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S1 Proof of Lemma 1 and Theorem 6

We start by showing a lemma regarding uniform consistency.

Lemma S1.1. Let Y € R?, 0 € R? and A € A C R? where A is a compact set. With
Uyt RTP — RP and Uy: RP — RP for each A € A, let 6y(\) be the unique zero of

U, (0) for each fired X and assume the following.

(C1) There exists € > 0 such that U, ® W, uniformly on S, = {(B,\) | X €

A, [[60(A) = 0] < €}

(C2) The function (6,\) — ¥, (0) is continuously differentiable on S, with W\{0(\)}

non-singular for each \ € A.

Then, if Uy ,(0) has at most a single zero O(X\) for each n and each \,

sup

! B(X) — Bo(N)]| 5 0. (S1.1)

Proof. The following is a modified version of the proof of theorem 5.42 in [Van der
Vaart| (2000)).

By (C2) and the implicit function theorem, () is continuous as a function of A in
A. Hence, {6()\) | X € A} is a compact set. This implies that S, is compact. Because
of this, the extreme value theorem and the fact that W\ {#(\)} is non-singular for all

A € A, we can choose € to be small enough that W) (#) is non-singular for all (6,\) € S,
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ensuring that (0, \) — W, (#)~! is continuous on S,. By the extreme value theorem, we
then have that the norm of each component of ¥ ()~! is bounded by some C < oo in
S..

Now fix some § > 0 and choose §; smaller than both € and 6/2C. Arguing as in
Van der Vaart| (2000), we see that there exists closed neighbourhoods Gy, of 6y()) such
that ¥* is a homeomorphism from G into the closed ball around zero with radius d;:
Bs, (0) for each \. By construction of §; and the inverse function theorem, the partial
derivatives of the inverse of U, is bounded by C' for each A. Hence, the diameter of
G3, is bounded by 2C4; < § for each A implying G C Bs{6p(\)} for each A. We will
show that U ,,(6) has a root in Gy for every A with probability tending to one. Since
G3, C Bs{0y(\)} for each A, this would guarantee (S1.1).

Since d; < €, we know

sup sup || Wy, (6) — U, (0)] =3 0.

AEA 9eG
Let Ks, , be the event that |0y ,(0) — ¥,(0)|| < 6, for all § € G5, and A € A. Then
the above implies that Pr(Ks, ,) — 1.

Now let y € By, (0). Since W) is a homeomorphism from Gy into Bj, (0) for each A,

U5 '(y) € G3, forevery A € A. Hence, on the event K, ,,, we have || ¥, ,{¥5 ' (y)} —y| <
6, for all A € A, which implies that y + y — Wy, o Wy (y) maps Bjs, (0) into itself for
every A € A. Since the maps are continuous, Brouwer’s fixed point theorem ensures
that y — y — Wy, o ¥y (y) has a fixed point in By, (0) for every A € A. This is
equivalent to Wy, having a zero in G3, C Bs{0y(\)} for each A. Because of this, the
probability of all ¥,, \ having a zero within ¢ of fy()) is bounded by Pr(Kj, ,,). As
this latter probability tends to one by the previous arguments, follows. This

concludes the proof. [ |

When W, (0) = E¢(Z,0,)) and ¥y ,(0) = n~ ' 37, ¢(Z;,0,\) for some function

¢: R¥HPHe 5 RP condition (C1) can be easily verified using the uniform law of large



numbers. We state this in the following corollary.

Corollary S1.2. Let ¥, (0) = E¢(Z,0,)) and ¥y, (0,\) = n" ' S0, &(Z;,0,)\) for

some function ¢: R¥PT4 — RP. Then (C1) follows from

(C3) There exists an F-integrable function mo: R? — R and an € > 0 such that

lo(z,0,N)|| < mo(z) for all (0,\) € Se and F-almost all Z.
We will prove a theorem characterizing the distance from 6()\) to é(_i)()\).

Lemma S1.3. For each )\ in A, a compact subset of R? and 1 < i < n let é()\)
and é(,i)()\) be the solutions to 3°5_, ¢(Z;,0,\) and ;4 ¢(Z;,0,A) in ©, a compact
subset of RP. Assume there exists functions mqg and mysuch that ||¢(z,0, N)|| < mo(2)

and ||0gd{z, 0, \}|| < mq(z) for all 0, and almost all z. Then, if 0 — E¢(Z,0, )

satisfies (C2) of[Lemma S1.1| and the eigenvalues of J(0,\)~F = —{E 9p(Z,0, 1)} !
are bounded in © x A, the following holds for all \:

16 (X) = BN < agwmo(Z:) (51.2)

where ag,, = Op(1/n) and does not depend on i or X. If, furthermore, the eigenvalues

of OgJ(0,\) are bounded in © x A, we have
Bo() = 600 = 1 TN G2 0 A + B (S13)
where E'()\) satisfies
1B, < n™Hawp + aznmo(Zi) + aznmo(Zi)? + asnmo(Zi)*ma(Z;)} - (S1.4)

with aj, = 0,(1) uniformly in A\, not depending on i for j =1,2,3,4.

Proof. By definition we have

0= an {Z;,0(\),\} and 0= znj¢{zj, f_iy(\), A} (S1.5)
j=1 i



Hence, a Taylor expansion of 37, ¢{Z;, é(_i)(/\), A} around 0()\) reveals

1200y (\), A} = ilcb{zﬁ BN, A}

_ Zi: ), A} + (i Z;,0, )\}) {B—y(N) — (N}
= —nJo {0 (N, AHO ) (A) — O(N)}

for some 6 (\)s on the line segment between é(_i)(/\) and A(\), and with J,{0, \} =

—n! >5—1 0pd(Z;,0, ). Because of the above, we can write

A

BN =000 = —n 7 {67 (0, A1 04 2, 0y (V) AL

Since there exists a function m;(z) bounding all partial derivatives of ¢(z,6, \)
with respect to 6, J,(0,\) converges uniformly to J(0,\) = —E0y¢(Z,0,\) over
the compact parameter space © x A. Furthermore matrix inversion is uniformly
continuous over compact sets not containing non-invertible matrices, ensuring that also
—Jn(0, ) converges to —J(0,\)"! = E9y¢(Z,0,\)"! uniformly in A and 6. Then
—J{0r(N), A = —J{0:(\), A}t + €, where €, = 0,(1) uniformly in A and i. By
assumption, the eigenvalues of J(#, )~ are bounded by a number with absolute value
Cy. Then [|§_y(N) — ON)|| < n= (O + 8)|0{Zs, Oy (N), A}||, where 8, = 0,(1) does
not depend on A or i. Lastly by assumption ||¢(z,0, )| < mg(z). The above then

guarantees

I-n () = 0| < n7H(C + 8)mo(Z:) (S1.6)

for all A. This proves (S1.2)).

By the previous arguments

A

Bi-n(A) = 0(N) = —n ' [J{6; (M), A} + €1Jo{ Zi - (V). A (SL.7)



where €', = 0,(1) uniformly in ¢ and A\. We will again use Taylor expansions to arrive
at a result. We start with the second factor on the right hand side: J{0;(\),\}~! =
J{Oo(\), A}t + (09;*(,\)J{9, )\}’1){9:()\) — 6p(N\)}, where 6;*(\) is some vector on the
line segment between fy(A) and (). Now since 6 () lies on the line segment between
A(N) and (N, 18:0) = B0Vl < 1Y) — Bo(VI| + 18 (X) — BNl Combining
this with [Lemma S1.1}and (S1.6)) ensures [|0(\) — 0o(N)|| < R, +n~1(Cy + 8,)mo(Z;),

where R,, = 0,(1) uniformly in A and does not depend on 7. In addition, the eigenvalues
of 9y J(0,\)~! are bounded by Cy. Hence, J{0 (), \} ™t = J{0p(A\), \} 71 +7()\) where
178 (M| < n=Y(Cy + 6,)Camo(Z;) uniformly in .

Secondly, we will work with the third factor on the right hand side of (S1.7). Taylor

expanding the function ¢{Z;, é(,i)()\), A} around 60y()), reveals
¢{Ziv é(*i)()‘)v >‘} = ¢{Zlv 90()‘)7 )‘} + 09Z**¢(Zi7 0, )‘){é(*l)(A) - 90<>‘)}’

for some 6;**(\) on the line segment between 6_;) () and 6y(A). Since there exists m;(2)
bounding the norm of each component of Jy¢(z, 6, \) and depending only on z, we can
use arguments similar to those above to show ¢{Z;, é(_i)()\), A} = d{Z;, 00(\), A} 45t (N)
where ||s%,(\)]| < n Y Cy + 6,)m1(Z;)mo(Z;) uniformly in A and for all i.

We are now ready to complete the proof. Combining all of the previous arguments

shows

Oi-n(A) = 0(N) = —=n " [J{B(A), A} + 75(A) + ][04 20, 60(N). A} + s, (V)]

which imply 8 _»(\) — O(\) = —n " J{(\), \}¢{ Zi, 8(N), A} + Ei()\) where
1B, (I < 0™ Havn + aznmo(Zi) + agnmo(Z:)* + asnmo(Zi)*mi (Zi)}

and a;, = 0,(1) uniformly in A and does not depend on i for j = 1,2,3,4. This

concludes the proof.



The first part of shows Lemma 1 in the article. We will now use the

second part to show Theorem 6.

S1.1 Proof of Theorem 6

Taylor’s theorem ensures, 37 ¥(Z;, (i) = S0y ¥(Z;, 0) + 30 Vo (Zi, 0)T (O—iy —
é) for some ;s on the line segments between 0 and é(,i). By assumption, all conditions

of hold true, and hence,

Zve* (Zi,0)" (s — 0) = —n 1Zv9* (Z:,0)T T Yo (Zi, 60,) +Zv9* (Z;,0)TEL,.
=1

(S1.8)

By the same lemma and existence of p;, we have

Zve* W(Z:, )" By

< alnn Zpl +a2nn Zmﬂ pl(Z)
=1 =1

+agan Z mo(Z:)’p1(Z;) + ason™ Y mo(Z:)*ma(Zi)p1(Zs).

i=1 i=1

Since the moments of all terms in the above equation exists by assumption and
ajn = 0p(1) for j =1,2,3,4, the second term on the right hand side of is 0,(1)

For the first term of , note that by Taylor’s theorem Vg:9)(Z;, 0) = Vg, 00 (Z;, 0)+
Hy=1p(Z;,0)(0; — 0o) for some 07 on the line segment between 6 and 6. By the

triangle inequality and the fact that 6 lies on the line segment between 9(_i) and 0,

16 — 6| < |16 — 6ol| + 116 — HA(,i)H. Hence, by [Lemma S1.3| we have

H 1Zv9* W(Zi,0)T J(00) " o(Zi, 00) — "> Vg p(Z:,0)" T (00) " p(Zs, 0o) || <

=1

16 — 90||”_1CZP2(Zz‘)m0(Zi) + agn " C Y pa(Zi)mo(Z;)?,

=1 i=1

for some C. This expression is 0,(1) since the expected value of both means are finite



and || — 6o]|, ag,n = 0,(1) by [Lemma S1.3, This concludes the proof.

S2 Appendix - When the limit function is flat

In Theorem 1, we assumed that \g was the unique minimizer of the limiting risk
R(\) = E¢{Z,00(\)}. In certain cases, however, (), the solution to Ep{Z,0,\} =
0, is constant as a function of A\, and as a result, R(\) is flat. This is the case for
hybrid models on the form ¢(z,0,\) = Ap1(2,6) 4+ (1 — N)p2(z,0) when E ¢1(Z,0) and
E ¢o(Z,0) share roots, e.g. in the hybrid generative-discriminative model when the
generative model is specified correctly or for hybrid combinations of empirical and
hybrid likelihood functions (see Daehlen and Hjort, (2024))) under model conditions. In
fact, when R()) is flat, the limit of both TE(\) and CV(\) are constant, and there is
no obvious “best” value for A, making it unclear what \ even should be aiming for
were it consistent. We will now use informal mathematical arguments and simulations
to illustrate why a clear and informative limit result for () is hard to find when
0o(A) is constant.

Assume that 0y(A) is constant and equal to 0. To investigate the behaviour of
V{O(N) — 0y} we will first take closer look at the function CV()). By Theorem 6,

the following holds pointwise,
CV(A —n_IZQb{ZZ,@ A} =T T {J (00, \) TV (0, A)} + 0,(1/n).
Taylor expanding the first term on the right hand side in the above equation, reveals

*Z@z){zl,e DY n—12¢ Z;, 00, \) + {0(\) — 6} n IZWO W(Z:,0,0)

+{A(\ —eo}T ZHQ* W(Zi, 0, ){0(N) — 6y},



for some 6* on the line segment between é(A) and fy. Assume 6, is the true minimizer
of E¢(Z,0), i.e. that EVy ¢ (Z,0) = 0. Then, arguments similar to those given in the

proof of Lemma 4.2 and Theorem 6 show

5,00 = n(CVO) - & 30z 00))

=1

= U,(N)'V,, = Te{J (60, \) 'V ()} + ;Un(A)TWnUn(/\) +0,(1),

where U, (A) = {0\ =00}, V, = n~ 1 S0, Vo, 00(Z;,0), and Wy, = n= ' S0, Hy10(Z;, 0).
Since 6, is constant with respect to A, we have A = argmin, S, ().

Note that W, is consistent for W = E Hy 1)(Z, 0) by the assumptions of Theorem
6. Furthermore, it does not depend on A. If; in addition, the conditions of [Van der
Vaart| (2000, Ex. 19.7) are fulfilled for (z,\) — (J(0y, \) " '¢(2,60, ), ¥ (2,6p)), the
process A — (U, (0),V,) converges as a process to a Gaussian process (U (M), V) with
covariance structure as described in the beginning of [Van der Vaart| (2000, Sec. 19.2).
This, in combination with Slutsky’s lemma and the continuous mapping theorem, is
sufficient for S, to converge in distribution in Skorokhod space to the following limit

process

SN =UN'V =T\ + ;U()\)TWU()\), (S2.9)

where T'(\) = Tr{J (0o, \) "'V (6y)}.

Direct computations show ES(\) = (1/2) Te{WJ(A\)"*K(\)J(\)~'}. Hence, if
there exists a A\g such that é(AO) is equal to the maximum likelihood estimator, the
Cramer-Rao theorem guarantees that Ay minimizes E S(\). Since such a A\ often
exists in the case where 0y()) is constant, it is tempting to think that A converges
in probability to this )\y. Sadly this conclusion cannot be drawn, as S is a random
process and there is no guarantee that minimizing the expected value of S minimizes
the process itself. Furthermore, the convergence of S,, towards S is in distribution.

Because of this, convergence in probability of \ towards A 1, the minimizer of S, does



not follow. We can only deduce PR 1, and since S is a stochastic process and not a
nonrandom function, its minimizer is not guaranteed to be a constant. Because of this,
AL is a random variable and \ L\ 1 does not imply convergence in probability. The
above therefore does not show consistency of \ towards g or any fixed value for that
matter, but rather that the distribution of \ tends towards that of the minimizer of S.

To illustrate the above, we performed a small simulation experiment for a hybrid
LDA-logistic regression model with one covariate and binary response variable. We
simulated from an LDA model, under which the true parameter minimizes both the
limit of the generative and logistic likelihood. Hence 6y(\) is constantly equal to
the true parameter in this simulation. We used a ¥(y, z,0) = (y — exp{3(0)Tz}/[1 +
exp{S(0)Tz}])?, a smoothed version of the 0 - 1 loss function. With n = 2000 we
computed B = 1000 different realizations of .S,,. A selection of sample paths is displayed
in together with a histogram of the corresponding minima. From the figure
we see that the sample paths are indeed not constant and that although the minimum
is most often one, other values are repeatedly chosen, implying that Ay might really
not be constant in this case.

Although the above arguments and simulations seem to indicate that there is
reasonable doubt that \ is consistent for any one value, this does not necessarily
rule out all hope that v/n{A()\) — 6} has a normal limiting distribution. In the
simulation experiment described above, we also computed /n{f(\) — 6y} in each
iteration. Histograms of each component of this vector are displayed in [Figure 2| From
the plots we note that the distributions at least look quite normal. This intuition
is supported by the QQ-plots shown in [Figure 3] Looking at these plots, we see no
obvious deviances from the corresponding normal distributions.

One possible solution is to work with A,(X) = /2K (6o, o) ~2.J (6o, N{O(X) — 6o}
rather than \/n{6(\) — 6,}. Pointwise, we have A,(\) % N(0,1,), and hence, we
would expect A, (X A N(0, I,,) as well. To check whether this idea seems reasonable,

we computed A, ()) in each iteration of the simulation setting described above. A
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Figure 1: The figure shows two plots. To the left B = 1000 realizations of .S,, with
n = 2000 are displayed. On the right hand side a histogram of the corresponding
minima is shown.

Histogram of \/F{é(/i) — 6o}
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Figure 2: The figure shows histograms of each component of v/n{0(X) — 6,}.
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QQ-plot of v {B(A) — 8}
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Figure 3: The figure shows QQ-plots for each component of \/n{0(A) — 6y}. The
empirical quantiles are compared to those of fitted normal distributions.
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Histogram of v K(8o, A)~Y2J(80, A){B(A) — 60}
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Figure 4 The figure shows histograms of each component of
VK (80, )72 (05, M) O() — 0y ).

histogram of each component of An(j\) is shown in together with the graph
of density function for the standard normal distribution. The plot seem to indicate
that A,(\) behaves more or less like a standard normally distributed variable.

One could argue that Corollary 1 and Theorem 5 failing to cover situations where
the limiting risk function is flat, makes the result and the estimators of Theorem 4 less
useful in practical situations. Say that we for instance, have fitted a generative hybrid-
discriminative model to some data and want to apply the theory in the main part of
this paper to construct confidence intervals and hypothesis tests for the parameters in
the model. If the generative model fitted to the data is wrongly specified, this can be
done by applying Corollary 1 or Theorem 5 in conjunction with Theorem 4. If the
model conditions do hold true, however, the arguments made in this section shows that
the results cannot be applied. Hence, we cannot say that Corollary 1, Theorem 5 or
the estimators in Theorem 4 are truly model-agnostic, since they fail to apply when the
limiting risk function is flat. In theory, this is of course quite problematic. In practice,

however, this is less of a problem. When 6(\) = 0 for all values of A\, E¢(Z, 80y, \) =0
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for all X. Because of this, #'()) of Theorem 3 is consistent for 0 and A* in Theorem 4 is
asymptotically equivalent with (J=1()),0,0). Hence, A*K(X)*(A*)T is asymptotically
equivalent with J=1(A) K (A\)J~1(X) which is what the simulations of this section seem

to indicate is the limiting variance of \/n{(\) — 6y}
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