
1 Proofs for Section 2

In this section we will give a formal proof of Theorem 2.1. The arguments are similar

to those given by e.g. Imbens et al. (1998) and Schennach (2007), and start by finding

asymptotic results for the vector (λn(µ̂), µ̂). This is achieved by utilizing techniques of

proofs for estimators fitted with two-stage procedures, see e.g. Joe (2005).

First, however, we state and prove a result concerning consistency of Z-estimators. The

result is a slight modification of Theorem 5.42 in Van der Vaart (2000).

Lemma 1.1. Let Y1, . . . , Yn ∈ Rd be i.i.d. from some distribution F and let ψ : Rd ×Θ→

Rq be a function with Θ ⊆ Rp. Assume there is a unique solution θn to the equation

0 = Ψn(θ) = n−1
∑n

i=1 ψ(Yi, θ) for all n and a unique solution θ0 to the limit equation

0 = Ψ(θ) = Eψ(Y, θ) when Y ∼ F . Then θn converges in probability to θ0, provided

(C1) the function Ψ is continuously differentiable in a neighborhood of θ0 and Ψ′(θ0) is

invertible;

(C2) there exists a neighborhood N of θ0 and an F -integrable function p0 : Rd → R such

that ‖ψ(y, θ)‖ ≤ p0(y) for all θ ∈ N and F almost all y.

Proof. Let Ψ and Ψn be defined as in the theorem. Close inspection of the proof of The-

orem5.42 in Van der Vaart (2000) shows that the conditions of the theorem are slightly

too strict and that the only thing needed for the arguments to go through is that Ψ is

continuously differentiable with non-singular derivative in a neighborhood of θ0 and that

there exists a closed ball around θ0 inside which Ψn converges uniformly to Ψ. The first

assessment is ensured by (C1) and continuity of the determinant function. The second

condition follows from (C2) and the uniform law of large numbers. Hence, there exists a

sequence of estimators converging in probability to θ0. By assumption, Ψn(θ) = 0 has a
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unique solution θn. Because of this, θn must be this consistent sequence, proving that θn

converges in probability to θ0.

Before we prove Theorem 2.1, we will demonstrate an initial related result.

Theorem 1.2. Let Y1, . . . , Yn ∈ Rd be i.i.d. from some distribution F and m : Rd+s → Rq

be a function continuously differentiable in the last s arguments. Let µ̂ be the unique

maximizer of the empirical likelihood function, constructed using m and the data Y1, . . . , Yn,

λ̂ the unique solution to

0 = n−1
n∑
i=1

m(Yi, µ̂)

1 + λTm(Yi, µ̂)
,

and α̂ = (λ̂, µ̂). Lastly, set ψEL(y, α) = [1 + λTm(y, µ)]−1
(
m(y, µ)T , λT∂m(y, µ)

)T
with

∂m as short hand for ∂m/∂µ. Then α̂ is consistent for α0 = (λ0, µ0), the unique solution

to 0 = ΓEL(λ, µ) = EψEL(Y, α), where Y ∼ F . Furthermore,

α̂ = α0 − n−1J ΓEL(α0)
−1

n∑
i=1

ψEL(Yi, α0) + opr(1/
√
n) (1)

provided the following conditions hold true:

(1) the function ΓEL is continuously differentiable in a neighborhood of α0 and its Jacobian

at α0 is non-singular;

(2) there exists L > 0 and a neighborhood N of α0 on which Pr(1 + λTm(Y, µ) > L) = 1

for all (λ, µ) ∈ N ;

(3) there exists a neighborhood N of α0 and functions pj for j = 0, 1, 2 such that for

F -almost all y and all α ∈ N , the norm of m and all second and third partial order

derivatives of m are bounded by pj for j = 0, 1, 2 respectively, with Ep0(Y )4, Ep1(Y )4 <

∞ and Ep2(y)2 <∞.
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In particular,
√
n(α̂−α0)

d→ N[0, J ΓEL(α0)
−1KELJ ΓEL(α0)

−1], with KEL = VarψEL(Y, α0),

Y ∼ F .

Proof. If m is differentiable, the MEL estimator satisfies the following equation

0 =
∂

∂µ
log ELn(µ) = −

n∑
i=1

λ′n(µ)Tm(Yi, µ) + ∂m(Yi, µ)Tλn(µ)

1 + λn(µ)Tm(Yi, µ)
= −

n∑
i=1

∂m(Yi, µ)Tλn(µ)

1 + λn(µ)Tm(Yi, µ)
,

where the last equality follows from definition of λn(µ). Hence, (λn(µ̂), µ̂) is the solution

to 0 = n−1
∑n

i=1 ψEL(Yi, α), where ψEL is as defined in the theorem. This shows that α̂ is a

Z-estimator, and hence, standard results concerning such estimators can be used to study

limiting properties of α̂.

We start by showing consistency towards α0. This is achieved by proving condition

(C2) of Lemma 1.1. (C1) holds by condition (1) of this theorem. Fix a neighborhood N of

α0 such that all conditions of the theorem hold true on N . By assumption (2) there exists

L > 0 such that 1 + λTM(µ) > L with probability 1 for all α ∈ N . Combining this with

condition (3) ensures ‖ψEL(y, α)‖ ≤ C1p0(y) +C2p1(y) for some constants C1, C2 ∈ R. The

right hand side of this inequality is a sum of F -integrable functions. This shows condition

(C2) of Lemma 1.1, and guarantees that α̂ converges in probability to α0.

We will use Theorem5.21 in Van der Vaart (2000) to show (1). We start with the

Lipschitz condition. Direct computations show ‖∂ψ
∂α

(y, α)‖ ≤ C3p0(y)2 + C4p0(y)p1(y) +

C5p1(y)+C6p1(y)2 +C7p2(y), for some constants Cj for j = 3, . . . , 7. This is a consequence

of condition (3) of the theorem. Since all functions on the right hand side of this equation are

square integrable with respect to the measure F , the sum is square integrable as well. This

in conjunction with the mean value theorem for multivariate functions, ensures the Lipschitz

property of Theorem5.21 in Van der Vaart (2000). Furthermore, E‖ψ(Y, α0)‖2 < ∞ by a

similar argument. The rest of the conditions of Theorem5.21 in Van der Vaart (2000) hold

by assumption. (1) follows.
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Strictly speaking, we have only showed that the sequence of solutions to n−1
∑n

i=1 ψ(Yi, α)

satisfies the properties of the theorem. Since, log ELn(µ) is equal to −
∑n

i=1 log[1 +

λn(µ)Tm(Yi, µ)] only when 1 + λn(µ)Tm(Yi, µ) > 0 for all i = 1, . . . , n, ∂ log ELn(µ̂)/∂µ =

0 is not immediately equivalent to n−1
∑n

i=1 ψ(Yi, α̂) = 0. Since 1 + λTm(Yi, µ) > 0

for all i = 1, . . . , n holds on N by assumption (2), however, α̂ will eventually satisfy

1 + λn(µ)Tm(Yi, µ) > 0 for all i = 1, . . . , n and log ELn(µ) will be equal to
∑n

i=1 log[1 +

λn(µ)Tm(Yi, µ)] with probability tending to one. As a result the root of n−1
∑

i=1 ψ(Yi, α)

will eventually be equal to α̂.

1.1 Proof of Theorem 2.1

By Theorem 1.2, µ̂ converges in probability to the last s components of α0, the parame-

ter solving 0 = EψEL(Y, α). By definition λ(µ) is the root of Em(Y, µ)/[1 + λTm(Y, µ)],

the first q component functions in EψEL(Y, α). Hence, α0 = (λ(µ0), µ0) where µ0 solves

0 = E∂m(Y, µ)Tλ(µ)/[1 + λ(µ)Tm(Y, µ)]. Furthermore, the maximizer of −E log[1 +

λ(µ)Tm(Y, µ)] satisfies 0 = E[λ′(µ)Tm(Y, µ) + ∂m(Y, µ)Tλ(µ)]/[1 + λ(µ)Tm(Y, µ)]. Since

λ(µ) solves 0 = E
{
m(Y, µ)/[1 + λTm(Y, µ)]

}
, the right hand side of this equation is equal

to E ∂m(Y, µ)Tλ(µ)/[1 + λ(µ)Tm(Y, µ)] which, by definition of µ0, has µ0 as a root. In

particular, µ0 maximizes −E log[1 + λ(µ)Tm(Y, µ)].

For (6) in the main part of the article, let (0, I) be the (q + s) × (q + s) block matrix

where I is the s× s-identity matrix. Then, by (1),

µ̂ = (0, I)α̂ = µ0 − (0, I)ΓEL(α0)
−1n−1

n∑
i=1

ψ(Yi, α0) + opr(1/
√
n).

Let Hxy be the matrix obtained by first differentiating E log[1 + λTM(µ)] with respect to

y and afterwards with respect to x evaluated at (λ0, µ0). Then J ΓEL(α0) can be written
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as the following block matrix

J ΓEL(α0) =

Hλλ Hµλ

Hλµ Hµµ

 .

Furthermore, λ′(µ0) = −H−1λλHµλ by the implicit function theorem. Utilizing this and

the formula for inverses of block matrices, we find (0, I)ΓEL(α0) = (A−1λ′(µ0)
T , A−1) =

A−1(λ′(µ0)
T , I), where A = Hµµ −HλµH

−1
λλHµλ. Direct computation shows that A = JEL.

Putting all of this together shows (0, I)ΓEL(α0)
−1ψ(y, α0) = J−1EL (λ′(µ0)

T , I)ψ(y, λ0, µ0) =

J−1ELψµ(y, µ0), proving (6) in the main part of the article.

2 Proofs for Section 3

As with Theorem 2.1 we will first show a slightly different different result.

Theorem 2.1. Let Y1, . . . , Yn ∈ Rd be i.i.d. from some distribution F and m : Rd+s → Rq

a function continuously differentiable in the last s arguments. Assume that m is used in

construction of the empirical likelihood function ELn. Let fθ for θ ∈ Θ ⊆ Rp be some

parametric family with score function u and µ : Rp → Rs such that Em[Y, µ(θ)] = 0 when

Y ∼ fθ. Fix a ∈ [0, 1) and assume that θ̂ is the unique maximizer of hn. Furthermore, let

λ̂(θ̂) be the unique solution to

0 = n−1
n∑
i=1

m[Yi, µ(θ̂)]

1 + λTm[Yi, µ(θ̂)]
= 0

Lastly, let β = (θ, λ), β̂ = (θ̂, λ̂), and

ψHL(y, β) = (1− a)

 0

u(y, θ)

− a
I 0

0 µ′(θ)T

ψEL[y, λ, µ(θ)].
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Then β̂ is consistent for β0 = (λ0, µ0), the unique root of ΓHL(λ, µ) = Eψ(Y, β), where

Y ∼ F . Furthermore,

β̂ = β0 − n−1J ΓEL(β0)
−1

n∑
i=1

ψHL(Yi, β0) + opr(1/
√
n) (2)

provided condition (1-3) of Theorem 1.2 hold true with α0 = (λT0 , µ(θ0)
T )T and the following

additional assumptions

(4) The function µ(θ) is twice continuously differentiable in a neighborhood of θ0.

(5) There exists a neighborhood of θ0 on which all components of u and ∂u/∂θ are bounded

by some F -square integrable functions q1 and q2 respectively not depending on θ.

In particular,
√
n(β̂−β0)

d→ N(0, J ΓHL(β0)
−1KHLJ ΓHL(β0)

−1), with KHL = VarψHL(Y, β0),

Y ∼ F .

Proof. Notice that

∂hn(θ)

∂θ
=

n∑
i=1

{
(1− a)u(Yi, θ)− aµ′(θ)T

∂m[Yi, µ(θ)]Tλn(θ) + λ′n(θ)Tm[Yi, µ(θ)]

1 + λn(θ)Tm[Yi, µ(θ)]

}
=

n∑
i=1

{
(1− a)u(Yi, θ)− aµ′(θ)T

∂m[Yi, µ(θ)]Tλn(θ)

1 + λn(θ)Tm[Yi, µ(θ)]

}
,

where the last equality follows from the definition of λn(θ) and ∂m is short hand for ∂m/∂µ.

Hence, β̂ is the solution to 0 = n−1
∑n

i=1 ψHL(Yi, β) where ψHL is as defined in the theorem.

Because of this β̂ is a Z-estimator and, just as for the MEL estimator, standard results can

be used to study its limiting behavior.

Let m2 : Rd+p → Rq be defined as m2(y, θ) = m[y, µ(θ)]. Since µ is twice continuously

differentiable as a function of θ, direct computations shows that conditions (1-3) hold for

m2. By the proof of Theorem 1.2 this ensures that there exists a neighborhood on which
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the norm ofI 0

0 µ′(θ)T

ψEL[y, λ, µ(θ)] =

 −m2(y, θ)

−∂m2(y, θ)
Tλ

[1 + λTm2(y, θ)
]−1

(3)

is bounded some square F -integrable function depending on neither λ nor µ. Combined

with assumption (5), this proves that the norm of ψ(y, β) is bounded by some square

integrable function not depending on β. In particular, (C2) of Lemma 1.1 holds true. As

(C1) holds by assumption, consistency of β̂ towards β0 follows.

To show (2), we will again use Theorem5.21 in Van der Vaart (2000). The only condition

which remains to show is the Lipschitz condition. By the proof of Theorem 1.2, the norm

of all partial derivatives of (3) are bounded by some square integrable function. Combining

this with assumption (5) of this theorem and the mean value theorem, ensures that there

exists a square integrable function r such that ‖ψHL(y, β1)− ψHL(y, β2)‖ ≤ r(y)‖β1 − β2‖.

This proves the Lipschitz condition of Theorem5.21 in Van der Vaart (2000) and concludes

the proof.

The proof of Theorem 3.1 now follows directly from Theorem 2.1 by performing com-

putations similar to those in Section 1.1.
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