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ABSTRACT. Take a look around you — in your family, your school or workplace, in
the streets, and you see boys & girls in about equal proportion, and without any easily
visible gender patterns in case of siblings. So, to the famous first order of statistical
approximation, we're all the results of hierarchical cascades of independent coin tosses
through history, with each little fate determined by a 0.50-0.50 coin. This is not entirely
correct, as one discovers with careful analysis and enough data: the coins of fate are
(a little) imbalanced; they vary (a little) from family to family; there is a (slight)
dependence in your children’s gender sequence; and there are (slightly) more only-girls
and only-boys families than predicted from binomial conditions. In this blog post I use
the opportunity to talk also about how sample sizes influence p-values and statistical

detection power.
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Figure 1: y =5, m —y =0.

INTRODUCTION

Once upon a time I saw these numbers in a book in the statistics library, catching my
immediate attention — 264, 1655, 4948, 8498, 10263, 7603, 3951, 1152, 161. These relate
to the fascinatingly high number n = 38495 of families in Sachsen, at the end of the 19th
century, who all had at least m = 8 children, with 264 having 0 girls (i.e. 8 boys), 1655 1 girl
(i.e. 7 boys), etc., up to 161 with 8 girls (i.e. 0 boys). I thought it would be a perfect example
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of binomial overdispersion (that there is more going on than all families having the same
binomial girl-probability p), so I jotted down the numbers, biked home, and wrote up a long
exercise for the statistical inference course I was giving the morning after. Going through
a few calculations one learns (a) that p is not 0.50, but about 0.485; (b) that p is likely to
vary (not much, but a bit) across families; (c) that there is enough data to pinpoint these
small differences accurately, and to assess the degree to which p varies. One also finds a
satisfactory explanation of the mildly surprising statistical fact that there are slightly more
royal straight flush families, with all girls or with all boys, than it ‘should be’, if the world
of children-making had been binomial with the same p.

Via certain conference talks and conversations and also some recent literature I decided
to write up a FocuStat blogpost about these themes, wishing also to use the opportunity to
examine and illustrate how high sample sizes influence both p-values and statistical detection
power. This is more or less what I’ve put down in Sections 1-2-3-4 below. But during that
evening of work I found Edwards (1958), with tables of the Geiller Sachsen 1889 data for
families of sizes m = 2,3,...,12 (i.e. not only for m = 8), along with interesting statements
concerning ‘more boys with bigger families’ (see also Lindsey and Altham, 1998) — so of
course I needed to go through those tables too, with careful analysis for each. I do confirm
one of these claims, that there is more overdispersion with bigger families, but doubt the
claim that there will be more boys. Playing with these data and models I was also sufficiently
curious to include analyses for Markovian children, where the gender of your next child
depends (well, slightly) on the gender of your currently last child. There is a statistical
challenge there, as the Geifiler data only give us the number of families with y girls and
m — y boys, not the order of genders for children 1,2;...,m, but I manage, via simulated
log-likelihoods etc. These extra things make up Sections 5-6 below, and at the end I have a
little list of concluding remarks.

So yes, the blogpost ended up on the longer side of the spectrum, and some of my readers
might be content to read through Sections 1-2-3-4, the basic story about the Sachsen data,
Nature’s overdispersion, the beta-binomial, and the role of sample sizes. Those with stronger
appetite may then paddle through Section 5-6 too, with the Markovian children and some

more advanced statistical tools. Former Eder, I Skabhalse.

1 NATURAL START ASSUMPTIONS A AND B
FOR THE CONSTRUCTION OF GENDERS

Again, after the proverbial taking a look around you exercise, we might agree that we,
the heaps & bunches of homo sapiens, look more or less like Independent Balanced Coin
Tosses. When a new child is born, Natural Start Assumption A would be that the proportion
p = P(girl) would be 0.50. There is even something resembling a formal statistical argument,
based on notions of parental expenditure, formulated by the famous Sir Ronald Fisher (1930),
that creatures with sexual reproduction should have such a long-term gender balance. We
shall see below that the girl-probability is slightly lower, around p = 0.485, with smaller
variations from country to country and from era to era. The ratio of boys to girls at birth is
hence around 0.515/0.485 = 1.062 (and in this blog post I disregard modern ugly attempts
at changing this ratio, say by opting away boys at the pre-birth or even pre-conception

stage). Clearly we cannot expect to detect such a small difference, between 0.500 and 0.485,



until we’ve met a healthy number of girls and boys; this is one of the topics below.

Having accepted such a revised version of Natural Start Assumption A, namely that
there is an approximately constant p = P(girl), the Natural Start Assumption B would be
that of statistical independence: in a family with m children, the number of girls should be
a Bin(m,p), the classical binomial. In other words (and symbols), if we line up say 1000

families with m children, along the equator, the proportion of those with y girls ought to be

m
fly,p) = <y)Py(1 —p)"Y fory=0,1,...,m.

In particular, we should see about 1000 p™ families with only girls and about 1000 (1 — p)™
with only boys. It turns out that this binomial view of the world’s families provides a
reasonable fit to what one actually observes, particularly for small families with say m =
2,3,4, but that this Natural Start Assumption B doesn’t hold up to careful scrutiny either,
once enough data about somewhat bigger families are entered into the analysis. This is also
returned to below, but first I look into the statistical task of demonstrating that p = P(girl)
is indeed not 0.50.

2 HoOw TO SPOT THE DIFFERENCE BETWEEN 0.500 AND 0.485

Suppose we meet as many as n children and note their genders, with z of them being girls.
For simplicity I assume these come from different families, so that the count variable z can
be seen as a grand binomial Bin(n,p). The overall estimate of p = P(girl) is p = z/n,
and a 95 % confidence interval is p + 1.96 {p(1 — p)/n}*/2. If we wish such an interval of
confidence to be small enough to not touch 0.50, if p should happen to be 0.485, then a
rough but informative translation is that we need 2 - \/m < 0.015, which means
v/n >1/0.015, or n > 4445. Slightly more carefully, we ought to have

1.961/0.485 - 0.515/0.015 < v/n, or n > 65.3042.

So if a patient school teacher or an efficient birth registry machine bothers to catalogue
n > 4265 children, and if she or he or it indeed finds p = 0.485, signs are clear that the real
p will be below Fisher’s envisaged 0.50.

This is not quite enough for the sufficiently serious and professionally skeptical statis-
tician, however. If the true p is 0.485, the confidence interval could still touch 0.50, even
with 4000 children volunteering for gender sampling, by the same argument as above. The
question raised calls for a proper statistical test of the null hypothesis Hy that p = 0.50 —
and for even bigger sample sizes to be verifiably effective; you need to toss a 0.485 coin a lot
of times to be very sure that it is not a fair coin. Building a test is easy textbook material,

and a natural test statistic (among several close relatives) is

Z — npo

v/TPoq0 ’

on this occasion with py = 0.50 and gy = 1 — pp = 0.50. This test statistic is very nearly a

Vo =

standard normal under the null hypothesis, and with significance level the customary 0.05,
we reject Hy if |V,| > 1.96.
The power of the test is its ability to detect that the null is wrong, as a function of how

wrong it is. At alternative position p, we may write z as np + y/npq N,,, with ¢ = 1 — p, and



hence

P — Do
Vi = pNp + Vn—=,
v/ Poqo

where p = \/pq/(pogo) and N, is very close to a standard normal. This makes it an easy
enough task to compute the power function

Tn(p) = P(IVa| = 1.96 | p)

as a function of p. This power function is plotted in Figure 2] below, for sample sizes
n = 10000 (black curve) and n = 15000 (red curve). At the null value p = 0.50, the power is
the chosen significance level 0.05, by construction. To achieve detection power m,(p) > 0.95,
at position p equal to 0.485 or for that matter 0.515, it turns out that we need as many
children on board as n > 14433.
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Figure 2: The power function, the probability of claiming that the true p is not equal to pg = 0.50, as a
function of p, plotted for n = 10000 (black curve) and for n = 15000 (red curve). At position po,
the power is 0.05, the chosen significance level of the test, by construction.

It is a remarkable discovery, and a remarkable achievement, to be able to claim with high
statistical accuracy that human gender balance is skewed. To illustrate the basic concepts
and tools I chose above the too-often-used significance level 0.05 and also too-often-used
0.95 certainty level. With stricter thresholds of accuracy, reflected in say significance level
0.01 and detection power 0.99, the required sample size is as high as n > 26691, a higher
number of children than most of us ever see in a lifetime. With modern birth registry data
this is however within easy reach. We ought to admire the earliest statistical efforts that
contributed to uncovering this subtle and gentle bias of God’s coins; see e.g. the discussion in
Stigler (1986, pp. 225-226). Important names here are John Arbuthnot (in An argument for
Divine Provinence, taken from the constant regularity observ’d in the births of both sexes,

1710, he went through 82 years of christening statistics for London, and formulated his



argument in terms resembling statistical testing and p-values), and Pierre-Simon Laplace
(who in 1778 considered combined data for half a million births, again providing what we

in modern terms call a p-value).

3 CHILDREN ARE EXTRABINOMIALLY OVERDISPERSED

The medical doctor Arthur Geifiler (1832-1902, inside the reign of Konigreich Sachsen, 1806—
1918, making him perhaps a Saxon rather than a German, though Sachsen became part of
the Deutsches Reich in 1871) was an eager collector of family and birth registry data, from

all over Sachsen. Those were also the times of families with many children.

B. Die jedesmal folgenden Geschlechtskombinationen.
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Figure 3: One of the tables in GeiBler (1889), concerning families with eight children.

From his collections of data tables, R.A. Fisher and others have extracted information
on the number for girls, among the first m = 8 children, for as many as n = 38495 families,
as follows, cf. Edwards (1958, 2005). So 264 had 0 girls, 1655 had 1 girl, 4948 had 2 girls,

etc., see the first two columns in this table:

binomial beta-binomial Markov

y N(y) Ei(y) pearsl E2(y) pears2 E3(y) pears3
0 264 192.32 5.17 255.54 0.53 255.96 0.50
1 1655 1445.38 5.51 1656.79 -0.04 1654.75 0.01
2 4948  4752.36 2.84  4909.50 0.55  4906.78 0.59
3 8498 8928.90 -4.56 8683.46 -1.99 8685.61 -2.01
4 10263 10484.95 -2.17 10025.35 2.37 10034.41 2.28
5 7603 7879.79 -3.12 7736.16 -1.51 T7734.77 -1.50
6 3951 3701.20 4.11 3896.34 0.88 3893.65 0.92
7 1152 993.42 5.03 1171.05 -0.56 1168.12 -0.47
8 161 116.65 4.11 160.81 0.01 160.98 -0.00

38495 38495 159.41 38495 13.55 38495 13.17

The table: The Geifller (1889) data, for as many as n = 38495 families with m = 8 children (or
more), with N(y) the number of these with y girls, for y = 0,1,...,8. The table then gives the
theoretical or expected number E(y), for models (i) the binomial, (ii) the beta-binomial, (iii) the

Markovian, see below, along with what I call Pearson residuals (N — E)/v/E. The smaller these



are, in absolute size, the better is the model behind them. The numbers 159.41, 13.55, 13.17 are

the goodness-of-fit statistics, the sum of the squared Pearson residuals.

So, out of mn = 307928 children, Zi:o N(y) = 149158 were girls (with N(y) denoting
the number of families with y girls), leading to the overall estimate p = 0.484 for the girl-
probability. The third column gives the expected number

Ey(y) = nf(y.5) = n(g) (1 -y

of the n families with y girls, for y = 0,1, ..., 8, under binomial circumstances. The fit is not

so bad, though not in the category of ‘good’, as revealed by what I term Pearson residuals

N(y)— FE
Er(y)
for for y = 0,1,...,8 (placed in the pearson; column). Under the conditions of the model,

that there is a binomial mechanism governing the number of girls, with the same p, these
Pearson residuals would be approximately standard normally distributed, and with values
outside the range (—2.5,2.5) signalling that the fit is not good. Also, under model conditions,
the goodness-of-fit statistic Z; = Zi:o Py (y)? should have a x2 distribution (a chi-squared
with degrees of freedom equal to 7, the number of cells minus 1 minus another 1 for the
number of parameters estimated); here Z; = 159.82; which is far too big.

So something is rotten in the state of Binomialia: the terrain has more weight at the
borders (y = 0,1,7,8) and less near the middle, compared to what the theoretical map
predicts. The real world of the real children thus exhibits more variability than what a
single binomial p can explain. To shed light on this overdispersion, assume now that each
family has its own girl-probability p (whether this is due to the mother or the father, or to
their con-divine conjunction habits), but that these vary from family to family, following

some distribution g(p), say. For each family we then have the well-known formulae

E(y|p) =mp and Var(y|p)=mp(1l—p)

for the mean and variance. Let further py and og be the mean and standard deviation of
the background distribution of p in the population of families. Then, using the laws of total

mean and total variance (cf. the double expectation formula), we find
Ey=mpy and Vary=mpo(l —po) +m(m — 1)o?

for the mean and variance of what Geifller and we actually observe in the population. So
m(m—1)od is the extrabinomial variation, with a small oy corresponding to the distribution
of p being tight around its mean pg. Note that with m = 1, a land of one-child families,
there is no such extrabinomial variation.

So let us assess the extra variation. Estimating o( is not entirely straightforward, since
it is the standard deviation of a variable we never actually observe, only indirectly, via the
girl-counts y; themselves. We may however estimate the variance of the y; in the usual

fashion, via




with § = (1/n) ZZLZO N(y)y = 3.875 the overall average number of girls, associated also
with pp = gy/m = 0.484, and then subtract the binomial variance part, i.e. mpo(1 — po).
This difference, which turns out to become 2.1605 — 1.9981 = 0.1624, is an estimate of
m(m — 1)o3. Dividing with 8 - 7 and taking the square root yields 5y = 0.0539 indicating
that about 95 % of the families of the world (at least in Sachsen, in the late 19th century)
have their p inside [0.38,0.58] — I provide a more accurate assessment below.

We ought to provide a clear statistical test for the presence of overdispersion. A natural
test statistic is

Sh

mpo(1 —po)’

=
since this ratio will be close to 1 under fixed p circumstances but bigger than 1 in the
presence of a positive og. Here we find W,, = 1.081, which might not look impressive, but is;
the 0.01 and 0.99 quantiles of the null distribution of W,,, based on 10* simulations under
binomial conditions, are 0.984 and 1.016.

I pause briefly to comment on how the sample size influences both p-values and detection
power. Observing the full-variance to under-model-variance ratio W,, = 1.081 is found to be
superconvincing evidence for overdispersion here, due to n being so large; with a smaller n it
might not qualify as significant. Figure displays the 0.95 quantile (black) and 0.99 quantile
(red) in the null distribution of W,,, as a function of sample size. So the observed value 1.081
starts getting interesting at around n = 750 (p-value below 0.05) and very convincing at
around n = 1500 (p-value below 0.01); and, of course, with n = 35000 or more, as with the

Sachsen data, the null hypothesis associated with the pure binomial is blown away.
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Figure 4: The 0.95 and 0.99 quantiles (black and red) for the null distribution of W,,, as a function of sample

size n.



4 A BETTER MODEL: THE BETA-BINOMIAL

A very reasonable model to try out is to place a Beta(a, b) distribution on the p, with density

say g(p,a,b). The distribution of the girl-count y in a family of m children then takes the

form
1
fo(y,a,b) = / f(y,p)g(p,a,b)dp
0
1
m yLla+d) , b—1
= pY(1 = Pt (L=p)°dp
[ G )ra-»rgra-»
B <m) Fa+b) T(a+y)L'(b+m—y)
y ) T(a)T'(b) I'(a+b+m) ’
fory =0,1,...,m. The parameters (a, b) can be fitted via maximum likelihood, by minimum

chi-squared, or by equating the observed mean 7 and variance S? to the corresponding

population quantities

a
E = f—
Y = mpo ma+b
and
po(1 —po)
Vary = mpo(1 — —1)o2 = mpo(1 — — 1)
ary = mpo(l — po) + m(m Yoz = mpo(1 —po) + m(m ) P

This moment estimation method leads directly to pp = y/m = 0.484 = a/(a + b) again,

and a simple equation for finding a + b.
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Figure 5: The confidence curve cc(op) for the overdispersion parameter og; the point estimate is 0.0538 and
the 95 % interval is [0.0490, 0.0583].

These three estimation approaches give rather similar results for the 8-children families
from 19th century Sachsen. The minimum chi-squared method consists in minimising the
sum of the Pearson residuals

8
{N(y Ez (y,a,b)}?
= P2
2, P Z

2(y,a,b)




over all (a,b), whee F5(y,a,b) = nfa(y,a,b) is the expected numer of families with y girls,
under the model being studied. I find (af) = (41.179,43.833), amounting to a Beta density
with mean 0.484 and standard deviation oy = 0.0538.

So 95 % of all couples have their p inside the interval [0.396,0.573]. That the fit of the
beta-binomial is very good is seen via the table above, with fits Fs (yﬁ,g) close to the ob-
served counts N (y), with Pearson residuals P (y) within the standard normal range, in total
offering a drastic improvement on the simple binomial fixed-p explanation. The minimum
sum of squares Zs = @, (6,3) = 13.721 is admittedly not entirely perfect, compared to the
scale of the x2 (now with degreees of freedom equal to 6, namely the number of cells minus
1 minus 2 more for the two estimated parameters), but taking the enormous Saxonic sample
size of n = 38495 into account the statistician really can’t ask for a better fit.

The size of the extrabinomial dispersion is of particular interest, i.e. the standard devia-
tion og in the distribution of p across a broad population of families. I've gone to the trouble
of computing a confidence curve cc(og) for this parameter, using methods of Schweder and

Hjort (2017, Chs. 3-4); see Figure [5]

5 MARKOVIAN CHILDREN

For the Gefller data we do not have information of the order of girls and boys, just their
totals. A fascinating data set analysed in Kotz (1972) has however order information, for
each of a high number of Amish and Mennonite families, with parents born before 1910. This
is from the era where birth control was considered sinful and with ‘be fruitful and multiply’
ruling. He fitted these binary sequences to a Markov model, estimating a certain association
parameter, and found this to be just visible, as in barely significant. In connection with
writing up this blogpost I have accessed these data and worked with them myself (where
a serious and time-consuming challenge, for me, was to translate the octogonal coding of
Kotz’s data back to understandable binary sequences). I have also confirmed that the
Markov dependence, in the model he set up, is just about visible for the data, but not in a
prominent fashion.

I was curious enough to fit also the Geifller data to a natural Markovian model. This
takes further efforts, since I only know that you have y girls and m — y boys not the order
of your m children. Hence I cannot use the machinery of Kotz (1972, 1973), but as long as
I put up a parametric model for z1, ..., z,,, with x; = 1 for girls and x; = 0 for boys, I can
for any 6 in that model simulate a large number of gender paths z1,...,z,,, read off the
number of girls y = > | x;, and estimate say f3(y, 0), the implied distribution, by checking
the proportion of paths which led to y. In particular, I can compute (well, actually, simulate

good enough approximations to) and work with the log-likelihood function

0(0) = Z log f3(yi,0) = > N(y)log f3(y,0),

y=0

even when there is no explicit formula for f3(y,6). This the approach of simulated log-
likelihood, obtaining an estimate EA(G) through simulation, for a grid of 6 values.

Let me now introduce my model for the Markovian children, where the gender of your
next child depends (but only slightly, as it turns out) on the gender of your currently last
child. Let (go,po) = (1 — po,po) be the long-term frequencies for boys and girls. Instead of

taking births to be fully independent of each other, consider the Markov chain x1, zs, ... of



births (again with 0 for boy and 1 for girl), with 21 drawn from the (go, pp) coin of things,

and then following the two-stage transition probability matrix

1-k k
p— Po Po ’
kg 1—kqo
with k a fine-tuning parameter. If k = 1 we’re back to ordinary independence, with (qo, po)

for each new birth. This Markov chain has (qo,po) as its equilibrium distribution. The

covariance beetween consecutive ‘it’s a girl’ and ‘it’s a girl’ is

po(1 — kqo) — py = poqo(1 — k),

so the correlation between girl, girl is 1—k; the same expression is also valid for the correlation
between boy, boy. We shall find k£ around 0.95 below, which then means ‘same gender twice’
correlation around 0.05.

With considerable efforts I have fitted this two-parameter Markov model to the GeiBler
data, for the case of m = 8 as well as for the other family sizes (see below for these data).
This involves somewhat heavy simulations, constructing figures as the one below, zooming
in via the right grids, etc. For my favourite case of m = 8, I find I find k = 0.956 with 99 %
interval [0.947,0.964], which means correlation between (girl, girl), or between (boy, boy),
estimated at 0.044 with interval [0.036,0.053].

-69355 -69350 -69345 -69340 -69335

simulation estimated logL profile

-69360

0.93 0.94 0.95 0.96 0.97
Figure 6: Simulated log-likelihood £*(k), with values obtained at a grid of k values, using 10° simulations
for each, followed by a 4th order polymomial approximation to compute the maximiser.

The fit of this after all relatively simple Markov model is remarkably good, as seen in the
two last columns of the table in Section 3. The view taken for this model is that the same

parameters (k, po) = (0.956,0.484) are at work across all families, with transition matrix
B 0.537 0.463
0.492 0.508
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governing the next child’s gender. The minimum chi-squared statistics is 13.17 (found via
an embarrassingly high number of simulations, to make it precise enough), just a bit smaller
than than for the beta-binomial. I've also gone to the considerable trouble of computing
the maximum log-likelihood value (again, via simulations) for the Markov model, comparing
this with the corresponding value for the beta-binomial model, for each of the family sizes
m = 2,3,...,12. These numbers are needed for model comparisons and ranking via the
model selection criteria AIC or BIC (see Claeskens and Hjort, 2008).

are quite comparable. Focused categorical model selection via FIC methods in Hjort and

The two models

Jullum (2018) may also be brought to the table, when special questions, like estimating the
probability of all-girls families, are under consideration.

One may also extend the initial Markov model above a bit further, to improve the fit
a tad or two more, e.g. by allowing a distribution for the py while keeping the Markov
parameter k fixed. This can be done using the methods developed above, but with added

efforts (model building, programming, interactive simulations).

6 ARE THE SEX RATIO AND THE OVERDISPERSION LEVEL
CHANGING WITH FAMILY SIZE?

I have excerpted the following table of information from related data summaries in Edwards
(1958) and Lindsey and Altman (1998), who again have used the Sachsen 1889 tables to
provide counts of y girls in families of m children, for m = 1,2,...,12. So there were 6115
families with 12 (or more) children, with the girl probability estimated to p = 35280/(12 -
6115) = 0.481 for these, etc.

m 0 1 2 3 4 5 6 7 8 9 10 11 12
GO1 : 1 114609, 108719
G02 : 2 47819, 89213, 42860
GO3 : 3 20540, 57179, 53789, 17395
Go4 : 4 8628, 31611, 44793, 28101, 7004
GO5 : &5 3666, 16340, 30175, 28630, 13740, 2839
GO6 : 6 1579, 7908, 17332, 22221, 15700, 6233, 1096
GO7 : 7 631, 3725, 9547, 14479, 13972, 8171, 2719, 436
GO8 : 8 264, 1655, 4948, 8498, 10263, 7603, 3951, 1152, 161
G09 : 9 90, 713, 2418, 4757, 6436, 5917, 3895, 1776, 432, 66
G10 : 10 30, 287, 1027, 2309, 3470, 3878, 3072, 1783, 722, 151, 30
G11 : 11 24, 93, 492, 1077, 1801, 2310, 2161, 1540, 837, 275, 72, 8
G12 : 12 7, 45, 181, 478, 829, 1112, 1343, 1033, 670, 286, 104, 24, 3

The table gives the number of Sachsen families, sorted by family size, with a given number
of girls. Thus the line GOS8 relates to the 264 + 1655 + --- + 1152 + 161 = 38495 families
we’ve met earlier, with m = 8 children, and with the 9 columns indicating the number of
these with y = 0,1,...,8 girls, and similarly for the other rows.

Using the methods above I can patiently go through each family size, m = 1,2,...,12,
and estimate and assess py and the extrabinomial variation parameter oy for each. This
leads first to Figure [7] with the pg, along with a 0.95 pointwise confidence band. Yes, the
p = P(girl) appears to climb a little bit down, but this is not significant. You may still
fit your horizontal ruler inside the band, and a proper test for the null hypotheses that the
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Figure 7: The probability P(girl), black line, with 95 % confidence intervals, appears to go a bit down, as
a function of family size, but the null hypothesis of P(girl) staying the same is not siginificantly

rejected.

twelve p,, are identical does not signal anything wrong, even with the enormous sample sizes
involved. So here I carefully disagree with claims made by Edwards (1958) and Lindsey and
Altham (1998).

What is however clear from these data is that the level of extrabinomial dispersion
increases with the bigger families, as seen in Figure[8] where I've used the confidence curves
machinery of Schweder and Hjort (2016) to calculate 0.95 and 0.99 intervals for og, for each
family size. What we’ve learned above is that there might be several competing reasons for
this overdispersion. It could be that the p varies even more across families of size m = 10
than for those of size m = 5, etc., or there could be dependencies in the chains of genders,
and one might think of yet more involved tiny mechanisms. These would all be small (if they
had been big, humans studying humans would have noticed them much more easily), but
it is again part of this story of stories that with such enormous sample sizes the statistical
microscopes can pick up even tiny effects and discrepancies from what we might think of as

Nature’s default operations.

7 CONCLUDING COMMENTS

A: The quality of the Geifiler (1889) data. Let me first point to an important detail I chose
to pass over above: when I discuss data for ‘families with 8 or more children’, etc., these
actually have 9 or more children, with Geifller and later writers having been careful enough
to remove the gender of the ninth child from his tables, in order not to disturb the study
of the human sex ratio via some present or imagined ‘stopping rules’. So the tables above,
with y girls out of m children, pertain to the first m children in families with at least m + 1

children.
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Figure 8: Estimated overdispersion standard deviation o, black points, inside 95 % and 99 % confidence

intervals, as a function of family size, the number of children.

Certain concerns have been voiced regarding the quality and relative cleanliness of the
GeiBller data, which apparently contain a certain but low number of repetitions, etc. Gen-
erally the data quality is judged good enough to yield good statistical analyses of the real
gender producing processes, however; cf. Edwards (1958, 2005). This is also my viewpoint
(after having checked Edwards’s points), in particular for the work I've carried out in this
blog post.

B: How many 8-children families must I check out before I spot the extrabinomial vari-
ance? 1 showed above that we need to check the gender of some 10000 or ideally even
20000 children to really be statistically fully certain that p = P(girl) is not 0.50, but a
bit below 0.49. T've also commented that the p-value associated with having computed the
total-variance to model-variance ratio W,, = 1.081 test, for testing the null hypothesis that
the pure binomial is correct, depends on the sample size, i.e. the number n of families with
m = 8 children in the dataset. With n = 1500, the p-value becomes very convincing, but
not for e.g. n = 500.

We may also ask how big n ought to be before the statistical power of the W, test is
above level 0.95, say, if the true state of affairs corresponds to the op = 0.05 (I estimated this
extrabinomial standard deviation parameter to be oy = 0.0538 above). The figure below
answers this question. It provides the power of the W, test, calibrated to have significance
level 0.05, at that position in the alternative space where oy = 0.05, as a function of the
number n of families. I have done this via simulating 10* realisations of W,, at the null
model, to identify the rejection level, and then simulating another 10* realisations of W,, at
the alternative position, checking how often the test rejects the null. We learn that about
n = 4000 families of size m = 8 children are required for the careful statistician to be
satisfied.

C: The over-representation of all-girls and all-boys. So among the n = 38495 families
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Figure 9: Power of the W), test, growing with the number n of families. I needed about 4000 volunteer

families of size 8 in order to be satisfied with my W), testing power.

with m = 8 children, there were 264 with all-boys and 161 with all-girls. These numbers are
a bit bigger than what the binomial view of the world would predict, namely 192 and 117.
With the beta-binomial model I can compute the theoretical over-representation ratios for

all-boys and for all-girls, as follows.

2 1.007 1.008
3 1.016 1.018
4 1.029 1.032
5 1.068 1.077
6 1.137 1.155
7T 1.217 1.247
8 1.320 1.379
9 1.452 1.535
10 1.636 1.762
11 2.059 2.256
12 2.223 2.522

The table gives the over-representation ratios for all-boys families, F5(0)/E;(0), and for
all-girls, Eo(m)/E1(m), among families with m children.

D: Yet other models. Of course other models for the machineries of nature can be put
forward, fitted to these data, and compared; see e.g. Lindsey and Altham (1998) for a couple
of proposals. It would also be natural to use model selection tools, as with the AIC, the
BIC, the FIC (cf. Claeskens and Hjort, 2008, Hjort and Jullum, 2018), to rank different
models.

E: Yet other data. Nichols (1905) discusses an interesting dataset with about 3000

families, with 6 or more children, mostly of Anglo-Saxon descent, from the 1600-1850 era.
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Figure 10: Beta densities for p for three families: for the overall population (black, in the middle); for Kristin

Lavransdatter (red, left); for a family with five sons (green, right).

His conclusions appear to match those obtainable from Geiéler (1889), regarding the basic
probability parameter p = P(girl).

F: Are more boys being born during wars? This question has been raised in the past, but
as far as I've understood it has been dismissed as a small statistical fluke, with apparent
bumps in some graphs within reasonable stationary fluctuations after all. However, Sir
David Spiegelhalter (2015a, 2015b) comes to the rescue, and finds that the old myth is not
a myth, but the Real Thing, complete with a reasonable statistical argument (related to
random visits inside the menstrual cycles).

G: Assessing p after all the births. The figure displays three Beta densities for p = P(girl)
The black in the middle is the overall one, valid in the population at large, with parameters
(a,b) as estimated above. The red to the left is for Kristin Lavransdatter, with parameters
(a,b+8); as we recall from reading the Nobel Prize 1928 classic, she and Erlend Nikulausson
had eight sons: Naakve, Bjgrgulf, Gaute, Ivar, Skule, Lavrans, Munan, and Erlend. The
green to the right must be for Nils Lid and Dagny Fosse, with parameters (a + 5, b), as per
the intro photo.
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