1 Proofs for Section 2

In this section we will give a formal proof of Theorem 2.1. The arguments are similar
to those given by e.g. Imbens et al. (1998) and Schennach (2007), and start by finding
asymptotic results for the vector (A, (f), /). This is achieved by utilizing techniques of
proofs for estimators fitted with two-stage procedures, see e.g. Joe (2005).

First, however, we state and prove a result concerning consistency of Z-estimators. The

result is a slight modification of Theorem 5.42 in Van der Vaart (2000).

Lemma 1.1. Let Yy,...,Y, € R? be i.i.d. from some distribution F' and let 1): R? x © —
R? be a function with © C RP. Assume there is a unique solution 0, to the equation
0=U,00) =n 'Y ,0Y;,0) for all n and a unique solution Oy to the limit equation

0=U(0) =Ey(Y,0) whenY ~ F. Then 6,, converges in probability to 6y, provided

(C1) the function V is continuously differentiable in a neighborhood of 6y and V'(6y) is

tnvertible;

(C2) there exists a neighborhood N of 0y and an F-integrable function py: R? — R such

that || (y,0)|| < po(y) for all @ € N and F almost all y.

Proof. Let ¥ and W¥,, be defined as in the theorem. Close inspection of the proof of The-
orem5.42 in Van der Vaart (2000) shows that the conditions of the theorem are slightly
too strict and that the only thing needed for the arguments to go through is that WU is
continuously differentiable with non-singular derivative in a neighborhood of 6, and that
there exists a closed ball around 6y inside which W,, converges uniformly to W. The first
assessment is ensured by (C1) and continuity of the determinant function. The second
condition follows from (C2) and the uniform law of large numbers. Hence, there exists a

sequence of estimators converging in probability to #y. By assumption, ¥, (6) = 0 has a



unique solution 6,,. Because of this, ¢, must be this consistent sequence, proving that 6,

converges in probability to 6. O]
Before we prove Theorem 2.1, we will demonstrate an initial related result.

Theorem 1.2. Let Yi,...,Y, € R? be i.i.d. from some distribution F and m: R — RY
be a function continuously differentiable in the last s arguments. Let ji be the unique
mazimizer of the empirical likelihood function, constructed using m and the data Yy, ...,Y,,

\ the unique solution to

n

m(Yi, )
1 L+ )\Tm(ng /l)’

0=n"!

and & = (A, j1). Lastly, set $pr(y, ) = [1+ N'm(y, )]~ (m(y, )", XTOm(y, )" with
om as short hand for Om/Ou. Then & is consistent for cg = (Xo, pto), the unique solution

to 0 = TP\, p) = Evgr(Y, ), where Y ~ F. Furthermore,

& =ag—n" T ()™ Y ¢eL(Yi, a0) + ope(1/V/n) (1)
i=1
provided the following conditions hold true:

(1) the function TEY is continuously differentiable in a neighborhood of oy and its Jacobian

at ag s non-singular;

(2) there exists L > 0 and a neighborhood N of ag on which Pr(1+ NT'm(Y,u) > L) =1

for all (\, ) € N;

(3) there exists a neighborhood N of ag and functions p; for j = 0,1,2 such that for
F-almost all y and all « € N, the norm of m and all second and third partial order
derivatives of m are bounded by p; for j = 0, 1,2 respectively, with Epo(Y)?*, Ep;(Y)* <

oo and Eps(y)? < oo.



In particular, \/n(&—ag) <5 N[0, J TEL (ag) "L Kp,J TEY (a) Y], with Ky, = Vargss (Y, ao),

Y ~ F.

Proof. 1If m is differentiable, the MEL estimator satisfies the following equation

_ 0 e @)Y, ) + 0m(Ye ) An() <~ Om(Ya, )" N ()
0= g o8 Blali) = =2 S WA == 2 T )Y

O i=1 i=1
where the last equality follows from definition of A, (x). Hence, (A, (ft), ft) is the solution
to 0 =n"1>" ¥ (Y;, ), where gy, is as defined in the theorem. This shows that & is a
Z-estimator, and hence, standard results concerning such estimators can be used to study
limiting properties of .

We start by showing consistency towards «g. This is achieved by proving condition
(C2) of Lemma 1.1. (C1) holds by condition (1) of this theorem. Fix a neighborhood N of
ap such that all conditions of the theorem hold true on A. By assumption (2) there exists
L > 0 such that 1 + ATM(u) > L with probability 1 for all « € A. Combining this with
condition (3) ensures |[¢gr(y, @)|| < Cipo(y) + Copi(y) for some constants Cy, Cy € R. The
right hand side of this inequality is a sum of F-integrable functions. This shows condition
(C2) of Lemma 1.1, and guarantees that & converges in probability to «p.

We will use Theorem5.21 in Van der Vaart (2000) to show (1). We start with the
Lipschitz condition. Direct computations show [|2(y, a)|| < Cspo(y)? + Capo(y)pi(y) +
Csp1(y) + Cspr(y)? + Crpa(y), for some constants C; for j = 3,...,7. This is a consequence
of condition (3) of the theorem. Since all functions on the right hand side of this equation are
square integrable with respect to the measure F', the sum is square integrable as well. This
in conjunction with the mean value theorem for multivariate functions, ensures the Lipschitz
property of Theorem5.21 in Van der Vaart (2000). Furthermore, E||¢ (Y, ag)||* < oo by a

similar argument. The rest of the conditions of Theorem5.21 in Van der Vaart (2000) hold

by assumption. (1) follows.



Strictly speaking, we have only showed that the sequence of solutions ton™* Y " | (Y, @)
satisfies the properties of the theorem. Since, log EL,(u1) is equal to —> "  log[l +
Ao (1)Tm(Y;, )] only when 1+ N, (u)"m(Y;, 1) > 0 for all i = 1,...,n, dlogEL,(ji1)/0u =
0 is not immediately equivalent to n=*>"  ¥(V;,&) = 0. Since 1 + AN'm(Yi,u) > 0
for all i = 1,...,n holds on N by assumption (2), however, & will eventually satisfy
1+ X(p)'m(Y;, ) > 0 for all i = 1,...,n and log EL, (1) will be equal to >, log[l +
Ao ()T m(Y;, p)] with probability tending to one. As a result the root of n™*y",_, (Y, @)

will eventually be equal to &. O]

1.1 Proof of Theorem 2.1

By Theorem 1.2, 1 converges in probability to the last s components of ag, the parame-
ter solving 0 = E¢gr(Y,a). By definition A\(u) is the root of Em(Y, u)/[1 + X'm(Y, p)],
the first ¢ component functions in E¢gp (Y, «). Hence, ag = (A (o), tto) where pg solves
0 = EOm(Y, )" X\(1)/[1 + AM(p)"m(Y,p)]. Furthermore, the maximizer of —Elog[l +
A(p)"'m (Y, p)] satisfies 0 = E[N (u)"m(Y, u) + 0m(Y, 1) " ()] /[L + A(p)"'m(Y, p)]. Since
A(p) solves 0 = E {m(Y, p)/[1 + ATm(Y, p)] }, the right hand side of this equation is equal
to EOm(Y, )" X(w)/[1 + XMu)"m(Y, u)] which, by definition of g, has pg as a root. In
particular, py maximizes —Elog[1 + A(p)Tm/(Y, pn)].

For (6) in the main part of the article, let (0, 1) be the (¢ + s) x (¢ + s) block matrix

where I is the s x s-identity matrix. Then, by (1),
fi = (0, 1)a = 1o — (0, NT™(ag) '™ Y (Y, ) + 0pe(1/v/n).
i=1

Let H,, be the matrix obtained by first differentiating Elog[1 + AT M (u)] with respect to

y and afterwards with respect to x evaluated at (A, pt9). Then JT™E(ag) can be written



as the following block matrix

Hyx Hpua
JTE (o) = 8
H/\M Huu
Furthermore, X (uo) = —H /\i\lHN,\ by the implicit function theorem. Utilizing this and

the formula for inverses of block matrices, we find (0, I)I®(ap) = (A7 N (o)T, A7) =
A YN (o)™, I), where A = H,, — H,\MH/\_/\lHM. Direct computation shows that A = Jgy..
Putting all of this together shows (0, I)TE"(ag) " (y, an) = Jai (N (1), D (y, Xo, o) =

Jii . (y, o), proving (6) in the main part of the article.

2 Proofs for Section 3

As with Theorem 2.1 we will first show a slightly different different result.

Theorem 2.1. Let Yi,...,Y, € RY be i.i.d. from some distribution F and m: R — RY
a function continuously differentiable in the last s arguments. Assume that m is used in
construction of the empirical likelthood function EL,. Let fo for 6 € © C RP be some
parametric family with score function u and p: RP — R® such that Em[Y, u(6)] = 0 when
Y ~ fy. Fiza € [0,1) and assume that 0 is the unique maximizer of h,. Furthermore, let

~

;\(0) be the unique solution to

L o m[Y;, p(0)]
D=n"D 1+ ATm[Y;, u(6)]

i=1

Lastly, let 8 = (0, ), B = (é, 5\), and

wHL(ya ﬁ) = (1 - a) —a QﬂEL[y, A, ,u(@)]



Then 3 is consistent for By = (Xos o), the unique root of THE (N n) = E(Y, B), where

Y ~ F. Furthermore,
B =80 —n"TT"(B) ™D vun (Vi Bo) + ope(1/v/) (2)
i=1

provided condition (1-3) of Theorem 1.2 hold true with cy = (AL, u(00)*)* and the following

additional assumptions
(4) The function u(0) is twice continuously differentiable in a neighborhood of 6.

(5) There exists a neighborhood of 6y on which all components of u and du/00 are bounded

by some F'-square integrable functions q; and qs respectively not depending on 6.

In particular, \/n(6— ) S N(0, JTHE(Bo) K, J THY(Bo) 1), with Ky, = Varyur (Y, Bo),

Y ~ F.

Proof. Notice that

Oh(0) & OV kO AO) + X6 I, u(6)]
0 _Z{“‘“Wm’”“’“”) S WL }

i=1

N —a)u(Y:.0) — a (0)T Om[Y, p(0)]" An(6)
_;{(1 Ju(Y:, 0) — ap'(0) 1+)\n(6)Tm[Yi,/u6(9)]}7

where the last equality follows from the definition of A, () and dm is short hand for 9m/0u.
Hence, B is the solution to 0 = n~' >"7 | ¢ur(Yi, B) where ¢y, is as defined in the theorem.
Because of this B is a Z-estimator and, just as for the MEL estimator, standard results can
be used to study its limiting behavior.

Let my: R — R? be defined as my(y, 8) = mly, 1(6)]. Since p is twice continuously
differentiable as a function of #, direct computations shows that conditions (1-3) hold for

mso. By the proof of Theorem 1.2 this ensures that there exists a neighborhood on which



the norm of

I 0 —ms(y,0) ~1
YELly, A, 1(0)] = [T+ X'ma(y, 0)] (3)
0 w(O)T —0my(y, 0)T A
is bounded some square F-integrable function depending on neither A nor p. Combined
with assumption (5), this proves that the norm of ¢ (y, ) is bounded by some square
integrable function not depending on . In particular, (C2) of Lemma 1.1 holds true. As
(C1) holds by assumption, consistency of B towards [ follows.

To show (2), we will again use Theorem5.21 in Van der Vaart (2000). The only condition
which remains to show is the Lipschitz condition. By the proof of Theorem 1.2, the norm
of all partial derivatives of (3) are bounded by some square integrable function. Combining
this with assumption (5) of this theorem and the mean value theorem, ensures that there
exists a square integrable function r such that ||¢¥nL(y, 51) — YuL(y, B2)|| < r(y)||Br — Ball-

This proves the Lipschitz condition of Theorem5.21 in Van der Vaart (2000) and concludes

the proof. O

The proof of Theorem 3.1 now follows directly from Theorem 2.1 by performing com-

putations similar to those in Section 1.1.
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