, we mean
neg.log.lik.nb.inarch1 <- function(...){

...
if (beta.0 > 0 and alpha > 0 and alpha < 1 and pi >= 0 and

pi =< 1){
...
Calculate negative log-likelihood of NB-INARCH(1).
return(negative log-likelihood)

}
else{
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A.2. Deriving zero indexes

return(Inf)
}

}
When models increase in complexity, and more restrictions are needed, they
tend to fail more frequently with explicit restrictions in our experience. We
shall also point out that we did not put restrictions equivalent to α1 + β1 < 1
for models fitted in this chapter, as all of the best fits presented in the chapter
did not reach this boundary. However, in Chapter 5 this became necessary -
discussed in Appendix A.6.

Moving on, in each model-script we import a function fit_country from
the file fit_country.R in order to fit every selected country separately. In
this function, we iteratively minimize the negative log-likelihood (with trans-
formed parameters) using nlm() - a standard function in R for minimizing
a inputted function with a type of Newton algorithm. For every iteration,
we store the nlm-object (containing estimated transformed parameters and
corresponding negative log-likelihood among other things) in a list, and use the
estimated transformed parameters as new start-values for the nlm()-function,
with some added nuisance. The added nuisance is a draw from N(0, σ2) to
each transformed parameter. The number of iterations and value of σ can
be controlled by the user. For all models fitted in the chapter, we have used
20 iterations and σ = 0.1. When the number of iterations are completed,
the function fit_country returns the nlm-object with the smallest negative
log-likelihood. Now, when we have obtained this nlm-object in the model-script,
the transformed estimated parameters are inversely transformed to the estim-
ated parameters, representing estimates of the parameters as in the model
specification.

Now, with our estimated parameters we compute the AIC for the model, using
the function AIC.normalized() that we import from the script aic_bic.R.
In a similar manner, we compute the RPS and QS with functions rps() and
qs() imported from the rps.R script. See Section 4.1.2 for further details.

A.2 Deriving zero indexes

In this section we compute the zero index, which is given as

IZ = 1 + log p0

µ

for the NB and GP model from Chapter 4. Additionally, we argue that the
conditional zero index of a NB-INGARCH(p, q) and GP-INGARCH(p, q) must
be the same as the NB and GP, respectively.

A.2.1 NB

Suppose that Y ∼ NB(n, π). Then, p0 is

P (Y |n, π) = Γ(n+ y)
Γ(y + 1)Γ(n) (1− π)yπn set y = 0
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p0 = Γ(n)
Γ(1)Γ(n) (1− π)0πn = πn

With µ = (1− π)n/π, the zero index for the NB model is

IZ,NB = 1 + log πn

(1− π)n/π = 1 + nπ log π
(1− π)n

= 1 + π log π
1− π

We see that if Yt|Yt, ... ∼ NB
(

π
1−πMt, π

)
= NB (nt, π), then the conditional

zero index must be the same as the zero index for the NB model. This is
because we can simply substitute n with nt in the expressions above.

A.2.2 GP

Suppose Y ∼ GP(λ, θ). Then, p0 is

P (y|λ, θ) = λ

y! (λ+ θy)y−1 exp(−(λ+ θy)) set y = 0

p0 = λ

0! (λ+ 0)y−1 exp(−(λ+ 0)) = λλ−1 exp(−λ) = exp(−λ)

With µ = λ/(1− θ), the zero index for the GP model is

IZ,GP = 1 + log exp(−λ)
λ/(1− θ) = 1− λ

λ
(1− θ) = 1− (1− θ)

= θ

We see that if Yt|Yt, ... ∼ GP((1− θ)Mt, θ) = GP(λt, θ), then the conditional
zero index must be the same as the zero index for the GP model. This is
because we can simply substitute λ with λt in the expressions above.

A.3 Deriving the variance for the INGARCH(1,1) models

It is assumed that the reader is familiarized with the INGARCH-models in
Chapter 4 when reading this.
Recall the Yule-Walker equations for a strictly stationary INGARCH(p, q)
model from Chapter 3.

Cov[Yt, Yt−k] = γ(k) =
p∑
i=1

αiγ(|k − i|) +
min{k−1,q}∑

j=1
βjγ(k − j)

+
q∑
j=k

βjγM (j − k) for k ≥ 1,

Cov[Mt,Mt−k] = γM (k) =
min{k,p}∑
i=1

αiγM (|k − i|) +
p∑

i=k+1
αiγ(i− k)

+
q∑
j=1

βjγM (|k − j|) for k ≥ 0
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A.3. Deriving the variance for the INGARCH(1,1) models

We shall derive the variance of a DINGARCH(1,1) using these equations. Recall
that a DINGARCH(1,1) have

V [Yt|Yt−1, ...] = η · E[Yt|Yt−1, ...] = ηMt

Now, suppose that (Yt) is strictly stationary DINGARCH(1,1) process. We
shall denote the variance V [Yt] = γ(0) as σ2. First off, we have that

V [Yt] = V [E[Yt|Yt−1, ..]] + E[V [Yt|Yt−1]] = V [Mt] + E[ηMt] = V [Mt] + ηµ
(A.1)

Now, V [Mt] = γM (0), so we will find this using the Yule-Walker equations from
above.

γM (0) =
min{0,1}∑
i=1

αiγM (|0− i|) +
1∑

i=0+1
αiγ(i− 0) +

1∑
j=1

βjγM (|0− j|)

= α1γ(1) + β1γM (1)
Now, compute γM (1) and γ(1)

γM (1) =
min{1,1}∑
i=1

αiγM (|1− i|) +
1∑

i=1+1
αiγ(i− 1) +

1∑
j=1

βjγM (|1− j|)

= α1γM (0) + β1γM (0)

γ(1) =
1∑
i=1

αiγ(|1− i|) +
min{1−1,1}∑

j=1
βjγ(1− j) +

1∑
j=1

βjγM (j − 1)

= α1γ(0) + β1γM (0)

Insert expressions of γ(1) and γM (1) into γM (0) from above.

γM (0) = α1[α1γ(0) + β1γM (0)] + β1[α1γM (0) + β1γM (0)], σ2 = γ(0)
γM (0) = α1σ

2 + 2α1β1γM (0) + β2
1γM (0)

γM (0)[1− 2α1β1 − β2
1 ] = α2

1σ
2

γM (0)[1− α2
1 − 2α1β1 − β2

1 + α2
1] = α2

1σ
2

γM (0)[1− (α1 + β1)2 + α2
1] = α2

1σ
2

γM (0) = α2
1σ

2

1− (α1 + β1)2 + α2
1

We insert this into (A.1) we get

V [Yt] = α2
1σ

2

1− (α1 + β1)2 + α2
1

+ ηµ

σ2 1− (α1 + β1)2 + α2
1

1− (α1 + β1)2 + α2
1

= σ2 α2
1

1− (α1 + β1)2 + α1
+ ηµ

σ2 1− (α1 + β1)2

1− (α1 + β1)2 + α2
1

= ηµ

σ2 = 1− (α1 + β1)2 + α2
1

1− (α1 + β1)2 ηµ

80



A.4. GP, GP-INAR(1), GP-INARCH(1) and GP-INGARCH(1,1)

A.4 GP, GP-INAR(1), GP-INARCH(1) and GP-INGARCH(1,1)

GP GP-INAR(1)
λ θ α λ θ

Colombia 1.17 0.883 8.5e-09 1.17 0.883
Uganda 0.27 0.941 7.2e-10 0.27 0.941
Congo 0.42 0.969 4.4e-10 0.42 0.969
Ethiopia 0.40 0.993 1.2e-22 0.40 0.993

Table A.1: Parameter estimates of the GP and GP-INAR(1) for (yt) of Colombia,
Uganda, Congo and Ethiopia.

GP-INARCH(1)
β0 α θ

Colombia 5.5 0.457 0.861
Uganda 2.2 0.517 0.927
Congo 8.2 0.406 0.962
Ethiopia 44.7 0.171 0.992

Table A.2: Parameter estimates of the GP-INARCH(1) for (yt) of Colombia,
Uganda, Congo and Ethiopia.

GP-INGARCH(1,1)
β0 α1 β1 m1 θ

Colombia 6.3e-02 0.0488 0.9448 5.1 0.843
Uganda 1.7e-10 0.0434 0.9565 1.3 0.916
Congo 5.5e-10 0.1340 0.8262 0.0 0.957
Ethiopia 2.3e+01 0.1180 0.4501 1476.0 0.991

Table A.3: Parameter estimates of the GP-INGARCH(1,1) for (yt) of Colombia,
Uganda, Congo and Ethiopia.

A.5 NB-INGARCH(2,2)

NB-INGARCH(2,2)
β0 α1 β1 α2 β2 m1 m2 π

Colombia 1.5e-01 0.0807 0.268 4.0e-23 0.636 6.4e-05 7.6e+00 0.040
Uganda 1.1e-45 0.0545 0.609 1.2e-09 0.336 1.3e-05 2.4e+00 0.018
Congo 9.0e-01 0.1576 0.359 2.7e-09 0.419 4.6e-08 1.6e-11 0.007
Ethiopia 2.5e+01 0.0866 0.083 3.5e-02 0.331 1.6e+00 1.8e+00 0.001

Table A.4: Parameter estimates of the NB-INGARCH(2,2) for (yt) of Colombia,
Uganda, Congo and Ethiopia.

81



A.6. Details about fitting in Chapter 5

A.6 Details about fitting in Chapter 5

Before reading this section, the reader should be familiarized with the con-
cepts in A.1 - as the implementation is similar. Models with multiple coun-
tries are fitted in the scripts 10_countries_no_covars.R, 10_countries.R,
8_countries.R. For reference in the text, we will focus on model 10C - fitted
in 10_countries.R. The approach applies to 10_countries_no_covars.R
and 8_countries.R as well. Now, the function fit_countries() from the
script fit_countries.R works much like fit_country() from Appendix A.1.
However, as the name suggests several countries can be fitted at the same time.
Now, fit_countries() requires the user to input a negative (conditional)
log-likelihood defined for 10 countries, data, start-values of the parameters and
tuning parameters like the number of iterations and nuisance, and whether or
not the Hessian should be returned in the last iteration (TRUE/FALSE). For
10 countries there are 65 parameters, which is a bit cumbersome to individually
select start-values for. Hence, we have created a function prep_params_alt()
which is imported from the script prep_params_alt.R where mutual values
of β0’s, α1’s, β1’s, M1’s, πi’s, γ0’s and γj for j = 1, ..., 5 can be set. For every
parameter except the global effects, the user provides a value, for example
α1 = 0.1, which is then multiplied by the number of countries which will be
fitted, and transformed according to it’s restriction. γ0’s and γ1, ..., γ5 are not
restricted. Now, a restriction for α1 + β1 < 1, or more precisely, αi,1 + βi,1 < 1
for i ∈ C, had to be imposed as some countries tended to surpass this boundary
without any restriction. For simplicity, we shall drop the i subscript. Now, this
restriction was added by changing the function which inversely transforms β′1
to β1, in the following way

β1 = f−1
1 (β′1) = 1− α1

1 + exp(−β′1)

Furthermore, in prep_params_alt.R, there is also a function called
prep_sigmas_alt(), where we can get individual nuisance parameters used
in every iteration of fit_countries() for each transformed parameter, for
example σβ′0 . We found out that this seemed to work better than putting
a common nuisance parameter for all transformed parameters. Nuisance
parameters of α′1, β′1 and π′ were set to be lower than nuisance parameters for
the other transformed parameters. We think that this worked better because
α1, β1 and π usually takes values which are close to the borders of their
restrictions. Now, the data inputted in fit_countries() is a list constaining
y =

[
yCOL,yCON, ...,yUGA

]
, X ′ =

[
X ′CON,X

′
CON, ...,X

′
UGA

]
along with a

set of indexes for extracting each response-vector and covariate-matrix for
every country. These data are obtained from the function prep_data() in
prep_data.R, which requires the user to input the names of the 10 data sets
used. Lastly, we shall show the negative (conditional) log-likelihood which
is inputted in fit_countries(), and put everything together. The negative
log-likelihood is given as

−
∑
i∈C

`(θi, γ1, ..., γ5|y1,i),

where
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`(θi, γ1, ..., γ5|y1,i) =
1617∑
t=2

log (Γ(ni,t + yi,t))− log (Γ(ni,t + 1))− log (Γ(ni,t))

+ yi,t log(1− πi) + ni,t log(πi)

is the country-specific conditional log-likelihood, and θi = (β0,i, α1,i, β1,i,M1,i, πi, γ0,i).
This expression is derived from

Yi,t|Yi,t−1 ∼ NB
(

πi
1− πi

Mi,t, πi

)
= NB (ni,t, πi)

defined in model 10C. Just like fit_country(), fit_countries() iteratively
minimizes the negative log-likelihood using nlm() with data from prep_data(),
starting with parameters from prep_params_alt(). Then, the nuisance-
parameters from prep_sigmas_alt() is added to the transformed parameters
resulting from each fit in every iteration. The best fit (a nlm-object) from x
iterations is returned from fit_countries(). In this thesis, we have selected
10 iterations which takes ≈ 40 minutes on my computer.

A.7 Fitted models in Chapter 5

All of the following models does not break the criterion of α1 + β1 < 1, but the
round-off might not reflect this.

A.7.1 NB-INGARCH(1,1) without covariates

β0 α1 β1 m1 π
Colombia 8.7e-02 0.046 0.945 5.4 0.039
Congo 6.5e-01 0.110 0.844 0.0 0.007
Ethiopia 1.8e+01 0.085 0.579 610.8 0.001
Iraq 1.0e-01 0.096 0.904 0.0 0.013
Mali 4.0e-03 0.060 0.940 0.0 0.032

Myanmar 1.6e+00 0.134 0.527 0.1 0.022
Nigeria 1.3e-03 0.018 0.982 0.0 0.016
Pakistan 1.8e-02 0.082 0.918 0.0 0.029

Sierra Leone 5.2e-03 0.101 0.899 0.0 0.009
Uganda 1.4e-06 0.041 0.959 1.6 0.018

Table A.5: Estimates of the NB-INGARCH(1,1) without covariates of Colombia,
Congo, Ethiopia, Iraq Mali, Myanmar, Nigeria, Pakistan, Sierra Leone and
Uganda.
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A.7.2 10C

β0 α1 β1 m1 π
Colombia 5.0e-04 0.038 0.960 5.8 0.040
Congo 5.8e-02 0.050 0.872 0.1 0.007
Ethiopia 1.1e-03 0.000 0.987 261.4 0.001
Iraq 1.5e-01 0.111 0.871 0.0 0.013
Mali 2.2e-02 0.092 0.703 0.1 0.035

Myanmar 1.3e+00 0.126 0.496 0.3 0.023
Nigeria 1.0e-05 0.020 0.980 0.0 0.014
Pakistan 2.3e-02 0.102 0.892 0.0 0.028

Sierra Leone 5.0e-03 0.101 0.899 0.1 0.009
Uganda 4.5e-05 0.041 0.959 1.6 0.018

Table A.6: Estimates of the NB-INGARCH(1,1)-specific parameters from model
10C of Colombia, Congo, Ethiopia, Iraq Mali, Myanmar, Nigeria, Pakistan,
Sierra Leone and Uganda.

A.7.3 8C

β0 α1 β1 m1 π
Colombia 1.4e-03 0.033 0.965 5.7 0.039
Congo 9.0e-02 0.050 0.871 0.0 0.007
Mali 3.1e-02 0.091 0.702 0.0 0.036

Myanmar 1.5e+00 0.132 0.478 0.1 0.023
Nigeria 2.2e-06 0.020 0.972 0.0 0.014
Pakistan 2.2e-02 0.096 0.901 0.0 0.028

Sierra Leone 8.7e-03 0.103 0.896 0.0 0.009
Uganda 6.4e-06 0.041 0.959 1.8 0.017

Table A.7: Estimates of the NB-INGARCH(1,1)-specific parameters from model
8C of Colombia, Congo, Mali, Myanmar, Nigeria, Pakistan, Sierra Leone and
Uganda.

A.8 Scripts for figures

• Chapter 1

– Figure 1.1 – bd_3countries.R

• Chapter 2

– Figure 2.3, 2.4, 2.5 – plot_countries.R

• Chapter 3

– Figure 3.1 – sim_pois.R

– Figure 3.2, 3.3, 3.4, 3.5, 3.6 – sim_data.R
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A.8. Scripts for figures

• Chapter 4

– Figure 4.1, 4.3 – charac_4countries.R

– Figure 4.2 – binom_nbinar.R

– Figure 4.4 – acf_ingarch.R

– Figure 4.5, 4.6, 4.7 – model_adequacy2.R

• Chapter 5

– Figure 5.1 – congo_with_covars.R

– Figure 5.2 – bd_vs_covars.R

– Figure 5.3 – time_effect.R

– Figure 5.4 – 10_countries.R

– Figure 5.5 – exp_study.R

– Figure 5.6 – sle_uga_bd.R

– Figure 5.7, 5.8, 5.9, 5.10 – 8_countries.R

– Figure 5.11 – con_bd.R
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